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Abstract

Witten’s class on the moduli space of 3-spin curves defines a (non-
semisimple) cohomological field theory. After a canonical modifica-
tion, we construct an associated semisimple CohFT with a non-trivial
vanishing property obtained from the homogeneity of Witten’s class.
Using the classification of semisimple CohFTs by Givental-Teleman,
we derive two main results. The first is an explicit formula in the
tautological ring of Mg,n for Witten’s class. The second, using the
vanishing property, is the construction of relations in the tautological
ring of ﬂgyn.

Pixton has previously conjectured a system of tautological rela-
tions on My, (which extends the established Faber-Zagier relations
on My). Our 3-spin construction exactly yields Pixton’s conjectured
relations. As the classification of CohFTs is a topological result de-
pending upon the Madsen-Weiss theorem (Mumford’s conjecture), our
construction proves relations in cohomology. The study of Witten’s
class and the associated tautological relations for r-spin curves via a
parallel strategy will be taken up in a following paper.
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0 Introduction

0.1 Overview

The study of relations in the cohomology of the moduli space of curves was
initiated by Mumford [13] in the 1980s. While several classical approaches
were applied with success before, the subject has developed rapidly in the
last two decades via natural connections to topological string theory.

A systematic study by Faber and Zagier of the algebra of x classes on the
moduli space M, of nonsingular genus g curves led to a conjecture in 2000
of a concise set FZ of k relations. A proof of the Faber-Zagier conjecture (in
Chow) via the geometry of stable quotients was given in 2010 [14]. In 2012,
the second author [16] conjectured a set P of tautological relations for the
moduli spaces M, of stable curves. The set P recovers FZ when restricted
to M, C M,.

Our main result proves the conjectured relations P in the cohomology
ring H* (MQ,H,Q). By restriction, we obtain a second proof of the Faber-
Zagier conjecture in cohomology. Are there other relations? The sets FZ
and P explain all presently known tautological relations on M, and M,
respectively. At least in Chow, the sets FZ and P are conjectured to be
complete in both cases [14, 16].

We study here the geometry of 3-spin curves. Witten’s class on the moduli
space of 3-spin curves defines a non-semisimple cohomological field theory.
After a canonical modification (obtained by moving to a semisimple point of
the associated Frobenius manifold), we construct a semisimple CohFT with
a non-trivial vanishing property obtained from the homogeneity of Witten’s
class. Using the classification of semisimple CohFTs by Givental-Teleman
(6, 20], we derive an explicit formula in the tautological ring of ﬂg,n for
Witten’s 3-spin class and use the vanishing property to establish the relation
set P.

0.2 Stable graphs

The boundary strata of the moduli space of curves correspond to stable graphs
'=(V,H,L, g:V—>Zs, v:H—-V, +:H— H)

satisfying the following properties:



(i) V is a vertex set with a genus function g : V' — Z,

(ii) H is a half-edge set equipped with a vertex assignment v : H — V and
an involution ¢,

(iii) E, the edge set, is defined by the 2-cycles of ¢ in H (self-edges at vertices
are permitted),

(iv) L, the set of legs, is defined by the fixed points of ¢ and endowed with
a bijective correspondence with a set of markings,

(v) the pair (V,E) defines a connected graph,

(vi) for each vertex v, the stability condition holds:
2g(v) = 2 +n(v) >0,
where n(v) is the valence of T" at v including both edges and legs.

An automorphism of I' consists of automorphisms of the sets V and H which
leave invariant the structures g, ¢, and v (and hence respect E and L). Let
Aut(T) denote the automorphism group of T

The genus of a stable graph I is defined by:

g(l) =Y g(v)+h' (D).
veV
A boundary stratum of the moduli space M,,, of Deligne-Mumford stable
curves naturally determines a stable graph of genus g with n legs by consid-
ering the dual graph of a generic pointed curve parametrized by the stratum.
To each stable graph I', we associate the moduli space

My = [ Mewyn)-
veV

Let 7, denote the projection from Mr to Mg(v)m(v) associated to the vertex v.
There is a canonical morphism

51* : HF — ﬂg,n (1>

with image! equal to the boundary stratum associated to the graph I'. To
construct &r, a family of stable pointed curves over My is required. Such a
family is easily defined by attaching the pull-backs of the universal families
over each of the ﬂg(v),n(u) along the sections corresponding to half-edges.

IThe degree of & is |Aut(T)).



0.3 Strata algebra

Let I' be a stable graph. A basic class on My is defined to be a product of
monomials in » classes? at each vertex of the graph and powers of v classes
at each half-edge (including the legs),

N = H Hﬁi[v]xi[v] . H wz[h} c H*(MF,Q) :

veV >0 heH

where x;[v] is the i® kappa class on Mg(v),n(v)‘ We impose the condition

Y izl + Y ylh] < dime My ne = 38(v) =3 +n(v)

i>0 heH[v]

at each vertex to avoid the trivial vanishing of 7. Here, H[v| C H is the set
of half-edges (including the legs) incident to v.

Consider the Q-vector space S, , whose basis is given by the isomorphism
classes of pairs [I',v], where I' is a stable graph of genus g with n legs and ~
is a basic class on Mrp. Since there are only finitely many pairs [I',7] up to
isomorphism, S, ,, is finite dimensional.

A product on S, is defined by intersection theory with respect to the
morphisms (1) to M,,,. Let

1,7, T2, 7] € Sy

be two basis elements. The fiber product of &p, and &p, over My, is canon-
ically described as a disjoint union of & for stable graphs I' endowed with
contractions® onto I'; and I'y. More precisely, the set of edges E of I" should
be represented as a union of two (not necessarily disjoint) subsets,

E=E UFE,,

in such a way that I'; is obtained by contracting all the edges outside E; and
I’y is obtained by contracting all edges outside Fs (see Proposition 9 in the

20ur convention is r; = m, (V1Y) € H*(Mg,,, Q) where
T Mymit — My

is the map forgetting the marking n + 1. For a review of k and and cotangent ¢ classes,
see [8].

3If there are several different pairs of contractions from a given I', the corresponding
ép appears with multiplicity.



Appendix of [8]). The intersection of &p, and &, in M, is then canonically
given by Fulton’s excess theory as a sum of elements in S, ,. We define

[Fh’h] : [F2772] = Z[R’Yﬂzgr]

where
er = H (¥, +¢7)
ecE1NE>
is the excess class. Here, 1/ and ¢ are the two cotangent line classes corre-
sponding to the two half-edges of the edge e.

A case of particular importance for us is when I'; has only a single edge.
The set E, must consist of a single element e, while E; may be either E or
E\ {e}. The above product then yields the restriction of a basic class to a
boundary divisor.

Via the above intersection product, S, , is a finite dimensional Q-algebra,
called the strata algebra [16]. Push-forward along & defines a canonical ring
homomorphism

q:Sgn = H' (Mg, Q), q([l'7]) = &r.(7)

from the strata algebra to the cohomology ring. By definition, the image of
q is the tautological ring RH *(Mg,n)' An element of the kernel of ¢ is called
a tautological relation.

Each basis element [I',~] has a degree grading given by the number of

edges of T" plus the usual (complex) degree of 7,

deg[l", 7] = |E| + dege(7) -

Hence, S, ,, is graded,
3g—3+n

_ d
ngn - @ Sg,n
d=0

Since the product respects the grading, S, is a graded algebra. Of course,

q: S;,n — H*(M,,,Q) .



0.4 The tautological relations P

We define a set P consisting of elements RZ’ 4 € 82, associated to the data
® g,n € Z>( in the stable range 29 — 2 +n > 0,
o A= (ay,...,a,), a; €{0,1},

o d € Z> satistying d > THTZ?:W

The elements 7227 4 are expressed as sums over stable graphs of genus g with
n legs. We prove in Section 3.5 that the conjectured family of relations P of
[16] is implied in cohomology by the family of relations

q(Rga) =0 € H*(M,,, Q)

for all RZ, 4 € P. Before writing the formula for R;f, 4, & few definitions are
required.

The following two series first arose in the study by Faber and Zagier of
tautological relations on the moduli space M, of nonsingular curves:

Bo(T) =) %(—T}m =1 — 60T + 2772072 — - - - |

1+6m (6m)!
Bi(T) = Z>O 1—6m (2m)!(3m)!(

—T)™ =1+ 84T — 3276077 + - - - .

These series control the original set FZ and continue to play a central role
in the set P. In the first proof of the Faber-Zagier relations [14], the above
series appeared via differential equations satisfied by the logarithm of

d ,.d

> 1 (=1)%zx
(I)(t’x)zznpzt(d!) Iz

d=0 i=1

see [14, Section 5] and [10]. Here we discover a completely different source for
the series By(7) and B(7") via the homogeneous calibration of the Frobenius
manifold associated to A,.

Let f(T) be a power series with vanishing constant and linear terms,

f(T) e T*Q[T]] .

6



For each /Vg,n, we define
1 _
K1) = 3 = e (i) S (Wnim)) € B (M @) (2)
m>0

where p,, is the forgetful map
Pt Mynam — M.

By the vanishing in degrees 0 and 1 of f, the sum (2) is finite.

Let G, be the (finite) set of stable graphs of genus g with n legs (up
to isomorphism). Let I' € G,,. For each vertex v € V, we introduce an
auxiliary variable ¢, and impose the conditions

CUCL‘/ = CU/C’U ) Cg =1.

The variables ¢, will be responsible for keeping track of a local parity condi-
tion at each vertex.

The formula for RY , is a sum over G ,. The summand corresponding to
I' € Gy, is a product of vertex, leg, and edge factors:

e Forv eV, let k, = k(T — TBo((T)).

e Forl €L, let B; = Cgéz)Baz (Cv(z)wz), where v(l) € V is the vertex to
which the leg is assigned.

e For e € E, let
_ C/ + C// _ BO(C’w,)CﬁBl(C”wH) _ C/Bl(clw/)BO(C/,¢,/)

w/ _l_ 'l/}//
= (60¢"¢" — 84) + [32760(¢'y" + (") — 27720(C"Y" + C"YN)] 4 - - -,

Ae

where (', (" are the (-variables assigned to the vertices adjacent to the
edge e and ¢/, 9" are the 1-classes corresponding to the half-edges.

The numerator of A, is divisible by the denominator due to the identity

Obviously A, is symmetric in the half-edges.



Definition 0.1 Let A = (ay,...,a,) € {0,1}". We denote by R? , € 8¢,
the degree d component of the strata algebra class

1 1
2 [Aut(T)] 20" {F’ [H’%HBlHAe}HUC%@)_I] € Sy,

reGy,n

where the products are taken over all vertices, all legs, and all edges of the
graph I'. The subscript [], Cf(”)_l indicates the coefficient of the monomial

IL, CE(U)_I after the product inside the brackets is expanded.
Definition 0.2 We denote by P the set of classes RY 4 where

d > g_1+32?1ai.

Theorem 1 FEvery element chl,A € P lies in the kernel of the homomorphism

q:Syn — H (My,,Q) .

As a formal consequence of Theorem 1, we will establish the originally
conjectured set of relations P.

Corollary 2 The full set P of relations conjectured in [16] holds in cohomol-
0gy.

Furthermore, we will identify Ri(al as a simple multiple of Witten’s

..... an)
class for r = 3 when d = %Zai and a simple multiple of a push-forward

of Witten’s class under a forgetful map when d < %Z‘”.

0.5 Cohomological field theories

We recall here the basic definitions of a cohomological field theory by Kont-
sevich and Manin [11].

Let V be a finite dimensional Q-vector space with a non-degenerate sym-
metric 2-form 7 and a distinguished element 1 € V. The data (V,n,1) is the
starting point for defining a cohomological field theory. Given a basis {e;}
of V', we write the symmetric form as a matrix

Nk = n(ej, ex) -

8



The inverse matrix is denoted by 7% as usual.
A cohomological field theory consists of a system Q = (Q4,,)25—2+n>0 Of
elements

Qgn € H*(M,,,, Q) ® (V*)&™.

We view (1, ,, as associating a cohomology class on /\_/lgyn to elements of V
assigned to the n markings. The CohFT axioms imposed on {2 are:

(i) Each Qg,, is S,-invariant, where the action of the symmetric group S,
permutes both the marked points of M, ,, and the copies of V*.

(ii) Denote the basic gluing maps by
q: Mg—l,n-&—? — Mg,n )

T M917n1+1 X Mgz,nz-i-l - Mg,n :

The pull-backs ¢*(Q,,,) and 7*(€,,,) are equal to the contractions of
Q142 and Qg ny41 ® Qg, not1 by the bi-vector

ik
E nhe; @ ey
j7k

inserted at the two identified points.

(iii) Let vy,...,v, € V be any vectors and let p : M,+; — M,, be the
forgetful map. We require

Qi1 @ @0, 1) =p"Qyp(1 @ Quy) ,
Qos(v1 @y ® 1) =n(vy,v9) .
Definition 0.3 A system Q = (€g,,)29—24+n>0 Of elements
Qyn € H (Mg, Q) @ (VF)2"

satisfying properties (i) and (ii) is a cohomological field theory or a CohFT.
If (iii) is also satisfied, §2 is a CohFT with unit.



A CohFT € yields a quantum product e on V' via
7](1}1 ® Uy, 1)3) = Qo,g(’Ul ® (%) ® Ug) .

Associativity of e follows from (ii). The element 1 € V is the identity for e
by (iii).
A CohFT w composed only of degree 0 classes,

Won € H' (Mg, Q) @ (V="

is called a topological field theory. Via property (i), wyn(v1, ..., v,) is deter-
mined by considering stable curves with a maximal number of nodes. Such
a curve is obtained by identifying several rational curves with three marked
points. The value of wy,(v; ® -+ ® v,) is thus uniquely specified by the
values of wp 3 and by the quadratic form 7. In other words, given V' and 7,
a topological field theory is uniquely determined by the associated quantum
product.

0.6 Witten’s r-spin class

For every integer r > 2, there is a beautiful CohFT obtained from Witten’s
r-spin class. We review here the basic properties of the construction. The
integer r is fixed once and for all.

Let V' be an (r — 1)-dimensional Q-vector space with basis eg, ..., €, 2,
bilinear form

Nab = <ea> €b> = 5a+b,r—2 )

and unit vector 1 = eq. Witten’s r-spin theory provides a family of classes
Wynl(ay, ... a,) € H(M,,,Q).
for ay,...,a, € {0,...,r — 2}. These define a CohFT by
W, : V& — H*(M gn,(@) Wy (e @ ®eq,) =Wonlar, ..., a,) .

To emphasize r, we will often refer to V as V.
Witten’s class W, ,,(aq, . .., a,) has (complex) degree given by the formula

dege Wynlas,...,a,) = Dgplar, ... an) (3)
-2 DtYla
r

10



If Dy(as, ..., a,) is not an integer, the corresponding Witten class vanishes.

In genus 0, the construction was first carried out by Witten [21] using r-
spin structures (r*® roots of the canonical bundle) and satisfies the following
initial conditions:

1 ifa1+a2+a3:r—2,
0 otherwise.

(4)

WO,?)(ala a2, (13) =

1 _
Wou(1,1,7 — 2,7 — 2) = —[point] € H*(My4, Q) .
T

Uniqueness of Witten’s r-spin theory in genus 0 follows easily from the initial
conditions (4) and the axioms of a CohFT with unit.
The genus 0 sector defines a quantum product e on V' with unit ey,

(eq ®ep,e.) = Wys(a,b,c) .

The resulting algebra, even after extension to C, is not semisimple.

The existence of Witten’s class in higher genus is both remarkable and
highly non-trivial. An algebraic construction was first obtained by Polishchuk
and Vaintrob [17] defining

Wynlar,. .. a,) € A*(Mg’n, Q)

as an algebraic cycle class. The algebraic approach was later simplified by
Chiodo [2]. Analytic constructions have been given by Mochizuki [12] and
later by Fan, Jarvis, and Ruan [9]. The equivalence between the above
analytic and algebraic constructions was heretofore unknown.

Theorem 3 For every r > 2, there is a unique CohFT which extends Wit-
ten’s r-spin theory in genus 0 and has pure dimension (3). The unique ex-
tension takes values in the tautological ring

RH*(M%”) C H*<M97n7(@>‘
As a consequence of Theorem 3, the analytic and algebraic approaches

coincide and yield tautological classes in cohomology. Our proof of Theorem 3
is not valid for Chow field theories as topological results play an essential role.

11



0.7 Strategy of proof

Theorems 1 and 3 are proven together. Let W, be any CohFT with unit
which extends Witten’s r-spin theory in genus 0 and has pure dimension (3).
We use a canonical procedure (a shift on the Frobenius manifold) to define

a new CohFT W, ,, satisfying the following four properties:

(i) W is canonically constructed from W with the genus 0 sector of W
entirely determined by the genus 0 sector of W,

(ii) the quantum product associated to V~V073 defines a semisimple algebra

on V,,
(iii) the component of \/Nvgw(ea1 ®- - -®e,, ) in complex degree Dy (a1, . .., ay,)
equals W, (a1, ..., a,),

(iv) the class \/NVg,n(ea1 ®- - -®e,, ) has no components in degrees higher than
Dgnlar,...,an).

In other words, W is constructed from W by adding only lower degree terms.

By the results of Givental and Teleman, W is determined via a universal
formula in the tautological ring by the semisimple genus 0 sector. By prop-
erty (iii), we deduce a formula for W in the tautological ring depending only
upon Witten’s r-spin theory in genus 0 and obtain Theorem 3.

To prove Theorem 1, we write explicitly Givental’s formula for the mod-
ified CohFT W in the 3-spin case. The series By and B; appear in the
associated Frobenius structure. By property (iv), we obtain vanishings in
the tautological ring in degrees

g—l—i—Z?:lai
3

d>Dgnla,... a,) = for r = 3.

The outcome is exactly the relations P.
As a further outcome of the above investigation, we obtain the following
formula for Witten’s 3-spin class.

Theorem 4 Let r = 3. Then, for g,n € Z>o in the stable range, we have

Won(as, ... an) =291728%q (RY 4, o)) € H* (M, Q)

7"'7a’n)

when d = g_l%zn:la’ is integral (and Wy, (ay, ..., ay,) is 0 otherwise).

12



0.8 Plan of the paper

In Section 1, we define the shifted Witten class for the r-spin theory. Theo-
rem 3 is proven as a consequence of semisimplicity and Teleman’s uniqueness
result. A short review of the R-matrix action on CohFTs is presented in
Section 2. In Section 3, we compute the R-matrix for the 3-spin case and
prove Theorems 1 and 4. The proof of Corollary 2 is also given in Section 3.

The study of the R-matrix for higher r and the exploration of the asso-
ciated relations in the tautological ring will be taken up in [15].

0.9 Acknowledgments

We are grateful to A. Chiodo, P. Dunin-Barkovsky, C. Faber, J. Guéré,
F. Janda, A. Polishchuk, O. Randal-Williams, Y. Ruan, L. Spitz, and A. Vain-
trob for useful and detailed discussions. Several of the ideas presented here
grew out of discussions at the Geometry and topology of moduli conference in
Berlin in October 2012 organized by G. Farkas. Special thanks to S. Shadrin
for pointing out an error in the first draft of the paper and to L. Meng (of
Peking University) for pointing out a dropped parity factor in the leg term.

R. P. was partially supported by the Swiss National Science Foundation
grant SNF 200021143274. A. P. was supported by an NSF Graduate Research
Fellowship and was a guest of the Forschungsinstitut fiir Mathematik (FIM)
for several visits to ETH Ziirich. D. Z. was supported by the grant ANR-09-
JCJC-0104-01.

1 A,_; and the shifted Witten class

1.1 Potentials

Frobenius manifolds were introduced and studied in detail in Dubrovin’s
monograph [3]. For a concise summary see [7, Section 1].

As for every CohFT, the genus 0 part of Witten’s r-spin class determines
a Frobenius manifold structure on the underlying vector space V,.. For Wit-
ten’s class, the Frobenius manifold coincides with the canonical Frobenius
structure on the versal deformation of the A,_; singularity [4] up to a co-
ordinate change. We will denote by t°,...,# =2 the coordinates in the basis
€0y .-+, Er_o Of V.

13



The structure of a Frobenius manifold is governed by the Gromov-Witten
potential. The genus 0 Gromov-Witten potential of Witten’s r-spin class
(without descendants) is

FI0,... 7)) => Z/ Wonlar, ... a )%

n>3 ai,...,an

We will refer to F as the primary genus 0 potential.

Example 1.1 For r = 3, the primary genus 0 potential obtained from Wit-
ten’s class equals

1 1
F _ -
(.y) = 52°y + 72y ,
where x = t° and y = t1.
For r = 4, the potential is
1 1 1 1
F - 2 2 b
(x,y,2) = 5% z+2$y —|—16y +960Z’

where z =t y = t!, and 2 = t%.

The third derivatives of F determine an associative algebra structure (the
quantum product) in each tangent space to the Frobenius manifold. Let 0;
denote the vector field on V, associated to differentiation by #*. Then,

Z OF
Ot O Ot prrrEnUs

The algebra on tangent spaces is semisimple outside the discriminant of A,._;.
For instance, for r = 3, the discriminant is {y = 0}.

Definition 1.2 Let 7 € V.. We define the shifted Witten class by

1
W;,n(vl®"'®”n)22m (pm)*Wg,n—i-m(Un@"'®Un®7'®"'®7'),

m>0

where pn, : My im — My, is the forgetful map.

14



Remark 1.3 We have the following degree bound:

deg (pm)*Wg,ner(eal Q- €an, RTR & T)]
(g—Dr=2)+> ai+m(r—2)

< —m
r
2m
= ng(al, ce ,Cln) - T .
The sum in Definition 1.2 is thus finite for any given ¢g and a4, ..., a,. The

shifted Witten class is therefore well-defined. Moreover, the highest degree
term of the shifted Witten class is equal to the Witten class itself — all the
other terms are of smaller degrees.

Remark 1.4 Let F(t) and F7(%) be the primary genus 0 potentials of W
and W7 respectively. By elementary verification,

F7(t) = F(r +1) — (terms of degree < 3).

Proposition 1.5 The shifted Witten class W™ is a CohF'T with unit.

The proof is a straightforward check, and in any case, is identical to the
proof of Proposition 2.7 given in Section 2 below.

1.2 The Euler field

A Frobenius manifold is called conformal if it carries an affine Euler field F,
a vector field satisfying the following properties:

(i) in flat coordinates t', the field has the form
- o'’

(ii) the quantum product e, the unit 1, and the metric 7 are eigenfunctions
of the Lie derivative Lg with weights 0, —1, and 2 — § respectively.

The rational number ¢ is called the conformal dimension of the Frobenius
manifold.

15



For instance, on the Frobenius manifold A,_;, an Euler field is given by

[\

E-Y (1_‘) aaia

r—2
p_—

)
Il
o

5:

Remark 1.6 We follow here Givental’s conventions for the Euler field. In
Teleman’s conventions, the Euler vector field and hence the eigenvalues of
Lg have the opposite sign.

Let €2 be a CohFT and V' the corresponding Frobenius manifold. Given
an Euler field E on V, a natural action of E on (2 is defined as follows. Let

deg : H* (Mg, Q) = H* (Mg, Q)

be the operator which acts on H?* by multiplication by k. As usual, 9; is the
vector field* on V associated to differentiation by the coordinate ¢*. Then

(B.Q)gn(0i, @ -+ @0;,) =

<d6g+ Z O‘Zz) n 11 e ® ain) +p*Qg,n+1 (ail ®:®0;, ® Z 51@) )

where p : Mg,nﬂ — ./\/lgm is the forgetful map.
Definition 1.7 A CohFT Q is homogeneous if

(BQ)yn = [(g— 10 +1] ©,,
for all g and n.

Witten’s r-spin class is easily seen to be homogeneous. Indeed, we have

Dyn(ai,...,an —I—Z(l—_):
(r=2)(g-D+>a > a r—2

. tn—=— =(@—-1 +n=(9-1)+n.

4We will often use the canonical identification of V' with the tangent space of 0 € V.
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The underlying vector space V,. and basis eg,...,e,_o are the same for
the CohF'T obtained from the shifted Witten class. We denote the coordi-
nates on V, in the basis eq, ..., e, o for the shifted r-spin Witten theory by
to,... 2

Proposition 1.8 The shifted Witten class is a homogeneous CohF'T with

FEuler field
-2

b= (1 - _> )a?a’

a=0

\3

of conformal dimension § =

r -

Proof. Assume for simplicity 7 = ud, for some fixed b € {0,...,r — 2}.
Denote
Wgﬁn_‘_m(aal ®...®aan ®ab®“‘®8b)

here by just Wy ;4. Then we have

(EWT)gn(Oay @ -+ ® 0g,) =

Z%{{(T_Z)( g—1)+> a;+mb m]+ - 1—4)}(pm)*Wg,n+m

r
1=

+ Z _u <]- - > (pm—l—l) Wg,n+m+1

After simplifying, the above equals

m

[(g—1)d+n] ) %(pm)*wg,wm

m>0

-3 s (1) ) W

m>1
um+l b
+ Z - (1 - ;) (Pmr1)« Wy nms1-
m>0
The last two sums cancel each other, so we obtain
um
[(g—1)5+n] Y 1 (Pm) Wonim = [(g = 1)0 + 1] Wg,(0ay ® - ® 0a,).

m>0

17



The general case is similiar. O

Since the shifted r-spin Witten class is a homogeneous semisimple CohF'T,
we can apply the following theorem by C. Teleman [20, Theorem 1].

Theorem 5 (Teleman) Let (), be a genus 0 homogeneous semisimple Coh-
FT with unit. The following results hold:

(1) There exists a unique homogeneous CohF'T with unit €, extending
Qo to higher genus.

(i) The extended CohFT S, is obtained by an R-matriz action on the
topological (degree 0) sector of Q,, determined by 3.

(i1i) The R-matriz is uniquely specified by Q3 and the Euler field.

The unit-preserving R-matrix action in part (ii) of Theorem 5 will be re-
viewed in Section 2, see Definition 2.13.

We will compute the R-matrix for the 3-spin Witten class in Section 3.
Since the shifted 3-spin Witten class (considered for all genera) is a homo-
geneous CohFT with unit, the expressions obtained by the R-matrix action
coincide with the shifted 3-spin Witten class. In particular, if we split the
expression of the R-matrix action into pure degree parts, the parts of degree

d>Dgyn(as,... a,)

vanish while the part of degree Dy, (a1, . .., a,) coincides with Witten’s class,
which proves Theorem 3.

2 The R-matrix action

We present here a succinct but self-contained review of the R-matrix action
on CohFTs. The action was first defined on Gromov-Witten potentials by
Givental [6]. Tts lifting to CohFTs was independently discovered by several
authors: the papers by Teleman [20] and Shadrin [19] give an abbreviated
treatment of the subject and refer to unpublished notes by Kazarian and by
Katzarkov, Kontsevich, and Pantev.
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2.1 The R-matrix action on CohFTs

Let V be a vector space with basis {e;} and a symmetric bilinear form 7.
Consider the group of End(V')-valued power series

R(z) =1+ Rz + Ry2* + - - (5)
satisfying the symplectic condition,
R(z)R*(—z) =1,
where R* is the adjoint with respect to 7.

Remark 2.1 Let R? be the matrix form of an endomorphism R in the given
basis,
t] e] Z Rkt] ek .

The symplectic condition in coordinates is

Z R] lst )nku _ 6i
1,8,k

! on the right, we obtain an equivalent condition in

ZRJ lst ) njk

After multiplying by 1~
bi-vector form

We conclude that the expression

- Zl,s R{(ZWISR?(U))

Z+w

is a well-defined power series in z and w.

Associated to R(z) is the power series R™!(z) = ﬁ which also satisfies
the symplectic condition.® It follows that
- R—ljzlsR—lgw

zZ4+w
j?k _I_

°By the symplectic condition, we have R~!(z) = R*(—=z).
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We will denote the V®2-valued power series (6) by

n ' =R ') 'R (w)*
zZ+w

for short (where the superscript t denotes matrix transpose).
Let ©Q = (Qyn)2g9-24+n>0 be a CohFT on V, and let R be an element of
the group (5). The CohFT Rf2 is defined as follows.

Definition 2.2 Let G,, be the finite set of stable graphs® of genus g with
n legs. For each I' € G ,,, define a contribution

Contr € H*(M,.,.,Q) ® (V*)&"
by the following construction:
i) place Qg n(v) at each vertex v of I,
g(v)n(v)
(ii) place R™(¢;) at every leg [ of T,

(iii) at every edge e of ', place

n = R W)n R ()"
Ve + 9 '

Define (R2),,, to be the sum of contributions of all stable graphs,

1
Q = E _ tr .
(R )g,n |Aut(1“)\ Contr
IeGyon

We use the inverse of the R-matrix in all of our formulas in Definition 2.2.
There are two reasons for the seemingly peculiar choice. First, the result will
be a left group action rather than a right group action on CohFTs. Second,
the same convention is used by Givental and Teleman in their papers.

A few remarks about Definition 2.2 are needed for clarification. By the
symmetry property of CohI'Ts, the placement of {24, n(v) does not depend
upon an ordering of the half-edges at v. At a leg [ attached to a vertex v, we
have

R () € H* (Mgw) @), Q) @ End(V).

6See Sections 0.2-0.4.

20



The first factor acts on the cohomology of the moduli space ﬂg(v),n(v) by
multiplication. The endomorphism factor acts on the vectors which are “fed”
to Qg(v)n(v) at the legs.

For an edge e attached to vertices v' and v” (possibly the same vertex),
denote by ﬂg/vnr and Mg,@n,, the corresponding moduli spaces. The insertion
on e is an element of

H*(ﬂglm/, Q) H* (Mg,,ﬁn/,, Q) ® V&2

obtained by substituting z = ¢, and w = ¢ in (6). Once again, the cohomol-
ogy factors act on the corresponding cohomology spaces by multiplication.
The bivector part is used to contract the two covectors sitting on the half-
edges ¢ and ¢” in the corresponding CohFT elements at v' and v. In the
expression R (L)n ' R™ ("), the bivector ! sits in the middle of the
edge, while the action of R~! is directed from the middle of the edge towards
the vertices.

The similarity of Definition 2.2 with the form of the relations Ri 4 Was
the starting point of our paper.

Proposition 2.3 If Q) is a CohF'T, the system (RQ)y.,, is a CohFT.

Proof. The symmetry of (R2) follows directly from the symmetry of
and the definition of the R-matrix action. Hence, we need only establish the
pull-back property (ii) of Definition 0.3.

Let ® € Gy, be a stable graph with a single edge e. In order to compute
the pull-back of tautological classes under

5@ :Mé — Mg,n )

according to the rule given in Section 0.3, we must enumerate all stable
graphs I" with a distinguished edge e € E(I") such that contracting all other
edges yields the graph I'y = .

If £, = FE, we have I'y = I'. The contribution of I'" to the pull-back is
obtained from the contribution of I'; to R} after a multiplication by

—(Y, 41y) .

In other words, the contribution to the pull-back is obtained by placing the
class

R 'R (W) =
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on the edge e with the usual insertions on all other edges and legs.

If By = E\ {e} then I'; is obtained from I' by contracting e. According
to the CohFT rules for €2, the contribution of I' to the pull-back is obtained
by placing ! on the edge e with the standard classes on all other edges.

After summing, the total contribution of I' to the pull-back is equivalent
to placing

R (o) R ()"
on the edge e of I' — precisely what we obtain by the CohF'T rules applied to
(RQ) g.n- O

Proposition 2.4 The R-matriz action on CohFTs is a left group action.

Proof. We must prove the action of R,(z) followed by the action of Ry(z)
is equal to the action of Ry(2)R,(z).

When we apply R,(z), we sum over all stable graphs of type (g,n). Let
us color the edges of these stable graphs in red. When we then apply R,(z),
we sum over all stable graphs of type (g,n), but now we replace each vertex
of the stable graph by a small red graph. Let us color the edges of the large
graph in blue. The result of the consecutive actions of R,(z) and Ry(z) will
be a sum over all stable graphs of type (g,n) whose edges are colored in red
and blue.

On every leg [ of the stable graph, we place first R '(¢;) closer to the
vertex and then R, '(1) at the end of the leg. The final outcome is

R () Ry (W) = (RoRa) ™ (%) - (7)

The result (7) is also what we place on a leg when we compute the action of
the product RyR,.
Consider next an edge e of the stable graph. We will use the abbreviations

R = R(¢.) and R”" = R(¢”). On a red edge, we have placed
n~ = (Ry) " ()T
RS

via the first action. On a blue edge, on the other hand, we see R, and R/ on
the ends of the edge and

red edge:

w = () ()Y
ULt |
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in the middle of the edge. The final outcome, after unwinding the definitions,
is

(Re) "M~ ((BL) ™) — (Re) () "~ () =) (BL) )"
e + ¢ '
Since we are summing over all possible colorings, every edge in the stable

graph will appear once in red and once in blue. The total contribution will
be the sum of the contributions of the two colors,

= (RYRL) (BB

blue edge:

red + blue: "
The result is exactly what is placed on an edge when we compute the action
of the product RyR,. O

2.2 Action by translations
Let 2 be a CohF'T based on the vector space V', and let

T(2) =Ty + Ty + -
be a V-valued power series with vanishing coefficients in degrees 0 and 1.
Definition 2.5 The translation of 2 by T is the CohFT T} defined by

(TQ)gn(v1 @ - @)

— Z % (pm>*Qg,n+m (Ul R QUy X T(¢n+1) K- T(¢”+m)>’

m>0

where p,, : Mg,nﬂn — Mg,n is the forgetful map.

The use of T'(1;) as an argument in a CohFT is an abuse of notation.
The result should be understood as

Qo T(h)---) = ZMQ%”(' c T ).

Remark 2.6 The action by translations is very close to the shift of Defini-
tion 1.2. However, unlike shifts, the translation action is always well-defined
for degree reasons: the degree of the m'™ summand of the definition is at
least m, so the sum is actually finite for any given g, n.
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The action by translations can be described in terms of stable graphs. It
is a summation over stable graphs with a single vertex and n + m legs for
m > 0. The first n legs carry the vectors vy, ..., v,, and the last m legs carry
the series T'(1¢;). The latter legs are then suppressed by a forgetful map.
We will call the first n legs main legs and the last m legs k-legs, since the
push-forward of powers of 1-classes gives rise to k-classes.

Proposition 2.7 If Q is a CohFT, the system (T2),,, is a CohFT.

Proof. Let ® be a stable graph with a single edge, and let Mg the corre-
sponding moduli space. We examine the pull-back of TQ) to Mg. If ® has a
single vertex, then the x-legs in the definition of T'Q) just stay on this vertex.
If ® has two vertices, then the k-legs are distributed among the two vertices.
The automorphism coefficients match: there are (ml’mz) ways to distribute
m k-legs between two vertices, which leads to a coefficient

1/ m \ 1 1
m!\my,ma/)  mq! ma!

Thus, T2 satisfies the axioms of a CohFT. O

Proposition 2.8 Translations form an abelian group action on CohFTs.

Proof. The definition of (T}, + 7;)Q2 contains the following sum (where we
have suppressed the 1)-classes in the notation):

T~|—T TaT Tmb
y ity y By s

m>0 m>0 mg+mp=m mq >0 mp >0

which is the definition of the successive actions of T}, and T,,. O

Proposition 2.9 Let R(z) € id + zEnd(V)[[z]] be an End(V')-valued power
series satisfying the symplectic condition. Let T,, T, € 2*V|[z]] be two V-
valued power series related to R by

Tu(2) = R(2)Ty(2) .
Then, for every CohFT ), we have

T,RQ = RT,X) .
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Remark 2.10 The equality of the proposition can be written more concisely

as
RTQ = (RT)RQ

or

RTR'Q = (RT)S.
Thus the actions of R and 7' can be combined into an action of an afline
group.

Proof of Proposition 2.9. Both CohFTs T,Rf) and RT,{) can be ex-
pressed as sums over stable graphs. We will match the sums.

Consider first T, RS2. By definition, we start with n main legs marked by
v, ..., v, and m k-legs marked by T, (Y1), - - -y To(Vnim). We attach these
legs to all possible stable graphs of genus g with n + m legs. Their vertices
are marked with €, their legs with R7!(1);), and their edges with

77—1 _ R—l(wl>n—1R—1(w//)t
w/ + 2p// :
The outcome is a sum over stable graphs of genus g with n 4+ m legs whose
n main legs are marked with R (¢;)(v;) and m r-legs with

(R™'TL) () = To(ti) -
Consider next RT,(). We start with a sum over all stable graphs of genus
g with n legs. Their vertices are marked with Q, their legs with R7!(1);), and

their edges with
n—l _ R_l(l/J/)’I]_lR_l(w”)t
w/ + 2ﬂ// '

Now we add to every vertex of such a graph an arbitrary number of x-legs
marked with Ty(¢;). The sum only runs over the graphs which remain stable
when we remove the k-legs. However, the summation can be extended to
all stable graphs with n 4+ m legs. Indeed, if a stable graph has a genus 0
vertex v with m x-legs and less than 3 other half-edges, then the dimension
of the moduli space assigned to v is less than m, while the degree of the
class sitting on this moduli space is at least 2m. Thus the contribution of
the graph vanishes. In conclusion, we obtain exactly the same sum as in the
first case.

The sums here are infinite (as m is unbounded), but only a finite number
of terms are nonzero. The same issue arose in the definition of the translation
action. O
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2.3 CohFTs with unit
Let 2 be a CohFT with unit 1 € V satisfying

Qg,nJrl(Ul R R Un, X ]_) = p*ng(fUl R ® UTL>7

Qo3(v1 ® v ® 1) =n(vy,ve) ,

where p : Mg,nﬂ — Mg,n is the forgetful map. The R-matrix action and
the translation action defined in the previous sections do not preserve the
property of being a CohFT with unit. However, we will explain here how the
two actions can be combined in a unique way so as to preserve the unit.

We recall a well-known geometric result which we will implicitly use in
the computations.

Lemma 2.11 Consider the following commutative square of forgetful maps:

Mg,n—l-k—l—m e Mg,n-i-m
k

P, DPm

-— Pk
Mg,n—l—k

My,

The relation (pg)*(Pm)« = (Pn)«(Pr)* holds in cohomology.

Proof. Let X be the fiber product of p,, and pg, with maps
a: X = Mgnim, b: X = Mgnir, f:Mgnikrm— X .
Then (pg)*(pm)« = bea* is immediate, and also
(B ) (Pr)" = (b fe)(fa™) = bu(fef)a™ = bia’
by birationality of f. O

The definition of the translation action involves push-forwards and the
axioms of a CohFT with unit involve a pull-back. By the above Lemma, we
will not have to worry about whether the pull-back is taken before or after
the push-forward.
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Proposition 2.12 Let 2 be a CohFT with unit 1 € V. Let R(z) be an
R-matrixz satisfying the symplectic condition, and let

To(2) =2+ [R(1) = 1](2), Tp(z) =z-[1 - R (1)](2)
be two elements of 2*V[[2]]. Then,
T,RQ) = RT,2

1s also a CohFT with unit1 € V.

Proof. By Proposition 2.9, T, RS2 and RT,{) are equal CohFTs. Hence,
only the unit property must be verified.

The CohFT RT,Q ., (v1®- - -®@vy,) is expressed as a sum over stable graphs
of genus g with n main legs and any number m > 0 of k-legs (see the proof
of Proposition 2.9). Their vertices are marked with €2, their main legs with
R™(¢;), their k-legs with T;(1);), and their edges with

= B W R W)
w/ + 2ﬂ// :
The expression is an infinite sum with only a finite number of nonzero terms.
To calculate p* RT}$2 (01 ® -+ - ® vy,), we will study the pull-back under p*
of the contribution of every stable graph I' in the sum.

Let us call the new leg marked n + 1 appearing on M, ., after the pull-
back the special leg. The pull-back of a stable graph I' is given by the stable
graphs obtained by attaching the special leg to one of the vertices of I'.

The pull-backs of the stable graph contributions involve also the pull-
backs of the cotangent line classes. The relation between the pulled-back
1-classes p*1); from /Vgﬂ”m in terms of the new classes v; on /ngmﬂ is
given by the well-known formula

() = U — A pT (5. (8)

Here h is a half-edge of I" and Ay 41 is the divisor” in the moduli space
at the vertex carrying h corresponding to curves with a genus 0 component
carrying only the markings A and n + 1.

The pull-back of the contribution of I' is given by a sum of two kinds of
terms. A term of the first kind is obtained by attaching the special leg to

"The divisor is empty unless h and the special leg are on the same vertex.
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one of the vertices of I' and placing the class 1 on it. This happens if we
choose the first term on the right side of (8) in the pull-back of each -class.
We use here also the original unit property of €.

A term of the second kind is obtained by choosing a half-edge of I, placing
a new vertex on it, and adding the special leg maked with 1 to this vertex.
The power of the 1-class that was written on this half-edge is then reduced
by 1. This happens if we choose the second term of (8) in the pull-back of
the 1)-class corresponding to the chosen half-edge. A term of the second kind
occurs with a minus sign.

Let us look more closely at the terms of the second kind. Suppose we
have placed the new vertex on the i*® main leg. Then there are two legs
attached to this vertex.

Y= p
[

First, the i main leg carrying a v; is attached. We can replace the v; by
R~Y(v;)(¢;) since anyway 1; = 0 on the moduli space My 3 corresponding to
our vertex. Second, the special leg carrying 1 is attached. We can similarly
replace 1 by R7(1)(¥,41). Finally, there is the edge connecting our vertex
to the rest of the graph with a

[vi — R (vy)](p"2i)
p*i;
placed® on it. We can replace the edge insertion with the standard one
N = RO W) R W)
,QZ}/ _I_ ,QD//

8The minus sign in the second term of (8) is included in (9).

(9)
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since we have 1" = 0 and
Qos(vi @ v) @ 1) = n(vi, v}).

We have therefore obtained a stable graph with n + 1 legs marked precisely
as in the definition of (RT}$2) 41 (01 @ -+ @ v, ® 1).

Next, suppose we have placed the new vertex on a half-edge. We group
the terms obtained from the two half-edges of a single edge of I together.

1

w//
The standard edge insertion for I is
7]—1 _ R—l(wl)n—lR—l(w//)t
w/ + w// :
If we place the new vertex at first half-edge, we obtain
1 77—1 _ R—l(wl)n—lR—l(w//)t 77—1 _ n—lR—1<w/l)t
_J ,[l}l + ,¢// B wu :

Here, we have subtracted the ¢'-free term from the edge insertion and divided
the result by ¢'. The minus sign in front is the sign of the second term of (8).
Similarly, if we place the new vertex on the second half-edge, we obtain

Eay el s o il
w// wl + w// wl ’
Adding the two contributions yields
n = R =0 ' RTNWN RN R W)
w/w//
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= RO o = TR

w/ Y ¢// :

The result (10) is precisely the product of the standard edge insertions for
the two new edges, considering the 1-classes at the new vertex vanish and

(10)

Qos(v' @0v" @1) =n( ") .

Finally, as before, we replace the 1 on the special leg by R™(1)(t),,41) with-
out consequence since ¥,,1 = 0 on our vertex. Once again, we have ob-
tained a stable graph with n + 1 legs marked precisely as in the definition of
(RTy ) gnt1(v1 ® -+ @ v, ® 1).

The final case to consider is when we place the new vertex on a k-leg.
The edge joining the new vertex to the rest of the graph will then be marked

by
Ty (1) _
= = (R - 1(w)
We immediately take the push-forward of our class under the partial forgetful
map that forgets just the single k-leg we are considering. We will obtain a

graph on which the special leg carries the marking

[R7(1) = Y (¥ns1)-

Exactly the same graph also appears among what we called the terms of
the first kind — when we attach the special leg without creating any new
vertices. There the special leg carried the marking 1. After adding the
two contributions together, we obtain R~*(1)(¢), which is the standard leg
insertion.

We have shown p*(RT,$2)y,(v1 @ - - - ® vy,) is given by precisely the same
sum over stable graph contributions as (RT,$2),n+1 (01 ®- - - ®@v, ®1). There-
fore the two are equal. O

Definition 2.13 Let ©Q be a CohFT with unit 1 € V. Let R(z) be an
R-matrix satisfying the symplectic condition, and let

T(z)=z-1—2zR'(2)(1) € 22V[[2]].
The unit-preserving R-matriz action on € is
RQ = RTQ .
Proposition 2.14 The unit-preserving R-matrixz action is a left group ac-

tion.
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Proof. By Definition 2.13, we have

Ro.(Ry.Q) = Ry (2[1 — R') Ry (21 — B, )N (11)

The action of (z[1 — R;']) R, equals the action of R, (Rb_l (2[1 - R;l])) by
Proposition 2.9. Thus, (11) equals

RaRy(Ry (o[ = B,Y)) (=11 - R, )0
- RaRb<z[Rb‘1(1) ~RIRTY(1) 41— Rb‘l(l)DQ
= (RRy)(2[1 — (RRy) (1)) .

Proposition 2.8 has been used in the last equality. The result is precisely the
definition of the unit-preserving action of R, Ry. O

3 The R-matrix for A,

We compute the R-matrix for the Frobenius manifold of the A, singularity
and deduce an expression for the shifted 3-spin Witten class in terms of stable
graphs. The outcome is a proof of Theorems 1 and 4.

3.1 The Frobenius manifold A,

We compute all the differential geometric data associated with the Frobenius
manifold Ay for use in the following calculations.

The Frobenius manifold A, is based on the 2-dimensional vector space
V with coordinates z = t° and y = ¢! corresponding to the remainders 0 and
1 modulo 3 respectively. The unit vector field is 0, = %. The metric is

9
01
nN=dr®@dy+dy®dxr or n= Y
Since the only nonzero values of Witten’s 3-spin class in genus 0 are

1
WO,3(0707 ].) — 1, WO74<1’ ]_, 1’ 1) = g ,

9In the notation of Section 0.6, V is V5.

31



the primary genus 0 Gromov-Witten potential is

1 1
F — Sy 4 gyt
(@,9) = 527 + —y
The Fuler field is
- Tox 370y

The Lie derivatives of E on the basis vectors fields are easily calculated:

LE(aJC) = [Evax] = —0, )
2

LE(ay) = [Eaay] = _3

0, .

By Proposition 1.8, the conformal dimension equals

r—2_1

0= )
T 3

Let v be a tangent vector at a point of the Frobenius manifold. We define
the shifted degree operator (v), also called the Hodge grading operator, by

p(v) =[E,v]+(1—=46/2)v.

Here, the vector v is extended to a flat tangent vector field in order to compute
the commutator. We have

1
M(aﬂc) - _6836 )
1
1(9y) = gay :

Definition 3.1 To simplify the formulas, we will use the following notation:

= % ’ 5‘” = ¢1/4am , 5?; = 92571/481; .

The frame (3, 5y) in the tangent space of V' at (x,y) is the most practical
for the computations. The dual frame of the cotangent space is denoted by

dr = oV 4dx c/l\y = o'/ dy .
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The quantum multiplication of vector fields on the Frobenius manifold is
given by

o~

Whether in basis (0,, d,) or in frame (51, 0,), the shifted degree operator
is expressed by the matrix
1/-10
6(0 J'

Unlike ,, the vector field 5;(; is not flat. However, in the definition of u, we
use the flat extension of d, at a given point, which only differs from 0, by a
multiplicative constant.

We will also need the operator § of quantum multiplication by £. In the
frame (0,,0,), & is given by

T 2¢3/2

20°2 ¢

Remark 3.2 The computations not involving the Euler vector field apply
more generally to 2-dimensional Frobenius manifolds whose Gromov-Witten
potential has the form

1
F(r,y) = §$2y + O(y)

with the convention ¢ = ¢(y) = ®”(y). For instance, the Gromov-Witten
potential of CP! has the above form with

D =¢ = Qe

3.2 The topological field theory

A topological field theory wy, is a CohFT of degree 0, as discussed in Sec-
tion 0.5. Teleman’s reconstruction, used to prove Theorem 5, expresses ev-
ery semisimple CohFT  as a unit-preserving R-matrix action (see Defini-
tion 2.13) on the topological field theory w,, with unit where

Wo,3 = Q0,3-
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Let us start by determining the topological field theory w,, for Witten’s
3-spin class.

Lemma 3.3 For the topological (degree 0) part of Witten’s 3-spin theory, we

have

29— 2+" 5odd

g+ni?

wgn(a@)no ® a@m) — 29¢
where n = ng + ny. Here,

sodd 1 if g+ ny is odd,
gtm 10 if g+ ny is even.

Proof. The values of wy 3 are prescribed by the quantum product:

wo(gz & é\x X 5y) = wo(é\y X 5@/ ® é\y) — ¢1/4 )

For other g and n, we consider a stable curve with a maximal possible number
of nodes (each component is rational with 3 special points). The vectors 0,
and 5y are placed in some way on the marked points, and we must place
either 535 ® 5y or 5y ® 535 at each node in such a way that the number of 5y’s
is odd on each component of the curve. If g + n; is even, such a placement
is impossible. If g + n; is odd, the placement can be done in 29 ways, since
the dual graph of the curve has g independent cycles.

By the factorization rules for CthTs the contribution of each successful
placement of the 8 s and 8 s equals gb , where 2g —2+n is the number
of rational components of the curve. O

3.3 The R-matrix

Givental [7, pages 4-5] gives a general method for computing the R-matrix of
a Frobenius manifold without using an Euler field. The method is ambiguous:
the R-matrix depends on the choice of certain integration constants. In the
presence of an Euler field E, there is a unique choice of constants such that

for every m. In the conformal case, Givental’s method can be simplified by
substituting g into his recursive equation. The simplified method for com-
puting the R-matrix of a conformal Frobenius manifold is given, for instance,
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by Teleman [20] in the proof of the theorem of Section 8.15. Since the 3-
spin theory yields a conformal Frobenius manifold, the simplified method is
suitable for us.

Let & be the operator of quantum multiplication by the tangent vector F.
The matrices R,, then satisfy the following recursive equation!:

(Rus1, €] = (m + ) Ry (12)

At a semisimple point of a conformal Frobenius manifold, the above equation
determines the matrices R,, uniquely starting from Ry = 1. Let

Am b
= (o 1),

Using the formulas of Section 3.1 for £ and pu, we rewrite (12) as

g1 gt r 2¢°%? _lfem—1 0 A b
Cmi1 Amit)  \20%%  «x 6 0 é6m+1) \c, dn/)’

or in other words

Ik <bm+1 — Cmt1  Omt1 — dm+1> _ 1 ((6m - Da,, (6m — 1)bm) .

dm+1 — Am+1 Cmt1 — bm+1 6 <6m + 1)Cm <6m + 1)dm

The following formulas are easily checked to be the unique solutions:

B 1 1+6m  (6m)! even

“m = 1728m g2 T— 6m (3m)! (2m)l ™

- 1 1+6m  (6m)

o1T28m @3m/2 1 — 6m (3m)! (2m)! "
_ 1 (6m)! odd
m = 1798m @32 (3m)! (2m)! ™
1 6m)]

dpy, =
1728™ ¢3m/2 (3m)! (2m)! ™

We now make explicit the connection with the central power series dis-
covered by Faber and Zagier,

Bu() = X St (1) Bu(T) = 3

m>0 m>0

1+6m (6m)! "
1—6m(2m)!(3m)!(_ )"

10Tn Teleman’s paper, the commutator has the opposite sign, since his Euler field is the
opposite of ours.
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Denote by By™", Bgdd, B¢ and B9 the respective even and odd degree
parts. The final expression for the R-matrix is:

z z
Beven _Bodd
! ( 1728 ¢3/2) ! <1728 ¢3/2)

__ podd z even Z
Bo (1728¢3/2> Bo <1728¢3/2)

The symplectic condition for the R-matrix follows from the identity
By(T)B:(—T) + Bo(—T)B:(T) = 2,
or, equivalently,
By“(T)By™(T) — By (T)By(T) = 1
discovered previously in [16]. Using the identity, we find

z z
Beven Bodd
0 (1728 ¢3/2) ! (1728 ¢3/2)
R7(z) = . (14)

odd Z even z
Bo (1728¢3/2) Bi (1728¢3/2>

3.4 An expression for the shifted 3-spin Witten class

We combine here the expression for the topological field theory from Sec-
tion 3.2 with the R-matrix action from Definition 2.13 using the explicit
formulas for the R-matrix of Section 3.3.

Let 7 = (z,y), y # 0, be a point of the Frobenius manifold A,. Let
a,...,a, €{0,1} and let

g—1+2?:1ai
3

be the degree of Witten’s 3-spin class. By convention, ¢ = y/3. Recall the
expressions R4 of Definition 0.1.

D =

95(a1,--an)

Theorem 6 Witten’s class for the shifted 3—5pm theory equals

WY (Oay ® -+ ® Dy, ) = 27 Z

17281 q Risnom)
where Oy = 0, 01 = 0.
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The following Corollary is an immediate consequence of Theorem 6 and
the equation

WY (00 ® -+ @ 0,) = Wynlar, ..., a,) + lower degree terms.
explained in Section 1. Theorems 1 and 4 are implied by the Corollary.
Corollary 7 We have the evaluations:

(Rd (a1,e..,a )) = 29 1728D Wg,TL(ala"'?an) fOI‘ d: D,
(RZ,(al,...,an)) =0 for d> D.

Proof of Theorem 6. By Teleman’s reconstruction result in the conformal
semisimple case, Witten’s shifted 3-spin class is given by R.w where

e R is given by (13),
e w is the topological part of the shifted 3-spin theory.

The proof now just amounts to a systematic matching of all factors in the
sums over stable graphs which occur in Definition 2.13 for the R-matrix
action and Definition 0.1 for Ri(al

Consider first the expression for the CthT R.w applied to a tensor prod-
uct of n vectors J, and 0,. As before, we denote by ny and n; the number

of Os and 1s among aq, ..., a, so that ny +n; = n.
Powers of ¢.

Since we wrote the R-matrix in frame (596, 5y), we must substitute
Oy > ¢~ V40, 0, ¢/,

in the tensor product argument for R.w. The result of the substitution is a
factor of ¢n1; ‘

By formula (14), all coefficients of B! contain a factor of ¢~3™/2. Tracing
through the definitions of the all the actions
Rw=RTw, T(z)=z-10,— R 0,)](2), (15)

—3d/2

the R-matrix contributes a factor of ¢ , where d is the degree of the class.
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By Lemma 3.3, the topological field theory w contributes (subject to
parity condition accounted for later) a factor of ¢+ ™ for every vertex v.
These factors combine to yield (;529_42 =

Finally, each k-leg contributes in two way. First, since we must substitute

0y > ¢~ 1/10,
in formula (15) for T'(z), each k-leg contributes ¢~/4. Second, because the
k-leg increases the valence of the vertex by 1, a factor of ¢/* is contributed
via the topological field theory. Thus, the contributions of each k-leg to the
power of ¢ cancel.
Collecting all of the above factors, we obtain a final calculation of the
exponent of ¢:

~ = = 5(D—d).
4 > T 2 2 2 )

Powers of 1728.

All coefficients of R, ! contain a factor of 1/1728. Hence, as above, we
obtain a factor of 1728~? from the R-matrix action.

Powers of 2.
At each vertex the topological field theory contributes a factor of 29v.
These combine into 59
I 2 = .
2h1(T)

veV(T)

The factor 27" (™ is present in the definition of Rg,(al
29 is included in the statement of Theorem 6.

)» and the remaining

yeees@n

Parity conditions at the vertices.

The topological field theory w provides a nonzero contribution at a vertex
if and only if g, + nq(v) is odd. We must prove the parity condition which
occurs in the definition of RZ7(U/17~--7GH) exactly matches.

The parity condition is imposed on Ri(alwan) by extracting the coeffi-
cient of (9*7!, at each vertex v: see Definition 0.1. We may view the factors
of ¢, as having the following sources. A leg carrying the assignment a; = 1

(corresponding to d,) contributes a (,, while a leg carrying the assignment
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a; = 0 (corresponding to d,) does not. The terms of B{™ (including the ef-
fect of the k-legs) and the terms of B contribute a ¢,. The terms of B
and B{"" do not contribute anything (because they leave the parity invari-
ant). Finally, every edge insertion A, contributes a factor if e is adjacent
to v. The edge term of Definition 0.1 can be expanded via

BO — Bgven + Bgdd 7 B1 — Belzven + Bcl)dd

and matched with the edge term of the CohFT R.w using (6) and (14). Then
the contributing factor is (, if the bi-vector includes a factor gy on the side
of the vertex v and 1 otherwise. Hence, the power of the variable (, correctly
counts the parity of entries 5y submitted to the topological field theory w at
the vertex v.

Coefficients of the series B.

These coefficients simply coincide in the expression for Rz (a1, s0m) and the
formulas of the unit-preserving R-matrix action in all instances (legs, k-legs,
and edges). O

3.5 P implies P

We present here the proof of Corollary 2: the derivation of the more complete
set of relations P conjectured in [16] from the set P proven in Theorem 1.

Our relations Rg, 4 differ from the relations Ri Ao Of [16] in three ways.
First, the signs of the coefficients in the series By and B, are modified. The
outcome is a global change of sign in some of the relations. Second, the range
of the a;’s is different. In our relations, the a;’s are equal to 0 or 1, while
in [16], the a;’s can be any integers equal to 0 or 1 modulo 3. In fact, replacing
an a; by a; + 3 in the relations of P amounts to multiplying the relation
by ;. Therefore taking a; < 3 is sufficient. Finally, the relations of [16] also
depend on a partition o. In our relations, we are implicitly considering only
the empty partition case. A relation with a nonempty partition o is easily
obtained from a relation with an empty ¢ by push-forward:

d _ d
R, (01,0101 0m) = PR (a1,0sm,0143, e 0m+3)

where p : My im — M, is the forgetful map. Thus the relations R; A

imply all the relations Rg} Ao
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The span of P is not an ideal, but generates an ideal in each S ,,. The as-
sociated family of ideals is closed under pull-backs by forgetful maps (because
of axiom (iii) of a CohFT with unit) and gluing maps (because of axiom (ii)
of a CohFT). The family of ideals is not closed under push-forwards by for-
getful maps and gluing maps. After taking the closure under push-forwards
by forgetful maps, we obtain the span of RZ, Aos s we have just proved.
Taking the closure under push-forwards by gluing maps we get the full set of
relations P from [16]. O

3.6 Examples
Example 3.4 Let g =0, n = 3. Here, we have

Wos(0: © 0, ©0,) =1, Wiy(0,©0,00,) == 2.

These values come directly from the topological field theory — the R-matrix
is not needed. The first expression equals the Witten class W, 5(0,0,1), and
the second expression is the push-forward of

W 4(0, ® 0, ® 0, ® yo,) = yWy4(1,1,1,1).
In both cases, no further yd, insertions are possible for dimension reasons.

Example 3.5 Let g =0, n = 4. We will study all 5 cases.

First case: W{ (0, ® 0, ® 9, ® 0,). We have D = —1/3. The parity
condition imposes d = 1. Thus 2(D — d) = —2. By Theorem 6, we find

60k — 6031, 9y + 600

W (0, ® 0, ® 0, @ 0,) o

Since d > D, the above expression must be 0. We obtain the first nontrivial
relation:

4
K1 —ZQ/JH‘(S: 0 € H*(Mo4, Q) .

=1

The relation is true by the following basic evaluation in H?(Mg4, Q):

k1 = [point], ; = [point], § = 3[point] .
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Alternatively, we see that this expression coincides up to a factor with Mum-
ford’s formula for A, and A\; = 0 in genus 0.

Second case: Wf (9, ® 0, ® 9, ® 0,). We have D = 0. The parity

condition imposes d = 0. Thus 2(D — d) = 0. From Theorem 6, we obtain
W(4(0, ® 0, ® 0, ® 0) = 1.

Since d = D we know that this expression should be equal to Witten’s class,
which is indeed the case: W;4(0,0,0,1) = 1.

Third case: Wg,(0, ® 0, ® d, ® d,). We have D = 1/3. The parity
condition imposes d = 1. Thus 2(D — d) = —1. We obtain

W 4(0, ® 0, ® 0, ® 0,) =

601 — 60()1 + ¥2) + 84(th3 + 1y) + 606[1,213,4) — 84(01,32,4) + O[1,412,3))
1728¢

Since d > D, the expression must vanish (as is easly checked).

Fourth case: Wj,(0, ® 0, ® 0, ® d,). We have D = 2/3. The parity
condition imposes d = 0. Thus 2(D — d) = 1. We obtain

W6,4(aw ® ay ® ay ® 8@/) =¢

which is the push-forward of
W 5(0, ® 8, ® 0, ® 0, ® y0,) = yWo5(0,1,1,1,1)

under the forgetful map forgetting the last marked point.

Fifth case: Wj,(0,®0,®0,®0d,). We have D = 1. The parity condition
imposes d = 1. Thus 2(D — d) = 0. We obtain

60k, + 84371 b + 600

W, (9, ® 0, ©0,00,) = e
(60484 4+ 60-3)[pt]
B 1728
= Lipoint]
= glpoin

which is the correct value of Witten’s class

1
Woa(1,1,1,1) = g[point].

41



The relations obtained through these computations in d = 1 (after divid-
ing by 12 or by 60) are listed below:

K1 — Y1 — Yy — Y3 — Yy + oz + Oz + Opapsy =0,
S5k1 — DYy — Sy + Tahg + Tahy + 501234
Sk1 + TPy + Tihg — 513 — Bthy + 501 2134
5Kk1 — By + Thg — Shg + Tehy — T 934
S5K1 + Ti1 — Shg + Tah3 — Stby — o1 234
Sk1 — Dipy + TPy + T3 — Hthy — T 2134
5K1 + T1 — Sy — by + Tehy — To1 934

} O
— T011,312,4) — T0[1,412,3 = O,
— T0n 312,41 — 711423 = 0
+ 50[1,3j2,4) — TO[1,4)2,3 = 0,
] O
] O
} O

+ 50[1,3j2,4) — TO[1,4)2,3) =
— T0[1,3)2,4) + 59[1,4)2,3
— T0p1 32,4 + 50[1,42,3) = 0.

After some linear algebra, the system is equivalent to:
K1 =11 =1y =3 =1y = 5[1,2|3,4] = (5[1,3|2,4] = 5[1,4|2,3]-
We have obtained a complete set of relations in RH?(Mo,).

Example 3.6 The Getzler relation [5] is a degree 2 relation in &; 4 which
can not be obtained by the pull-back of any simpler relations. Since

1—-1+14+1+141 4
2> =,
3 3

the relation R%,(l,lﬂ,l) lies in the set P. In fact, Ri(l,l,l,l) is the Getzler
relation (modulo more elementary genus 0 and 1 relations).

The Belorousski-Pandharipande relation [1] is a degree 2 relation in Ss 3
which can not be obtained by the pull-back of any simpler relations. The
relation R (1,1,1) lies in P since

2-1+14+1+1 4
2> =z
3 3

and is an equivalent form of the BP equation.

The outcome of several such investigations is reported in [16]. All known
relations have been explained by Theorem 6.
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3.7 Some concluding remarks

Our computations provide an instructive example of what happens to a Coh-
FT as we move towards a non-semisimple point of a Frobenius manifold. Let
us examine more closely the limit of our expressions for the shifted Witten
3-spin class as y — 0 or, in other words, ¢ — 0. The coefficients of the
R-matrix involve negative powers of ¢, therefore the R-matrix diverges. The
topological field theory w to which we apply the R-matrix involves positive
powers of ¢. As a result, each term of our expression for the shifted Witten
class comes with a factor
9379,

where D = D, (a1, . .., a,) is the degree of Witten’s class and d is the degree
of the term in question. As ¢ — 0, the terms of degree less then D tend
to 0, the terms of degree equal to D are invariant, and the terms of degree
greater than D diverge. At first sight the expression appears to diverge, but
because the terms of degree greater than D combine into tautological relations
the expression actually has a finite limit equal to Witten’s 3-spin class.

A natural question is whether our formulas for Witten’s class lift from

M,,, to formulas on the space H;/: 1....a, Of T-spin structures. The answer

is no: the divisibility condition

(=D =2)+>au

r

-an

€L

does not necessarily hold for each vertex of the dual graph. Hence, there is

.l
no natural boundary stratum in M g;/;‘h_“an where the terms of our formula

can be lifted. Moreover, in the simplest case r = 2, we have

1 if the spin structure is even,

Won(0, ..., 0) = —1 if the spin structure is odd.

Such an answer cannot be expressed in terms of dual graphs at all. Some
more structure is required.
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