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Subcritical Hopf bifurcations in a car-following
model with reaction-time delay
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A nonlinear car-following model of highway traffic is considered, which includes the
reaction-time delay of drivers. Linear stability analysis shows that the uniform flow
equilibrium of the system loses its stability via Hopf bifurcations and thus oscillations
can appear. The stability and amplitudes of the oscillations are determined with the help
of normal-form calculations of the Hopf bifurcation that also handles the essential
translational symmetry of the system. We show that the subcritical case of the Hopf
bifurcation occurs robustly, which indicates the possibility of bistability. We also show
how these oscillations lead to spatial wave formation as can be observed in real-world
traffic flows.
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subcritical Hopf bifurcation; bistability; stop-and-go waves

1. Introduction

The so-called uniform flow equilibrium of vehicles following each other on a road
is a kind of steady state, where equidistant vehicles travel with the same constant
velocity. Ideally, this state is stable. Indeed, it is the goal of traffic management
that drivers choose their traffic parameters to keep this state stable and also to
reach their goal, that is, to travel with a speed close to their desired speed. Still,
traffic jams often appear as congestion waves travelling opposite to the flow of
vehicles (Kerner 1999). The formation of these traffic jams (waves) is often
associated with the linear instability of the uniform flow equilibrium, which
should be a rare occurrence. However, it is also well known among traffic
engineers that certain events, such as a truck pulling out of its lane, may trigger
traffic jams even when the uniform flow is stable. We investigate a delayed car-
following model and provide a thorough examination of the subcriticality of Hopf
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bifurcations related to the drivers’ reaction-time delay. This explains how a
stable uniform flow can coexist with a stable traffic wave.

The car-following model analysed in this paper was first introduced in Bando
et al. (1995) without the reaction-time delay of drivers, and that was investigated
by numerical simulation. Then, numerical continuation techniques were used in
Gasser et al. (2004) and Berg & Wilson (2005) by applying the package Auto
(Doedel et al. 1997). Recently, Hopf calculations have been carried out in Gasser
et al. (2004) for arbitrary numbers of cars following each other on a ring.

The reaction-time delay of drivers was first introduced in Bando et al. (1998),
and its importance was then emphasized by the study of Davis (2003). In these
papers, numerical simulation was used to explore the nonlinear dynamics of the
system. The first systematic global bifurcation analysis of the delayed model
(Davis 2003) was presented in Orosz et al. (2004), where numerical continuation
techniques, namely the package Dpe-Birroor (Engelborghs et al. 2001), were
used. The continuation results were extended to large numbers of cars in Orosz
et al. (2005), where the dynamics of oscillations, belonging to different traffic
patterns, were analysed as well. In this paper, we perform an analytical Hopf
bifurcation calculation and determine the criticality of the bifurcation as a
function of parameters for arbitrary numbers of vehicles in the presence of the
drivers’ reaction delay.

While the models without delay are described by ordinary differential
equations (ODEs), presenting the dynamics in finite-dimensional phase spaces,
the appearance of the delay leads to delay differential equations (DDEs) and to
infinite-dimensional phase spaces. The finite-dimensional bifurcation theory that
is available in basic textbooks (Guckenheimer & Holmes 1997; Kuznetsov 1998)
have been extended to DDEs in Hale & Verduyn Lunel (1993), Diekmann et al.
(1995), Kolmanovskii & Myshkis (1999) and Hale et al. (2002). The infinite-
dimensional dynamics make the bifurcation analysis more abstract. In particular,
the Hopf normal form calculations require complicated algebraic formalism and
algorithms, as is shown in Hassard et al. (1981), Stépan (1986, 1989), Campbell &
Bélair (1995), Orosz (2004) and Stone & Campbell (2004). Recently, these Hopf
calculations have been extended for systems with translational symmetry in
Orosz & Stépan (2004), which is an essential property of car-following models.
This situation is similar to the S' symmetry that occurs in laser systems with
delay, see Verduyn Lunel & Krauskopf (2000) and Rottschifer & Krauskopf
(2004). In Orosz & Stépan (2004), the method was demonstrated in the over-
simplified case of two cars on a ring. Here, these calculations are extended to
arbitrarily many cars, providing general conclusions for the subcriticality of the
bifurcations and its consequences for flow patterns. Our results are generalization
of those in Gasser et al. (2004) for the case without reaction-time delay. In
particular, we prove that this delay makes the subcriticality of Hopf bifurcations
robust.

2. Modelling issues
The mathematical form of the car-following model in question was introduced
and non-dimensionalized in Orosz et al. (2004). Here, we recall the basic features

of this model. Periodic boundary conditions are considered, i.e. n vehicles are
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Hopf bifurcations in car-following model 2645

Figure 1. Vehicles flowing clockwise on a circular road.

distributed along a circular road of overall length L; see figure 1. (This could be
interpreted as traffic on a circular road around a large city, e.g. the M25 around
London, even though such roads usually possess higher complexity.) As the
number of cars is increased, the significance of the periodic boundary conditions
usually tends to become smaller.

We assume that drivers have identical characteristics. Considering that the ith
vehicle follows the (i+1)th vehicle and the nth car follows the 1st one, the
equations of motion can be expressed as

i(t) = a( V(g (t—1) —z;(t—1)) — (1), i=1,..., n—l,} 1)
in(t) = a(V(z(t—1)—z,(t—1) + L) —2,(¢)), '

where the dot stands for time derivative. The position, the velocity, and the
acceleration of the ith car are denoted by x;, &; and Z,, respectively. The so-called
optimal welocity function V :RT —> RY depends on the distance of the cars
h;= x; 1 —z;, which is usually called the headway. The argument of the headway
contains the reaction-time delay of drivers which now is rescaled to 1. The
parameter «>0 is known as the sensitivity and 1/a>0 is often called
the relazation time. Due to the rescaling of the time with respect to the delay,
the delay parameter is hidden in the sensitivity @ and the magnitude of the
function V(h); see details in Orosz et al. (2004).

Equation (2.1) expresses that each driver approaches an optimal velocity,
given by V(h), with a characteristic relaxation time of 1/a, but reacts to its
headway via a reaction-time delay 1. The general features of the optimal velocity
function V(h) can be summarized as follows:

(i) V(h) is continuous, non-negative and monotone increasing, since drivers
want to travel faster as their headway increases. Note that in the vicinity
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Figure 2. (a) The optimal velocity function (2.2) and (b—d) its derivatives.

of the Hopf bifurcation points, V(h) is required to be three times
differentiable for the application of the Hopf theorem (Guckenheimer &
Holmes 1997; Kuznetsov 1998).

(i) V(h)— 1" as h— o, where v"> 0 is known as the desired speed, which
corresponds, for example, to the speed limit of the given highway. Drivers
approach this speed with the relaxation time of 1/« when the traffic is
sparse.

(iii) V(h)=0 for h€|0,1], where the so-called jam headway is rescaled to 1, see
Orosz et al. (2004). This means that drivers attempt to come to a full stop
if their headways become less than the jam headway.

One might, for example, consider the optimal velocity function to take the
form

0, ifO<h<1,

A I U ) 2
! 1+ (h—1)% ' ’

as already used in Orosz et al. (2004, 2005). This function is shown together with
its derivatives in figure 2. Functions with shapes similar to equation (2.2) were
used in Bando et al. (1995, 1998) and Davis (2003).

Note that the analytical calculations presented here are valid for any optimal
velocity function V(h): it is not necessary to restrict ourself to a concrete function in
contrast to the numerical simulations in Bando et al. (1998) and Davis (2003) and
even to the numerical continuations in Orosz et al. (2004, 2005).

The dimensionless parameters « and ¢° can be obtained from their dimensional
counterparts as shown in Orosz et al. (2004). If we consider the reaction-time delay
1-2 s and the relaxation time 1-50s, we obtain the sensitivity as their ratio:
a€[0.02,2]. Also, if we assume desired speeds in the range 10-40 m s~ ! and jam
headways 5—10 m, their ratio times the reaction time provides the dimensionless
desired speed v’ € [1,20]. The linear stability diagram does not change qualitatively
when ¢” is varied in this range as shown in Orosz et al. (2005).
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3. Translational symmetry and Hopf bifurcations

The stationary motion of the vehicles, the so-called uniform flow equilibrium, is
described by

LYty =v't+a;, = (=0, i=1,..,n, (3.1)
where
Ty —x =z —z,+L=L/n=h", i=1..n—1, (3.2)
and
vt = V(h) <. (3.3)

Note that one of the constants z; can be chosen arbitrarily due to the
translational symmetry along the ring. Henceforward, we consider the average
headway h* = L/n as a bifurcation parameter. Increasing h* increases the length L
of the ring, which involves scaling all headways h; accordingly.

Let us define the perturbation of the uniform flow equilibrium by

2 (t) =xy(t) =2 (¢t), i=1,...,n. (3.4)

1

Using Taylor series expansion of the optimal velocity function V(h) about
h= h*(=L/n) up to third order of 27, we can eliminate the zero-order terms

PP (t) = —aib +a2bk J2P (t—1) —aP(t—1)", i=1,..,n—1,

En(t) = —ain(t) + azbk(h )(af (t—1) —ap(t—1))",

(3.5)

where

(k) = VI(H), b(h) =LV'(h), and by(h) = V(). (3.6)
At a critical /bifurcation point A, the derivatives take the values b, = V'(h,),
boer = (1/2) V"(h,) and by, = (1/6) V" (h{,). Now, and further on, prime denotes

differentiation with respect to the headway.
Introducing the notation

yi(t) = ‘i?(t)v yi-&-n(t) = I?(t), "= 1’ -y (37)
equation (3.5) can be rewritten as
j(t) = L(h")y(t) + R(R")y(t—1) + F(y(t—1); 1), (3.8)

where y: R— R?". The matrices L R:R— R*" and the near-zero analytic
function F : R*" X R — R*" are deﬁned as

—ol 0 - 0 —ab(h")A
, R(W) = 0 , and

(3.9)
[abz(h*)Fz(y(t—l)) + abg(h*)Fs(y(t—l))]
. .

Proc. R. Soc. A (2006)
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Here, I € R™" stands for the n-dimensional identity matrix, while the matrix
A ER™™ and the functions Fy, Fy : R* — R" are defined as

(Yo (t=1) = g2 (t—1))"
A= 1 _1 i Fk(y(t—l))= (yn+3(t_1)_.yn+2(t_1))k k=23

—1 (yn+1(t_1)_92n(t_1))k
(3.10)

System (3.8) possesses a translational symmetry, therefore, the matrices
L(h*), R(h*) satisfy

det(L(h) + R(R")) =0, (3.11)
that is, the Jacobian (L(h*)+ R(h*)) has a zero eigenvalue
Ao(h*) =0, (3.12)

for any value of parameter A*. Furthermore, the near-zero analytic function F
preserves this translational symmetry, that is,

Fly(t—1) + c;h") = F(y(t—1);h"), (3.13)

for all ¢#0 satisfying (L(h*) + R(h™))c= 0; see details in Orosz & Stépan (2004).

The steady state y(f)=0 of equation (3.8) corresponds to the uniform flow
equilibrium (3.1) of the original system (2.1). Considering the linear part of (3.8)
and using the trial solution y(t)= Ce’ with CE€C?* and A€C, the
characteristic equation becomes

D(%; by (hY)) = (A% + ad + aby(h)e™)" — (ab (h)e™)" = 0. (3.14)

According to equation (3.11), the relevant zero eigenvalue (3.12) is one of the
infinitely many characteristic exponents that satisfy equation (3.14). This
exponent exists for any value of the parameter by, that is, for any value of the
bifurcation parameter h".

At a bifurcation point defined by b, = by,, i.e. by h* = k., Hopf bifurcations
may occur in the complementary part of the phase space spanned by the
eigenspace of the zero exponent (3.12). Then, there exists a complex conjugate
pair of pure imaginary characteristic exponents

Mo(hy) =tHw, weRT, (3.15)

which satisfies equation (3 14). To find the Hopf boundaries in the parameter
space, we substitute A; =iw into equation (3.14). Separation of the real and

imaginary parts gives
w

blcr = )
( kﬂ') . <k7r>
2cos| w——|sin| —
n n (3.16)
km
a=—wcot| w——
n Vs

Proc. R. Soc. A (2006)
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The so-called wave number k can take the values k=1, ..., n/2 (for even n) and
k=1,...(n—1)/2 (for odd n). The wave numbers k> n/2 are not considered
since they belong to conjugated waves producing the same spatial pattern. Note
that k=1 belongs to the stability boundary of the uniform flow equilibrium, while
the cases k>1 result in further oscillation modes around the already unstable
equilibrium. Furthermore, for each k the resulting frequency is bounded so that
w € (0, kw/n); see Orosz et al. (2004, 2005).

Note also that the function b (h*)= V'(h*) shown in figure 2b is non-
monotonous, and so a by, boundary typically leads either to two or to zero h,
boundaries. For a fixed wave number k, these boundaries tend to finite values of
k" as n— o0, as is shown in Orosz et al. (2005). Using trigonometric identities,
equation (3.16) can be transformed to

W w 1+ cot km
cos w = — 4+ cot| —
2b1 \ @ n )’
. w 1 w ¢ km
sin w = ——cot| —
2010 o n ’

which is a useful form used later in the Hopf calculation together with the

resulting form
463, . ofkm w?

(3.17)

With the help of the identity
(1 —i—icot(’“ﬂ—fr))"_1 _ 1—icot(t)
(1—icot((z))"™ 1 +icot(tr)’

we can calculate the following necessary condition for Hopf bifurcation as the
parameter b; is varied as

dxl (blcr) _ _ aD(Ah blcr) aD(;{lv blcr) - _ 1
Re( an, ) Re b, X =&

(3.19)

(w* +a® +a)>0,

(3.20)

where
o 2 -1
£= ((5—w> +(2+a)2> . (3.21)
Since equation (3.20) is always positive, this Hopf condition is always satisfied.
Now, using the chain rule and definition (3.6), condition (3.20) can be calculated
further as the average headway h" is varied to give

dA; (b, 2by,.
Re (%) (k) =Re Mbg(h;) =E 2 (0 + o + ) #0. (3.22)
dbl blcr
This condition is fulfilled if and only if by, # 0, which is usually satisfied except at
some special points. For example, the function V”(h) shown in figure 2¢ becomes
zero at a single point over the interval h & (1,%). Notice that V”(h) is zero for
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h€[0,1] and for h— o, but the critical headway h., never takes these values for
a>0. Conditions (3.20) and (3.22) ensure that the characteristic roots (3.15)
cross the imaginary axis with a non-zero speed when the parameters b; and h" are
varied.

4. Operator differential equations and related eigenvectors

The DDE (3.8) can be rewritten in the form of an operator differential equation
(OpDE) which reflects its infinite-dimensional dynamics. For the critical
bifurcation parameter h}., we obtain

Y = -Ayt + ]:(?/t)7 (4-1)

where the dot still refers to differentiation with respect to the time ¢ and y;, :
R — Xge« is defined by the shift y,(¢) = y(t + ¢), ¥ € [-1, 0] on the function space
Xpen of continuous functions mapping [—1,0] — R*". The linear and nonlinear
operators A, F : Xgz — Xpg2« are defined as

d L
25 9); if —1<9<0, w2
Lp(0) + Rp(—1), if o =0,
0, if —1<9<0,
fwmﬂ={Fw&m c9—0 (4.3)

where the matrices L, R € R*>®" and the nonlinear function F : R*" — R*" are
given by

L=L0%), R=R(), and Fyt—1) = F(t—1:k).  (44)
The translational symmetry conditions (3.11) and (3.13) are inherited, that is,
det(L + R) =0, (4.5)

and
Flye +¢) = Fly) = Fy(t—1) + ¢) = Fy(t—1)), (4.6)

for all ¢#0 satisfying (L+ R)c=0.

In order to avoid singularities in Hopf calculations, we follow the methodology
and algorithm of Orosz & Stépan (2004) and eliminate the eigendirection
belonging to the relevant zero eigenvalue Ap=0 (equation (3.12)). The
corresponding eigenvector s, € Xpgen satisfies

Asy = Aysp = Asy =0, (4.7)

which, applying the definition (4.2) of operator A, leads to a boundary value
problem with the constant solution

50(9) =S, €R*",  satisfying (L + R)S, = 0. (4.8)

So =p[2], (4.9)

One finds that

Proc. R. Soc. A (2006)
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where each component of the vector £ € R" is equal to 1. Here, p €ER is a scalar
that can be chosen freely, in particular, we choose

p=1 (4.10)

In order to project the system to sy and to its complementary space, we also
need the adjoint operator

3

~ 9 ), f0<o<l,
Aoy =1 00?7 e (4.11)
Ly(0) + Ry(1), ifa=0,

where asterisk denotes either adjoint operator or transposed conjugate vector
and matrix. The eigenvector ny € X, of A* associated with the eigenvalue ;=0
satisfies

A*ny = Agng= A"ny = 0. (4.12)
This gives another boundary value problem, which has the constant solution
ny(0) = Ny €R*, satisfying (L* + R*)N, = 0. (4.13)
Here, we obtain
| E
Ny=1p Bl (4.14)
However, p €R is not free, but is determined by the normality condition
(ng, s) = 1. (4.15)
Defining the inner product
0
W) =V O8(0) + | (€ + DRIEIE, (4.16)
condition (4.15) gives the scalar equation
Ny(I +R)S, =1, (4.17)
from which we obtain .
p= (4.18)

Note that, as the vectors sy and ng are the right and left eigenvectors of the
operator A belonging to the eigenvalues A, = 0 and A; = 0, similarly, the vectors S
and N, are the right and left eigenvectors of the matrix (L+ Re™), belonging
to the same zero eigenvalues. For the non-delayed model (Bando et al. 1995), the
vectors Sy and N are the left and right eigenvectors of the Jacobian (L+ R), that
is, their structure is related the spatial structure of the system along the circular road.

We are now able to eliminate the singular dynamics generated by the
translational symmetry so that we project the system to s, and to its
complementary space. With the help of the eigenvectors sy and ngy, the new
state variables z;: R— R and y;, : R— Xpg2 are defined as

{ 20 = (no, ),

_ (4.19)
Y¢ = Yt — 205-

Proc. R. Soc. A (2006)
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Using the derivation given in Orosz & Stépan (2004), we split the OpDE (4.1)

into
20 = Ny F(y;)(0),
- 0_( £ )( )_ o } (4.20)
g = Ayy + F(yr) — Ng F (5)(0) 5.
Its second part is already fully decoupled, and can be redefined as
gr = Ay, +F (y1), (4.21)

where the new nonlinear operator F~ : Xpzn — Xpzn assumes the form

B —NiF(4)(0)Sy, it —1<9<0,
F(9)@) = . ' (4.22)
F(6)(0) = Ny F()(0)S, if & =0.
Considering F(¢)(0)= F(¢(—1)) given by equation (4.3), and using the
expressions (3.9), (3.10) and (4.4), and the eigenvectors (4.9) and (4.14), we
obtain

No F(y:)(0) Sy = N F(y(t—1)) 5

n

:% Z (bkcrz (yn+i+1(t_1) _yn+i(t_1))k) [;] y (423)
k=23

=1

where the definition w5,., = 1,.; is applied. Note that the system reduction
related to the translational symmetry changes the nonlinear operator of the
system while the linear operator remains the same. This change has an essential
role in the centre-manifold reduction presented below.

Let us consider a Hopf bifurcation at a critical point Ag.. First, we determine
the real and imaginary parts s;, 5 € Xpe» of the eigenvector of the linear operator
A, which belongs to the critical eigenvalue A; =iw (3.15), that is,

A(s) +180) = A1(8) +18) = As) = —wsy, Asy = wsy. (4.24)

After the substitution of definition (4.2) of A, the solution of the resulting
boundary value problem can be written as

s (9 S
1) =" cos(wd) +
$2(V) S

with constant vectors S;, S, € R?" satisfying the homogeneous equation

L+ Rcosw wl + Rsinw | | S 0
= : (4.26)
Sy 0

—(wI + Rsinw) L+ Rcosw
Using formula (3.17) and following the steps (A 1)—(A 3) of appendix A, one
may solve (4.26) and obtain

? ] sin(w?), (4.25)

o S S
S =u lS +v _10 , Sy =u _10 —v lS , (4.27)
w w © w

Proc. R. Soc. A (2006)
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where the scalar parameters u and v can be chosen arbitrarily and the vectors C,

S ER" are
[ <2k ) [ (2]<:7r )
cos| —1 sinf —1
n n
CcoS %—WQ sin %—NZ
C = n , S= n , (4.28)

<2k7r > . (2k7r )
cos| —n sin| —n
- n - - n -

with the wave number k used in equations (3.16) and (3.17). The cyclic
permutation of the components in C' and S results in further vectors S; and S,
that still satisfy equation (4.26). This result corresponds to the Z" symmetry of
the system, that is, all the cars have the same dynamic characteristics. Choosing
u=1 and v=0 yields

o
w w

The real and imaginary parts ny,ny € Xgs, of the eigenvector of the adjoint
operator A* associated with A] = —w are determined by

A (ng +iny) = A1(ng +ing) = A'ny = wny, A'ny =—wn;. (4.30)

The use of definition (4.11) of A" leads to another boundary value problem
having the solution

ny (o N,
[ ( )] = [ ]cos(wa)+

ny(0)

_N2

Ny

] sin(wa), (4.31)
where the constant vectors N, Ny € R?" satisfy

L'+ Rcosw —(wI+ R'sinw) || N
wl+ R'sinw L'+ R'cosw N,

! 4.32
NS

Applying equation (3.17) and following the steps (A 4)—(A 7) of appendix A,
the solution of equation (4.32) is obtained as

] S
N =1 + 0 ,
oaC +wS aS—wlC
: ) (4.33)
S C
Ny =1 -9 )
_aS—wC’_ oaC + wS

Proc. R. Soc. A (2006)
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The scalar parameters 4, U are determined by the orthonormality conditions
<TL1, 51> = 17 <n’1) 82> = 05 (434)

which using the inner product definition (4.16), results in the two scalar
equations

St (21 +R (cosw +Slﬂ> ) + S R'sinw  —S7 R'sinw+ S; R <cosw— smw)
1 w w

2 . .
—SiR'sinw+ 53 <2I +R (cosw +SI£> ) —SIR* (Cosw—w> — S, R'sinw
w w
N 1
X = .
N| o (4.35)

Substituting equations (3.17), (4.29) and (4.33) into (4.35) and using the second-
order trigonometric identities (B 3)-(B 5) of appendix B, we obtain

24+« o W
n @ U 1
5 o R = 0 y (436)
—|—w 24+« v
w
with the solution
R 2+
U 2
=& |« , (4.37)
U i,

where £ is defined by equation (3.21). The substitution of equation (4.37) into
(4.33) leads to

2+a)C+ (%—w)S

Nl = gz )
n 012
(> +a+w?)C+ <w+2w>s
- (4.38)
2+ a)S— (3— w> C
9 w
N, ==
n

2
(a2+a+w2)5—<a—+2w>0
w

As s, +1isy and my +iny are the right and left eigenvectors of the operator A
belonging to the eigenvalues A, =iw and A} =—iw, the vectors S;+1iS, and
N, 4 iN, are similarly the right and left eigenvectors of the matrix (L+ Re™)
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belonging to the same eigenvalues. Note that for the non-delayed model (Bando
et al. 1995) the vectors S; + 15, and N; + i, are the left and right eigenvectors of
the Jacobian (L+ R), that is, their structure is again related the spatial
structure of the system.

5. Centre-manifold reduction

Now, we investigate the essential dynamics on the two-dimensional centre
manifold embedded in the infinite-dimensional phase space. Since the
eigenvectors s; and s, span a plane tangent to the centre manifold at the origin,
we use $;, S and ng, ny to introduce the new state variables

2 = (n, Y),
7 = (g, 4;), (5.1)
W= Y — 28— RS,

where 7, 2 : R— R and w : R— Xg.. Using the derivation presented in Orosz &
Stépan (2004), we can reduce OpDE (4.21) to the form

21 0 w O 2
Zl=1—w 0 O| |5
w 0 0 A w
(NT — @ NG ) F (2181 + 5 + w)(0)
+ (N3 — NG ) F (2181 + 25, + w)(0)

= i=12(Nf = ;NG ) F (2181 + 58 + w)(0)s; + F~ (25 + 25 + w)
(5.2)

The scalar parameters ¢y, g, are induced by the translational symmetry and their
expressions are determined in Orosz & Stépan (2004) as

. 1_ 3\
q = (N{‘ <I + Sme) —N;ﬂ}?) So,
w w

(5.3)
¢ = (meR +N; (I + Sm“’R))SO.
w w
Since in our case RSy, = N;Sy= Ny Sy, =0, we obtain
@ =¢q =0. (5.4)
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The power series form of (5.2) is also given in Orosz & Stépan (2004) as

=2
> A4
J =0

k=23
Ll=|-w 0 O||n]|+ ST pDAA
: 3,20

1 IHh=2 _
5 (F;,fc)cos(m‘}) + F;:s)sin(an}l))z{zé€
J=0

Fii" Ru(—1) + F{" Ru(—1)z
FP"Ru(—1) + FY" Ru(—1) 7

+ jHk=2 4 ,
S R, if —1<9<0, (5:5)
7,k=0
jtk=2 ‘ '
> (Y +FA, it =0
J,k=0

[NCRIE

where the subscripts of the constant coefficients f,.gf) €R and the vector ones
Fjg € R?" refer to the corresponding jth and kth orders of z and 2z, respectively.

The terms with the coefficients F’ (,f’ 9 and F ](,? 9 come from the linear combinations
of s1(¢) and $5(¢#), The translational symmetry only enters through the terms
with coefficients Fj,?_), so that the terms with coefficients Fj(,? ) and Fj(,f_) refer to

the structure of the modified nonlinear operator F~ (equation (4.22)). Using the
third- and fourth-order trigonometric identities (B 6)—(B 11) of appendix B, we
can calculate these coefficients for wave numbers k#n/2, k#n/3 and k#n/4 as
given by equations (A 8) and (A 9) in appendix A.

Note that the cases k=n/2, k=n/3 and k= n/4 result in different formulae
for the above coefficients, but the final Poincaré-Lyapunov constant will have
the same formula as in the case of general wave number k. The detailed
calculation of these ‘resonant’ cases is not presented here.

Approximate the centre manifold locally as a truncated power series of w
depending on the coordinates z; and 2 as

w() = Hhoy(9)2 + 2011 (9) 2120 + ha(19)7). (5.6)

There are no linear terms since the plane spanned by the eigenvectors s; and s, is
tangent to the centre manifold at the origin. Third and higher order terms are
dropped. The unknown coefficients hqgy, hq1, hoe € Xgze can be determined by
calculating the derivative of w and substituting that into the third equation of
(5.5). The solution of the resulting linear boundary value problem, given in detail
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in Orosz & Stépan (2004), is

hao(9) H —H, H, Py
hi1(9) | = | Hy |cos(2wd) + | Hy |sin(2wd)+ | 0 |—| 0 |2, (5.7)
hoa9) ) L=t Hy ol Lryg”

where the vectors Hy, H,, H, € R*" satisfy

L+R 0 0 H, By + ) + 2Py
. 1
0 L+ Rcos(2w) 2wI+ Rsin(2w) | | H | = 5 Fég) — Fég)
0 —(2wI+ Rsin(2w)) L+ Rcos(2w) 1 LH; F®
11
(5.8)

Here, we also used that
3¢ 3s 3— 3— 3— 3—
E§k):E§k):Ov Fz(o)_Fo(z):F&):O? RFQ(O)=07 (5.9)

in accordance with equation (A 8).

One can find that the 2n-dimensional equation for H, is decoupled from the
4n-dimensional equation for H;, H, in equation (5.8). Since (L+ R) is singular
due to the translational symmetry (4.5), the non-homogeneous equation for Hy in
(5.8) may seem not to be solvable. However, its right-hand side belongs to the
image space of the coefficient matrix (L+ R) due to the translational symmetry
induced terms Fﬂff . We obtain the solution

b 2
Hy = 21 (1 +°’2)
(blcr) «
with the undetermined parameter x that has no role in the following calculations.
At the same time, the non-homogeneous equation for Hy, Hs in equation (5.8)

is not effected by the vectors F j,?f . Using equation (3.17) and following the steps
(A 10)—(A 14) of appendix A one can find the solution
0)2 blcr k 2&)5,
H = e~ n—4cot o _ ,
(=4 cot ()" + u? n —C
4b20r

o by [ 205, 20 C,
e (G )| W R )

Proc. R. Soc. A (2006)

E
kE

, (5.10)

4b2cr
20 é,

tu




2658 G. Orosz and G. Stépdn

where
- 4 - r 4 -
cos <ﬂl> sin <ﬂ1>
n n
8bier W’ 4 4k
166y, . 01 (1—}—3?) cos <—2) sin <_7T2
~ n = n
u=—- = 2a2777= o\ 2 ,C= 75=
1+ 1+ : :
o? o?
<4k7r ) <4k7r )
cos| —n sin| —n
- n - - n =
(5.12)

Now, using equation (5.11) in (5.6) and (5.7), we can calculate Rw(—1) which
appears in the first two equations of (5.5). In this way, we obtain the flow
restricted onto the two-dimensional centre manifold described by the ODEs

j+k=2,3 j+k=3

(1) j k 1) j k
- 0 2 > LA > 9 4n
r| w 4,k>0 I 3,0 513
22__0)0 +k232) j+k=3 ) ()
k
B > 144 > 94
J:k=0 5,k=0

where the coefficients f have already been determined by equation (A 8) in
(5.5), while the coefﬁ(nents

1 2) 2
9( ) = 952 = 951 = 9(()3)

E—Qa(bz“) cot 2 3
= (her)* (n) E(14—w—2><<17—4cot(ﬁ>><w—|—2—|-w—2>
(1—teot ()P 420\ n @’ a

+u<1+22—j>>, (5.14)

originate in the terms involving Rw(—1). To determine equation (5.14), the
trigonometric _identities (B 3)—(B 11) of appendix B have been used. The
coefficients go)) = gtt) = —gi¥) = — 12 displayed, si hey h
921 = 903 = T 930 g5 are not displayed, since they have no
role in the following calculations.
We note that the coefficients f, k)(] + k= 2) of the second-order terms are not
changed by the centre- manifold’ reduction. The so-called Poincaré- —Lyapunov

constant in the Poincaré normal form of equation (5.13) can be determined by
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the Bautin formula (Stépan 1989)

1/1
A= (S R 1))+ U + 2 -+ )

1 1 2 2 2
+(3f3(0) +f1(2) +f2(1) + 31633)) (39§0) + 952) + 951) + 39( ))>
2 3
=¢ “33<1+%O<w+9+93
4(blcr) w « o o

1 by ) Acot (Ex k 1+ 2%
ler (7]—4C0t(7)) +u n CL)+E+?

(5.15)

The bifurcation is supercritical for negative and subcritical for positive values of
4. We found that 4>0 is always true when (k/n) << 1 which is the case for real
traffic situations (many vehicles n with a few waves k). This can be proven as is
detailed below.

The first part of the expression (5.15) of 4 in front of the parenthesis is
always positive, since &, by, a, w > 0. Within the parenthesis in equation (5.15),
the first term is positive since equation (3.16) implies b, = V'(h) <1/2,
which yields critical headway values h. such that 6bs,= V" (h:)>0; see
figure 2b,d. The second term in the parenthesis in equation (5.15) contains the
ratio of two complicated expressions, which by using equations (3.16) and
(5.12), can be rearranged in the form

k k 1+22
4cot(—7r) n— 4cot< ) -i-,u,%"z3
n n w+ &+
2 (1+¢)Qu+ +30 ) 492
= <4 cot <k_7r>) o « ¢ —1
" (

2

cos w —2sin w) <1 -l—%) ((u + o +w_j>

:=:<4cot<%§>>2AfQu¢Q, (5.16)

(s (22))
=<km<h7)2 (1+4) (1+4%) - @%w——wm9@+3%)+l

n (cosw—%sinw) (1 +%)

==<4am<%§>>290wa)>0' (5.17)
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(b)

90

SIES

30

-1 1 1 1 1
0 0.2 0.4 0.6 0.8

1.0 0 0.2 0.4 0.6 08 , 1O

Figure 3. Quantities defined by (5.16) and (5.17) as a function of the frequency w, for
representative values of parameter a. (@) Numerator N (w, «) and (b) ratio N (w, &) /D(w, ).

Since equation (5.17) is always positive, the sign of equation (5.16) is crucial for
deciding the overall sign of 4. According to equation (3.16) w € (0, kw/n), that
is, the realistic case (k/n) << 1 implies the oscillation frequency o << 1.

Figure 3a shows the numerator N(w,a) for some particular values of «
demonstrating that A (w, a) > 0 for w < 1. Note that if «—=0 then N (w, &) may
become negative (see figure 3a for = 0.5), but this is a physically unrealistic
case where drivers intend to reach their desired speed 1° extremely slowly.

Moreover, the ratio of equations (5.16) and (5.17), N (w,a)/D(w,a), is not
only positive for w < 1 but also N (w, &) /D(w, ) = % when w—0 (i.e. when n— o)
as shown in figure 3b. This feature provides robustness for subcriticality. Note that
subcriticality also occurs for optimal velocity functions different from equation
(2.2), e.g. for those that are considered in Orosz et al. (2004).

Using definition (3.6), formulae (3.18) and (3.22) and expressions (5.15)—
(5.17), the amplitude A of the unstable oscillations is obtained in the form

Re(4;(he)) V" (hé)(R* —h)
A= el () = — .
e (=) (VR Niwra)
V(hi) D(w,w)
(5.18)

Thus, the first Fourier term of the oscillation restricted onto the centre manifold is

z(t) _ A[ cos(wt) ] (5.19)

—2

V"(h) +

2(t) —sin(wt)

Since close to the critical bifurcation parameter h,., we have y,(9) = 2z (t)s; () +
2(t)sy(¥), equation (5.19) yields

y(t) = y,(0) = 2.(¢)51(0) + 2(t)52(0) = A(s1(0)cos(wt) —s,(0)sin(wt))

= A(S)cos(wt) — Sysin(wt)), (5.20)

where the vectors S;, Sy are given in equation (4.29).
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The parameter °>0 enters 4 and A via the derivatives V'(h})= b,
V" (hi,) = 2bye, and V" (h,) = 6bs,, which are all proportional to +”. Consequently,
4 depends linearly on v” causing no sign change and +” disappears from A. Further-
more, v is embedded in the critical parameter A%, which is determined from
equation (3.16) by inverting V'(h!.) = b.,. However, one may check that this is
relevant for k/n=1/2 only, when small ©" may result in supercriticality
as demonstrated in Orosz et al. (2004). In contrast, the realistic case k/n << 1
leads to robust subcriticality as explained in §6 and also demonstrated in Orosz
et al. (2005).

Note that zero reaction time delay results in N (w, «)/D(w, ) =—1 as shown
in Gasser et al. (2004). In that case, subcriticality appears only for extremely
high values of the desired speed ©” when the term 6bs., becomes greater than
(2b9ey)?/brey at the critical points (of the non-delayed model). Consequently, the
presence of the drivers’ reaction-time delay has an essential role in the robustness
of the subcritical nature of the Hopf bifurcation. This subcriticality explains how
traffic waves can be formed when the uniform flow equilibrium is stable, as is
detailed in the subsequent section.

6. Physical interpretation of results

The unstable periodic motion given in equation (5.20) corresponds to a spatial
wave formation in the traffic flow, which is actually unstable. Substituting (4.29)
into (5.20) and using definition (3.7), one can determine the velocity
perturbation as

2rk

¥ () =Acos<ii+wt>, i=1,...,n. (6.1)
n

The interpretation of this perturbation mode is a wave travelling opposite to the

car flow with spatial wave number k (i.e. with spatial wavelength L/k= h*n/k).

The related wave speed is

D e = ———hw < 2
Cwave 2%km w 07 (6 )

where the elimination of the frequency w with the help of equation (3.18) leads to

k 2
C\I;rave =—h' blcr <1 Y <77r> > . (63)

Since the uniform flow equilibrium (3.1) travels with speed v* = V(h*), the speed
of the arising wave is

o 2
Coave = U+ Pove = V(K)—h* V' (hE) <1 —O(W> > (6.4)
n
By considering the optimal velocity function (2.2), we obtain cy.y. <0, that is,
the resulting wave propagates in the opposite direction to the flow of vehicles.
Note that the non-delayed model introduced in Bando et al. (1995) exhibits the

same wave speed apart from some differences in the coefficient of the correction
term O(kw/n)?. If one neglects this correction term, the wave speed becomes
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Figure 4. The amplitude A of velocity oscillations as a function of the average headway parameter A"
(@) and the corresponding velocity profiles at A*=2.9 (b) and (¢) for n=9 cars, k=1 wave and
parameters a=1.0, v’=1.0. (a) Horizontal axis (4 =0) represents the uniform flow equilibrium and
the analytical results are coloured: green solid and red dashed curves represent stable and unstable
branches, respectively, and blue stars stand for Hopf bifurcations. Grey curves correspond to
numerical continuation results: solid and dashed curves refer to stable and unstable states and grey
crosses represent fold bifurcations. The points marked by Py, P, and P,, P} refer to the velocity
profiles shown in panels (b) and (c), respectively. (b) Stable stop-and-go oscillations are shown for
point P; in green and for point P in grey and (¢) unstable oscillations are displayed for point Py in
red and for point P} in grey.

independent of n and k, which corresponds to the results obtained from
continuum models; see e.g. Whitham (1999).

In order to check the reliability of the Poincaré-Lyapunov constant (5.15) and
the amplitude estimation (5.18), we compare these analytical results with those
obtained by numerical continuation techniques with the package DpE-BirTooL
(Engelborghs et al. 2001). In figure 4a, we demonstrate the subcriticality for n=9
cars and k=1 wave. The horizontal axis corresponds to the uniform flow
equilibrium, that is, stable for small and large values of A" (shown by green solid
line) but unstable for intermediate values of A" (shown by red dashed line) in
accordance with formula (3.16) and figure 2b. The Hopf bifurcations, where the
equilibrium loses its stability, are marked by blue stars. The branches of the
arising unstable periodic motions given by equation (5.18) are shown as red
dashed curves.

In §2, conditions (i)—(iii) require that the optimal velocity function is bounded
so that V €10,2°]; see figure 2a. Maximum principles show that for t— o the
velocity of any solution is contained by the interval [0, v"]. This suggests that
‘outside’ the unstable oscillating state there exists an attractive oscillating state
which may include stopping, accelerating, travelling with the desired speed @',
and decelerating. The amplitude of this solution is defined as
A= (max ;(t) —min i;(t))/2 = (+"—0)/2=1"/2. In figure 4a the horizontal
green line at A=1v"/2 represents this stable stop-and-go oscillation. The
corresponding stop-and-go wave propagates against the traffic flow, since vehicles
leave the traffic jam at the front and enter it at the rear; see figure 1. The
above heuristic construction reveals the existence of bistability on each side of
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the unstable equilibrium between the Hopf bifurcation point and the point where
the branches of unstable and stable oscillations intersect each other (outside the
frame in figure 4a). For such parameters, depending on the initial condition, the
system either tends to the uniform flow equilibrium or to the stop-and-go wave.

In figure 4a, we also displayed the results of numerical continuation carried
out with the package Dpe-BrrrooL (Engelborghs et al. 2001). Grey solid curves
represent stable oscillations while grey dashed curves represent unstable ones.
The fold bifurcation points, where the branches of stable and unstable
oscillations meet, are marked by grey crosses. The comparison of the results
shows that the analytical approximation of the unstable oscillations is
quantitatively reliable in the vicinity of the Hopf bifurcation points. The
heuristic amplitude ¢ /2 of the stop-and-go oscillations is slightly larger than the
numerically computed ones. The analytically suggested bistable region is larger
than the computed one (between the Hopf point and the fold point), since the
third degree approximation is not able to predict fold bifurcations of periodic
solutions. In order to find these fold bifurcation points, it is necessary to use numerical
continuation techniques as presented in Orosz et al. (2005). Nevertheless,
qualitatively the same structure is obtained by the two different techniques.

As was already mentioned in §3, the wave numbers k> 1 are related to Hopf
bifurcations in the parameter region, where the uniform flow equilibrium is
already unstable. This also means that the corresponding oscillations for k> 1 are
unstable independently of the criticality of these Hopf bifurcations. Still, we
found that these Hopf bifurcations are all robustly subcritical for any wave
number k (except for large k/n =1/2). Consequently, the only stable oscillating
state is the stop-and-go motion for k=1. On the other hand, several unstable
solutions may coexist as is explained in Orosz et al. (2005). Note that analytical
and numerical results agree better as the wave number £ is increased because the
oscillating solution becomes more harmonic.

To represent the features of vehicles’ motions, the velocity oscillation profiles
of the first vehicle are shown in figure 4b,c for the points P, P| and P,, P
marked in figure 4a, for headway h*=2.9. Again, the coloured curves correspond
to the analytical results, while the grey curves are obtained by numerical
continuation. In figure 4b,c, the time window of each panel is chosen to be the
period of the first Fourier approximation given by equation (3.18) (red curve in
figure 4¢) and the dashed vertical lines indicate oscillation periods computed
numerically with Dpe-BirTooL.

Figure 4b shows the stop-and-go oscillations. The heuristic construction (green
curve) is obtained by assuming that the stopping and flowing states are
connected with states of constant acceleration/deceleration, which is qualitat-
ively a good approximation of the numerical result (grey curve). Figure 4c
compares the unstable periodic motions computed analytically (red curve) from
the Hopf calculation with those from numerical continuation (grey curve).

For a perturbation ‘smaller’ than the unstable oscillation, the system
approaches the uniform flow equilibrium. If a larger perturbation is applied
then the system develops stop-and-go oscillations and a spatial stop-and-go
travelling wave appears as demonstrated in figure 1. Since the period of the
stable and unstable oscillations are close to each other, the stable stop-and-go
wave travels approximately with the speed of the unstable travelling wave; see
equation (6.4) for k=1.
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7. Conclusion

A nonlinear car-following model has been investigated with special attention
paid to the reaction-time delay of drivers. By considering the average headway
as a bifurcation parameter, Hopf bifurcations were identified. In order to
investigate the resulting periodic motions, the singularities related to the
essential translational symmetry had to be eliminated. Then the Hopf
bifurcations were found to be robustly subcritical leading to bistability between
the uniform flow equilibrium and a stop-and-go wave. The appearing
oscillations manifest themselves as spatial waves propagating backward along
the circular road.

In the non-delayed model of Bando et al. (1995), subcriticality and
bistability occur only for extremely high values of the desired speed v, as it is
demonstrated in Gasser et al. (2004). We proved that subcriticality and
bistability are robust features of the system due to the drivers’ reaction-time
delay, even for moderate values of the desired speed. This delay, which is
smaller than the macroscopic time-scales of traffic flow, plays an essential role
in this complex system because it changes the qualitative nonlinear dynamics
of traffic.

Due to the subcriticality, stop-and-go traffic jams can develop for large
enough perturbations even when the desired uniform flow is linearly stable.
These perturbations can be caused, for example, by a slower vehicle (such us a
lorry) joining the inner lane flow for a short-time interval via changing lanes. It
is essential to limit these unwanted events, for example, by introducing
temporary regulations provided by overhead gantries. Still, if a backward
travelling wave shows up without stoppings, it either dies out by itself or gets
worse ending up as a persistent stop-and-go travelling wave. In order to dissolve
this undesired situation, an appropriate control can be applied using temporary
speed limits given by overhead gantries that can lead the traffic back ‘inside’
the unstable travelling wave and then to reach the desired uniform flow. For
example, the MIDAS system (Lunt & Wilson 2003) installed on the M25
motorway around London is able to provide the necessary instructions for
drivers.

The authors acknowledge with thanks discussions with and comments of Eddie Wilson and Bernd
Krauskopf on traffic dynamics and on numerical bifurcation analysis. This research was supported
by the University of Bristol under a Postgraduate Research Scholarship and by the Hungarian
National Science Foundation under grant no. OTKA T043368.

Appendix A. Solutions of algebraic equations

Using formula (3.17) for the Hopf boundary, the 4n-dimensional equation (4.26)
leads to

SZ,i = wsl,n+z‘

1 fori=1,...,n, (A1)
S 4i = W S,

s
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and to the 2n-dimensional equation

Sl = O, (A 2)

Solving (A 2) one may obtain the solution (4.27) for S; and S,.
The application of (3.17) simplifies the 4n-dimensional equation (4.32) to

Nipyi =alN;; +oNy;

fori=1,...,n, (A 4)
Nopyi = =Ny ; +alNy
and to the 2n-dimensional equation
k
—cot <7r> A B
n
NU = 0, (A 5)

B cot (E) A
n

where A, B€R"™" are given by (3.10) and (A 3) and N, € R*" is defined as

fori=1,...,n. (A 6)
Nu,n+z' = NQ,i

The solution of (A 5) can be written as

N, =i
v S

o
7 (A7)

where the vectors C, S €R" are defined by equation (4.28). This leads to the
solution (4.33) for Ny and Ns.
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The coefficients in (5.5) are as follows:

=2 =0, forj+k=2,

G. Orosz and G. Stépdn

2 3
(1) _ (1) _ @) _ 42) _ o 3%bse @ w 3
D =1 =6 =1y = “(1+S5 ) [o+=+5
30 12 o1 = Jos H(br)’ @ ( on) (w a2>’
2 2
(1) _ ) _ g _ @) _ g B0bse @ f o) [
2 = Jos J30 2 4(b10r)3w o2 2 )
[ w?\ = o W\~ w2
(1) 2by, | (3+a——|C+|=—20—2— |5+ |14+a+—|E
Fiy :gn(b )2 o W o o ,
ler
0
- R N
P g b [ Y w220+ 3+a=- )5+ (% +2Y)E
Cr i 0
- ~ N
oo 2 |~ 2022 )0+ [34+a—)5—(E 422
Fi, :gn(b )2 ) o o 3 o ,
ler
L 0
[ w?) - o W\ = w2
01 n(blcr)g 0 3

2 0
(3-) _ m(3-) _ bQCr w
O (Hﬁ) B|
3—
Fl(l )_07
[ (1)2 ~ W ~ (02
FO) = o (1_¥ C—225+ (1475 | B
(b ' )
i W ~ w2 ~
F(3)= 2b2cr 2ZC+ 1_? S
T (ha) ) ,
[ (1)2 ~ W ~ (1)2
. (blcr)2 0 ’
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where € is_given by equation (3.21), each component of E€R" is 1, and the
vectors C, S €R" are defined by

_ m _
Cos (—W1>
n
4k
Cos (—ﬂ2>
n

_ A _
sin (ﬂ 1>
n
4
sin <ﬂ2>
n

C= , 8= (A9)
<4k7r > . (4]§7r )
cos| —n sin| —n
- n - - n -
Using (3.17), the 4n-dimensional equation for H;, Hs in (5.8) leads to
Hl,i = _2wH2,n+i
fori=1,...,n, (A10)
Hy; =20wH ;1
and to the 2n-dimensional equation
k 2k k 2k
wsin? (—W> I—cos (—W> A nsin’ <—7T> I —sin <—7T> A
n n n n
U
— (77 sin? <ﬁ> I—sin <2k_7r) A> usin? (k—w> I—cos <2k—7r> A
n n n n
by . o (k) | C
=— sin” [ — ,
W bygy n)|g (A11)

where I € R™" is the identity matrix, 4 € R™" and C, S € R" are given by (3.10) and
(A 9), the vector H, € R*" is defined as

Hu,i = H1,n+7:
fori=1,...,n, (A12)
HU,n+z = H27n+z
and the new parameters are
9 2
].6b1cr &)_2 8blcr (1 + 3(1)_2>
w o
p= e a n= (A13)
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The solution of (A 11) is given by

4by,

2
— w blcr

e R Gl )| ) B

which leads to the solution (5.11) for H; and Hs.

Appendix B. Trigonometric identities

Considering the wave numbers k=1, ...,n/2 (evenn)or k=1, ..., (n—1)/2 (odd n)

n 2% 0, if k+n/p,
Zexp(p—wz> = / (B1)
— n, if k=n/p,
can be written where i>= —1 and p=1, ..., 4. Therefore, the following identities can

be proven. In first order,

icos<2k7r > ism<2k7r ) _o B2)

In second order,

n n/2, if k#n/2,
20052 <2k—7 i) = / / (B 3)
» n, if k=n/2,

n n/2, ifk#n/2,
> sin’ (%—” i) _ / (B 4)
: n 0, ifk=mn/2,

SelEeli) 0w

2k - 2k 2k 0, ifk=*#n/3,
Zcos ( il ) Z—Zcos<—7rz'>sin2 <—7Tz> = / (B6)
i=1 n n n/4, lf k = n/3,

Proc. R. Soc. A (2006)



Hopf bifurcations in car-following model 2669

In fourth order,

3n/8, ifk#n/2 and k#n/4,

ZCOS4 (ﬁ z'> =1 n, if k =n/2, (B8)
' nj2, it k=n/4,

3n/8, ifk#n/2 and k#n/4,

n 2k
Y sin! (—” z) ={0,  ifk=n/2 (B9)
n/2, ifk=n/4,

n/8, ifk#n/2 and k+#n/4,

a 2 2
> cos® (ﬁ i) sin® (ﬁ z> ={0, ifk=n/2 (B 10)
0, ifk=n/4,

- 2k 2k - 2k 2k
Zcos3 (—W z’) sim(—Tr z’> = Zcos (—W z') sin® (—W z) = 0. (B 11)
n n — n n

=1
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