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Abstract

The tautological ring of the moduli space of curves M, is a subring R*(M,) of the Chow ring
A*(Myg). The tautological ring can also be defined for other moduli spaces of curves, such as the
moduli space of curves of compact type Mg or the moduli space of Deligne-Mumford stable pointed
curves Mgm. We conjecture and prove various results about the structure of the tautological ring.

In particular, we give two proofs of the Faber-Zagier relations, a large family of relations between
the kappa classes in R*(M,) that contains all known relations. The first proof (joint work with R.
Pandharipande) uses the virtual geometry of the moduli space of stable quotients developed by
Marian, Oprea, and Pandharipande. The second proof (joint work with R. Pandharipande and D.
Zvonkine) uses Witten’s class on the moduli space of 3-spin curves and the classification of semisimple
cohomological field theories by Givental and Teleman. The second proof has the disadvantage that
it only proves the image of the Faber-Zagier relations in cohomology, but the advantage that it also
proves an extension of the relations to M, ,, that was conjectured by the author. These relations on
My, and their restrictions to smaller moduli spaces of curves seem to describe all known relations
in the tautological ring.

We also prove several combinatorial results about the structure of the Gorenstein quotient rings
of R*(M,) and R*(Mg). This includes several new families of relations that are similar to the
Faber-Zagier relations, as well as joint work with F. Janda giving formulas for ranks of restricted
socle pairings in R*(M).

The appendix presents data obtained by computer calculations of the tautological relations on
My, and their restrictions to Mg, and Mgtn for small values of g and n. The data suggests several

new locations in which the tautological ring might not be a Gorenstein ring.
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Chapter 1

Introduction

The moduli space M, of smooth curves of genus g and its compactification M,, the Deligne-
Mumford moduli space of stable curves, are fundamental objects in algebraic geometry. Many
questions about curves and families of curves can be rephrased in terms of these moduli spaces. The
Chow ring A*(X) of an algebraic variety X encodes information about how its subvarieties intersect
each other. In the case X = M, or X = Mg, the Chow ring is incompletely understood and yet its
structure has important ramifications for enumerative questions about curves.

The topic of this thesis is the tautological ring, a naturally defined subring R*(M) of the Chow
ring A*(M) of some moduli space of curves M. The tautological ring should be viewed as the
subring consisting of the classes that appear most naturally in geometry. The tautological ring was
originally studied by Mumford [26] in the case M = M, where the tautological ring is the subring
generated by the kappa classes k1, ka,.... Mumford’s conjecture, proved in 2002 by Madsen and
Weiss [22], states that these « classes freely generate the stable cohomology of M,:

hrn H*(MQ,Q) = Q[/{17H27H37 o ']?

g—0o0

For fixed g, however, there are polynomial relations between the kappa classes. The situation should
be viewed as being analogous to that of the cohomology of the Grassmannian varieties: the relations
are unstable but have a rich combinatorial structure.

The tautological ring of the moduli space of stable curves M, is substantially more complicated
because there are many more tautological classes than just polynomials in the kappa classes: in
particular, there are classes of boundary strata, which are in bijection with certain weighted graphs.

In conjunction with this increase in complexity, though, there are also new applications. Many



moduli spaces in algebraic geometry map to M,, and relations between tautological classes on
M, pull back to constrain the intersection theory of the larger moduli space. One example of this
phenomenon is Gromov-Witten theory, where relations in the tautological ring give rise to topological

recursion relations between Gromov-Witten invariants.

1.1 The Faber-Zagier relations

The Faber-Zagier relations are an explicit combinatorial family of finitely many kappa polynomials

for each ¢ > 2 and d > 0. They are defined (see Section 2.4) in terms of the fundamental power

B S () N 10 LI T P
A(T) = ;WT , B(T) = ;::0 (3n)!(2n)! 6n — lT

by a procedure involving taking a logarithm, inserting kappa classes, and then exponentiating. Faber
and Zagier conjectured that these polynomials are relations in R%(M,). In fact, all known relations
in the tautological ring are linear combinations of the Faber-Zagier relations. It is thus natural
to conjecture that the Faber-Zagier relations completely determine the structure of R*(M,). This
would however contradict Faber’s celebrated conjecture that the tautological ring is a Gorenstein
ring (see Section 2.3); both conjectures are true for g < 23 and open for g > 24, when at most one
of them can be true. The Faber-Zagier relations and the series A and B will play a central role in

this paper.

1.2 Results

After reviewing basic facts and notation dealing with the tautological ring in Chapter 2, we begin in
Chapter 3 by collecting several new results about the tautological ring from a purely combinatorial

perspective. This perspective is founded on the existence of explicit isomorphisms
€:RITH(M,) = Q, € R2973(M§) - Q,

where here Mg is the moduli space of curves of compact type, an intermediate space between M,
and M.

In Sections 3.1-3.4, we construct several new families of relations that are similar in form to the
Faber-Zagier relations and are consistent with the maps € and €°. Then in Sections 3.5-3.7 we present

joint work with F. Janda [19] that connects the combinatorics of the compact type tautological ring



R*(Mg) with that of the smooth tautological ring R*(My). The result is new information about
the relations between the kappa classes inside R* (/\/lg)7 building on results of Pandharipande [27].

Chapter 4 presents joint work with R. Pandharipande [28]. We give the first proof that the
classical Faber-Zagier relations do in fact hold in the tautological ring of M,. The geometric source
used to construct these relations is the virtual geometry of the moduli space of stable quotients, the
theory of which was developed by Marian, Oprea, and Pandharipande [24]. The relations constructed
in this way do not naturally arise in the same form as the Faber-Zagier relations. Instead, there are
several complicated algebraic transformations that must be applied before the series A and B are
visible.

The proof of the Faber-Zagier relations via stable quotients actually establishes a stronger result:
the Faber-Zagier relations are restrictions to the interior of tautological relations on ﬂg. In Chap-
ter 5, we first make rigorous the notion of a tautological relation on Mg’n, the moduli space of stable
n-pointed curves of genus g, by defining the strata algebra Sy ,; this is a combinatorially defined
algebra that surjects onto the tautological ring. Then we conjecture a large family of relations on
ﬂg,n, constructed as a sum over dual graphs corresponding to boundary strata. When n = 0,
these relations restrict to the Faber-Zagier relations. It is possible that these conjectured relations
generate all relations in the tautological rings.

In joint work with R. Pandharipande and D. Zvonkine [30] in Chapter 6, we prove that the

conjectured relations of Chapter 5 hold after mapping to cohomology via the map

R* (Mg,n) — A*(Mg,n) — H* (Mg,m@)-

This gives a second proof that the Faber-Zagier relations hold, though only in cohomology. The
geometric source used in this proof is Witten’s class on the moduli space of 3-spin curves. The proof
proceeds by constructing a semisimple cohomological field theory based on this class and then using
the classification of such theories by Givental and Teleman [36] to give an explicit formula for the
theory. Vanishing coming from the purity of Witten’s class then gives tautological relations. The
series A and B appear in simple fashion as solutions of differential equations.

The same construction can be applied using the r-spin Witten class for » > 3. Although the
computations become much more complicated, this procedure recovers some of the families of Faber-
Zagier-like relations described in Section 3.2.

Finally, we present some data in Appendix A obtained by computer calculations of the relations

of Chapters 5 and 6. In particular, we predict several moduli spaces of curves where we expect the



tautological ring is not a Gorenstein ring (because our relations are insufficient to cut it down to

one).



Chapter 2

Basic facts and notation

2.1 Moduli spaces of curves

All curves will be assumed to be connected. Let M, ,, be the moduli space of smooth curves of genus
g with n distinct marked points z1,...,z, and let ﬂgw be the Deligne-Mumford compactification,
the moduli space of stable nodal curves of arithmetic genus g with n distinct nonsingular marked
points x1, ..., x,. We will study the intersection theory of these spaces.

The ﬂg,n have two types of natural maps between them: the forgetful morphisms
Mgy i1 = Mgy,

given by forgetting one of the marked points and the gluing morphisms

Mg17n1+1 X M927n2+1 — M91+g2,n1+n27

Mg,n-‘rQ — Mg+1,7L

given by gluing two marked points together. Together, we call these maps the tautological morphisms.
We also define two intermediate moduli spaces lying between M, ,, and ﬂg’n. The first, the

moduli space of curves with rational tails, M’ is defined to be the preimage of M ' under the

g,n
composition of forgetful morphisms ﬂgyn — ﬂg forgetting all the markings. Unlike Mg ,, /\/lgtn is
proper over M. For the second intermediate moduli space, we must first discuss the stratification

of Mg,n by topological type.

1When g < 2, we use Mao,3 or My, 1 here instead.



2.1.1 Dual graphs

Given a point [C,x1,...,z,] € ﬂgm, its dual graph is defined by replacing each irreducible compo-
nent of C' by a vertex (labeled by its genus), replacing each node of C' by an edge connecting the
vertices corresponding to the two sides of the node, and for each ¢ = 1,...,n attaching a half-edge
with label 7 to the vertex corresponding to the irreducible component containing x;. The result is a

stable graph
I'=(V,H,L, g:V—Z>p, v:H—=V, t:H— H)

satisfying the following properties:
(i) V is a vertex set with a genus function g: V' — Z>,
(ii) H is a half-edge set equipped with a vertex assignment v : H — V and an involution ¢,
(iii) E, the edge set, is defined by the 2-cycles of ¢ in H (self-edges at vertices are permitted),

(iv) L, the set of legs, is defined by the fixed points of ¢ and endowed with a bijective correspondence

with the set of markings {1,...,n},
(v) the pair (V,E) defines a connected graph,
(vi) the genus of T',g(T') = > .\ g(v) + (), is equal to g.

(vii) for each vertex v, the stability condition holds:
2g(v) —2+n(v) > 0,

where n(v) is the valence of " at v, the number of half-edges incident with v.

We can now define the moduli space of curves of compact type, My ,,, as the locus of marked

curves [C, x1,...,x,] € M, , with dual graph that is a tree. We also observe that M, , is the locus

rt
g,n

with dual graph having a single vertex and that M7" is the locus with dual graph that is a tree

with at most one vertex with positive genus, so
t i
Mg C© M CME, C Mg,

with equality in the first inclusion when n = 0 and equality in the second and third inclusions when

g=0.



2.2 Tautological classes

For each M = M, My, MS ., Mgy, the tautological ring of M is a subring R*(M) C A*(M) of

g7 gno
the Chow ring (with rational coefficients). The tautological ring was originally defined by Mumford
[26] in the case of Mg, but we follow Faber and Pandharipande [10] and first define the tautological
ring of My, the tautological rings R*(M, ) are simultaneously defined for all g,n to be the
smallest Q-subalgebras of the Chow rings that are closed under pushforward? via the tautological
morphisms described in Section 2.1. The other tautological rings are then defined by restriction.
This definition can be made more explicit: we will describe a set of additive generators for the
tautological rings. First, the most basic tautological classes are the cotangent line classes ;. For
each marking ¢ = 1,2,...,n, there is a line bundle I; on Mg,n defined by taking the relative dualizing
sheaf of the map 7 : Mg, — M, ,_1 forgetting that point: this is the cotangent line to the curve
at the marked point x;. The class ¢; € Al(ﬂgyn) is then the first Chern class of ;. Raising this

class to some power and pushing forward along 7 gives another basic type of tautological class:
o = mo (o) € A°(My,0).

The tautological ring of the smooth locus, R*(M, ,,), is simply the subring of polynomials in the 1;
and Kk, for 1 <i <nanda > 0.

There are many more tautological classes on M, ,,. The most basic new ones are the classes of
boundary strata, closures of the loci of curves with fixed dual graphs. These classes can be interpreted

in terms of gluing maps as follows. Let I' be any stable graph of genus g with n legs. Define

ml“ = H Mg(v),n(u)a

veV
and let

fr : ml“ — mg,n (21)

be defined by gluing together marked points at each edge of I'. Then the image of & is the boundary

stratum corresponding to I', and thus the class of this boundary stratum is equal to

1

as the degree of & onto its image is | Aut(T)|.

21t turns out that the tautological rings are also closed under pullbacks.



It is well known (see [17] for instance) that if we repeat this construction but take the pushforward
of an arbitrary monomial in the kappa and psi classes instead of just 1, then we get a set of additive

generators for R*(M, ). In other words, choose a stable graph I" with genus ¢ and n legs, and let

6 be a product of kappa and psi classes on the components My, ,,, of Mr; then take

S (2.2)

as a generator. For a generating set for R*(Mg ) or R*(M;’fn), we can simply restrict which graphs
T" we use.

In Section 5.2, we will define a formal algebra S ,, based on this generator set and view R* (Mg ,,)
as a quotient of S .

We will implicitly use the following well-known result about the forgetful maps at many times

when working with tautological classes.

Lemma 2.1. Consider the following commutative square of forgetful maps:

Mg,nJrker Mg»ner
Py
P, Pm
_ Dk _
ngnJrk Mg,n

The relation (pg)*(Pm)« = (Pm)«(Pr)* holds in cohomology.

Proof. Let X be the fiber product of p,, and pg, with maps

a:X—)ﬂg,ner, bZX—)ﬂanrk, fiﬂg,n+k+m—>X~

Then (pr)*(Pm)« = bea* is immediate, and also

(Prm)«(Pe)" = (bu f2)(f7a") = bu(fuf")a" = bua”

by birationality of f. O



2.3 Faber’s conjectures

Faber [9] made conjectures which completely determine the structure of the tautological ring of M,

MC

g,m?

and My ).

(and later made analogous conjectures for M;fn,

Conjecture 2.2 (Faber’s conjectures). For any g > 2, R*(Myg) has the following structure:
1. R (M) =0 ford>g—2;
2. RI72(M,) =2 Q;

3. the multiplication pairing
Rd(Mg) X Rg_Q_d(Mg) - Rg_2(M9) =Q

is perfect.

The first two parts of Conjecture 2.2 were proven by Looijenga [21] and Faber [8]. The third part,
which states that the tautological ring is Gorenstein, was verified by Faber for g < 23 by constructing
sufficiently many relations. The conjecture remains open for g > 24, where all known methods for
constructing relations have failed to produce enough relations to make the ring Gorenstein. In
particular, the Faber-Zagier relations described in the next section are not enough to render the
tautological ring Gorenstein for g > 24.

Faber also conjectured a remarkable formula for the proportionalities between kappa polynomials
of degree g — 2 given by the isomorphism RI7%(M,) = Q. The formula is most easily stated in
terms of an alternative basis for the kappa polynomials, not the monomial basis.

Suppose a1, as, ..., q,, are nonnegative integers, and let 7 : Mg,m — Hg be the map forgetting

m markings. Then there is the basic pushforward formula

n T = 3 ke,

O'ESm

where the sum on the right runs over all elements of the symmetric group S, and

Rg = | | Rages

c cycle of o

where a, is the sum of the «; over all 7 in the cycle c.



It will be convenient to have notation for these kappa polynomials: we write

—~—

Kay - Bay, = Ko (2.3)

og€ESm
We view ” - " as an automorphism of the Q-vector space of formal polynomials in kg, k1, .... Note
that it is not a ring homomorphism. When applied to monomials in k1, K2, . .., this automorphism

gives an alternative basis for the kappa polynomials, which we will call the pushforward kappa
polynomial basis.
Faber’s proportionality formula for R9=%(M,) is then
—_— (29 -3+ m)!l(2g — 1!

fon " e = g T, (20 + DI

We define the socle evaluation € : R97%*(My) — Q by e(zky_2) = x, so we can write

6(,_/%) _ ((29—3+m)!(2g—1)!! (2.4)

H ... }ﬁ: .
o am 29 — DT, (20 + D!
This formula is a consequence of the Virasoro constraints for surfaces, as explained in [13]. The
socle evaluation formula for RY~**™(M7", ) is similar.
Let Z, C R*(M,) be the ideal given by the kernel of the pairing in Faber’s conjecture. Define
the Gorenstein quotient

Gor* (M) = ——+ .

If Faber’s conjecture is true for g, then Z, = 0 and Gor*(My) = R*(M,).
The Gorenstein quotient Gor*(My) is completely determined by the s evaluations. The ring

Gor*(M,) can therefore be studied as a purely algebro-combinatorial object, as we will do in Chap-

ter 3.
It turns out that the situation with Mg, the moduli space of curves of compact type, is quite
similar. The socle evaluation formula is
—_—— B 8 (Zg—3+m—|—n)'
€c(K Ty ...Q/M): , (2.5)
oo I (e + DT B

where € : R?973"(M¢ ) — Q is normalized by €“(k g_34,) = 1.
In both of these cases, the only unresolved part of Faber’s conjectures is the question of whether

the tautological ring is Gorenstein. It is also natural to state these conjectures for ﬂg’m but the

10



Gorenstein property is known to fail in this case by work of Petersen and Tommasi [31].
In Appendix A, we will discuss computations that suggest locations where the Gorenstein con-

jecture might fail for ./\/lztn or M ,, (analogously to the g = 24 case for M,).

2.4 The FZ relations

Faber and Zagier conjectured a remarkable set of relations among the « classes in R*(M,).
We will first write the Faber-Zagier relations as they have customarily been described, and then
we will give a couple of equivalent descriptions. We will initially use the following notation. Let the

variable set

pP= { P1,P3, P4, P6,P7,P9, P10, - - - }
be indexed by positive integers not congruent to 2 modulo 3. Define power series

= (6i) = (6i) 6i+1,
A(t):Z(gi()!()gi)!t’B(t):Z(g;)!()gi)!(Mt'

=0 =0

The power series A and B will play a fundamental role in this paper. Here we use them to form the
series

U(t,p) = (14 tps + t*ps + t>pg + -+ )A(t) + (p1 + tpa + t*pr + -+ )B(¢) .

Since U has constant term 1, we may take the logarithm. Define the constants C?(o) by the formula

log(¥) = "> " Ci*(0) t'p° .

o r=0

The above sum is over all partitions o of size |o| which avoid parts congruent to 2 modulo 3.
The empty partition is included in the sum. To the partition o = 1713™34™4 ... we associate the

monomial p? = p'pypy*---. Let

,YFZ _ Z i C;:Z(U) Kkt p7 .

o r=0

For a series © € Q[x][[t, p]] in the variables k;, ¢, and p;, let [0];ap0 denote the coefficient of t4p”
(which is a polynomial in the &;).

Then the Faber-Zagier (FZ) relations are

[exp(—1)] g = 0 (2.6)

11



in R*(My) for3d>g+1+|o|andd=g+1+|o| mod 2.

The dependence upon the genus g in the Faber-Zagier relations occurs in the inequality, the
modulo 2 restriction, and via kg = 2g—2. For a given genus g and codimension r, the FZ construction
provides only finitely many relations. While not immediately clear from the definition, the Q-linear
span of the Faber-Zagier relations determines an ideal in Q[k1, k2, K3, ...] — the reason for this is

the simple identity
kaFZ(g,d,0) = FZ(g,d+a,0 U{3a}) — Y FZ(g,d+a,7),

where FZ(g,d, o) denotes the left hand side of (2.6) and the sum runs over partitions 7 formed by
increasing one part of ¢ by 3a. Using this identity, we see that it is sufficient to take only those FZ
relations given by o with no parts divisible by 3 if we just want a set of generators for the FZ ideal.

Faber and Zagier conjectured the relations (2.6) from a concentrated study of the Gorenstein
quotient Gor*(Myg). In Chapter 4, we’ll give a proof that these relations hold, and in Chapter 6
we’ll give a second proof that these relations hold in cohomology. It seems plausible that the FZ

relations give all relations in R*(M,).

2.4.1 An alternate form for the FZ relations

It will be convenient to introduce the notation

ot » = Cakal®.
) -5
a K a

In other words, {-}, multiplies the coefficient of t* by &, for each a. The FZ relations can then be

written in a more self-contained manner:

[exp(—{log((1 + tps + t2ps + t°po + - JA(t) + (p1 + tpa + p7 + - ) B(1))}e)] o = 0-

We now apply a simple combinatorial lemma to switch to the pushforward kappa polynomial

basis of (2.3).
Lemma 2.3. For any power series X (t) with constant term 0,

——
exp(—{log(1 = X)}x) = exp({X},) .
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Proof. The left hand side expands to
exp Zl{Xn}n ZE:;_X{M}7
2 — TAu()[ [Ty i

where the sum runs over all partitions and
xt =X
€W
The right hand side is equal to this because
—~
{xhi= > xtn,
o€eS,

where ¢(o) denotes the cycle type of the permutation o, and the number of permutations with cycle

type p is precisely
L
| Aut(p)| [T;c,, @

This gives a new expression for the FZ relations: up to sign, they are

[exp({1 — A0} ){ B} (LAY {tBOFH{P AW} ], =0, (2.7)

where here o; denotes the number of parts of size i in o.

We will see a different reformulation of the FZ relations in Section 4.6.2.

2.5 The structure of *(M; )

The full tautological ring of Mg ,, the moduli space of curves of compact type, is quite complicated
because it involves psi classes and boundary strata. Unlike R*(M,), the compact type tautological
ring R*(Mg ) is not a quotient of Q[x1, k2, .. ..

However, the subring generated by the kappa classes, the kappa ring n*(/\/lf],n), is quite well

understood due to work of Pandharipande [27]. We summarize some of his results in this section.

First, he proves that if a kappa polynomial is zero in £* (MG ;. o,), then it is zero in £*(Mg ).

13



This defines surjective ring homomorphisms
. * c * c
[/g,n ‘R (M072g+n) — K (Mg,n)’

which he proves are isomorphisms for n > 1 or n = 0 and degree at most g — 2.
He also computes the betti numbers of the kappa ring whenever n > 0: if D = 2g — 3 4+ n is the
socle degree, then

dimg (M ,) = |P(d, D + 1 = d)],

the number of partitions of d of length at most D + 1 —d.
Finally, he proves a partial Gorenstein property when n > 0: a kappa polynomial F' of degree d

is a relation in £* (Mg ) if and only if it lies in the kernel of the restricted socle pairing
RI(MG ) x RPZUME ) — Q,

i.e. if and only if it holds in the Gorenstein quotient Gor™ (M ).

14



Chapter 3

The combinatorics of the socle

evaluations

3.1 Consistency of the FZ relations with the socle evaluation

In this chapter, we will attempt to understand the combinatorics of the socle evaluation formulas
(2.4) and (2.5) better. For the most part, we will not be concerned with which relations are true in
the tautological ring, but rather with which relations are true in the Gorenstein quotients Gor™(M,).

We begin by giving a short proof that the FZ relations hold in Gor*(M,). This is a fact that

was certainly known to Faber and Zagier, but we are not aware of a proof in the literature.
Theorem 3.1. The FZ relations hold in Gor*(M,) for any g > 2.

Proof. By definition, a kappa polynomial of degree d is zero in Gor* (M) if and only if all multiples
of it of degree g — 2 are zero in R972(M,). Since the FZ relations are additive generators for an
ideal, this means that they hold in Gor*(My) if and only if the FZ relations of degree d = g — 2 are
zero in R9™2(M,).

These relations are parametrized by partitions o of size 3(g —2) — g — 1 — 2e = 29 — 7 — 2e for
some nonnegative integer e. We can compute the socle evaluation of these relations by combining
our final interpretation of FZ (2.7) with the socle evaluation formula (2.4). Some additional notation

will be useful here. If C(t) = )", ¢,t" is a power series in ¢, define a power series C(t) in V2 by
-~ C 1
=) — "3,
ctt) Zn: @n+ D’

15



Then if Cy,Cs, ..., C,, are power series, we have

€ ([M} t“) _ (29-3+m)!(2g — D!

)

(29 — 1)!

#)-(3

where € is the socle evaluation map. Applying this identity, we see that the FZ relations corresponding

to—2

to o will vanish if and only if

————\ —2g+2—£(0) ~\ 01 /—\ O3
1— 1-4 Afi, Ef% . =0
Vi Vi Vi o

t9—2

Collecting the powers of ¢ and writing |o| = 29 — 7 — 2e, we have the following identity left to

N o~ o1 — g3 — (o} /2\ 06
. <§> (tgl) (tff) (t}) 1 o, (3.1)
A2 A4 A5 AT -1

where o is any partition of odd length with no part congruent to 2 mod 3 and e is a nonnegative

prove

integer.
There are a couple of ways of going about proving this identity. A key observation is that the

series A and B actually belong to an algebraic extension of Q(t):

A= ﬁ sin <§ sin1(6\/6\/i)> ;

B=-—

1 4 . 4
sin ( - sin™*(6V6vt ) .
i (s 0oV
These identities are special cases of the basic Chebyshev polynomial identity

1. it (2= (12— (32—t
- sin(rsin™ " (t)) = T + 30 + = 4.

specialized to rational values of r.
Also, observe that 2%;@ = C. This means that t* 4 and t*B are given by repeatedly integrat-
ing the two algebraic series above. The result is that all the series appearing in (3.1) are linear

combinations of sin(mf) for m € N and
2 .
0= 3 sin (6vV6V/1).

After rewriting everything in terms of sin(f) and cos(f) and using the parity condition on |o|, we

16



are left with the identity

o0 ]

sin®+2¢(6)

Changing variables to u = sin(f) and using dt = %(i%)du, this is equivalent to
sin(36)
wbtze | T 0,
u
which is true because sin(36) is a cubic polynomial in w. O

3.2 Conjectural relations of FZ type on R*(M,)

It is natural to ask how unique the FZ relations are. There are several visible parameters in the
definition of the FZ relations: the condition on the parts of the partition o, the inequality and
congruence relating |o|, g, and d, and the power series A and B. Are there other choices for these
parameters that also give true relations in the tautological ring?

Experimentally, it seems that there is exactly one tautological relation in Rd(./\/lg) when 3d —
g—1=0or 1, and the A and B power series are clearly visible in these unique relations. Because
of this, it seems impossible to find a different “FZ-like” family of relations that also starts in as low
codimension as the FZ relations. However, there is plenty of room to find FZ-like families of relations
that start in higher codimension.

We now describe precisely what we mean by an FZ-like family. Suppose r is a positive integer,
and let J C {0,...,7—1} be some subset representing residues mod r, with 0 € J. Let C; € Q(¢) for
j € J be power series, with Cj having constant term 1, and then define Cj 5, = t*C; for any j € J

and k > 0. Also pick positive integers s and a and an integer b. Then we say that the relations

[exp({1 = Co()}s)  T] {Ca(}7" ], =0, (3-2)

n>0
n mod reJ

for o a partition only containing parts congruent to an element of J mod r and with g, o, d satisfying
rd > ag+ b+ |o|, rd=ag+b+ o] (mod s)

are a family of FZ type.
Thus the usual FZ relations are given by taking r = 3, J = {0,1},Cy = A,C1 = B,s=2,a=b=

1. We are interested in finding other families of FZ type that give true relations in the Gorenstein
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quotient.
A family of FZ type additively generates an ideal just as the usual FZ relations do, so the same
approach as used in the proof of Theorem 3.1 can be used here to translate the Gorenstein condition

into a condition about residues of power series. The resulting condition is

P l(o ~
Co YT e =0 (3.3)

n>0
n mod reJ =1

for |o| < (r —a)g — 2r — b and congruent mod s.
There are now many choices of parameters for our family of FZ type that satisfy this condition.

We describe one particularly nice infinite series of such choices.

Theorem 3.2. For any r > 3, the family of FZ type defined as follows gives true relations in the
Gorenstein quotient Gor*(My): take r =r,J = {0,1,...,r —2},s =2,a=r—2, and b =4 —r.

For j=0,1,...,r — 2, take

o= X I (- (22)) 5

n>0i=1

Proof. We just need to check (3.3). As in the proof of Theorem 3.1 (which was just the case r = 3),

the C), are algebraic functions; up to normalization, we have

C; = sin (2‘7 2 Sin_l(\/i)> :

If we write
2
0 = =sin"'(V1),
r
then the identity to be proven becomes
cos(0) —0
_Sinr+3+26(9)_ t=1 -
if r is odd, and
[ 1
- r242e =0
| sin )],
if r is even. In either case, the identity follows from substituting « = sin(6) as before. O

In Section 6.5, we will prove that the relations of Theorem 3.2 are true in cohomology. This is
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weaker than the following conjecture, which however seems very likely.
Conjecture 3.3. The relations of Theorem 3.2 hold in R*(My).

The methods of Section 6.5 also prove in cohomology other families of relations of FZ type given
by more complicated series C;. Because of this, a classification of families of FZ type that give

relations that hold in the Gorenstein quotient would be useful.

Question. Which families of FZ type give relations that hold in Gor*(M,)?

3.3 The FZ, relations

The family of FZ type described by taking r» = 4 in Theorem 3.2 are especially interesting. These
relations begin at d = [§]. Since this is precisely where the usual FZ relations seem to begin to miss
some relations that are true in the Gorenstein quotient, it is a priori possible that these relations
might not be contained in the span of the usual FZ relations. However, computations with g > 24
indicate that this is not actually the case. For even g < 800, we have checked that the unique
relation in this family of degree § is a linear combination of FZ relations.

It is convenient to discard the relations in this family coming from partitions o with at least one
odd part. This corresponds to removing 1 from the set J of residues mod 4. If we then divide out

by 2 and renormalize, we are left with the family of FZ type

[exp({1 — Aa(t) }){ B2 (t) 7 {t A2 (6)} 72 {t B2 (1)} {t A2 ()} -+ ] 0 = 0,

where o is any partition satisfying 2d > ¢ + |o| and As, By are the hypergeometric series

(40! 4it1,
2) il 4i— 1
(24)

o)
=0

0= A =3

i 1=0

We call this family FZ; due to its relative prominence among families of FZ type and its great
similarity to the classical FZ relations.
Although there are many fewer FZ, relations than FZ relations because they start at § instead

of 9%'1, they are more tractable to analyze because the parameters do not have a parity condition.

Theorem 3.4. The quotient Q* of Q[k1, K2, ...] by the genus g FZy relations has degree d piece Q%
satisfying
dimg Q¢ < |P(d,g — 1 — d)|
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for any d > 0.

Proof. First, define power series Dy, D1, ... in terms of As and Bs by

Do =A5,D1 = By + Ay, Dy = tAy, D3 = tBy, Dy = t2A2,. ..

Then write

R(o,d) = [exp({1 — Do(t)}x ) { D1 ()}7 {D2 ()} 22 {Ds ()} -+ | - (3-4)

for any partition o and nonnegative integer d.

It is easy to see that the relations
R(o,d) =0 for 2d > g + |o]

are equivalent to the FZs relations. The only change is that we have replaced By (t) with Dy (t) =
Bs(t) + Aa(t); our reason for doing this is that D; now has constant term zero, which means that
ko does not appear in the definition of R(c,d).

For any two partitions o, 7, let K (o, 7) be the coefficient of ? in R(o,d). Then define a matrix
M with rows and columns indexed by partitions of d by setting M,, = K(o_,7), where o_ is the

partition formed by reducing each part of ¢ by one and discarding the parts of size zero.
Claim. M is invertible.

Before proving the claim, we note that the claim implies the theorem. For if o] = d and
(o) > g—d, then |o_| < d— (9 —d) = 2d — g and thus R(o_,d) is a FZ5 relation in genus g.
The claim implies that these FZ5 relations are linearly independent, so the quotient of the space of
degree d kappa polynomials by these relations has dimension at most the number of partitions of d
of length at most g — 1 — d, as desired.

We now prove that M is invertible. We will do this by constructing another matrix A of the
same size and proving that the product M A is upper-triangular with respect to any ordering of the
partitions of d that places partitions containing more parts of size one after partitions containing
fewer parts of size one.

First, we can easily compute the coefficient K (o, 7) as a sum over injections from the set of parts
of o to the set of parts of 7 describing which factors in (3.4) account for which & classes. We write

such an injection as ¢ : ¢ — 7. The parts of 7 that are not in the image of this injection are
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produced by the exponential factor. The result is
1)4m) =)

Koy = U777 e Z [0 II [Polo (3.5)

bt 4 " sersion

Now for any partitions of the same size 7 and u, set

| Aut(r
A =
W= 2 Ay L@
YT —p ke
refinement

)) + 2k 4+ 1)! H
H’
e +1

where the sum runs over all partition refinements ¢ : 7 — p, i.e. functions from the set of parts of
T to the set of parts of p such that the preimage of each part k of p is a partition of k.

We now can factor the sums appearing in the entries of the product matrix M A:

ZK(O’,T = Z H (Z K(U’,T')AT/7(;C)> , (3.6)

Eo—p kep
o'=£71(k)

where £ : 0 — p means a function from the set of parts of £ to the set of parts of u.

Thus we just need to understand the sum

Z K(O’, T)A-r,(k)-

When this is expanded using formula (3.5) for the K (o, 7) and the definition of A,,, the result is

T

Thk pro—T JE(T\¢(0))

RSV 2k +1)! 1
IR Z |Aut>(+)| . >jeHT(2j+1)!! E['[D”]“’ IT Dol

We now add back in the formal variable t to keep track of the size of 7, and factor based on the

values of the images of the parts of ¢ under ¢. The series

. tits
D; = [Di]y ——.
D_IDi; (27 + )N

Jjz1

appear when doing this.

After removing some nonzero scaling factors, the result is

wond]

1€0
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This is very close to the expressions appearing in the proof of Theorem 3.2 when r = 4, since we have
D,, equal (up to scaling) to the Cs,, described in the theorem for every n # 1, and Dy = Cy — Cy.
The identity giving there that these relations are true in the Gorenstein quotient is equivalent to

the statement that

Z K(O’, T)A.,-’(k) =0

whenever |o| < k — 1. Moreover, we can easily compute that this sum is nonzero when o = (k — 1),

as this is just a matter of checking that

1
—_— 0
[Sin4 0} 1 7

for 6 = L sin~'(V/%).

We now return to the matrix M A. Suppose that ¢ and 7 are partitions of d containing S and T
ones respectively, and such that (M A),, # 0. By the identity (3.6) and the discussion above, this
means that there exists some function £ : 0 — 7 such that the preimage of each part k € 7 is a

partition of size at least k — 1. Thus we have
o] = lo) = |o—| = |7| = £(7).

Since |o| = |7| = d, this means that ¢(7) > £(o). Moreover, comparing lengths of the partitions
gives that
lo)—S=4L(c_)>4(T)—T.

Adding these inequalities, we have that T" > S. If equality holds, then the preimage of each part
k € 7 must be of size k — 1 and have length one if k£ > 1, which means that 7 = ¢. Thus the matrix

M A is triangular. The nonvanishing of the diagonal entries follows from the nonvanishing of

Z K((k - 1)7 T)A‘r,(k)

described above. O

As we will see in Section 6.5, the FZ5 relations hold in cohomology, so we have the following

corollary:
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Corollary 3.5. The tautological cohomology RH* (M) has betti numbers satisfying
dimg RH*(M,) < |P(d,g — 1 — d)|

for any d > 0.

These bounds are not sharp for most ranges of d, but we are not aware of stronger proven bounds.

3.4 Relations of FZ type on x*(M; )

It turns out that relations in the compact type kappa ring x*(Mj ) studied by Pandharipande
[27] can also be formulated in the FZ framework used in R*(M,). It will be convenient to let
D = 2g — 3 + n be the socle degree; recall that for n > 0 the structure of the kappa ring only
depends on D.

Consider the family of FZ type (as in Section 3.2)

[exp({1 = Ac(t) ) { Be()}2 {tAc ()} 22 {tBe(O)} 2 {2 Ac(®)} T -], = 0,

where o is any partition satisfying 2d > D + 2 + |o| and A., B, are the series

oo

Aty = (2i = Y £, B(t) = 1.

=0

We call this family FZ°. We can prove that these relations completely determine the structure of

the kappa ring when there is at least one marked point.

Theorem 3.6. The FZ° relations hold in x*(M§ ) for any g,n > 0 with 29 —3+n = D > 0.
Moreover, if n > 0 then the span of the FZ® relations is the entire space of relations between the

kappa classes.

Proof. The proof makes heavy use of the results of Pandharipande [27] presented in Section 2.5.
For the first part of the theorem, it suffices to prove that the FZ° relations hold in Gor*(Mg ,,),
the Gorenstein quotient of the tautological ring. In other words, we must show that if we multiply
an FZ° relation of degree d by a tautological class of degree D — d, then the result vanishes in the
socle.
We first check the case in which the tautological class is a product of kappa and psi classes. As

usual, the family of FZ° relations is closed under multiplication by kappa classes, so we can assume
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that the tautological class is just a monomial in the psi classes. It is clear from (2.5) that only the
degree of the monomial matters. We can now translate vanishing in the socle into a power series
identity as in the proof of Theorem 3.1, but because of the different socle evaluation formula, we
need to change the definition of the ~ operator slightly: if C(t) =), c,t™ is a power series in ¢, we

write
~ _ § Cn n+1
o) = — (n+ 1)!t '

Then the identity that we need to prove for the desired vanishing when multiplying an FZ¢ relation

by a psi monomial is

for 2d > D+ 2 + |o].

We can collect the powers of ¢ and rewrite this as

tD—d -/B\C g1 t/A\C g2 {-B\C g3
lAD“QT) (z> <2> ] - 0
Ac c c c -1

Now, it is easy to compute that ;i\c =1—+1—2tand E\c =t, and in general tC is the antiderivative

of C' with constant term 0. This means that the series F appearing in (3.7) belongs to Q(v/1 — 2t).
Let * denote the Galois involution v/1 — 2t — —+/1 — 2¢ for this quadratic extension of Q(t). We

first observe that

as 1 — /1 —2t =1+ +/1 — 2t has leading term 2 so F is actually a power series.
Thus

Now, F + F is clearly a Laurent polynomial in ¢, since

1 1+v1-2t

A, 2t

Thus it will suffice to show that F + F vanishes to order greater than 1 at infinity. This is a simple
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calculation:

D+1 1
—(D — _— - =

i€

(2d—D+1—|o])

A%
ol o=

Thus any polynomial in the kappa and psi classes of degree D — d will annihilate any FZ° relation
of degree d in the socle. We now consider multiplication by an arbitrary tautological class. Such a

class is a sum of generators of the form described in (2.2), so take one such generator, which is given

by a stable tree I' with m vertices and kappa-psi monomials 61,605, ...,0,, assigned to the vertices
v1,02,...,Uy of I'. Suppose that the components Mg = corresponding to the vertices of I' have

socle degrees D1, Do, ..., D,, respectively, so Dy +---+ D,, =D —m + 1.

Now, the splitting rule for pulling back kappa classes to the boundary tells us the product of this
generator with a given FZ¢ relation: it is given by summing over all partitions d = dy + -+ + dyy,
and ¢ = 07 U--- U o, over the m vertices, and then taking the pushforward via &r of the product
of 0; and the (d;,0;) FZ relation on vertex v; for each i. Here by the (d;,0;) FZ relation we just
mean the kappa polynomial formally given by the FZ¢ formula; the parameters (d;, o;) and the socle
degree D; do not need to satisfy the FZ¢ inequality 2d; > D; + 2 + |o;].

However, we observe that this inequality must hold for at least one value of 7. For if it does not

hold for any i, then we can sum up the inequality

2d; < D; + 1+ |0y

to get
2d< (D—m+1)+m+|o],

which contradicts the inequality on the original FZ° parameters. Thus each term of this summation
includes a real FZ® relation on one vertex, and thus has socle evaluation zero by the previous
computation. This completes the proof that the FZ¢ relations are true relations.

For the second part of the theorem, we check that the quotient Q* of Q[k1, ko, ...] by the FZ°

relations has degree d piece Q% satisfying

dimg Q* < |P(d,D +1 —d)|
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for any d > 0. Since dimg £*(M¢,,,) = |P(d, D +1—d)| for n > 0 by [27], this would imply that the
FZ° relations span all the relations.

Note that these rank bounds are the same as those appearing in Theorem 3.4. We can in fact
use the same approach to prove these bounds; the only differences in the proof are that the power
series Dy, D1, ... involved are different and that we must use a slightly different formula for the A,

because the socle evaluation formula is different in compact type:

B | Aut(7)| ~1 1
A= 2 g ety LT 00 R ey
refinement

c

3.5 Connecting the socle evaluations on M, and M

The remainder of this chapter presents joint work with Felix Janda [19].
We will study the restriction
I (MG) x RT(MS) — Q

of the compact type socle evaluation pairing for r +d = 2g — 3, for any g > 2. We will prove the

following theorems, which were previously conjectured by Pandharipande.

Housing Theorem. The rank of the pairing of k classes against boundary classes
K (MS) x BR™(MS) = Q
equals the rank of the pairing of k classes against pure boundary strata
K (ME) x PBR™ (M) — Q.

Furthermore, these ranks are equal to the number of partitions of d of length less than r + 1 plus the

number of partitions of d of length r + 1 which contain at least two even parts.

Rank Theorem. The rank of the pairing of k classes against general tautological classes

KI(ME) x RT(ME) = Q
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equals the sum of the rank of the pairing of k classes against boundary classes
K (MS) x BR™ (M) = Q
and the rank of the My socle pairing
K" (M) x K9727T(M,) — Q.

These theorems will be proven by direct combinatorial analysis of the socle evaluation formulas
(2.4) and (2.5). In particular, we have no geometric explanation of the Rank Theorem, which

connects the compact type case and the smooth case.

3.5.1 Consequences

The motivation for considering these pairings was the question of mystery relations: relations that
hold in Gor*(M,) but are not linear combinations of FZ relations. Since FZ relations extend to

tautological relations in R*(M,) (see Chapters 4 and 5), a possible reason for the existence of
mystery relations might be if they do not extend tautologically to relations in R*(M$) or R*(My).
The Rank Theorem can be interpreted as saying that part of the obstruction to this extension is
zero: the mystery relations at least extend to classes in the tautological ring of M which pair to
zero with the k subring. It is an interesting question whether the mystery relations extend to classes
in the tautological ring of Mj which are relations in the Gorenstein quotient.

The Rank Theorem also gives us more information about the kappa ring £*(M§). As discussed

in Section 2.5, Pandharipande [27] defined a surjective ring homomorphism
lg,0* R*(M8,29> - ’%*(M;>
and proved that this is an isomorphism for degree at most g — 2. The Rank Theorem can be viewed

as a statement about the higher degree parts of ¢4.

Theorem 3.7. Let g > 2,0<e<g—2,andd=g—1+e. Let dg be the rank of the kernel of
the map from Hd(M;) to the Gorenstein quotient of R*(My). Let 7. be the rank of the space of k
relations of degree e in the Gorenstein quotient of R*(M,). Then the degree d part of the kernel of

tg.0 has rank vy, — 4.

Proof. By [27], the rank of (M ,,) is equal to |P(d,2g — 2 — d)|, the number of partitions of d of
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length at most 2g — 2 — d. On the other side, the rank of x"(M¢) is equal to d, plus the rank of the
first pairing appearing in the Rank Theorem. The rank of the second pairing appearing in the Rank
Theorem is given by the Housing Theorem, and the rank of the third pairing appearing in the Rank

Theorem is equal to |P(e)| — v.. Putting these pieces together gives the theorem statement. O

Remark. The components 7. and d4 appearing in the above theorem both have conjectural values.
The FZ relations give a prediction for . (if they are the only relations in the first half of the

Gorenstein quotient and are linearly independent):

a(3e —g—1) ifeg%
Ve =
a(3(g—2—e)—g—1) else,

where a(n) is the number of partitions of n with no parts of sizes 5,8, 11, .. ..
The Gorenstein conjecture in compact type would imply that 4 = 0, though in fact this is a
much weaker statement. Combining these predictions gives a conjecture for all the betti numbers of

K*(ME).

g

3.6 The Housing Theorem

3.6.1 Notation concerning partitions

We will use the following notation heavily in the proofs of the Housing Theorem and the Rank
Theorem in the next two sections. If ¢ is a partition, then we let I(o) be a set of £(o) elements

which we will use to index the parts of . For example we could take

For two partitions o,7 € P(n) and a map ¢ : I(c) — I(7) we say that ¢ is a refining function of T

into o if for any ¢ € I(7) we have

T — E gj.

JEPT1(4)
If for given o, T there exists a refining function ¢ of 7 into o we say that ¢ is a refinement of 7.
For a finite set S, a set partition P of S (written P S) is a set P = {S1,..., S} of nonempty
subsets of S such that S is the disjoint union of the S;.

For a partition o and a set S of subsets of I(c) we define a new partition ¢ indexed by the

28



elements of S by setting (%), = Y, 0y for each s € S. Usually we will take a set partition P of
I(0) for S. For a subset T C I(c) we define the restriction o|r of o to T by o, where S is the set

of all 1-element subsets of T'; in other words, o|r = (0¢)ter-

3.6.2 Socle evaluations

In (2.5), we saw a simple formula for the socle evaluations of the pushforward kappa polynomial
basis. Here we will transform this formula into the standard kappa monomial basis. We denote the

socle evaluations of monomials in the kappa and psi classes in compact type by
WHo;7) = € (ko?7),

where ¢ and 7 are partitions. In this equation we have used k., as an abbreviation for Hie () Ko

and 7 for Hiel(ﬂ 1" indexing the |7| marked points by the parts of 7. We will write
o) :=9(o;0)

when we just have k classes and no ¢ classes.

Lemma 3.8. For partitions o and T such that 2g — 3+ £(7) = |o| + |7| we have

o) = 3 -y (2031,

PHI(0) ((Up)i + l)ieP»T

Proof. From the basic socle evaluation formula (2.5) we see that it suffices to prove the identity

= 3 ()OS
PHI(o)

This follows from writing (2.3) as a sum over set partitions

T = (H(S|1)!> Kor
PHI(o)

SeP
and using partition refinement inversion. [

To evaluate the more general integrals which arise when we pair k classes with arbitrary tauto-
logical classes, we can restrict ourselves to pairing a x monomial with the usual generators for the

tautological ring given in (2.2). In this case we have to sum over the set of possible distributions of
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the k classes to the vertices of I' and then multiply the socle evaluations at each vertex.

We can calculate the M, socle evaluations of x monomials analogously to Lemma 3.8.

3.6.3 Housing partitions

Let us now study pairing x monomials of degree d with pure boundary classes via the compact
type socle pairing. Each pure boundary stratum in codimension 2g — 3 — d is determined by a
tree I' = (V, E) with |V| = 29 — 2 — d vertices and |E| = 2g — 3 — d edges and a genus function
g:V — Zso with 37\, g(v) = g. Then the class is the pushforward of 1 along the gluing map
& HvGVM;(U)m(U) — M corresponding to the tree I', where n(v) is the degree of the vertex v.

From this data we obtain a partition of

> (29(v) =3+ n(v)) =29 —3(29 — 2 — d) +2(2g — 3 — d)
veV

=d

by collecting the socle dimensions 2g(v) — 3 + n(v) for each vertex v € V and throwing away the
zeroes. We will call this partition the housing data of the pure boundary stratum. From the socle
evaluation formula it is easy to see that the pairing of the k ring with a pure boundary stratum is
determined by its housing data.

On the other hand it is interesting to consider which partitions of d can arise as housing data

corresponding to a pure boundary stratum. We will call these partitions housing partitions.

Lemma 3.9. A partition o of d is a housing partition if and only if it either has fewer than 2g—2—d

parts or exactly 2g — 2 — d parts with at least two even.

Proof. Only partitions of length at most 2g — 2 — d can be housing partitions because there are only
that many vertices. Furthermore it is easy to see that no partition of 2g — 2 — d parts with fewer
than two even parts can arise since every vertex with only one edge gives an even part (or no part
if g(v) =1).

Now suppose ¢ is a partition of d with either fewer than 29 —2 —d parts or exactly 2g —2 —d parts
with at least two even. Let (7;)i1<i<2g—2—a be the tuple of nonnegative integers given by appending
29 —2—d—{(0) zeroes to o, so the sum of the 7; is d and exactly 2k + 2 of the 7; are even for some
nonnegative integer k.

Construct a tree I' by taking a path of 2g — 2 — d — k vertices and adding k additional leaves

connected to vertices 2,3, ...,k -+ 1 along the path respectively. Thus I" has 2g — 2 — d vertices, each
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of degree at most three, and exactly 2k + 2 of the vertices of I' have odd degree. We now choose
a bijection between the 7; and the vertices of I' such that even 7; are assigned to vertices of odd
degree. We can then assign a genus ¢; = (1; + 3 — n;)/2 to each vertex, where n; is the degree of

the vertex to which 7; was assigned. The resulting stable tree has housing data o, as desired. O

3.6.4 Reduction to a combinatorial problem

We have already described the housing data of a pure boundary stratum. Let us now describe a
similar notion for any class in the usual additive generating set for the tautological ring (2.2). Such
a class is given by a boundary stratum corresponding to a tree I' = (V, E) and a genus assignment
g : V. — Z>¢, along with assignments of monomials in x and ¢ classes (of degrees r(v) and s(v)
respectively) to each component of the stratum. Let k = ) _ (r(v) + s(v)); then we must have
|E| =29 —3 —d — k edges in the tree in order to obtain a class of degree 2g — 3 — d. If this class

does not vanish by dimension reasons then we can obtain a partition ~y of

Z(Qg(v)—3+n(v)—r(v)—s(v)) =29-3029—-2—-d—k)+229—-3—-d—k)—k=d

veV
by assigning to each vertex of V' the number 2g(v) —3+n(v) —r(v) —s(v). This is exactly the degree
d'(v) such that the socle pairing of R (¥) (MZ(,U),H(,U)) with the monomial of 1 and x classes at v
is not zero for dimension reasons. Then the pairing with the boundary class is determined by the
partition v, an assignment of degrees r(i) and s() to the parts i € I(y) and partitions 7; € P(r (7))
and p; € P(s(i)) corresponding to the x and ¢ monomials. In particular we can leave out classes
which were assigned to vertices with 2¢g(v) — 3 + n(v) — r(v) — s(v) = 0 and we do not need to
remember which node corresponds to each ¥. The result of the socle pairing of this class together

with a kK monomial corresponding to a partition 7 of d is (up to scaling) given by

oI 9 (meryming) s

v jeI(y)

where the sum runs over all refining functions ¢ of « into .

When we view QF (4 as a ring of formal £ polynomials, this pairing gives linear forms Uy {r:}Api} €
(QF (d))*. We notice that the formulas still make combinatorial sense even if the v, {r;},{p;} data
does not come from pairing with an actual tautological class.

The special case where all the (i) and s(¢) are zero determines the pairing of x classes with pure
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boundary classes. We get |P(d)| linear forms M), which we normalize such that My(\) = 1:

My(7) = Aut Z H D (mp-1()) (3.8)

® jeI(N)

In this way we obtain a basis of (QP (d))*. If we sort partitions in any way such that shorter partitions
come before longer partitions, then the basis change matrix from this basis to the standard basis
is triangular with ones on the diagonal. Note that this basis uses some partitions which are not
housing partitions.

The housing theorem can now be reformulated as follows:

Claim. The span of {My : X is a housing partition} in ((@P(d))* equals the span of the vy (7.} (p:}

for all choices of housing data.

To prove this claim we will first express the vectors v, (7.} ¢} for any choice of housing data in
terms of the basis of (QP(d))* we have described above in Section 3.6.5. We will then in Section 3.6.6
rewrite the coefficients as counts of certain combinatorial objects. This combinatorial interpretation
is proved in Section 3.6.7. We conclude in Section 3.6.8 by showing that when expressing vectors v
corresponding to actual housing data in terms of the M), the coefficient is zero whenever A is not a

housing partition.

3.6.5 A matrix inversion

In section 3.6.4 we have seen that there are formal expansions

Virbdod = D Curdmb(p Ma
AeP(d)

for some coefficients cy 4 (7.},{p:}-
We can calculate cy 4 (7,},(p;} explicitly by inverting the triangular matrix given by equation

(3.8). We obtain

oo

3 ()
A (o) = (1) > Ztnlded o H 11 ( 1(j)),

=0 )\oﬂ"'ﬂ/\zwil HZ 1|‘Aut 1= 1]6[(/\

where we sum over chains A = Ag, ... \; of refinements of v with corresponding refinement functions
@i In particular ¢y  (7,},1p;} = 0 if A is not a refinement of .

We can reduce to the special case in which v = (d) is of length one by splitting this sum based
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on the composition ¢ := @41 09 0--- 01 and examining the contribution of the preimages of the

j € I(7). The result is

A rddot = D H BTN CARERH L (3.9)
¢ jeI(y

summed over refinements ¢ of v into A.

When v = (d), we set 71 =: 7 and p; =: p and we can write more compactly

oo

YA, T3
ex@. bt = 2D D] _PnTi) H IT 7 (Ci1)pr)- (3.10)

1=0 NEIRETY [Tiey [Aut(X)] 32 1jeI(n)

3.6.6 Interpreting the coefficients combinatorially

We will interpret the coefficients cy (4 {+},{p} s counting certain permutations of symbols labeled
by the parts of the partitions A, 7, and p. We say that a symbol is of kind i if it is labelled by some
i belonging to the disjoint union of the indexing sets of the partitions, I(A\) UI(7)UI(p). There will

in general be multiple symbols of a given kind.

Main Claim. The coefficient ¢y (q) (r},{p} counts the number of permutations of
o \; + 1 symbols of kind i for each i € I()\),
o 7, + 1 symbols of kind i for each i € I(7), and
e p; symbols of kind i for each i € I(p)

such that:

1. If the last symbol of some kind i is immediately followed by the first symbol of kind j with

1,7 € IA)UI(T), then we have i < j.

2. For i € I()\) the last element of kind i is not immediately followed by a symbol of kind j for
any j € I(A),

averaged over all total orders < of I(\) UI(7) such that elements of I(T) are smaller than elements

of I(\).

It follows in particular that the coefficient cy 4 (7,},{p;} 18 non-negative.
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3.6.7 Proof of the main claim
Refinements of permutations of symbols

For given natural numbers d, n and a partition 7 € P(d) we will study permutations of 7; + 1
symbols of kind ¢ for ¢ € I(7) and n symbols of kind ¢. (The permutations of symbols appearing
in the previous section are an instance of this.) We will need to construct refined permutations of
this type for partition refinements ¢ : I(c) — I(7). For this we need additional refinement data: for
each i € I(7), a permutation T; of o; + 1 symbols of kind j for j € ¢~'(i). Then we can obtain a
permutation S’ of o; + 1 symbols of kind ¢ and n symbols of kind ¢ in the following way:

For each i € I(7) and each j € ¢~1(i), modify T; by gluing the last symbol of kind j with the
immediately following symbol; the result is a permutation 7] of 7; + 1 symbols. To construct S’

from S, for each i we replace the symbols of kind ¢ by 7} and then remove the glue.

Reinterpretation

We start with a combinatorial interpretation of the number J(c; ) for partitions o and .

Lemma 3.10. Given an arbitrary total order < on I(o), the number 9(c;T) is equal to the number

of permutations of
e 0, + 1 symbols of kind i for each i € I(c) and
o 7; symbols of kind i for each i € I(7)

such that the following property holds:
If the last symbol of kind i is immediately followed by the first symbol of kind j for i,5 € 1(o)

then we have © < j.

Proof. For each permutation S of symbols as above, but not necessarily satifying the property, we
can assign a set partition Qg - I(o) which measures in what ways it fails to satisfy the property:
Qs is the finest set partition such that if 7 < j and the last symbol of kind ¢ is immediately followed
by the first symbol of kind j in S, then ¢ and j are in the same part of Qg. Thus S satisfies the
given property if and only if Qg is the set partition with all parts of size 1.

The multinomial coefficient in the summand in the formula for ¥(o;7) given by Lemma 3.8
corresponding to a set partition P + I(0o) counts the number of permutations S such that for
p = {p1,...,pk} € P with py < .-+ < pg, the last element of kind p; is immediately followed by

the first element of kind p;;1 in S for i =1,--- |k — 1. These are precisely the S such that Qg can
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be obtained by combining parts of P such that the largest element in one part is smaller than the
smallest element of the other part.
This means that the contribution of a permutation with failure set partition Q@ = {Q1,...,Qk}

to the sum in Lemma 3.8 is precisely
Q \*1
11 k (|Qk| - 1>
=1 5=0 J
which is 1 for @ the set partition with all parts of size 1 and 0 otherwise. O

Equipped with Lemma 3.10, the next step is to interpret the coefficient cy (4) {71,{,} as the sum
of the values of a function f on the set S . , of permutations of A\; 4+ 1, 7; + 1, p; symbols of kind ¢
for i € I(\), i € I(7) and i € I(p) respectively.

Fix

e a chain of partitions A\g = A, A1, ..., \; with refining maps ¢;,

e an order < on I(A\;) U I(7) such that elements of I(7) appear before elements of I(\;),

e orders on ¢; '(j) for 1 <i <land j € I(\).

Then we identify each x socle evaluation factor

2 ((Myrrp)

with the number of permutations of (A\;_1)x + 1 symbols of kind k € ¢;*(j) such that if the last
symbol of kind k is immediately followed by the first symbol of kind %, then k& < k’. We interpret
each such permutation as refinement data corresponding to the refinement ¢; of \; into A\; ;.

Furthermore we interpret the factor

9 (N, 75p)

as the number of permutations of (A;)x + 1, 7 + 1 and py, symbols of kind k with k € I(X\;), k € I(7)
and k € I(p) respectively such that if the last symbol of kind k is immediately followed by the first
symbol of kind k' for k, k' € I(\;) U I(7), then k < k’. In order to remove the dependence on the

chosen orders we will average over all choices of them.
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Simplification

Given all this data, we can build a “composite permutation” by repeatedly refining the collection of
symbols of kind &k with k& € I()\;) using the construction from Section 3.6.7 and keeping the order
of the other symbols intact. The result is a permutation of A\ + 1, 7% + 1 and p; symbols of kind
k for k € I(\), k € I(r) and k € I(p) respectively. Any permutation obtained in this way has the
property that the last symbol of any kind j € I()) is not immediately followed by the first symbol
of some kind j’ € I(7).

For any permutation in S r, we assign a set partition P - I(\), which measures in what way it
fails to satisfy condition (2) in the main claim. We define P to be the finest set partition such that
if the last symbol of kind 7 is immediately followed by a symbol of kind j for ¢,j € I(\) then ¢ and
7 lie in the same set in P.

Now, suppose we are given a chain of partitions A, A1, ..., \; along with additional refining data
and base permutation as above, and supppose the resulting composite permutation has failure set
partition P that is not the partition into one-element sets.

By the definition of P, if we change the order on I(\) U I(7) such that the order on I(7) and
each element of P is preserved, all the conditions on the data are still satisfied.

On the other hand, consider the following data:
e the chain A\, A1, ..., \;, A\ with refining maps ; as before,

e any refining map ¢’ : I(\;) — I(AF) which is up to an automorphism of A’ the canonical one,

e the orders and refining data corresponding to the ¢; as before,
e in addition an order on each element of P induced by the order on I(A;) L/ I(7),
e refining data corresponding to ¢’ induced from the permutation corresponding to A;, 7 and p,

e any order on I(\) U I(7) such that the restriction to I(7) is the restriction of the order on

I(\) UI(7) and such that elements of I(7) appear before elements of I(\),

e permutations of (A\F); + 1, 7, + 1, p; symbols of kind i for i € P, i € I(r) and i € I(p)
respectively, defined from the permutation corresponding to A; by leaving out the last symbol
of any kind ¢ € I();) which is not the last one in a set of P and identifying symbols according

to P.
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It is easy to check that the refining data and the permutation still satisfy the order conditions.
Furthermore, the failure set partition of the composite partition of this new data is the partition
into one-element sets.

The original chain with additional data giving failure set partition P and the extended chain
with additional data giving failure set partition the partition into one-element sets contribute to
Cx,(d),{r},{p} in formula (3.10) with opposite signs, since the extended chain is one element longer.
We claim these contributions are actually equal.

For the original chain, we have
(4(\)!
[Lieple =GN

choices of orders on I(A) U I(7) in the above construction. For the extended chain, we made
[ Aut(A7)[ ()

choices in the above construction.
However, the contributions are also weighted by averaging over choices of orders and by the

coefficients in (3.10). For the original chain the weight is

(e~

and for the extended chain the weight is

[Aut )N T 1 G)!

jeP

Thus the two contributions cancel.
The only remaining contributions come when [ = 0 and P is the set partition into one-element

sets. These are the permutations counted in the main claim.

3.6.8 Proof of the Housing Theorem

We begin with a simple lemma.
Lemma 3.11. Suppose r+ s+ £(y) < £(A). Then ¢ 5 (7,},{p;} = 0-

Proof. We examine the summand in formula (3.9) corresponding to some ¢. A factor in this sum-

mand can only be nonzero if 7(i) + s(i) + 1 > £(¢ (7). Therefore each summand will vanish unless
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r4 s+ L(y) 2 L) O

Now let us suppose that v, {r;}, {p;} is the housing data of a boundary class of the generating
set. We need to show that cy . (+,1,{p,3 = 0 for each A which is not a housing partition.

Let us first study the case ¢(\) > 2g — 2 — d. Since v is derived from a boundary stratum of
at most codimension 2g — 3 —d — r — s (we are missing the 1 and « classes from the components,
which do not contribute to v) by diminishing parts by their x and ¢ degrees, we have the inequality
l(y) <29g—2—d—r—s. Then by Lemma 3.11 we are done in this case. The same argument settles
also the case where there are components of the boundary stratum we are considering which do not
appear in v and ¢(\) =2g — 2 —d.

Now assume that ¢(A) = 2g—2—d and that A contains no even part. Then by the same arguments
if the coefficient is nonzero, we must have ¢(y) = 2g—2—d—r—s. Then from the proof of Lemma 3.11
we see that r(i) + s(i) = £(p~1(i)) — 1 for each i € I(y). This implies £(o~1(i)) + r(i) + s(i) = 1
(mod 2) and therefore for each i € I(y) we have 7; + (i) + s(¢) = 1 (mod 2). Hence each part of
the housing data (for the underlying boundary stratum), which v was obtained from by subtraction

of r(2) 4+ s(i) at each part, is odd. This is a contradiction, so the coefficient must be zero, as desired.

3.7 The Rank Theorem

3.7.1 Reformulation
Let us first formulate a stronger version of the Rank Theorem.

Theorem 3.12. For any x polynomial F' in degree r := 2g — 3 — d the following two statements are

equivalent:
1. For any m € P(g — 2 —r) we have Fr, =0 in RI"%(M,).

2. There is a pure boundary strata class B € PBR"(MS) such that for any 7' € P(2g —3 — 1)

we have (F — B)kq =0 in R*973(MS).
It will be convenient to show that we can replace the first condition in Theorem 3.12 by
3. For any m € P(g — 2 —r) of length at most r + 1 we have Fr, =0 in RI72(M,).

Then Theorem 3.12 will follow from the following simple argument. Consider an F' satisfying the
second condition and we want to show that Fk, = 0 for some given m € P(g — 2 — r). Notice

that then also F'k, satisfies the second condition since Bk, lies in BRY _2(/\/1;) and by the housing
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theorem can be replaced by some B’ € PBRI~?(M¢). We then find that Fr, = 0 since in this case
the length condition is trivial.

As we have seen in Section 3.6.7, not only boundary classes but also every k class can be written
in terms of virtual boundary strata in the socle pairing with the kappa ring. So the second condition
in the theorem is equivalent to the condition that only actual boundary strata are needed in the
expansion of F. Notice that by Lemma 3.11 we only need strata corresponding to partitions of
2g — 3 — r of length at most r + 1. However we might need terms corresponding to partitions
2g — 3 — r of length equal to r + 1 with only odd parts, and those are the terms we are interested
in. For the proof of the Rank Theorem we will need to understand the coefficients corresponding to
these classes better.

Observe that partitions of 2g — 3 —r of length being equal to r+1 with only odd parts correspond
to partitions of g — 2 — r of length at most » + 1. So for any 0 € P(g — 2 — r,r + 1) we can look
at 1o, e € (QPU)* with 7, (1) = cx,r.9, Where A is the partition of 2g — 3 — 7 of length r + 1

corresponding to o, and u,(7) is up to a factor the socle evaluation €(k, k), namely

(29 — 3+ |P))!
o (7) = (—1)Ho) P |
PH(UZ)M(T) [Liep(2(o,7)7 + 1)1

So what we need to show is the following:

Claim. The Q-subspaces of (QF))* spanned by 1, and p, for o ranging over all partitions of

g—2—1 of length at most r + 1 are equal.

Recall from Section 3.6.7 that 1, (7) is the number of all permutations S of \; + 1 symbols of

kind i € I(\) and 7; + 1 symbols of kind ¢ € I(7) satisfying

1. The last symbol of kind ¢ for some i € I()) is either at the end of the sequence or immediately

followed by a symbol of kind j for some j € I(7) which is not the first of its kind.

2. The successor of the last element of kind ¢ is not the first element of kind j for any 4, j € I(7)

with ¢ < j, where we fix some order on I(7).

Before coming to the main part of the proof we apply an invertible transformation ® to (QF())*
to simplify the definitions of 7 and u. The inverse of the transformation we want to apply sends a

linear form ¢’ € (QP(")* to a linear form ¢ defined by

p(r)= Y ()P (P), (3.11)

PHI(T)

39



The transformation ® defined in this way is clearly invertible. By a similar argument as in the proof
of Lemma 3.10, we can show that the image 7. of 7, under ® is defined in the same way as 7, but
leaving out Condition 2 on the permutations.

To study the action of ® on u we use the following lemma:

Lemma 3.13. Let F be a function F : P(n+m) — Q and define for any o € P(n) functions
Gy, G : P(m) = Q in terms of F by

Go(r)= Y  F(loun")

PHI(o)UI(T)
Go(1) = > F((oum)"),

PHI(o)UI(T)
P separates I(T)

where the second sum just runs over set partitions P such that each element of I(7) belongs to a

separate part. Then

G, (1) = Z Gl (tP).

PHI(7)
Proof. Given set partitions P of I(7) and Q of I(o) U I(rF), with Q separating I(77), we can alter
Q by replacing each element of I(77) by the elements in the corresponding part of P. Each set

partition of I(o) U I(7) is obtained exactly once by this construction. O

So we have that pl (1) is

o T (2.9 -3+ P| !
TCEED SIS T -

PHI(o)UI(7) [LepRounf+ 1

P separates I(7)
We can use the lemma again with the roles of o and 7 interchanged to replace the generators of the

span of u. by p/ with

(29 — 3+ |P|)!
[Lep2oun)f + 1)1

W)= 3 (c)fenr (3.12)

PHI(o)UI(T)
P separates I(T)
P separates I (o)

Therefore we have reduced the proof of the Rank Theorem to proving the following claim.

Claim. The Q-subspaces of (QF())* spanned by 0!, and p for o ranging over all partitions of

g—2—r of length at most r + 1 are equal.
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3.7.2 Further strategy of proof

In order to prove the claim we will establish interpretations for . (7) and p//(7) as counts of symbols
of different kinds satisfying some ordering constraints. This enables us to find nonzero constants

F (i) for each i € I(o) independent of 7 such that

)
Zﬂm

PHI(0)i€P

giving a triangular transformation.

For the interpretations the notion of a comb-like order plays an important role. We say that
symbols ij ...49;,41 are in comb-like order if we have the relations i; < i3 < -+ < 4941 and
Q9 < igj41 for j € [m]. This is illustrated in Figure 3.1.

i2m+1/\

'L2m71>.

i5 A
) 1

1 2

i2m

Figure 3.1: A comb-like order

Note that the number of comb-like orderings of 2m + 1 symbols is (2m + 1)!/(2m + 1)!l. More

generally the number
(27| + £(m))!
Hiel(ﬂ) (2m; + !

corresponding to a partition 7 counts the number of permutations of the 2|r| + £(7) symbols

Uiel(w){ilv .«+yl2x,+1} such that symbols corresponding to the same part of 7 appear in comb-like

order.

3.7.3 Combing orders

We obtain a first reinterpretation of n/ (7) by numbering the symbols of equal kind:

Interpretation A1. 0/ (7) is the number of all permutations of symbols i1, ..., 4,41 for i € I(7) and
i1,...,9x+1 for i € I(A) such that for fixed ¢ € I(7)UI(A) the i; appear in order and for all ¢ € I(\)
the symbol iy, 1 is either at the end of the sequence or immediately followed by some jy, for j € I(7)

and k # 1.

Since A has length » + 1 and |7] = r, such a permutation gives a bijection between the j; for

j € I(r) with k£ # 1 and all but one of the iy,41 for i € I(\). After picking this bijection, we can
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remove the iy,41.

Interpretation A2. 1/ (7) is the sum over bijections
o 10N = {iy | § € I(7),j # 1} U {End)

of the number of permutations of symbols iy,...,i,,4; for i € I(7) and iy, ...,i5, for i € I(X) such
that symbols of the same kind appear in order and all symbols ¢; for ¢ € I(\) appear before (%)
(this condition is empty if ¢(i) = End).

We can then add new symbols immediately following each iy, for ¢ € I(\) and reindex the i; for

i € I(7) to create comb-like orderings.

Interpretation A3. 1) (7) is the sum over bijections
@ : I(A\) = {i; | i € I(7),j even} U {End}

of the number of permutations of symbols i1, ..., 42,41 for ¢ € I(7), i1,...,i5, for i € I(\), and an
additional symbol End such that the i; for ¢ € I(7) appear in comb-like order, the i; for i € I(\)

appear in order, and iy, for ¢ € I()) is immediately followed by ¢(3).

Recall that A is defined in terms of ¢ by taking the numbers 20; + 1 for each i € I(o) and
adding as many ones as needed to reach length r + 1. There is only one symbol ¢; of kind i for
i € I(A\)\ I(0) in Interpretation A3 of 7. (7) and it must be immediately followed by ¢(i). For

convenience set (r + 1 — £(0))! - 0 := 7. Removing these symbols i; gives an interpretation of 7.

Interpretation A4. n//(7) is a sum over all injections
¢:I(o) = {i; |ie€I(r),j even} U {End}

of the number of permutations of symbols i1, ..., 42,41 for i € I(7), 41,... 425,41 for i € I(o), and
an additional symbol End such that the i; for ¢ € I(7) appear in comb-like order, the i; for i € I(o)

appear in order, and is,,11 for i € I(o) is immediately followed by ¢(%).

We now switch to the interpretation of u”(7), which was defined in (3.12). The coefficient
corresponding to a set partition P can be interpreted as the number of permutations of symbols
i15- -+ lo(ouryP 41 for i € I((oU7)") and one additional symbol x such that all i1, ..., iy P4 for

i € I((c UT)T) appear in comb-like order.

Because of the restrictions in the sum, the parts of P are either singletons or contain exactly
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one element from each of I(c) and I(7). This defines a function ¢ : I(o) — I(7) U {x}, injective
when restricted to the preimage of I(7). Interpreting the summands as counting comb-like orders

and cutting combs into two pieces for each part of P of size two gives the following:

Interpretation B1. u!/(7) is the sum over functions

Y I(o) = I(t) U {*}

such that |y-1(7(r)) is injective, of a sign of (—1)"1’71(1(7))| times the number of permutations of
symbols iy, ...,42.,41 for i € I(7), i1,... 425,41 for i € I(c) and one additional symbol % such that
all i1,... 49,41 for ¢ € I(7) and all 4y, ... 494,41 for ¢ € I(o) appear in comb-like order and such

that ig,,41 for i € I(o) with (i) # = is immediately followed by 9(i);.

Now we split the set of such permutations depending on the symbols immediately following
symbols igy, 41 for i € I(c). We notice that the signed sum exactly kills those permutations where
some gy, 1 for i € I(o) is immediately followed by some j; for j € I(7) since if such a summand
appears for some ¢ with (i) # j we must have ¥ (i) = x and we find the same summand with
opposite sign in the sum corresponding to the map v’ defined by ¢'(i) = j and ¢'(k) = ¢ (k) for

k # i and vice versa.

Interpretation B2. pll(7) is the number of permutations of symbols i1,... 92,41 for i € I(7),
i1,...,020,41 for ¢ € I(o) and one additional symbol * such that all iy,..., 42,41 for i € I(7)
and all ¢y, ...,42,,41 for i € I(o) appear in comb-like order and such that ia,,41 for i € I(o) is not

immediately followed by a symbol of the form j; with j € I(7).

Interpretations A4 and B2 are very close. The differences between the two of them are that the
o-type symbols are in total order rather than comb-like order in A4 and that the conditions on the
elements immediately following the is,, 1 are different.

We now break /(1) into a sum over set partitions P of I(c). Given a permutation of the symbols

appearing in Interpretation B2, define a function

p:I(o) = {i; |ie€I(r),j even} U {End}
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recursively by

Jok  if igy,41 for i € I(o) is immediately followed by a symbol
of the form joy or jort+1 with j € I(7),

End if i95,4+1 for i € I(o) is immediately followed by *
or at the end of the sequence,

w(j) if i2s,41 for i € I(o) is immediately followed by a symbol

of the form j; with j € I(0).

Then let P be the set partition of preimages under . We will identify the summand of /(1)
corresponding to such a set partition P as 1), (7) times a factor depending only on o and P.

This factor is equal to

[17G.

i€EP

where

i) = (20 +|i| + iy
Hjei(2‘7j + !

Here F'(i) should be interpreted as the number of permutations of 2¢; + 1 symbols of kind j for
each 7 € ¢ and one additional symbol End such that the symbols of each kind appear in comb-like
order. If these permutations are interpreted as refinement data, then the permutations counted by

the P-summand of y(7) are the refinements by this data of the permutations counted by 7/ (7).

Thus we have the identity

wr=>_ [T FGmn-.

PHI(0)i€P
This is a triangular change of basis with nonzero entries on the diagonal, so the x” and 1" span the

same subspace in (QF (’"))*. This completes the proof of the Rank Theorem.
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Chapter 4

Constructing relations I: moduli of

stable quotients

This chapter presents joint work with Rahul Pandharipande [28].

4.1 Introduction

In this chapter we use the virtual geometry of the moduli space of stable quotients studied by Marian,
Oprea, and Pandharipande [24] to construct a large family of kappa relations in the tautological ring

of M,. We analyze these relations and prove the Faber-Zagier relations.

Theorem 4.1. In R"(M,), the Faber-Zagier relation
[exp(—77)],pe =0

holds when g — 1+ |o| < 3r and g =7+ |o|+1 mod 2.

In fact, as a corollary of our proof of Theorem 4.1 via the moduli space of stable quotients, we

obtain the following stronger boundary result. If g — 1 4 |o| < 3r and g =7 + |o| + 1 mod 2, then
[exp(—vFZ)]t,.po € R*(OM,) . (4.1)

Not only is the Faber-Zagier relation 0 on R*(M,), but the relation is equal to a tautological class

on the boundary of the moduli space Mg.
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4.1.1 Plan of the chapter

After reviewing stable quotients on curves in Section 4.2, we derive an explicit set of k relations
from the virtual geometry of the moduli space of stable quotients in Section 4.3. The resulting
equations are more tractable than those obtained by classical methods. In a series of steps, the
stable quotient relations are transformed to simpler and simpler forms. The first step, Theorem 4.7,
comes almost immediately from the virtual localization formula [16] applied to the moduli space of
stable quotients. After further analysis in Section 4.4, the simpler form of Proposition 4.11 is found.
A change of variables is applied in Section 4.5 that transforms the relations to Proposition 4.16. The

proof of Theorem 4.1 is completed in Section 4.6.

4.2 Stable quotients

4.2.1 Stability

Our proof of the Faber-Zagier relations in R*(M,) will be obtained from the virtual geometry of
the moduli space of stable quotients. We start by reviewing the basic definitions and results of [24].
Let C be a curve which is reduced and connected and has at worst nodal singularities. We require
here only unpointed curves. See [24] for the definitions in the pointed case. Let ¢ be a quotient of
the rank N trivial bundle C,
CV @ 0c 4 Q — 0.

If the quotient subsheaf @ is locally free at the nodes and markings of C, then q is a quasi-stable

quotient. Quasi-stability of ¢ implies the associated kernel,
058 -CV20c%Q—0,

is a locally free sheaf on C. Let r denote the rank of S.
Let C be a curve equipped with a quasi-stable quotient ¢q. The data (C,q) determine a stable
quotient if the Q-line bundle
we ® (A”S*)®€ (4.2)

is ample on C for every strictly positive € € Q. Quotient stability implies 2g — 2 > 0.
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Viewed in concrete terms, no amount of positivity of S* can stabilize a genus 0 component
P'=pPccC

unless P contains at least 2 nodes or markings. If P contains exactly 2 nodes or markings, then S*
must have positive degree.
A stable quotient (C, ¢) yields a rational map from the underlying curve C' to the Grassmannian

G(r, N). We will only require the G(1,2) = P* case for the proof Theorem 4.1.

4.2.2 Isomorphism

Let C be a curve. Two quasi-stable quotients
V00500, CNe0c%Q -0 (4.3)
on C' are strongly isomorphic if the associated kernels
5,8 cCN®Oc

are equal.

An isomorphism of quasi-stable quotients
¢:(Coq) = (C',q)

is an isomorphism of curves

p:C S

such that the quotients ¢ and ¢*(¢’) are strongly isomorphic. Quasi-stable quotients (4.3) on the
same curve C' may be isomorphic without being strongly isomorphic.
The following result is proven in [24] by Quot scheme methods from the perspective of geometry

relative to a divisor.

Theorem 4.2. The moduli space of stable quotients @g (G(r,N),d) parameterizing the data

(C, 08 —=CN20c%Q —0),
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with rank(S) = r and deg(S) = —d, is a separated and proper Deligne-Mumford stack of finite type

over C.

4.2.3 Structures

Over the moduli space of stable quotients, there is a universal curve
7:U = Q,(G(r,N),d) (4.4)
with a universal quotient
0= Sy >CNo0oy % Qu —o.

The subsheaf Sy is locally free on U because of the stability condition.
The moduli space @g(G(r, N),d) is equipped with two basic types of maps. If 2g — 2 > 0, then

the stabilization of C' determines a map
v:Q,(G(r,N),d) - M,

by forgetting the quotient.
The general linear group GLy(C) acts on Q,(G(r, N),d) via the standard action on CN ® O¢.

The structures 7, gy, v and the evaluations maps are all GLy (C)-equivariant.

4.2.4 Obstruction theory

The moduli of stable quotients maps to the Artin stack of pointed domain curves
v @Q(G(r, N),d) = M,.

The moduli of stable quotients with fixed underlying curve [C] € M, is simply an open set of the
Quot scheme of C. The following result of [24, Section 3.2] is obtained from the standard deformation

theory of the Quot scheme.

Theorem 4.3. The deformation theory of the Quot scheme determines a 2-term obstruction theory

on the moduli space @Q(G(r, N),d) relative to v given by RHom(S, Q).
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More concretely, for the stable quotient,
05S—-CVo0c3Q—0,

the deformation and obstruction spaces relative to v are Hom(S, Q) and Ext'(S, Q) respectively.

Since S is locally free, the higher obstructions
Ext®(S,Q) = H*(C,S* ®Q) =0, k>1

vanish since C'is a curve. An absolute 2-term obstruction theory on the moduli space Q,(G(r, N), d)
is obtained from Theorem 4.3 and the smoothness of My, see [2, 3, 13]. The analogue of Theorem
4.3 for the Quot scheme of a fized nonsingular curve was observed in [23].

The GLy(C)-action lifts to the obstruction theory, and the resulting virtual class is defined in

GL y (C)-equivariant cycle theory,

[Q,(G(r,N),d)"" € AF™O(@Q,(G(r,N),d)).

For the construction of the Faber-Zagier relations, we are mainly interested in the open stable
quotient space

v:Qu(Pd) — M,

which is simply the corresponding relative Hilbert scheme. However, we will require the full sta-
ble quotient space Qg(Pl,d) to prove the Faber-Zagier relations can be completed over M, with

tautological boundary terms.

4.3 Stable quotients relations

4.3.1 First statement

Our relations in the tautological ring R*(M,) obtained from the moduli of stable quotients are

based on the function

8

oo d 1 (_1)d d
ot,z) =) = a (4.5)
d=01i=1
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Define the coefficients éf by the logarithm,

o0 oo — d
log(®) = Z Z ce tr% .

d=1r=-1

By an application of Wick’s formula in Section 4.3.3, the ¢ dependence has at most a simple pole.

Let

~_ Bai 2i-1 , \- ~d, g
Y= Z m/{qiflt + Z Z CT :‘irt E . (46)

i>1

Denote the t"z? coefficient of exp(—7) by

[exp(_f’?)]tra:d € Q[r—1, Ko, k1, K2,...] .

In fact, [exp(—7)];rpa is homogeneous of degree r in the k classes.
The first form of the tautological relations obtained from the moduli of stable quotients is given

by the following result.

Proposition 4.4. In R"(M,), the relation

[exp(=7)] 1 pa =0

holds when g —2d —1 < r and g =r + 1mod 2.

For fixed r and d, if Proposition 4.4 applies in genus g, then Proposition 4.4 applies in genera
h = g — 26 for all natural numbers § € N. The genus shifting mod 2 property is present also in the

Faber-Zagier relations.

4.3.2 K-theory class [,

For genus g > 2, we consider as before
7l Cg — Mg,
the d-fold product of the universal curve over M,. Given an element

[Cvpla"'apd] € C;l )
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there is a canonically associated stable quotient
d
0= Oc(=Y pj) = Oc = Q0. (4.7)
j=1

Consider the universal curve

e:U— C‘gi
with universal quotient sequence

0—=Sy =0y —>Qu—20

obtained from (4.7). Let
Fq = —Re.(S;) € K(CZ)

be the class in K-theory. For example,
Fo=E*-C

is the dual of the Hodge bundle minus a rank 1 trivial bundle.

By Riemann-Roch, the rank of Fy is
rg(d)=9g—d—1.
However, F; is not always represented by a bundle. By the derivation of [24, Section 4.6],
F,=E*-B,;—C, (4.8)

where B, has fiber H°(C, OC(Z?Zl pi)lssa p,) over [Copy, ..., pa.

J

The Chern classes of IFy can be easily computed. Recall the divisor D; ; where the markings p;
and p; coincide. Set

Ai=Di;+...+ D1,

with the convention A; = 0. Over [C,py, ..., pg|, the virtual bundle Fy; is the formal difference

H (Oc(p1+ ... +pa)) — H*(Oc(p1 + - .. + pa))-
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Taking the cohomology of the exact sequence

0—=O0c(pr1+...+pa-1) > Oc(pr+...+pa) = Oc(p1+ ... +pa)lp, = 0,

we find
C(]Fdfl)
Fq) = .
C( d) 1+ Ag— g
Inductively, we obtain
c(E*)
c(Fyq) = .
Ea) = T a0 (L A d)
Equivalently, we have
1
c(—Byg) = . 4.9
)= A o (0 A ) (49
4.3.3 Proof of Proposition 4.4
Consider the proper morphism
v:Qy(Pd) = M,.
Certainly the class
v, (0°N[Qy(PY,d)]""") € A*(My,Q), (4.10)

where 0 is the first Chern class of the trivial bundle, vanishes if ¢ > 0. Proposition 4.4 is proven by
calculating (4.10) by localization. We will find Proposition 4.4 is a subset of the much richer family
of relations of Theorem 4.7 of Section 4.3.4.

Let the torus C* act on a 2-dimensional vector space V = C? with diagonal weights [0,1]. The
C*-action lifts canonically to P(V) and Q4(P(V),d). We lift the C*-action to a rank 1 trivial bundle

on Q4(P(V),d) by specifying fiber weight 1. The choices determine a C*-lift of the class

0°N [Qq(P(V)7 d)]vir S A2d+2g—2—c(Qg(P(V)a d)a Q)

The pushforward (4.10) is determined by the virtual localization formula [16]. There are only

two C*-fixed loci. The first corresponds to a vertex lying over 0 € P(V'). The locus is isomorphic to
Cq / Sa

and the associated subsheaf (4.7) lies in the first factor of V' ® O¢ when considered as a stable
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quotient in the moduli space Q4(P(V),d). Similarly, the second fixed locus corresponds to a vertex
lying over co € P(V).

The localization contribution of the first locus to (4.10) is

1
aﬂ'f (cg—d—1+c(Fa))  where 7. Cg — Mg .

Let c_(F4) denote the total Chern class of Fy evaluated at —1. The localization contribution of the

second locus is

(19—t

a {C* (Fd)] e

where [7]* is the part of y in A*(CZ,Q).
Both localization contributions are found by straightforward expansion of the vertex formulas of

[24, Section 7.4.2]. Summing the contributions yields
d d—1 g-d=lte .
7 (egmam1+e(Fa) + (=1)7~" " [e- (Fa)| )=0 in RB(M,)

for ¢ > 0. We obtain the following result.

Lemma 4.5. Forc> 0 and ¢c=0 mod 2,
Wf(cgfdflJrc(Fd)) =0 in R*(M,) .
For ¢ > 0, the relation of Lemma 4.5 lies in R"(M,) where
r=g—2d—1+c.
Moreover, the relation is trivial unless
g—d—1=g—d—14c=r—d mod?2. (4.11)

We may expand the right side of (4.9) fully. The resulting expression is a polynomial in the
d+ (;l) variables.

wh s 7¢d7 _D127 _D137 IR _Ddfl,d .
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Let Mrd denote the coefficient in degree 7,

ZMd i, —Dij) t"

Let S¢ be the summand of the evaluation M¢(¢p; = 1,—D;; = 1) consisting of the contributions of

only the connected monomials.
Lemma 4.6. We have

d=11i=1
Proof. By Wick’s formula, the connected and disconnected counts are related by exponentiation,

oo o0 . l‘d 0o oo L xd
exp(ZZﬁf(ﬂ):1+ZZMﬁ(¢i:17_Dij:1) tra'

d=1r=0 d=1r=0

O

Since a connected monomial in the variables ¢; and —D;; must have at least d — 1 factors of the

variables —D;;, we see §ﬁ =0 if » < d — 1. Using the self-intersection formulas, we obtain

o0 QTd 0 oo .’L‘d
ZZWf(CT(—Bd)) trﬁ = exp (ZZSﬁ(—l)d_lmd tT(ﬂ) . (4.12)

d=17r>0 d=17r=0

To account for the alternating factor (—1)?~! and the x subscript, we define the coefficients 5;1 by

) o d

>y o g LUt
Tl Lyt ¢ a )~

d=1r>—1 d=11=1

The vanishing Sd ¢ <q—1 = 0 implies the vanishing cd re_1=0.

Again using Mumford’s Grothendieck-Riemann-Roch calculation [26],

B 2i-1
E*) = — E ittt
(B L2 —1) !

Putting the above results together yields the following formula:

d 00 d

r—d%_ _ . Bsi o 42i-1 ~d e T

E E cr Fd t i exp E %12 —1) Koi_1t E E Crkpt J
d=1r>0 i>1 d=1r>-1
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The restrictions on g, d, and r in the statement of Proposition 4.4 are obtained from (4.11). O

4.3.4 Extended relations

The universal curve

e: U — Qy(P,d)
carries the basic divisor classes

s=c1(57), w=ci(wg)

obtained from the universal subsheaf Sy of the moduli of stable quotients and the e-relative dualizing
sheaf. Following [24, Proposition 5], we can obtain a much larger set of relations in the tautological

ring of M,, by including factors of €. (s%w’") in the integrand:

Vs (H ex(s%wb) - 0N [Qg(Pl,d)]”"> =0 in A*"(M,, Q)
i=1

when ¢ > 0. We will study the associated relations where the a; are always 1. The b; then form the
parts of a partition o.

To state the relations we obtain, we start by extending the function 7 of Section 4.3.1,

By »
SQ ¢ i t2z—1
7 2 i)™

x> d gl(c)tlo|no
d Sz di9t%p
2.0 2 Clivniol U Tamo

o d=1r=-1
Let 7°% be defined by a similar formula,

By .
~sQ 1 . —t 2i—1
7 ;21(22'—1)”2/ 1=

o o d Jl(c) o] o
. gy 7P
+2.0. 2 Gl S0 R

o d=1r=-1

The sign of ¢ in t1°! does not change in 7°®. The x_; terms which appear will later be set to 0.

The full system of relations are obtained from the coefficients of the functions

o0
exp(=7"),  exp(= D et prit) - exp(=7)
r=0
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Theorem 4.7. In R"(M,), the relation

_5Q

[exp(—r)] |, = (1) exp(= Y mrt Do) - exp(—7 %)

:|tr dpo
P r=0

tTIdp”

holds when g —2d — 1+ |o| < 7.

Again, we see the genus shifting mod 2 property. If the relation holds in genus g, then the same
relation holds in genera h = g — 26 for all natural numbers § € N.

In case o0 = (), Theorem 4.7 specializes to the relation

exp(-F(ta)] = (<17 exp(F(—t.2))]

trad trad

= -yt exp(—Fta))]

trxd

nontrivial only if ¢ = r + 1 mod 2. If the mod 2 condition holds, then we obtain the relations of
Proposition 4.4.

Consider the case o = (1). The left side of the relation is then

[GXP(—%@%))' (‘Z Z Ce Hs+1ts+1dd!> L,-xd :

d=1s=-1

The right side is

o o 2
(=1)7 ] exp(—F(~t,2) - (—mt“ > ) “S+1(_t)s+1dd!> [

d=1s=—1

If g =7+ 1 mod 2, then the large terms cancel and we obtain

—Kp - [eXp(—i(tw)) =0.

trpd

Since kg = 2g — 2 and
(9g—2d—1+1<r) = (9g—2d—1<r),

we recover most (but not all) of the o = () equations.

If g = r mod 2, then the resulting equation is

B O - ouq dxd
exp(~7(t,2)) - (no ~23° ) Gkt “m) Jira =0

d=1s=-1
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when g —2d < r.

4.3.5 Proof of Theorem 4.7

Partitions, differential operators, and logs.

We will write partitions o as (1712"23"s .. .) with

L(o) = an and |o| = sz .
i i
The empty partition () corresponding to (1°2°3Y...) is permitted. In all cases, we have

|[Aut(o)| = nilnalng!--- .

In the infinite set of variables {p1, p2,ps,...}, let

co d
1 (_1)d . df(o)t\a\pa
p _ i
w0 => > 1li=% 5 7 Tawe)

o d=0i=1

where the first sum is over all partitions ¢. The summand corresponding to the empty partition
equals ®(t,z) defined in (4.5).

The function ®P is easily obtained from ®,

. d
P — Y
DP(t,x) = exp (g pit xdx) D(t,x) .

i=1

Let D denote the differential operator

D= it — .
; bt dz
Expanding the exponential of D, we obtain

®P

1 1
<I>+D<I>+§D2<I>+6D3<IJ+... (4.13)

d 1+%+1D2@+1D3¢+
d 2 @ 6 P )

Let v* = log(®) be the logarithm,
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After applying the logarithm to (4.13), we see

1
log(®P) = ~* +log <1 + Dy + §(D2fy* + (Dy*)?) + )

1
'y*—l—D’y*—&—iDny*—l—...

where the dots stand for a universal expression in the D*~*. In fact, a remarkable simplification

occurs,

. d
P\ 4 *
log(®P) = exp ( E pit :de> 3.

i=1

The result follows from a general identity.

Proposition 4.8. If f is a function of =, then

log (exp (Améi) f) = exp ()\x;;) log(f) .

Proof. A simple computation for monomials in x shows
exp )\xi ak = (era)k .
dx
Hence, since the differential operator is additive,
Mo L) () = f(e)
ex T— x) = f(e’z) .
P dx

The Proposition follows immediately. O

We apply Proposition 4.8 to log(®P). The coeflicients of the logarithm may be written as

o(@7) = 373 Gy ¢

o d=lr=-1
= Z Z Cd tT—eXp (del )
d=1r=-1

z? @lo)tlelpe
ZZ Z dl “|Aut(o)]

o d=1r=-1

We have expressed the coefficients C%() of log(®P) solely in terms of the coefficients C¢ of log(®).
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Cutting classes

Let 0; € AL(U,Q) be the class of the i*" section of the universal curve

e:U—)C;l

(4.14)

The class s = ¢1(S;) on the universal curve over Qg(P?,d) restricted to the C*-fixed locus Cg/Sd

and pulled-back to (4.14) yields
s=01+...+04 GAl(U,Q).

We calculate
e(sw’) =) +...+¢) € ACL,Q) .
Wick form
We repeat the Wick analysis of Section 4.3.3 for the vanishings
Z .
Vs (H ex(swh) - 0° N [Q, (P, )]W) =0 in A*(M,,Q)
i=1
when ¢ > 0. We start by writing a formula for
d ) i T
ZZTF* (exp (Zpit €x (sw )) cer(Fg)t > g
d=1r>0 i=1
Applying the Wick formula to equation (4.15) for the cutting classes, we see
S5t (exp (Smtien(sw) - enlFarr ) 42— exp(-5%)
d=1r>0 ’ i=1 t d!

where 7°? is defined by

d
§5Q222Z(2321 1 Kai ltzz 1+ZZ Z Cd H'r trdy p

i>1 o d=1r=-1

We follow here the notation of Section 4.3.5,

d . df(a)t\a\pa
ZZH ! t7 |Aut(o)|

o d=0i=1
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© oo 2d
log(®?) = 33" 3" Cilo) 7 p7

o d=1r=-1
In the Wick analysis, the class e, (sw?) simply acts as dt’.
Using the expression for the coefficents éf(a) in terms of 5;1 derived in Section 4.3.5, we obtain

the following result from (4.16).
Proposition 4.9. We have
Sy (e (Lpitentow)) e Er | 52 = (1)
* p A pl * T d td d' p ’Y N
d=1r>0 i=1
Geometric construction

We apply C*-localization on Q (P!, d) to the geometric vanishing

¢
Vs (H e (sw¥) - 0° N [Q, (P, d)}””) =0 in A"(M,,Q) (4.17)

when ¢ > 0. The result is the relation

L

e ( H ec(swh) - cg_a14e(Fa)+

i=1

:| g—d—1+3, bi+c

¢
(—1)9-d-1 [He* ((s = Dw®) - c_(Fy) ) =0 (4.18)

in R*(M,). After applying the Wick formula of Proposition 4.9, we immediately obtain Theorem
4.7.
The first summand in (4.18) yields the left side

[exp(—'YSQ)} tradpe

of the relation of Theorem 4.7. The second summand produces the right side

(=1)7 [exp(— > knt'pryn) 'exp(—ﬁ”)} : (4.19)

trzdpo
r=0 p

Recall the localization of the virtual class over co € P! is

™

(_1);—d—1 f [07 ([E‘d):| g—d—1+4c .
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Of the sign prefactor (—1)9=4=1

e (—1)7! is used to move the term to the right side,
e (—1)~4is absorbed in the (—t) of the definition of 75
e (—1)9 remains in (4.19).

The —1 of s — 1 produces the the factor exp(— > c  Krt" Dri1).
Finally, a simple dimension calculation (remembering ¢ > 0) implies the validity of the relation

when g —2d — 1+ |o] < 7. O

4.4 Analysis of the relations

4.4.1 Expanded form

Let 0 = (1%12%23% .. .) be a partition of length ¢(o) and size |o|. We can directly write the corre-
sponding tautological relation in R"(M,) obtained from Theorem 4.7.

A subpartition ¢’ C o is obtained by selecting a nontrivial subset of the parts of o. A division of
o is a disjoint union

c=cPUus®uc® ... (4.20)

of subpartitions which exhausts o. The subpartitions in (4.20) are unordered. Let S(o) be the set

of divisions of o. For example,

s@t2h)y = {(@2h), ahuEh},
S1%) = {7, ®Huah)}.
We will use the notation o® to denote a division of ¢ with subpartitions ¢(*). Let

1 |Aut(o)|
[Aut(o*)] [T |Aut (o))

m(c®) =

Here, Aut(c®) is the group permuting equal subpartitions. The factor m(c®) may be interpreted as
counting the number of different ways the disjoint union can be made.

To write explicitly the p? coefficient of exp(y°?), we introduce the functions

> dnd

ad xr
nm t 33 Z Z Hs—&-mtSer dl

d=1s=-—1
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for n,m > 1. Then,

£(c®)
[Aut(o)| - [exp(—)| = [ew(Fta) | X me®) [T Fuoonpoor ] ], -
P o*eS(0) i=1 r
Let 0*® be a division of o with a marked subpartition,
c=0"UcPusPuct® .. | (4.21)

labelled by the superscript *. The marked subpartition is permitted to be empty. Let S*(o) denote

the set of marked divisions of . Let

o1 |Aut(o)|
[Aut(o*)] |Aut(o*)| [T [Aut(a®)]

m(o_*,.

The length ¢(c**) is the number of unmarked subpartitions.

Then, |Aut(c)| times the right side of Theorem 4.7 may be written as

(=117 Aut(o) - [ exp(~F(~t,):

£(c™) £(a*®)
Z m(g*m) H /igj*,l(—t)aj—l H Fé(n(i)),\a(i)\(_t7x) :|t7‘a:d
o**eS* (o) j=1 =1

To write Theorem 4.7 in the simplest form, the following definition using the Kronecker ¢ is
useful,
mi(a*") = (1 + (50"0*0 . m(a*").

There are two cases. If ¢ =r + |o] mod 2, then Theorem 3 is equivalent to the vanishing of

£(c™) L(a*®)

|Aut(o)| [QXP(—@ : Z m= (o) H Kor 117! H Fio)y, |0 ot
o**cS* (o) Jj=1 i=1

If g=7r+|o| + 1 mod 2, then Theorem 4.7 is equivalent to the vanishing of

L(c™

) G|
|AUt(0)\[€XP(—7)' Z m*(o"*) H Ko;‘—ltgj_l H Fyo),jo)
j=1 i=1

trad’
o**eS*(o)

In either case, the relations are valid in the ring R*(M,) only if the condition g —2d — 1+ |o| <
holds.

62



We denote the above relation corresponding to g, 7, d, and o (and depending upon the parity of

g—r—|a|) by
R(g,r,d,0) =0

The |Aut(o)| prefactor is included in R(g,r,d, o), but is only relevant when o has repeated parts.

In case of repeated parts, the automorphism scaled normalization is more convenient.

4.4.2 Further examples

If 0 = (k) has a single part, then the two cases of Theorem 4.7 are the following. If ¢ = r + k mod

2, we have

[exp(—7) - myatt 1] =0

traxd

which is a consequence of the ¢ = () case. If g = r + k + 1 mod 2, we have

[exp(—ﬁ) . (ﬁk,ltk_l + 2F1,k) L L= 0

red

If 0 = (kikz) has two distinct parts, then the two cases of Theorem 4.7 are as follows. If

g =71+ k1 + ke mod 2, we have

{exp(fﬁ) . (Iikl_lnkz_ltkﬁrk?iz + I{kl_ltklilFLkQ + Rk2_1tk271F17k1)} =0

trpd

Ifg=r+k + ks + 1 mod 2, we have

[GXP(*% : (Hkl—mkz—ﬂkﬁkrz + Hk1_1tk171F1,k2
+ I€k2,1tk2_1F1’kl + 2F2J€1+k2 + 2F17k1F17k2)L =0.

rpd

In fact, the g = r + k1 + k2 mod 2 equation above is not new. The genus g and codimension

r1 =71 — ko + 1 case of partition (ki) yields

[exp(—ﬁ) : (Hkl—ltklil + 2F17k1):| =0.

tr1gpd

After multiplication with sz,ltk'?_l, we obtain

{eXp(_ﬁ) bk —1pigy T2 2@27115’“2_1171,1@1)} =0.

trad
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Summed with the corresponding equation with k; and ks interchanged yields the above g = r+k1+ko

mod 2 case.

4.4.3 Expanded form revisited

Consider the partition o = (kika - - - k¢) with distinct parts. Relation R(g,r,d, o), in the g = r + |o|

mod 2 case, is the vanishing of

£(c™) L(c™®)
[exp(_,’?) ' Z (1 - 60"U*|) H K;o-.;kilta-j - H FZ(U(I))vl‘T(L)l trad
o**eS* (o) 7j=1 i=1

since all the factors m(c**) are 1. In the g = r + |o| + 1 mod 2 case, R(g, 7, d, o) is the vanishing of

¢(o*) Tt
[GXP(—W)' > (W +60j0) [] #or 1t T Frown oo i
o**eS* (o) j=1 i=1 z

for the same reason.
If o has repeated parts, the relation R(g,r,d,o) is obtained by viewing the parts as distinct
and specializing the indicies afterwards. For example, the two cases for o = (k?) are as follows. If

g =1+ 2k mod 2, we have

[eXP(—% : (’ik—lfik—lt%*z + QRk_ltk’lFl,k)} =0.

traxd

If g=r+2k+1 mod 2, we have

|:€Xp(—ﬂ’71) . (kalfikfltgk_g + 2I€k,1tk_1F1’k —+ 2F2,2k + 2F1’kF1’k):|t =0.

rpd
The factors occur via repetition of terms in the formulas for distinct parts.

Proposition 4.10. The relation R(g,r,d, o) in the g = r + |o| mod 2 case is a consequence of the

relations in R(g,r’,d,c’) where g =" + |o'| + 1 mod 2 and ¢’ C o is a strictly smaller partition.

Proof. The strategy follows the example of the phenonenon already discussed in Section 4.4.2.

If g = r + |o| mod 2, then for every subpartition 7 C o of odd length, we have

g=r—|r|+4(r)+|o/7|+1 mod 2
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where o /7 is the complement of 7. The relation

H’iﬂfl : R(g,r - ‘T| +€(T)’da U/T>

is of codimension r.

Let g =r + |o| mod 2, and let o have distinct parts. The formula

9l(T)+2 _

R(g,r,d,a)Z( T ) )4 Hnﬂ_l R(g.7 — Il + (), d. /) (4.22)

TCOo

follows easily by grouping like terms and the Bernoulli identity

n 22k+1 —92 2n,+2 —92
S o) PR G P

E>1

for n > 0. The sum in (4.22) is over all subpartitions 7 C ¢ of odd length.

The proof of the Bernoulli identity (4.23) is straightforward. Let

22 — 2 —
oo () e 0=

Using the definition of the Bernoulli numbers as

x’b

we see

Qi 1B 2 2 z 2
— x\e2®—1 e—1) 14er) ’

The identity (4.23) follows from the series relation

S%

e’ A(x) = —A(z) -2 .

Formula (4.22) is valid for R(g,r,d,0) even when o has repeated parts: the sum should be

interpreted as running over all odd subsets 7 C o (viewing the parts of o as distinct). O

4.4.4 Recasting

We will recast the relations R(g,7,d, o) in case g = r + |o| + 1 mod 2 in a more convenient form.

The result will be crucial to the further analysis in Section 4.5.
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Let g =7+ |o| + 1 mod 2, and let S(g,r,d, o) denote the x polynomial

o

_ de(0),1 p
aul[exp [ 40,2) + 3 (Fuoni + 2200 ) 2 )]
|Aut|| exp | =7(t,2) + -~ Ul T 5 Rlel=1 ) TR (0] | Jiratpe

We can write S(g,r,d, o) in terms of our previous relations R(g,7’,d, ') satisfying g =’ + |o/| + 1
mod 2 and ¢’ C o:

If g =r+ |o|+ 1 mod 2, then for every subpartition 7 C o of even length (including the case
7 = (), we have

g=r—|r|+47)+|o/7|+1 mod 2
where o /7 is the complement of 7. The relation

H’in‘—l : R(g,?" - ‘T| +£(T)ada U/T)

is of codimension 7.

In order to express S in terms of R, we define z; € Q by

2 = gt
—_ = E Zi— .
e + e~ ® , 7!

1=0

Let g =7+ |o| + 1 mod 2, and let o have distinct parts. The formula

Z0(r
S(g,’/‘, da 0) - Z 2[(:)3-1 ’ Hﬁ‘f'i—l ' R(g,r - ‘T| + 6(7—)’ da G/T> (424)

TCOo

follows again grouping like terms and the combinatorial identity

n Zi Zn 1
Fi - 4.2
Z (’L) 2 + 1 2n+1 n ( 5)

i>0

for n > 0. The sum in (4.24) is over all subpartitions 7 C o of even length.

As before, there the identity (4.25) is straightforward to prove. We see

> z; 1
Z(iC) = Z 2i+1 ? = ex/2 + e—v/2
=0

The identity (4.25) follows from the series relation
e*Z(x) = e/ — Z(x).
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Formula (4.22) is valid for S(g,r,d,o) even when o has repeated parts: the sum should be
interpreted as running over all even subsets 7 C o (viewing the parts of o as distinct). We have

proved the following result.

Proposition 4.11. In R"(M,), the relation

o

de(o)1 p
—5(t, (F o).lo — K| - )7 ]
o (700 5 (o 25200) 55 ) .y

=0

holds when g —2d — 1+ |o| <r and g =7+ |o| + 1 mod 2.

4.5 Transformation

4.5.1 Differential equations

The function ® satisfies a basic differential equation obtained from the series definition:

After expanding and dividing by ®, we find

P T
S e AT —

—leg > o ¢

which can be written as

—tPxv}, = () + 0y —ty — 1 (4.26)

where, as before, v* = log(®). Equation (4.26) has been studied by Ionel in Relations in the
tautological ring [18]. We present here results of hers which will be useful for us.

To kill the pole and match the required constant term, we will consider the function

Bai  9i1
Y (N L1 <. 4.27
; 2i-1) (4:27)

The differential equation (4.26) becomes

talpe = 2(Te)? + (1 =), — 1.
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The differential equation is easily seen to uniquely determine I' once the initial conditions

Ba; 2
T(t,0) =3 — 2 42
(t,0) ;21'(2@‘*1)

are specified. By Ionel’s first result,

-1

wx

—l4Vifdr ot +Zztk+l%a

r,=
2z

Y (1 + 4a) ™7
k=1 j=0

where the postive integers g ; (defined to vanish unless k > j > 0) are defined via the recursion

k—1j—1
g = 2k +45 = 2)q—1,-1+ G+ D15+ D D GmiGh—1-mj1-1
m=0 [=0

from the initial value g o = 1.

Tonel’s second result is obtained by integrating I',, with respect to x. She finds

=T(0,z) + 10g(1—|—49: ZZ#@“ (—2) (1 +4z) 773

k=1 35=0

where the coefficients c;, ; are determined by
kg = 2k +4j)ck; + (F+ Dew g

fork>1and k>35> 0.
While the derivation of the formula for I',, is straightforward, the formula for I" is quite subtle as
the intial conditions (given by the Bernoulli numbers) are used to show the vanishing of constants

of integration. Said differently, the recursions for g ; and c; ; must be shown to imply the formula

oo Bre1
PO R+ 1)

A third result of Ionel’s is the determination of the extremal cy g,

3 cppet = log (Z ( 2)’“) .

k=1



The formula for I' becomes simpler after the following very natural change of variables,

t —T
AT T Y T i a (4.28)
The change of variables defines a new function
L(u,y) =T(t,2) .
The formula for I" implies
L y) = 180,y - 10 (1 + 4y) ch b (4.29)
1 yY) = n Y g y k,j y .

k=1 j=0

Tonel’s fourth result relates coefficients of series after the change of variables (4.28). Given any

series

P(t,z) € Q[ft, z]],

let ﬁ(u,y) be the series obtained from the change of variables (4.28). Ionel proves the coefficient

relation

r4+2d—2

[P(t,2)] 0 = (D [(1+49) 5 - Pluy)] .,

4.5.2 Analysis of the relations of Proposition 4.4

We now study in detail the simple relations of Proposition 4.4,
[exp(=7)] 4y =0 € R"(M,)

when g —2d — 1 < r and g =r 4 1mod 2. Let

?Y(Uv y) = ﬁ(m J))

be obtained from the variable change (4.28). Equations (4.6), (4.27), and (4.29) together imply
K o k
~ _ ko Lk
Vuy) = - log(L+4y) + ) > wer ju’y’

k=1;j=0

modulo k_; terms which we set to 0.
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Applying Ionel’s coefficient result,

~ r42d—2 R
[exD(-A)] s = [(L44y) 7 - exp(=T)] 1
[ +2d—2 ad k
T —2 __ ko -
= [(14+4y) = 1 ~eXp(—ZkackJuky7)
k=1 j=0 .
L ury
[ +2d—1 e k
r—g — .
= [(1+4y) > ~exp(—Zkack,jukyj)
| k=1 j=0 g

In the last line, the substitution kg = 2g — 2 has been made.
Consider first the exponent of 1 + 4y. By the assumptions on g and r in Proposition 4.4,

r—g+2d-1

>
5 >0

and the fraction is integral. Hence, the y degree of the prefactor

r—g+2d—1
2

(1+ 4y)

r—g+2d—1
2

is exactly . The y degree of the exponential factor is bounded from above by the u degree.

We conclude

') k
(14+4y) 5 cexp(= DY mwengufy’) | =0
k=1j=0

is the trivial relation unless

Rewriting the inequality, we obtain 3r > g 4+ 1 which is equivalent to r > L%J The conclusion is in

agreement with the proven freeness of R*(M,) up to (and including) degree | £ ].

A similar connection between Proposition 4.4 and Ionel’s relations in [18] has also been found by

Shengmao Zhu [39)].

4.5.3 Analysis of the relations of Theorem 4.7

For the relations of Theorem 4.7, we will require additional notation. To start, let

o~ k )
V(u,y) =D riek jufy’

k=1j=0
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By Ionel’s second result,

co k

%r = %F(O,x) + ilog(l Hda) = D> ey j(—a) (1 +4x)

k=1j=0

ww

(4.30)

Let C%j = cy,j. We define the constants CZJ» for n > 1 by

oo k+n

d\"1 d\""' /-1 1 .
(xdx) tr_<xd$> <2t+2t\/1+4x>—22tckj i1+ 4x)™I

k=0 j=0

N\R‘

Lemma 4.12. For n > 0, there are constants b satisfying

A T V1+ 4z Zb" -1
Tix 2t . uy

Moreover, b _; = —2"2. (2n — 5)!! where (—1)!!' =1 and (=3)!! = —1.

Proof. The result is obtained by simple induction. The negative evaluations (—1)!! = 1 and (=3)!l =

—1 arise from the I'-regularization. O
Lemma 4.13. For n > 0, we have ¢f, = 4""!(n —1)!.
Proof. The coefficients cfj,, are obtained directly from the t° summand 1log(1 4 4z) of (4.30). O

Lemma 4.14. Forn > 0 and k > 0, we have

CZJ@Jrn = (6k>(6]€ + 4) S (Gk + 4(n — 1)) Ck k-

Proof. The coefficients ¢ ;. ., are extremal. The differential operators x% must always attack the

(1+42)=~% in order to contribute Ci k4n- The formula follows by inspection. O

Consider next the full set of equations given by Theorem 4.7 in the expanded form of Section

4.4. The function F;, ,, may be rewritten as

© > d”xd
Fom(t,z) = —Z Z Cg n5+mts+m7

d=1s=—-1

Il

|

-~

3
S

8
SE
N——
3
(e
d

3

+

o

w
& 8
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We may write the result in terms of the constants b7 and ¢ ;,

oo k+n

Kom—
t= MR, = =0 "; L (1 +4y)” (Zﬁm b u" "y Z Z Kk4+mCl ;U uk Ty )
k=0 j=0
Define the functions G, (u, y) by
oo k+n
Gron () me WY =D 0D R ity
k=0 j=

Let o = (19129239 _ ) be a partition of length ¢(o) and size |o|. We assume the parity condition
g=r+o|+1. (4.31)

Let G£(u,y) be the following function associated to o,

£L(c®)

Op(ot
= > H (Gaw)law STy ”lv“)l—l) ‘

c°€S(o) i=

The relations of Theorem 4.7 in the the expanded form of Section 4.4.1 written in the variables u

and y are

(14 4y) =5 exp(—19) (G5 +G5) | =0

ur—lol+e(e)yd

In fact, the relations of Proposition 4.11 here take a much more efficient form. We obtain the

following result.

Proposition 4.15. In R"(M,), the relation

r—lo|—g+2d—1 g

r—lol-g+2d-1 c P
|:(1 + 4y) 2 exp | =y — Z GZ(UMUIM =0

= ur—lol+e(e) ydpo
holds when g —2d — 1+ |o| <r and g =r + |o| + 1 mod 2.
Consider the exponent of 1 4 4y. By the inequality and the parity condition (4.31),

r—\a|—g+2d—1 >0
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and the fraction is integral. Hence, the y degree of the prefactor

r—|o|—g+2d—1
2

(1+ 4y) (4.32)

r—|o|—g+2d—1
2

is exactly . The y degree of the exponential factor is bounded from above by the u

degree. We conclude the relation of Theorem 4 is trivial unless

r—lol—-g+2d—-1 r7|a|+g+1

— 12 >d-—
r—lol + o) = ! e

Rewriting the inequality, we obtain
3r>g+1+3|o| —20(0)
which is consistent with the proven freeness of R*(My) up to (and including) degree | §].

4.5.4 Another form

A subset of the equations of Proposition 4.15 admits an especially simple description. Consider the

function

Hpym(u) =2"72(2n = 5)! i qu” " + 477 (n = 1) K

+ Z(6k)(6k +4) - (6k 4+ 4(n —1))cpp Frrmu ™.
k=1

Proposition 4.16. In R"(M,), the relation
[ex - i crpkput — Z H I =0
p kkRk £(o);lo| |Aut(o)| | lur-tel+e@rps
k=1 o#£0
holds when 3r > g+ 1+ 3|o| — 2l(0) and g =r + |o| + 1 mod 2.

Proof. Let g =r + |o| + 1, and let

3 1 1 3
Sy g2 —A>O0.
5"~ 3973 2|<7|-i—€(<7) >0
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By the parity condition, § is an integer. For 0 < § < A, let

_ e P’ }
Es(g,r0) = |exp [ -7+ %:@GZ(U),U TAUE(0)] | Jur-totseoryr ot -ope °

The § = 0 case is special. Only the monomials of G, », of equal v and y degree contribute to
the relations of Proposition 4.15. By Lemmas 4.12 - 4.14, H,, ,,, (uy) is exactly the subsum of G, ,,,

consisting of such monomials. Similarly,

o0

k, k
E Ck,kREUTY
k=1

is the subsum of ¢ of monomials of equal u and y degree. Hence,

Eo(gﬂ",a) =
- k, k p’
exXp | — Ck kKEU — H, o) lol (W) } _
{ ;::1 Y ;ﬂ: t(0),Jo|( y)| 5] | )y eterorpe
S et N
[ | - v 2 1ol o | i
k=1 o0

We consider the relations of Proposition 4.15 for fixed g, r, and ¢ as d varies. In order to satisfy

the inequalty g — 2d — 1+ |o| < r, let
~ = 1 ~ -
d( ):w+5, for 3> 0.

For 0 < § < A, relation of Proposition 4.15 for g, T, o, and d(g) is

5 /5
Z4’<Z_) -EA73+Z.(g7r,U) =0.

=0

Asd varies, we therefore obtain all the relations
Es(g,r,0) =0 (4.33)

for 0 < § < A. The relations of Proposition 4.16 are obtained when § = 0 in (4.33). O
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The main advantage of Proposition 4.16 is the dependence on only the function

kzz:lc;g,kz’f = log (,; M (5) ) . (4.34)

Proposition 4.16 only provides finitely many relations for fixed g and r. In Section 4.6, we show

Proposition 4.16 is equivalent to the Faber-Zagier conjecture.

4.5.5 Relations left behind

In our analysis of relations obtained from the virtual geometry of the moduli space of stable quotients,
twice we have discarded large sets of relations. In Section 4.3.4, instead of analyzing all of the

geometric possibilities

v, <ﬁ ex(s%wb) - 0° N [Qg(Pl,d)]v"> —0 in A*(M,,Q) ,

=1

we restricted ourselves to the case where a; = 1 for all i. And just now, instead of keeping all the
relations (4.33), we restricted ourselves to the § = 0 cases.

In both instances, the restricted set was chosen to allow further analysis. In spite of the discard-
ing, we will arrive at the Faber-Zagier relations. We expect the discarded relations are all redundant,

but we do not have a proof.

4.6 Equivalence

4.6.1 Notation

The relations in Proposition 4.16 have a similar flavor to the Faber-Zagier relations. We start with
formal series related to
A(2) i (67)! (z )i
Z) = o Nt/7at \ = 9
pard (30)!1(20)! \72
we insert classes k., we exponentiate, and we extract coefficients to obtain relations among the s

classes. In order to make the similarities clearer, we will need a little notation.

First, if F'is a formal power series in z,

o0
F= g 2"
r=0
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with coefficients in a ring, let

o0
{F}. = Z Crkirz"
r=0

be the series with k-classes inserted (as in the previous chapter except that our power series are in
z now instead of t).

Let A be as above, and let

o0

Z 61 6i+1(i)i
1(20)! 66 — 1 \72

be the second power series appearing in the Faber-Zagier relations. Note that we have scaled the
definitions of A and B by z + 25 to match them more closely with the series appearing in Ionel’s

work. Let

B
C= A € Q[[=]] ,

and let

E = exp(—{log(A4)}x) = exp ( ch kREZ ) € Q[k1, Ko, .. J[[2]].

We will rewrite the Faber-Zagier relations and the relations of Proposition 4.16 in terms of C' and

E. The equivalence between the two will rely on the principal differential equation satisfied by C,

Z2C

12
dz

=1+442C - C2. (4.35)

4.6.2 Rewriting the relations

The Faber-Zagier relations are straightforward to rewrite using the above notation:

Eoexp({log(1+pgz+p622+~~+0(p1+p4z+p722+~~))}H)] =0 (4.36)
ZT‘pO’

for 3r > g+ |o|+ 1 and 3r = g + |o| + 1 mod 2. The above relation (4.36) will be denoted FZ(r, o).
The stable quotient relations of Proposition 4.16 are more complicated to rewrite in terms of C

and E. Define a sequence of power series (Cy,)n>1 by

27"C, = 2" 2(2n = 5)!2" T 44" (n — 1)1 Z(6k‘)(6k 4+ 4) - (6k 4+ 4(n — 1))cg p2"T
k=1

We see
Hym(z) =27"2"""{z"""Cp } .
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The series C), satisfy
d
Cl = C, Ci+1 = (1222dz — 422) Ci. (437)

Using the differential equation (4.35), each C,, can be expressed as a polynomial in C' and z:
Ci=C, Co=1-C?% C3=-82—-20+2C3 ...,

Proposition 4.16 can then be rewritten as follows (after an appropriate change of variables):

E-exp |- ) {2~ f<”>og(,,)}ﬁ|A el =0 (4.38)
o#D

2T pe

for 3r > g+ 3|o| — 2¢(c) + 1 and 3r = g+ 3|o| — 2¢(0) + 1 mod 2. The above relation (4.38) will be
denoted SQ(r, o).

The FZ and SQ relations now look much more similar, but the relations in (4.36) are indexed
by partitions with no parts of size 2 mod 3 and satisfy a slightly different inequality. The indexing
differences can be erased by removing the variables ps; (these relations still generate the same ideal,
as discussed in Section 2.4) and reindexing the others by replacing psi4+1 with pgy1. The result is

the following equivalent form of the FZ relations:

[E-cxp(— {log(1+ C(p1 + p22 +p3z2+---))}n)} =0 (4.39)

2T p°

for 3r > g+ 3|o| — 2¢(0) + 1 and 3r = g + 3|o| — 2¢(0) + 1 mod 2.

4.6.3 Comparing the relations

We now explain how to write the SQ relations (4.38) as linear combinations of the FZ relations (4.39)
with coefficients in Q[ko, 1, ko, ...]. In fact, the associated matrix will be triangular with diagonal
entries equal to 1.

We start with further notation. For a partition o, let

FZy = [exp (— {log(1 + C(p1 +poz +p32° +---)}, )],

and

SQ, = |exp | = > {271 Cyoy b

2 pe

7



be power series in z with coefficients that are polynomials in the s classes. The relations themselves
are given by

FZ(r,0) =[E-FZy].,» , SQ(r,o) =[F-SQu].r

It is straightforward to expand FZ, and SQ,, as linear combinations of products of factors {z?C"}
for a > 0 and b > 1, with coefficients that are polynomials in the kappa classes. When expanded,

FZ, always contains exactly one term of the form
{zC}A{2%2Che - - {29 C - (4.40)

All the other terms involve higher powers of C. If we expand SQ,, we can look at the terms of the
form (4.40) to determine what the coefficients must be when writing the SQ,, as linear combinations

of the FZ,. For example,
SQ(111) = _é{cfi}n + %{02}n{cl}n - 1{Cl}i
= 2zt 2{Che— (0% + 1<n0 ) - O
4 1
() (+3) “’“)
+(-3(C%h - OO - OR)

1

4 K
= gl{lz FZ@ + <—3 — 20> FZ(l) + Fz(lll) .

In general we must check that the terms involving higher powers of C' also match up. The
matching will require an identity between the coefficients of C; when expressed as polynomials in

C. Define polynomials f;; € Z[z| by
i
Ci = Z fi;C
§=0

It will also be convenient to write fi; = >, fijkzk, SO

Z fijkszj.

J,k>0
j+3k<i

If we define
Fo1+ > S e Qplfoa),

3,7>1

then we will need a single property of the power series F.
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Lemma 4.17. There exists a power series G € Q[z][[z]] such that F = e¥¢.

Proof. The recurrence (4.37) for the C; together with the differential equation (4.35) satisfied by C

yield a recurrence relation for the polynomials f;;:
firrg =G+ Dfijrr +40 —9)2fij — (G — Dfij-1.
This recurrence relation for the coefficients of F' is equivalent to a differential equation:
Fy, = —yFy, +4zyF, — 4zaF, + yF.

Now, let G € Q[z][[z, y]] be % times the logarithm of f (as a formal power series). The differential

equation for F' can be rewritten in terms of G:
Gz = —2Gy — yGyy — (G + yGy)? + 42(G + yG,) — 422G, + 1.

We now claim that the coefficient of 2¥y! in G is zero for all k > 0,1 > 1, as desired. For k = 0 this
is a consequence of the fact that F' = 1 + O(zy) and thus G = O(z), and higher values of k follow

from induction using the differential equation above. O
We can now write the SQ, as linear combinations of the FZ,,.

Theorem 4.18. Let o be a partition. Then SQ, —FZ, is a Q-linear combination of terms of the
form

nuz‘“‘ FZ,,

where  and T are partitions (u possibly containing parts of size 0) satisfying £(T) < £(c), 3|u| +
3|7 — 26(1) < 3|o| — 2¢(0), and

3|p| + 3|7] — 2¢(7) = 3lo| — 2¢(c) mod 2 .

Proof. We will need some additional notation for subpartitions. If o is a partition of length ¢(o)
with parts 01,09, ... (ordered by size) and S is a subset of {1,2,...,¢(0)}, then let og C ¢ denote

the subpartition consisting of the parts (o;);cs.
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Using this notation, we explicitly expand SQ, and FZ,, as sums over set partitions of {1, ..., ¢(o)}:

1 L |
> = [Rut(o)] Yo I [ X Sfisrandelosm 5o,

PH{1,...4(c)} SEP \ j,k

e 2 I (C0sasi - pueesiosty, ).

PH{1,...0(c)} SEP

FZ, =

Matching coefficients for terms of the form (4.40) tells us what the linear combination must be. We

claim

| Aut(o’)|

S = _ 4.41
Q= 2 [ (440

RH{L,...0(c)}

PUQ=R

k:R—>ZZU

H (= 181,0,5(8) Klos| |5 +k(s) 2|75 TSRS H (fis1,1,k(5)) FZor,

Sepr SeQ

where ¢’ is the partition with parts |og| — |S| + 1+ k(S) for S € Q. Using the vanishing f; j , =0
unless j + 3k < ¢ and j 4+ 3k = i mod 2, we easily check the above expression for SQ, is of the

desired type.

Expanding SQ, and FZ,/ in (4.41) and canceling out the terms involving the f; o coefficients,

it remains to prove

> I (“histsas {7 S 0oy,

QH{1,....L(0)} S€EQ

kQ—>ZZ
7:Q—N

= > [ Usiws) D 1T (« ( DISI(|S| = ifNsI=ISIlsty )
QF{L,...£(0)} SEQ PH{1,..£(c")} SEP
k‘:Q%ZzO

A single term on the left side of the above equation is determined by choosing a set partition Qjef;
of {1,...,£(0)} and then for each part S of Qefr choosing a positive integer j(S) and a nonnegative
integer kgt (S). We claim that this term is the sum of the terms of the right side given by choices
Qright, Kright, P such that Qyigne is a refinement of Qiese that breaks each part S in Qe into exactly

j(S) parts in Qyight, P is the associated grouping of the parts of Qright, and the kyign (S) satisty

k]eft(S) = Z kright(T)

TCS

These terms all are integer multiples of the same product of {z%C*}, factors, so we are left with the
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identity
(—1)0-t
(o — 1)1 edorke = - 4.42
(Jo —1)! Jio.dosko Z H f1s1,1,k(5) (4.42)

PH{1,...,ip} SEP

|P|=jo
k?:PA)ZZO
[k|=ko
to prove.
But by the exponential formula, identity (4.42) is simply a restatement of Lemma 4.17. O

The conditions on the linear combination in Theorem 4.18 are precisely those needed so that
multiplying by E and taking the coefficient of 2" allows us to write any SQ relation as a linear
combination of FZ relations. The associated matrix is triangular with respect to the partial ordering
of partitions by size, and the diagonal entries are equal to 1. Hence, the matrix is invertible. We

conclude the SQ relations are equivalent to the FZ relations.
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Chapter 5

Tautological relations on M,

The ideas in this chapter were originally presented in the notes [32], which were based on informal
talks given by the author at the workshop at KTH Stockholm on “The moduli space of curves and

its intersection theory” in April 2012.

5.1 Introduction

In the previous chapter, we proved that the Faber-Zagier (FZ) relations on M, are not only true
but extend to tautological relations on the compactification Mg. What is this extension? In theory,
the methods of the previous chapter give an explicit answer to this, but the combinatorics of the
stable quotients on the boundary is significantly more complicated®.

In this chapter we give a conjectural description of this extension and also explain how to add
marked points to the relations. The result is a very large class of conjectural relations in the
tautological ring of My ,,.

The motivation for guessing this extension was as follows. First, there is a very natural guess for
FZ-type relations on Mg ,,: in the notation of Section 2.4, the relations in degree d are parametrized
by a partition ¢ with no parts congruent to 2 mod 3 as usual, along with a nonnegative integer
a; not congruent to 2 mod 3 for each marking ¢ = 1,2,...,n. These parameters should satisfy

3d>g+1+o|+>,a;and 3d =g+ 1+ |o| + >, a; mod 2. Then the relations are

n private communication, F. _Janda has announced that he has worked out these details and obtained precisely
the relations conjectured here on M.
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[exp(—{1 = Co(t)}){C1 (O} H{C3 (1)} {Ca(t)} 7 {C()}7° -+~ Cay (1) - Ca,, (¥n)t] 1 = 0, (5.1)

where C3,(t) = tF A(t) and Capy1(t) = t*B(t). Tt is easily checked when n = 1 that these relations
hold in the Gorenstein quotient Gor”™ (Mg 1).

If we assume that all relations on M, ,, are linear combinations of these relations, then this gives
many constraints on relations on ﬂg,n. For any boundary stratum, we may restrict a relation to the
interior of the boundary stratum and then it must be expressable in terms of the relations above.

These constraints lead naturally to the form of the relations conjectured in this chapter.

5.2 The strata algebra

We begin by defining the strata algebra, a commutative algebra formed based on the standard
generating set (2.2) that surjects onto the tautological ring of M, . The strata algebra S, , plays
the same role for M, ,, that the ring of formal polynomials in the kappa classes did for M,.

Let T be a stable graph. A basic class on Mp is defined to be a product of monomials in &

classes at each vertex of the graph and powers of ¢ classes at each half-edge (including the legs),

v=[TITxt1=® - ] ei™ e o (Mr, Q) ,

veV i>0 heH

where r;[v] is the i*! kappa class on Mg(q,)m(v). We impose the condition

> il + Y ylh] < dime M) ne) = 38(v) — 3 +n(v)
i>0 heH[v]
at each vertex to avoid the trivial vanishing of 4. Here, H[v] C H is the set of half-edges (including
the legs) incident to v.
Consider the Q-vector space S, ,, whose basis is given by the isomorphism classes of pairs [I', 7],
where T is a stable graph of genus g with n legs and ~ is a basic class on Mr. Since there are only
finitely many pairs [I', 7] up to isomorphism, Sy, is finite dimensional.

A product on S, , is defined by the intersection theory of My ,,. Let

[F1a71]7 [F2772] S Sg,n
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be two basis elements. The fiber product of &r, and &, over ﬂgm is canonically described as a
disjoint union of & for stable graphs I' endowed with contractions? onto I'y and I's. More precisely,

the set of edges E of T' should be represented as a union of two (not necessarily disjoint) subsets,
E=FUE,,

in such a way that I'y is obtained by contracting all the edges outside E; and I's is obtained by
contracting all edges outside Fs (see Proposition 9 in the Appendix of [17]). The intersection of ¢,
and &r, in ﬂgyn is then canonically given by Fulton’s excess theory as a sum of elements in S .

We define

[Flapyl] : [F2772] = Z[F771725F]

where

er= I —@i+vl)

e€E1NE>
is the excess class. Here, ¢, and ! are the two cotangent line classes corresponding to the two
half-edges of the edge e.
Via the above intersection product, S 5, is a finite dimensional Q-algebra, called the strata alge-
bra. It is straightforward to verify that S, is associative by defining (A, B, C)-graphs analogously

to the (A, B)-graphs in [17]. Pushforward along &r defines a canonical surjective ring homomorphism

q: Sg,n — R* (Mg,n)a q(ﬂ:’)’]) = 51“* (’7)

from the strata algebra to the tautological ring. An element of the kernel of ¢ is called a tautological
relation.
Each basis element [I', ] has a degree grading given by the number of edges of T" plus the usual

(complex) degree of ~,

deg[l', 7] = |E| + dege(7) -

Hence, S, is graded,
39g—3+n

Sy = EB s
d=0

2If there are several different pairs of contractions from a given I', the corresponding & appears with multiplicity.
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Since the product respects the grading, Sy, is a graded algebra. Of course, we have
q:8, = R Mgy, Q) .

In addition, the rules given in [17] and [1] for taking the pushforward or pullback of one of
the generators along a forgetful or gluing map allow us to define Q-linear maps between the strata
algebras lifting the pushforward and pullback maps between the tautological rings. It is again
straightforward to check that these pushforward and pullback maps on strata algebras satisfy the
basic ring-theoretic properties one would expect (i.e. pullbacks are ring homomorphisms and the
projection formula holds). The collection of ideals of tautological relations is clearly closed under

these maps.

5.3 The relations

We now begin to construct conjectural relations in R*(M, ). When n = 0, it will be clear that
the restriction of these relations to the interior are simply the usual FZ relations described by (2.7).
In fact, for all n the restriction of these relations to M, ,, will be the relations (5.1) described in
Section 5.1. The relations are parametrized by the same data as described there: a partition o with
no parts of size 2 mod 3 together with nonnegative integers ai, ..., a, not 2 mod 3, subject to the
conditions 3d > g+ 1+ |o|+ > ,a; and 3d =g+ 1+ |o| + >, a; mod 2.

We denote the relation coming from this data by
R(g,n,d;0,a1,...,0n) € Sgn,
and we write
R(g,n,d;o,a1,...,a,) = Z _ [0, Rr(g,n,d;0,a1,...,a,)],
. TAut ()]

where the sum is over isomorphism classes of dual graphs I'. Here Rr(g,n,d;0,a1,...,a,) is a
polynomial of degree d — |E(T)| in the x and v classes on the components of Mr.

In order to describe this polynomial, we need to modify the definitions used in the FZ relations
to include extra parity information. This will involve augmenting the polynomials and power series

with extra commuting variables ( satisfying (% = 1.
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First, we define series C;(T,¢) € (Q[¢]/(¢* — 1)) [[T7]] by
Cyi(T,¢) = T'A(CT)

and

Cai1(T, ) = CT'B(CT).

Next, if F' is a power series in T and ¢ then we let [F]pn¢a denote the coefficient of T™¢* and

define

{(Fix =) [FlrncaKnoT™
nezL,ac€’/2

where the K, , are formal indeterminates.
Finally, we redefine the ” - ~ kappa basis change operator defined in (2.3) as a linear operator
converting polynomials in the K, , into polynomials in the kappa variables ,[v] along with an

additional variable ¢, (satisfying (2 = 1) for each vertex v, defined by

Keyay - Keya Z H Z Ke.[V]G°

TES c cycle in 7 \veV(T)

where e. and a. are the sums of the e; and a; respectively appearing in the cycle c.

Then we can write

Rr(g,n,d;o,a1,...,a,) = {thl(r) exp ({1 = Co}){Co,}-- {Cs,}
H ’l/)h T Cvl H A«'3:| (52)

ey C B(T) md—|E(T)] H Cg1)+1
veV(T)

where hi(I") = |E(I")| — |V(T")| + 1 is the cycle number of I', marking 4 corresponds to half-edge h;
on vertex v;, and g, is the genus of vertex v.
Also, for each edge e € E(I'), let e; and es be the two halves, attached to vertices v; and v

respectively. The edge contribution A, appearing in the above formula is a power series in T' with

coefficients that are polynomials in ¥1 := 1, , Y2 := 1e,, (1 := (py, and (2 := (y,:

A(CU1T) B (Cat2T) 4+ G B(C1n T) A(Cat2T) 4 C1 + CQ.

Be= (01 02)T
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The fact that 11 + 12 divides the numerator in this formula is a consequence of the identity

A(T)B(-T)+ A(-T)B(T) +2 = 0.

This completes the definition of R(g,n,d;o,a1,...,an).

Conjecture 5.1. R(g,n,d;0,a1,...,a,) maps to 0 € R*(My,) if 3d > g+ 1+ o]+, a;.

In the next chapter, we will prove that these relations are at least true in cohomology (see
Corollary 6.2).

We also conjecture that this construction produces all relations in the tautological ring. To make
the statement of this precise, let Ry, be the linear span of all elements of the strata algebra S,
produced as follows: choose a dual graph I'" for a boundary stratum of ﬂgyn, pick one of the compo-
nents Sg/ p/ in Sp = Sy, n, X -+ X Sy, n,., take the product of a relation R(¢’,n’,d;0,a1,...,a,) on
the chosen component together with arbitrary classes on the other components, and push forward
along the gluing map Sr — Sy.n-

Conjecture 5.2. R, is the kernel of the natural surjection q : Sy — R*(Mg,).

Of course, relations on Mg, can be restricted to relations on Mg, M7t .

or Mg . Strata
algebras for these moduli spaces can be defined in the same way as for M, ,, except with restrictions
on the graphs I', and then there is a well-defined notion of giving all tautological relations there as

well.

Conjecture 5.3. Restricting Ry, gives all tautological relations on Mg’n,/\/l;‘fn, and Mg p.

In the case of My, this conjecture repeats the existing conjecture that the FZ relations give
all relations in the tautological ring of Mg, which is well known to contradict for g > 24 Faber’s
conjecture [9] that this ring is Gorenstein. The conjecture similarly contradicts the Gorenstein
conjecture in various cases for My, and M ; see Appendix A for more details.

The motivation for believing Conjectures 5.2 and 5.3 is mainly just that there are no known coun-
terexamples. The known “exotic” tautological relations, such as Getzler’s relation [12] in R?(Mj 4)
and the Belorousski-Pandharipande relation [4] in R? (ﬂg,g), are contained in Ry .

With the aid of a computer, we have calculated the ideal R, , and the betti numbers of the
quotients Sy ,,/Ry. for many small values of g and n, and also the compact type and rational

tails versions of these quotients. For small values of g and n, these betti numbers agree with the

Gorenstein ranks, many of which were computed by Yang [38]. In such cases, we know that R,
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must contain all relations. For moduli spaces near the boundaries of computability, the relations
Rg,» become insufficient to make the quotient Gorenstein, so there are possible missing relations:
this is the same phenomenon that happens with g > 24 for M,. In Appendix A, we present some

of the data from these computations.

5.4 Properties

In this section we list a couple of properties satisfied by the relations R(g,n,d; o, a1, ..., an).

First, there are no tautological ways of enlarging the space of conjectured relations Ry .

Proposition 5.4. The vector subspace Ry of the strata algebra S, is an ideal. Moreover, this
collection of ideals of the stata algebra is closed under pushforward and pullback by the gluing and

forgetful maps.

Proof. We need to check that the span of our relations is closed under five operations. We will
implicitly use the projection formula and facts about composing pullbacks and pushforwards along
tautological morphisms in order to reduce the number of things that have to be checked. In particu-
lar, we only ever have to apply these operations directly to the basic relations R(g,n,d; o, a1, ..., ax,)

and not to the pushforwards of these from the boundary.

1. Multiplication: First, multiplication by a boundary stratum is the same thing as pulling back
to the boundary stratum and then pushing forward, so it will be handled by the later cases.

Next, multiplication by a psi class is given by the very simple formula
ViR(g,n,d;o,a1,...,a,) = R(g,n,d+ 1;0,a1,...,a; +3,...,a,).
Finally, multiplication by a kappa class is given by the usual formula
kaR(g,n,d;0,a1,...,a,) = kaR(g,d+a,cU{3a},a1,...,a,) —ZR(g,n, d+a;7,a1,...,a,),
™

where the sum runs over partitions 7 formed by increasing one part of o by 3a.

2. Pullback by a gluing map: We consider the gluing map

¢ Mg, ni1 X Mgy npt1 = Mg, 4g, im0 4ns5
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the case of gluing two points on the same curve together follows similarly. We can compute®

" R(g1 + g2, 11 +na,d;0,a1, ..., Qny4ny) =

Z R(g1,m + 1,d1;01,01,- .., an,,€) @ R(g2,n2 + 1,d2;02, Gpyt1; - - -, Gy tny, L — €),
dy+da=d

o1Uos=0
where e € {0,1} is chosen for each term to meet the parity constraint on the parameters. At
least one of the inequalities

3di > g1+ o1l +ai+--+an, +e+1,

3dy > g2+ |02 + Gnyp1 4+ F Anyqm, +(1—€) +1

must hold for each term, so each term belongs to the ideal generated by Ry, n,+1 and Ry, n,+1

inside Sy, n,+1 @ Sga not1-
. Pushforward by a gluing map: The ideals R, are closed under this by definition.

. Pullback by a forgetful map: The basic pullback formula for 7 : M, 11 — Mg, is

W*’;;wal =

1<i<n
=~ € — €; x ~~ ei €1
Ra H 1/)1-1* § Ka\{z} H 1/}1‘1 n+1 E lj, Ra H 7/11‘1 . y
1<i<n r€a 1<i<n 1<j<n 1<i<n

e;>0 i£5

where ¢; : Mg,n x Moz — Mgmﬂ is the gluing map corresponding to the boundary stratum
in which markings j and n + 1 come together and 1, is the psi class at the half-edge leading

to this rational tail.

Applying this, we get

W*R(g7nad;o-aala"'van) = R(gan+1ad;07al7"'7an70)

—ZR(gm—i—l,d;U\{i},al,...,an,i)

€T

— g v, R(g;n,d—1;0,a1,...,8j-1,8j41,...,0n,a; — 3).
1<<n
ajZS

(5.3)

3This is basically the splitting axiom for a cohomological field theory: see Chapter 6.
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5. Pushforward by a forgetful map: When a,41 > 4, we have the very simple formula

mR(g,n+1,d;0,a1,...,an+1) = R(g,n,d — L0 U{an+1 — 3}, a1,...,an).

When a, 41 = 3, we can use the simple combinatorial identity

exp({1 = X} { X}l F1}e - {Fnte = (ko + m)exp({1 — X} ){F1}w - {Fints
to obtain
mR(g,n+1,d;0,a1,...,a,,3) = (29 —2+n+(0))R(g,n,d — 1;0,a1,...,a,).

The pushforward formula when a,y; = 0 or 1 is much more complicated. At first sight, it
isn’t clear how to handle the terms that involve factors {A"’TB}H that appear. However, these

terms can be canceled out by using the differential equations

dA A+ B dB A+ B
864Td—T = —144A + T and 864Td—T =144B + T

and applying TdiT to the vertex and leg factors and 1+ TdiT to the edge factors appearing in

(5.2) to get an alternative expression for d - R(g,n,d;o,a1,...,a,).
O]

We can also ask how many of these relations are actually necessary to generate them all using
multiplication, pushforward, and pullback. To make this question precise, let RZ{% be the sub-ideal
of Ry n generated by S; 9Rgn together with the images of other R, ,+ under pushforwards via

gluing maps or pullbacks via forgetful maps; these are the relations that come from some simpler

moduli space or from lower codimension.

Proposition 5.5. If g > 0 then Rgvn/R;fg is generated by the relations R(g,n,d;o,1,...,1) with

all parts of o congruent to 1 mod 3.

Proof. Let M be the subspace of Rg,n/Rg{(}L generated by the relations R(g,n,d;o,1,...,1) with
all parts of o congruent to 1 mod 3. We need to show that all relations R(g,n,d;o,a1,...,a,) are
contained in M.

Multiplying by kappa and psi classes gives that R(g,n,d;o,a1,...,a,) € M whenever all the qa;
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are nonzero. Now suppose that some a; = 0. By (5.3), we have
R(g,n,d;o,a1,...,an) = ZR(g,n,d;U \{i},a1,...,a5-1,a541,...,an,1)
€0

in Ry n /R‘;l% Each term on the left hand side has one fewer zero in ¢ and the a; combined, so we
may inductively use this equation to write any R(g,n,d;o,a1,...,a,) in terms of relations in which

all the a; are nonzero. This completes the proof. O

In particular, all the new relations in positive genus in our set of conjectural relations are S;,-
invariant. This explains why fundamental relations such as Getzler’s relation [12] in R?(M; 4) are

symmetric in the marked points.
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Chapter 6

Constructing relations II: moduli

of r-spin curves

This chapter presents joint work with Rahul Pandharipande and Dimitri Zvonkine [30, 29].

6.1 Introduction

We prove that the conjectured relations R, of the previous chapter hold in the cohomology ring
H*(M, ,,, Q). By restriction, we obtain a second proof of the Faber-Zagier conjecture in cohomology.

We study here the geometry of 3-spin curves. Witten’s class on the moduli space of 3-spin curves
defines a non-semisimple cohomological field theory. After a canonical modification (obtained by
moving to a semisimple point of the associated Frobenius manifold), we construct a semisimple
CohFT with a non-trivial vanishing property obtained from the homogeneity of Witten’s class.
Using the classification of semisimple CohFTs by Givental-Teleman [14, 36], we derive an explicit

formula in the tautological ring of ﬂg,n for Witten’s 3-spin class and use the vanishing property to

establish the relations Ry .

6.1.1 The tautological relations T

We define a subset T of the tautological relations described in Chapter 5 consisting of the elements

R;A = (=1)TrattaR g n dio =0,a1,...,a,) € S;lyn (6.1)
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associated to the data
® g,n € Z>o in the stable range 2g — 2 +n > 0,

e A= (ay,...,ay), a; €{0,1},

e d € Z> satisfying d > %

(When d # g — 1+ 37 | a; mod 2, we set Ry 4 =0.)
The sign factors appearing in this definition can be interpreted as replacing the standard hyper-
geometric functions A(T) and B(T) by A(—T) and —B(—T); these are how these series will appear

in the homogeneous calibration of the Frobenius manifold associated to As.

Theorem 6.1. Fvery element ’ngA € T lies in the kernel of the homomorphism

q:Sgn = H (Mg, Q).

By Proposition 5.5, the relations T imply the more complete ideal of relations Ry .
Corollary 6.2. The ideal Ry, of relations conjectured in Conjecture 5.1 holds in cohomology.

Furthermore, we will identify R;i ( ) as a simple multiple of Witten’s class for » = 3 when

A1yeeeyQp

d= %Z’“ and a simple multiple of a pushforward of Witten’s class under a forgetful map when
—1+> a;

d< %

6.1.2 Cohomological field theories

We recall here the basic definitions of a cohomological field theory by Kontsevich and Manin [20].
Let V' be a finite dimensional Q-vector space with a non-degenerate symmetric 2-form 7 and a
distinguished element 1 € V. The data (V,n,1) is the starting point for defining a cohomological

field theory. Given a basis {e;} of V, we write the symmetric form as a matrix
ik = 1(€j ex) -

The inverse matrix is denoted by 77 as usual.

A cohomological field theory consists of a system Q = (£4.,)2g—24+n>0 Of elements

Qg,n S H*(ﬂg,nv(@) ® (V*)®n
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We view ), ,, as associating a cohomology class on M, ,, to elements of V assigned to the n markings.

The CohFT axioms imposed on () are:

(i) BEach Qg , is S,-invariant, where the action of the symmetric group S, permutes both the

marked points of M, , and the copies of V*.

(ii) Denote the basic gluing maps by
q: mg—l,n+2 — Mg,n 5

T Mgl,n1+1 X M927n2+1 — Mg,n .

The pullbacks ¢*(€,.,,) and 7*(£2,,,,) are equal to the contractions of Qg_1 p19 and Qg n, 41 @

Qg, no+1 by the bi-vector
Z njkej X ek
3k

inserted at the two identified points.

(iii) Let v1,...,v, € V be any vectors and let p : ﬂgmﬂ — MM be the forgetful map. We
require

Qg,nJrl(Ul R QUup® 1) = p*Qg,n(Ul K- & vn) P

Qo3(v1 @2 ®1) =n(v1,v2) .
Definition 6.3. A system = (Qg,,)2g—2+4n>0 Of elements
Qgn € H (M ,,Q) @ (V*)&"

satisfying properties (i) and (ii) is a cohomological field theory or a CohFT. If (iii) is also satisfied,

QO is a CohF'T with unit.

A CohFT ( yields a quantum product @ on V via
77(’[)1 ® Vg, ”[}3) = 90’3(1}1 [29] U2 & ’Ug) .

Associativity of e follows from (ii). The element 1 € V is the identity for e by (iii).
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A CohFT w composed only of degree 0 classes,

wgnEH( gn)@) ( ) n7

is called a topological field theory. Via property (ii), wgn(v1,...,vn) is determined by considering
stable curves with a maximal number of nodes. Such a curve is obtained by identifying several
rational curves with three marked points. The value of wy ,(v1 @ --- ® v,) is thus uniquely specified
by the values of wy 3 and by the quadratic form 7. In other words, given V' and 7, a topological field

theory is uniquely determined by the associated quantum product.

6.1.3 Witten’s r-spin class

For every integer r > 2, there is a beautiful CohFT obtained from Witten’s r-spin class. We review
here the basic properties of the construction. The integer r is fixed once and for all.

Let V be an (r — 1)-dimensional Q-vector space with basis eg, ..., e,_2, bilinear form

Nab = (€ €b) = datbr—2,

and unit vector 1 = eg. Witten’s r-spin theory provides a family of classes

Wq,n(@17~-~7 )EH*( qn,Q)

for ay,...,a, € {0,...,r — 2}. These define a CohFT by

V®n4)H*( gn7Q) Wg,n(em®"'®ean):Wg,n(ala'“van) .

To emphasize r, we will often refer to V' as V..

Witten’s class Wy (a1, ...,a,) has (complex) degree given by the formula
dege Wyn(ai,...,an) = Dgnlar,...,an) (6.2)
=D+
. .
If Dy (a1, ...,a,) is not an integer, the corresponding Witten class vanishes.

th

In genus 0, the construction was first carried out by Witten [37] using r-spin structures (r*" roots
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of the canonical bundle) and satisfies the following initial conditions:

1 ifay+as+az=r—2,
Wo3(a1,az,a3) = (6.3)

0 otherwise.

1 N

W0,4(1, 1,’/“ — 2,7‘ — 2) = ;[point] S HZ(MOA, Q) .

Uniqueness of Witten’s r-spin theory in genus 0 follows easily from the initial conditions (6.3) and
the axioms of a CohFT with unit.

The genus 0 sector defines a quantum product e on V' with unit eg,
(eq ®ep,ec) = Wos(a,b,c) .

The resulting algebra, even after extension to C, is not semisimple.
The existence of Witten’s class in higher genus is both remarkable and highly non-trivial. An

algebraic construction was first obtained by Polishchuk and Vaintrob [33] defining

Wyn(al,...,an) € A"(Mg.n, Q)

as an algebraic cycle class. The algebraic approach was later simplified by Chiodo [5]. Analytic
constructions have been given by Mochizuki [25] and later by Fan, Jarvis, and Ruan [11]. The

equivalence between the above analytic and algebraic constructions was heretofore unknown.

Theorem 6.4. For every r > 2, there is a unique CohFT which extends Witten’s r-spin theory
in genus 0 and has pure dimension (6.2). The unique extension takes values in the tautological
cohomology ring

RH*(Mg,) C H* (Mg, Q).

As a consequence of Theorem 6.4, the analytic and algebraic approaches coincide and yield
tautological classes in cohomology. Our proof of Theorem 6.4 is not valid for Chow field theories as

topological results play an essential role.

6.1.4 Strategy of proof

Theorems 6.1 and 6.4 are proven together. Let W, ,, be any CohF'T with unit which extends Witten’s

r-spin theory in genus 0 and has pure dimension (6.2).
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We use a canonical procedure (a shift on the Frobenius manifold) to define a new CohFT VN\/g,n

satisfying the following three properties:

(1) VNVO,n in genus 0 is constructed canonically from the genus 0 sector of Wy ,, with the associated

quantum product defining a semisimple algebra on V.,

(ii) the component of \/~Vg’n(ea1 ® -+ ® eq,) in complex degree Dy »(a1,...,a,) equals
Wyn(at,. .. an),
(iii) the class V~\/g7n(ea1 ® -+ ® eq,) has no components in degrees higher than Dy (a1, ..., a,).

In other words, W is constructed from W by adding only lower degree terms.

By the results of Givental and Teleman, W is determined via a universal formula in the tauto-
logical ring by the semisimple genus 0 sector. By property (ii), we deduce a formula for W in the
tautological ring depending only upon Witten’s r-spin theory in genus 0 and obtain Theorem 6.4.

To prove Theorem 6.1, we write explicitly Givental’s formula for the modified CohFT W in the
3-spin case. The series A and B appear in the associated Frobenius structure. By property (iii), we

obtain vanishings in the tautological ring in degrees

for r = 3.

-1 n .
d>Dgynla,...,a,) = %m

The outcome is exactly the relations T.
As a further outcome of the above investigation, we obtain the following formula for Witten’s

3-spin class.

Theorem 6.5. Let r = 3. Then, for g,n € Z>q in the stable range, we have

Wn(ar,. . an) = 291728 (RY (o) € H*(My,0,Q)
when d = % is integral (and Wy n(a1,...,a,) is 0 otherwise).

6.1.5 Plan of the chapter

In Section 6.2, we define the shifted Witten class for the r-spin theory. Theorem 6.4 is proven as
a consequence of semisimplicity and Teleman’s uniqueness result. A short review of the R-matrix
action on CohFTs is presented in Section 6.3. In Section 6.4, we compute the R-matrix for the
3-spin case and prove Theorems 6.1 and 6.5. We conclude by saying a little bit about tautological

relations coming from the r-spin case for r > 3 in Section 6.5.
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6.2 A,_; and the shifted Witten class

6.2.1 Potentials

Frobenius manifolds were introduced and studied in detail in Dubrovin’s monograph [6]. For a
concise summary see [15, Section 1].

As for every CohFT, the genus 0 part of Witten’s r-spin class determines a Frobenius manifold
structure on the underlying vector space V,.. For Witten’s class, the Frobenius manifold coincides
with the canonical Frobenius structure on the versal deformation of the A,_; singularity [7] up to a
coordinate change. We will denote by t°,...,¢" 2 the coordinates in the basis e, ..., e _2 of V..

The structure of a Frobenius manifold is governed by the Gromov-Witten potential. The genus 0

Gromov-Witten potential of Witten’s r-spin class (without descendants) is

tan

0,2 =% z/ Woular, . LS

n>3ai,

Example 6.6. For r = 3, the genus 0 potential obtained from Witten’s class equals

1 1
F(z,y) = 2% *y+ Ey ,

where z = t° and y = t!.

For r = 4, the potential is

1 1 1 1
Fr,y,2) = 57 2+ 5%y +Ey2 2"‘%25

where z =0, y = ¢!, and z = ¢2.

The third derivatives of F determine an associative algebra structure (the quantum product) in
each tangent space to the Frobenius manifold. Let 0; denote the vector field on V,. associated to

differentiation by t*. Then,

Zatz tﬂatkn .

The algebra on tangent spaces is semisimple outside the discriminant of A,_;. For instance, for

r = 3, the discriminant is {y = 0}.
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Definition 6.7. Let 7 € V.. We define the shifted Witten class by

1
W;n(m@...@vn): Z% (pm>*Wg7n+m(’Un®"'®Un®7—®"'®7—)7

m>0

where p,, : mg,ner — Mg,n is the forgetful map.

Remark 6.8. We have the following degree bound:

(g=D(r=2)+> ai+m(r=2)

r

deg | () Wy (€0, © - @ a, 7@+ @ 7)| —m

IN

2m
= Dg_’n(al, .. .,(Ln) — T .

The sum in Definition 6.7 is thus finite for any given g and ay,...,a,. The shifted Witten class is
therefore well-defined. Moreover, the highest degree term of the shifted Witten class is equal to the

Witten class itself — all the other terms are of smaller degrees.

-~

Remark 6.9. Let F(t) and F7(t) be the genus 0 potentials of W and W7 respectively. By elementary
verification,

F7(1) = F(r + 1) — (terms of degree < 3).
The following proposition is a straightforward check:

Proposition 6.10. The shifted Witten class W™ is a CohFT with unit.

6.2.2 The Euler field

A Frobenius manifold is called conformal if carries an affine Euler field E, a vector field satisfying

the following properties:

(i) in flat coordinates t*, the field has the form

; 0
E= (it + B)

(ii) the quantum product e, the unit 1, and the metric n are eigenfunctions of the Lie derivative Lg

with weights 0, —1, and 2 — § respectively.

The rational number ¢ is called the conformal dimension of the Frobenius manifold.
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For instance, on the Frobenius manifold A,_1, an Euler field is given by

Remark 6.11. We follow here Givental’s conventions for the Euler field. In Teleman’s conventions,

the Euler vector field and hence the eigenvalues of Lg have the opposite sign.

Let 2 be a CohFT and V the corresponding Frobenius manifold. Given an Euler field £ on V,

a natural action of E on 2 is defined as follows. Let

deg: H* (Mg, Q) = H*( My, Q)

be the operator which acts on H?* by multiplication by k. As usual, 9; is the vector field' on V

associated to differentiation by the coordinate ¢*. Then
(EQ)gm(0;, ®---®0;,) =

(deg +> ail> Qon (05, ® - ®0;,) + PaQgns1 (ail ®-®0, @Y Biai) :
=1

where p : ﬂg,nH — ﬂgyn is the forgetful map.

Definition 6.12. A CohFT € is homogeneous if
(BEQ)gn =g —1)5+n] Qyn

for all g and n.

Witten’s r-spin class is easily seen to be homogeneous. Indeed, we have

n

Dyn(as,...,an) + > (1 - %) _

=1

r-2@-D+Ya ,  Fa

r—2
—(g—-1)—"4n=(g—1 .
" (g—1) —tn (g—1d+n

The underlying vector space V. and basis e, . .., e,_o are the same for the CohFT obtained from

the shifted Witten class. We denote the coordinates on V. in the basis eq, ..., e._o for the shifted

1We will often use the canonical identification of V with the tangent space of 0 € V.
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r-spin Witten theory by ¢ ©,..., 72,

Proposition 6.13. The shifted Witten class is a homogeneous CohFT with Euler field

r—2
-

of conformal dimension § =

Proof. Assume for simplicity 7 = ud, for some fixed b € {0,...,r — 2}. Denote

Wg7n+m(a(ll ® e ® aan ® 8b ® e ® 8b)

here by just Wy n4m. Then we have

(EWT)gn(0a, ® - ®0,,) =

2 ([T AR I
0

b
+ Z —Uu <1 - T') (perl)*Wg,nerJrl

After simplifying, the above equals

m

(g =13 +n1] Y () Woptm

m>0
-3 s (-2 ) Wae

m>1

umtl b
+ Z (1 - 7”) (pm+1)*Wg,n+m+1~

m!
m>0

The last two sums cancel each other, so we obtain

(9= 06 +1] 3 ) Wi = (g = 15+ 1] Wy, (0, @+~ @ ).

m>0

The general case is similar. O

Since the shifted r-spin Witten class is a homogeneous semisimple CohFT, we can apply the

following theorem by C. Teleman [36, Theorem 1].
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Theorem 6.14 (Teleman). Let Qg ,, be a genus 0 homogeneous semisimple CohF'T with unit. The

following results hold:
i ere exists a unique homogeneous Co with uni n extending Qo to higher genus.
i) Th st jque h CohFT with unit Qg tending Qo p, to high

(i) The extended CohFT g, is obtained by an R-matriz action on the topological (degree 0)

sector of Qo ,, determined by Q3.
(i1i) The R-matriz is uniquely specified by Qo 3 and the Euler field.

The unit-preserving R-matrix action in part (ii) of Theorem 6.14 will be described in Section 6.3,
see Definition 6.21.

We will compute the R-matrix for the 3-spin Witten class in Section 6.4. Since the shifted 3-spin
Witten class (considered for all genera) is a homogeneous CohFT with unit, the expressions obtained
by the R-matrix action coincide with the shifted 3-spin Witten class. In particular, if we split the

expression of the R-matrix action into pure degree parts, the parts of degree

d>Dgnlai,... an)

vanish while the part of degree Dy (a1, ..., ay) coincides with Witten’s class, which proves Theo-

rem 6.4.

6.3 The R-matrix action

We describe the R-matrix action on CohFTs. The action was first defined on Gromov-Witten
potentials by Givental [14]. Tts lifting to CohFTs was independently discovered by several authors:
the papers by Teleman [36] and Shadrin [34] give an abbreviated treatment of the subject and refer
to unpublished notes by Kazarian and by Katzarkov, Kontsevich, and Pantev. For a detailed and

self-contained exposition of the subject, see Section 2 of [30].

6.3.1 The R-matrix action on CohFTs

Let V be a vector space with basis {e;} and a symmetric bilinear form 7. Consider the group of
End(V)-valued power series

R(z) =1+ Riz+ Roz? + - -- (6.4)
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satisfying the symplectic condition,

R(z)R*(-2z)=1,

where R* is the adjoint with respect to 7.

Remark 6.15. Let R;‘f be the matrix form of an endomorphism R in the given basis,
R (tjej) = Z R;-“tj e .
3ok
The symplectic condition in coordinates is

R} (2)n"* R¥(—2) 0w = 03,

1

After multiplying by n~" on the right, we obtain equivalent condition in bi-vector form

RI(2)n'*RE(—2) = 7" .

We conclude that the expression '
* — R (2)n" R (w)

z4+w

is a well-defined power series in z and w.

_ 1

Associated to R(z) is the power series R™1(2) = Rz Which also satisfies the symplectic condition.

Hence,

W) ¢ ye2[, 4. (6.5)

We will denote the series (6.5) by

=R () 'R (w)"
24w

for short (where the superscript t denotes matrix transpose).

Let Q = (24,n)2g—2+n>0 be a CohFT on V, and let R be an element of the group (6.4). The
CohFT R} is defined as follows.
Definition 6.16. Let Gq ,, be the finite set of stable graphs of genus g with n legs. For each I' € G .,
define a contribution

Contr € H*(M,,,,Q) ® (V*)®"
by the following construction:
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(i) place Qg(y)n(v) at each vertex v of T,
(i) place R=1(yy) at every leg [ of T,
(iii) at every edge e of I, place

nt - RO R )
VLV |

Define (RQ)4, to be the sum of contributions of all stable graphs,

1
(RQ)gn = FGZGj TR @) Contr .

We use the inverse of the R-matrix in all of our formulas in Definition 6.16. There are two
reasons for the seemingly peculiar choice. First, the result will be a left group action rather than
a right group action on CohFTs. Second, the same convention is used by Givental and Teleman in
their papers.

A few remarks about Definition 6.16 are needed for clarification. By the symmetry property of
CohFTs, the placement of {2, n(») does not depend upon an ordering of the half-edges at v. At a

leg | attached to a vertex v, we have
R™Y () € H*(Mg(v)n(v), Q) @ End(V).

The first factor acts on the cohomology of the moduli space My, », by multiplication. The endo-
morphism factor acts on the vectors which are “fed” to {g(,) n(») at the legs.
For an edge e attached to vertices v’ and v” (possibly the same vertex), denote by M, ,,» and

ﬂgu,nu the corresponding moduli spaces. The insertion on e is an element of
H*(Myrnr, Q) @ H* (Mg i, Q) @ VE?

obtained by substituting z = ., and w = ¢” in (6.5). Once again, the cohomology factors act on
the corresponding cohomology spaces by multiplication. The bivector part is used to contract the
two covectors sitting on the half-edges e’ and €’ in the corresponding CohFT elements at v’ and v.
In the expression R™ (. )n PR (¢!)t, the bivector n~ 1! sits in the middle of the edge, while the
action of R~ is directed from the middle of the edge towards the vertices.

The similarity of Definition 6.16 with the form of the relations R; 4 inspired the work presented

in this chapter.
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Proposition 6.17. The R-matriz action is a left group action on the set of CohFTs.

6.3.2 Action by translations

Let 2 be a CohFT based on the vector space V', and let
T(2) = Toz? + T3z + -

be a V-valued power series with vanishing coefficients in degrees 0 and 1.

Definition 6.18. The translation of Q by T is the CohFT T2 defined by
(TQ)gn(v1 @ ®vy)

=Y ) Ly (11 E D0 B T @+ 8 TWnim),

m
m>0

where py, : My nim — My, is the forgetful map.

The use of T'(¢;) as an argument in a CohFT is an abuse of notation. The result should be

understood as

Q- TW)---) = ngg’n(. T o).

k>2
Remark 6.19. The action by translations is very close to the shift of Definition 6.7. However,
unlike shifts, the translation action is always well-defined for degree reasons: the degree of the mt"

summand of the definition is at least m, so the sum is actually finite for any given g, n.

The action by translations can be described in terms of stable graphs. It is a summation over
stable graphs with a single vertex and n + m legs for m > 0. The first n legs carry the vectors
v1,...,Un, and the last m legs carry the series T'(1;). The latter legs are then suppressed by a
forgetful map. We will call the first n legs main legs and the last m legs k-legs, since the push-

forward of powers of -classes gives rise to k-classes.

Proposition 6.20. Translations form an abelian group action on CohFTs.

6.3.3 CohFTs with unit

Let Q be a CohFT with unit 1 € V satisfying

Qg,n+1(01 R QUy X 1) = p*ng(m Q- ® Un),
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Qo 3(v1 @v2 ®1) =n(vy,v2) ,

where p : ngnﬂ — Mg,n is the forgetful map. The R-matrix action and the translation action
defined in the previous sections do not preserve the property of being a CohFT with unit. However,

the two actions can be combined in a unique way so as to preserve the unit.

Definition 6.21. Let © be a CohFT with unit 1 € V. Let R(z) be an R-matrix satisfying the

symplectic condition, and let
T(z) =z-[1—-RY(1)](2) € 22V[[2]].
The unit-preserving R-matriz action on 2 is
RQ=RTQ .

Proposition 6.22. The unit-preserving R-matriz action is a left group action on the set of CohFTs

with unit.

6.4 The R-matrix for A,

We compute the R-matrix for the Frobenius manifold of the A, singularity and deduce an expression
for the shifted 3-spin Witten class in terms of stable graphs. The outcome is a proof of Theorems 6.1

and 6.5.

6.4.1 The Frobenius manifold A,

We compute all the differential geometric data associated with the Frobenius manifold As for use
in the following calculations.

The Frobenius manifold A, is based on the 2-dimensional vector space? V with coordinates
x =t and y = t! corresponding to the remainders 0 and 1 modulo 3 respectively. The unit vector

field is 0, = %. The metric is

n=dr®dy+dy®dr or n=

2In the notation of Section 6.1.3, V is V3.
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Since the only nonzero values of Witten’s 3-spin class in genus 0 are
1
W073(07071) = 1) W0,4(1a17151> = 5 5

the genus 0 Gromov-Witten potential is

_ 1, L4
Flz,y) = 5e%y+ =y
The Fuler field is
g 2 0
E=g— + y— .
x8w+3 dy

The Lie derivatives of E on the basis vectors fields are easily calculated:

Lp(0:) = [E,0:] = =0, ,

2
LE<ay) = [Ea ay] = _gay :

By Proposition 6.13, the conformal dimension equals

r—2

1
0= —_
r 3

Let v be a tangent vector at a point of the Frobenius manifold. We define the shifted degree

operator u(v), also called the Hodge grading operator, by
p(v) =[E,v]+ (1 —-4§/2)v.

Here, the vector v is extended to a flat tangent vector field in order to compute the commutator.

We have

Definition 6.23. To simplify the formulas, we will use the following notation:

¢ = % ’ 51 = ¢1/4az ) 51/ = ¢_1/4ay :
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The frame (53;, 5y) in the tangent space of V at (z,y) is the most practical for the computations.

The dual frame of the cotangent space is denoted by
dr = q§_1/4dac , c/l\y = q§1/4dy .

The quantum multiplication of vector fields on the Frobenius manifold is given by

x ® Oy = ¢1/4a$
595 . Ay = ¢1/45 ,
dy ® 0y = ¢*/*0

)
)

Whether in basis (9,,0,) or in frame (9;,9,), the shifted degree operator is expressed by the

matrix
1(-1 0
0 1

Unlike 0, the vector field 535 is not flat. However, in the definition of u, we use the flat extension
of 593 at a given point, which only differs from 0, by a multiplicative constant.
We will also need the operator £ of quantum multiplication by E. In the frame (5% 51/), £ is

given by
T 2¢3/2

2(;53/2 T

Remark 6.24. The computations not involving the Euler vector field apply more generally to 2-

dimensional Frobenius manifolds whose Gromov-Witten potential has the form

1
Fz,y) = 55622/ + ®(y)

with the convention ¢ = ¢(y) = ®"”'(y). For instance, the Gromov-Witten potential of CP! has the

above form with

D =¢=0Qe".
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6.4.2 The topological field theory

A topological field theory wy ,, is a CohFT of degree 0, as discussed in Section 6.1.2. Teleman’s re-
construction, used to prove Theorem 6.14, expresses every semisimple CohFT (2 as a unit-preserving

R-matrix action (see Definition 6.21) on the topological field theory wy , with unit where
wo,3 = 0,3.

Let us start by determining the topological field theory wy , for Witten’s 3-spin class.

Lemma 6.25. For the topological (degree 0) part of Witten’s 3-spin theory, we have

2g—24n

RN RNy odd
Wyn (0™ ®@0,™) =299 - 0055,

where n = ng + ny. Here,

odd 1 if g+ ny is odd,
6g+n1 =

0 ifg+ny is even.

Proof. The values of wy 3 are prescribed by the quantum product:

~

wo (8 ®0, ;) = wo(@n®8,®8,) = 0
wo(é\x@gx@gy) = w0(5y®5y®§1J) = ¢1/4'

For other g and n, we consider a stable curve with a maximal possible number of nodes (each
component is rational with 3 special points). The vectors ('/3\35 and 51/ are placed in some way on
the marked points, and we must place either 530 ® 5,/ or 5y ® 530 at each node in such a way that
the number of gy’s is odd on each component of the curve. If g + n; is even, such a placement is
impossible. If g+ ny is odd, the placement can be done in 29 ways, since the dual graph of the curve
has g independent cycles.

By the factorization rules for CohFTs, the contribution of each successful placement of the dy's

and 5y’s equals q{)2g742 M, where 2g — 2 4+ n is the number of rational components of the curve. [

6.4.3 The R-matrix

Givental [15, pages 4-5] gives a general method for computing the R-matrix of a Frobenius manifold

without using an Euler field. The method is ambiguous: the R-matrix depends on the choice of
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certain integration constants. In the presence of an Euler field E, there is a unique choice of constants
such that

LERm = —mRm

for every m. In the conformal case, Givental’s method can be simplified by substituting ig into his
recursive equation. The simplified method for computing the R-matrix of a conformal Frobenius
manifold is given, for instance, by Teleman [36, Theorem 8.15]. Since the 3-spin theory yields a
conformal Frobenius manifold, the simplified method is suitable for us.

Let & be the operator of quantum multiplication by the tangent vector E. The matrices R,, then

satisfy the following recursive equation?:

[Rm—&-l,f] = (m + /J')Rm- (66)

At a semisimple point of a conformal Frobenius manifold, the above equation determines the matrices

R,, uniquely starting from Ry = 1. Let

Using the formulas of Section 6.4.1 for £ and p, we rewrite (6.6) as

Gm+1  Om+1 x 2¢3/2 1 [6m-—1 0 am b

et dmet ] \ 2632z 6V 0 em+1) \em dnm

or in other words

2¢3/2 b+l — Cm+1 Gm+t1 — Ayl _ 1 (6m — Da,, (6m —1)b,,

dm+1 — Gmt1 Cmt1 — bt 6 (6m + 1)c,  (6m + 1)d,,

3In Teleman’s paper, the commutator has the opposite sign, since his Euler field is the opposite of ours.
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The following formulas are easily checked to be the unique solutions:

- 1 1+6m  (6m)! oven
T28m g3m/2 1 —6m (3m)! (2m)! T
b — 1 1+6m  (6m)! odd
AT28m ¢3m/2 1 —6m (3m)! (2m)! "
o = 1 (6m)! sodd
"1728™m ¢3m/2 (3m)! (2m)! ™
_ 1 (6m)!  ceven

1728m ¢3m/2 (3m)! (2m)! ™

We now make explicit the connection with the A and B power series discovered by Faber and

Zagier, which we alter slightly:

Bo(T) :

AT) = X s (<) BA(T) =

2m)!(3m —B(-T) = Z Lrom () !(*T)m-
m>0

= 1—6m (2m)!(3m)

Denote by B, Bgdd, B{"" and Bcl’dd the respective even and odd degree parts. The final

expression for the R-matrix is:

z z
Beven _Bodd
! (1728 ¢>3/2) ! <1728 ¢3/2)

_Bodd < Beven <
0 (1728¢3/2> 0 <1728¢3/2

The symplectic condition for the R-matrix follows from the identity
By(T)B1(-T) 4+ Bo(—T)B:(T) = 2,

or, equivalently,

BY“(T)BY(T) — By (T)BY(T) = 1.
Using the identity, we find

even z odd z
B —~ ) B —
0 (1728 ¢3/2) ! (1728 ¢>3/2)
R(2) = . (6.8)

Bodd < Beven <
0 (1728¢3/2> ! (1728¢3/2
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6.4.4 An expression for the shifted 3-spin Witten class

We combine here the expression for the topological field theory from Section 6.4.2 with the R-matrix

action from Definition 6.21 using the explicit formulas for the R-matrix of Section 6.4.3

Let 7 = (x,y), y # 0, be a point of the Frobenius manifold As. Let aq,...,a, € {0,1} and let

D:9—1+Z?:1ai
3

be the degree of Witten’s 3-spin class. By convention, ¢ = y/3. Recall the expressions Rg (@10
of (6.1).

Theorem 6.26. Witten’s class for the shifted 3-spin theory equals

W7, (0 ® -+ ® 0a,) —292¢1728d q( j(ah,,,,an))v

where Oy = Oy, 01 = 0y.

The following Corollary is an immediate consequence of Theorem 6.26 and the equation

Wy (0o, @ -+ ® 0a,) = Wy n(ar,...,an) + lower degree terms.

explained in Section 6.2. Theorems 6.1 and 6.5 are implied by the Corollary.

Corollary 6.27. We have the evaluations:

q (R;’(al,”_ﬂn)) = 291728P W, (as, ..., an)

9 (RZ,(al,..,,an)) =0

for d=D,

for d> D.

Proof of Theorem 6.26. By Teleman’s reconstruction result in the conformal semisimple case, Wit-

ten’s shifted 3-spin class is given by R.w where

e R is given by (6.7),
e w is the topological part of the shifted 3-spin theory.

The proof now just amounts to a systematic matching of all factors in the sums over stable graphs

which occur in Definition 6.21 for the R-matrix action and Section 5.3 for R4

g,(a,..., an)’
Consider first the expression for the CohF'T R.w applied to a tensor product of n vectors 0, and

0,. As before, we denote by ng and n; the number of Os and 1s among a4, . .., a, so that ng+n; = n.
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Powers of ¢.

Since we wrote the R-matrix in frame (530, 5y), we must substitute

0y = 7140, . 0, ¢4,

n1—mng

in the tensor product argument for R.w. The result of the substitution is a factor of ¢ = =

By formula (6.8), all coefficients of R} contain a factor of ¢—3m/2 Tracing through the defini-
tions of the actions

Rw=RTw, T(z)=z [0, — R 0.,)](2), (6.9)

3d/2

the R-matrix contributes a factor of ¢~ , where d is the degree of the class.

By Lemma 6.25, the topological field theory w contributes (subject to parity condition accounted

for later) a factor of "= for every vertex v. These factors combine to yield ¢~

Finally, each k-leg created by the translation action contributes in two ways. First, since we
must substitute

By — ¢~ 115,

in formula (6.9) for T'(z), each k-leg contributes ¢~ /4.

Second, because the k-leg increases the
valence of the vertex by 1, a factor of ¢/ is contributed via the topological field theory. Thus, the
contributions of each k-leg to the power of ¢ cancel.

Collecting all of the above factors, we obtain a final calculation of the exponent of ¢:

nl—no_?)d 29—2+n g—1+4+mn—-3d 3D-3d 3

4 2 4 2 5 —aP—d)
Powers of 1728.

All coefficients of R;,! contain a factor of 1/1728. Hence, as above, we obtain a factor of 1728 ¢

from the R-matrix action.
Powers of 2.

At each vertex the topological field theory contributes a factor of 29. These combine into

29
H QQU = W
veV(T)

The factor 2=%' @ is present in the definition of R‘; (@100msin)? and the remaining 29 is included in
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the statement of Theorem 6.26.
Parity conditions at the vertices.

The topological field theory w provides a nonzero contribution at a vertex if and only if g, +n1(v)

is odd. We must prove the parity condition which occurs in the definition of RZ-(a an) exactly

1seees
matches.

d

The parity condition is imposed on Rg (a1,..

am) by extracting the coefficient of (9°~!, at each
vertex v: see (5.2). We may view the factors of (, as having the following sources. A leg carrying
the assignment a; = 1 (corresponding to 9,) contributes a (,, while a leg carrying the assignment
a; = 0 (corresponding to 9,) does not. The terms of B (including the effect of the s-legs) and the
terms of BSY contribute a ¢,. The terms of B and BS"*™ do not contribute anything (because

they leave the parity invariant). Finally, every edge insertion A, contributes a factor if e is adjacent

to v. The edge term can be expanded via
BO _ Bgvcn + Bgdd , B1 _ Bi}vcn + Bcl)dd

and matched with the edge term of the CohFT R.w using (6.5) and (6.8). Then the contributing
factor is (, if the bi-vector includes a factor §y on the side of the vertex v and 1 otherwise. Hence,
the power of the variable (, correctly counts the parity of entries 5y submitted to the topological

field theory w at the vertex v.

Coefficients of the series B, B;.

d

These coefficients simply coincide in the expression for Ry ,

~ay) and the formulas of the

unit-preserving R-matrix action in all instances (legs, x-legs, and edges). O

6.5 Higher r

The methods used in this chapter can also be applied to study the shifted r-spin Witten class
when r > 3. The result will be the construction of more families of tautological relations on Mg,n,
beginning in codimension % g now instead of . This section outlines some preliminary results on
this subject from ongoing work [29].

The most notable change that occurs with higher r is that there are multiple distinct choices of

shift 7 = (zg,...,2y—2). In the case r = 3, only the value of 21 matters, and that value just scales

the resulting theories. Now we must choose a point [x; : -+ : 2,_5] € pr—3.

114



6.5.1 Quantum product

The computations in Section 6.4 are for the most part straightforward to modify for the Frobe-
nius manifold A,_;. The exception is the structure of the quantum multiplication at the shift 7.

Computing this requires knowing the dimension 0 part of the r-spin Witten classes
Wonl(a,b,e,7,7,...,7).

It turns out that there is a very nice combinatorial formula for these classes.

For ay,...,an € {0,...,7 — 2}, let WO (ay,...,a,) € Q be equal to z if Wy ,(as,...,a,) is =
times the class of a point and 0 otherwise. By the dimension formula for the Witten class, this
means that W (ay,...,a,) =0 unless 31" a; = (n — 2)r — 2.

Denote by pi the k-th symmetric power of the standard 2-dimensional representation of sls.
It is well-known that dimp, = k + 1 and the pg, k& > 0, form the complete list of irreducible

representations of sls.

Theorem 6.28. Let ai,...,a, € {0,...,7 — 2} such that > | a; = (n — 2)r — 2. Then we have

(n—3)!

| . S|2
dim [pr_g_al Q- Q pr—2—an} )

W(O)(alw-wan):W

where the superscript sla denotes the sla-invariant subspace.

Proof. Let a,b,c,d,e1,...,ep € {0,...,r — 2} satisfy a+b+c+d+ > e, = (k+ 1)r —2. Then
Wo k+a(a,b,c,d,eq, ..., ex) is a 1-dimensional class, and we may get a relation between the WO by
cutting this with a relation between boundary divisors on My j14 and using the CohFT splitting

axiom for W. If we use a pullback of the WDVYV relation on MOA, we get

IuJ={1,...,k}
*Fx=r—2
= Z WO (er,a,d, x) WO (es,b,¢,%),
IUJ={1,....k}
*+x=r—2

where e; and e are the inputs (e; : ¢ € I) and (e; : j € J) respectively, and * and * are nonnegative
integers with sum r — 2.
It is straightforward to check that the theorem statement is true for n < 4, and then the WDVV

equation above uniquely determines W (ay,...,a,) for n > 5. So it suffices to check that the sl,

115



formula also satisfies this WDVV equation. Replacing each of a,b,c,d,e1,...,ex by r — 2 minus

itself, the desired identity is

Z \I\!\J|!<el,a,c,2r—4—a—c—2|]|—Zel)x

IuJ={1,...,k} el

(es,b,d,2r —4—b—d—2\0 = e;)

jed
= > [Nera.d2r—4—a—d—2/I| - e;)x
IuJ={1,....k} iel
(eJ,b,c,ZT—4—b—c—2|J|—Zej>,
jed
where
sl
<ala"'7ak> = dim|:pa1 & ®panj|
and
k
a+btctd+ ) e =3r—6-2k
i=1

The following formula for the dimensions of the sly-invariants follows easily from the multiplica-

tion rule for the p,:

k
- 1 —tet!
(ar,...,ax,28 —a; — - —ag) = |(1 =1t 1)1_[17_15

i=1 ts

Applying this formula, we can rewrite the identity we want to prove as saying that

1 — oty (1 — et ) (1 — 0t 1) (1 — gdt? t— teit? w— ut?
(| e

IUJ={1,....k} i€l jeJ et

is equal to the same thing with ¢ and d swapped.
Subtracting one side from the other and moving factors outside the sum, we have that it is

equivalent to show that the coefficient of "~ tu" ! in

_ 4c+1 o ud+1 o _ 4d+1 o uc+1
(1 _ ta+1)(1 _ ub+1) (1 t )(1 (1 _)t)(l(l_ u)t )(1 ) >
_ uej+2

t—t%"t? ru
Yo 11—

IuJ={1,....k} il jeJ
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vanishes. Interchanging ¢t and v and adding, we can replace this polynomial by a symmetric one:

(1 _ tc+1)(1 o ud+1) _ (1 _ td+1)(1 o chrl)

- 00w

e;+2

t—geit2 u—u
> 1+

TuJ={1,....k} iel jeJ

((1 . taJrl)(l . ubJrl) o (1 o tb+1)(1 o ua+1))

Now replace t by t/v and u by u/v and multiply by v for m = a+b+c+d+3+2§zl(ei+2) = 3r-3.
Also replace a,b,c,d by a—1,b—1,c—1,d—1 and e; by e; — 2. The resulting identity to be proven
is that the coefficient of t"~'u"~'v"~! vanishes in the polynomial
(t9ub — ust® — 9P 4+ vt + ut® — vrub)(tud — udte — tev? + vetd + utv? — veud)
t2u — ut — t2v + v2u + u?v — v2u

t%v — vt u®v — vy
t—wp > NI ] — 11 —

IuJ={1,....k} i€l jeJ

The initial factor is invariant under cyclically permuting ¢, u,v, so this is equivalent to the
coefficient of t"~!u"~1v"~! in the polynomial
(toub — u® — 12 + vob + uvb — v2ub)(tu? — udte — tv? + vetd + ucvd — veud)
t2u — u2t — t2v + v2u + uZv — v2u

DI DENNFIF) ) Ry ) [y

cyc IuJ={1,....k} i€l jeJ

X

being zero, where the sum runs over the three cyclic permutations of ¢, u,v.

In fact, we claim that

S-we Y [T [ (6.10)

cyc TuJ={1,...k} iel jeJ

for any e; € Z. It remains to prove (6.10) to complete the proof of the theorem.
Let AUBUC ={1,...,k} give an partition of the e; into three sets, of sizes a = |A|,b = |B|,c =

|C|. We can compute the coefficient of [, , t* [[,c g u® [[;cc v in (6.10):

St-up Y (j) (i +a)l(j +b)! <tfv>a (uiv)b (t:tv)i (u__“v)j =0,

cyc i+j=c

where now a, b, ¢ are also cyclically permuted in correspondence with ¢, u, v.
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Multiplying by (—1)+b+¢(t — u)* P (y — v)*+¢(v — )¢ and dividing by a!blc! gives

Z Z (_1>b+i (a + ’L) (b _‘._']>tiuj’va+b+l(t . u)a+b+1(u . U)i(v _ t)j -0
cyc i+j=c L J
Now set 71 = t(u — v), 29 = u(v — t),r3 = v(t — u), multiply by y¢y5ys, and sum the left hand

side over all nonnegative integers a, b, c. The result is

x3
Z (1 +21y3 — 23y1) (1 + 23y2 — T2y3)’

cyc

which expands to
I + X2 =+ I3
(1 4+ z1ys — z3y1) (1 4 z2y1 — 2192) (1 + 23y2 — T2y3)

But z1 + 22 + 23 = tu — tv + uv — ut + vt — vu = 0, so this is zero, as desired. O

6.5.2 The shift by 7 =(0,...,0,r¢)

Let a4+ b+ c=1r—2+ 2k. By Theorem 6.28, we have

f—k{ if min(a,b,c) >k,
Wi(a,b,c,r—2,...,r—=2) =
—_—————

K 0  otherwise.

This implies that the quantum multiplication at 7 = (0, ...,0,r¢) is given by

min(a,b)

Dy 00y = > 0" Oatb—2k-
k=max(0,a+b—r-+2)

Using this, it is straightforward to compute the R-matrix and then a family of tautological
relations on Mgﬁn. When restricted to M, these relations are precisely the generalized FZ relations
of Theorem 3.2.

The other shifts 7 = (0,...,z;,...,0) can also be studied for i = 1,2,...,7 — 3. In each case, we

obtain a formula for the r-spin Witten class and a family of tautological relations, true in cohomology.
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Appendix A

Computations

Sage [35] code written by the author to compute the relations of Chapter 5 can be found at
http://www.math.princeton.edu/~apixton/programs/. There is also some code to compute the
Gorenstein ranks of tautological rings.

The code works by making a list of all possible dual graphs for a given moduli space of curves
(M7t M€, or M) and then decorating the dual graphs with kappa and psi classes to construct
a list of generators for the strata algebra. Then given parameters for a relation, it computes the
coeflicient of each generator in the relation. The program can then compute the betti numbers of
the quotient of the strata algebra by the span of all of the conjectured relations. Conjecture 5.3 says
that these are actually the betti numbers of the tautological ring. Non-conjecturally, this procedure
gives upper bounds on the betti numbers of the tautological cohomology by Theorem 6.1.

If these bounds agree with the Gorenstein ranks (which are computed by implementing the multi-
plication rule described in [17]), then the result is that the tautological cohomology ring is Gorenstein
and all relations are given by our conjectured list of relations. If there is a discrepancy between the
ranks given by the relations and the Gorenstein ranks, then we predict that the tautological ring is
not Gorenstein. Figuring out a way of resolving whether the tautological ring is Gorenstein in these
situations seems to be a difficult problem. The case of Mg is especially intriguing.

We now give several tables presenting some of the data that was obtained with this code. Com-
putationally, progressing much beyond what is presented would require either significant code opti-

mization or use of a dedicated computing cluster. For ease of computation, we always restrict to the

rt

Sp-invariant part when there are n marked points. Also, instead of doing computations in My’ ,

we work with C7', the nth power of the universal curve over M. The tautological rings of these

LOur conjectured set of relations on ./\/lgtn can be pushed to Cg via the canonical map 7 : M;fn —Cg.
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two spaces are very closely related, and it seems likely that the Gorenstein discrepancies are always
equal in these two cases.

In the following tables, an asterisk indicates a Gorenstein discrepancy. All middle-dimensional
ranks listed agree with the Gorenstein rank, including RS(Mj3). Blank entries do not usually mean
that the ring is zero; for computational reasons, we often did not compute the ranks for d > % +1,
where D is the socle degree. Question marks indicate that d < % + 1 but that the computation was
too demanding to finish.

The minimal locations of Gorenstein discrepancies among those that were found are
M24,C20,C%%Cﬁ,Cﬁ,C?O,CS, gﬂ 3,2' (Al)

In each case, there is a unique S,-invariant missing relation in degree d = L%J + 1.

Conjecture A.1. The tautological rings of the moduli spaces listed in (A.1) are not Gorenstein.
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Ranks given by relations for Rd(C;‘)S“

d: 1 2 3 4 ) 6 7 8 9 10
n=1: | g=18: 2 4 7 12 19 30 42 93 93 42
g=19: 2 4 7 12 19 30 43 o7 64 57
g=20: 2 4 7 12 19 30 44 61 75 T6*
n=2: | g=15: 3 7 13 24 40 62 81 81 62
g=16: 3 7 13 24 40 64 88 103 88
g=17: 3 7 13 24 40 65 95 122 123*
n=3: | g=12: 3 9 19 3r 62 87 87 62
g=13: 3 9 19 3r 64 97 114 97
g=14: 3 9 19 37 65 105 140 141*
n=4: | g=9 3 10 24 47 69 69 47
g=10: 3 10 24 49 79 98 79
g=11: 3 10 24 50 87 124 125*
n=>5: | g=8: 3 10 25 52 YT 7 52
g=9 3 10 26 57 95 117 95
g=10: 3 10 26 59 106 152 153*
n=6: | g=T: 3 10 25 51 76 76 o1
g=38: 3 10 26 58 98 121 98
g=9: 3 10 27 63 117 168 169*
n="7: | g=6: 3 10 23 44 62 62 ?
g="T: 3 10 25 53 87 106 87
g=8: 3 10 26 60 110 157 157
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Ranks given by relations for Rd(/\/lz}n)sn

d]0 1 2 3 4 5
n=0: | g=2: | 1 1

g=3: |1 2 2 1

g=4:11 3 6 6 3

g=5:|1 3 10 19 19 10

g=6: |1 4 15 42 71  72*
n=1:| g=2: |1 2 1

g=3: |1 4 7 4 1

g=4:11 5 17 256 17

g=5:|1 6 28 75 107 7
n=2:|g=2:11 4 4 1

g=3: |1 6 17 17 6

g=4:11 8 36 81 81

g=5:|1 9 57 205 405 406*
n=3: | g=2: | 1 5 10 )

g=3:|1 8 32 52 32

g=4: |1 10 62 190 285 190
n=4: | g=2: | 1 7 20 20

g=3:|1 10 53 125 125

g=4: |1 13 96 387 799 799

Ranks given by relations for R (M, )"

d{0 1 2 3 4 5 6
n=0: | g=2: | 1 2 1

g=3: |1 3 7 10 7

g=4: |1 4 13 32 50 50

g=b:|1 4 19 65 165 291 355
n=1: |g=2:11 3 5 3

g=3:|1 5 16 29 29

g=4: |1 6 30 93 191 240 ?
n=2:|g=2:|1 5 11 11

g=3: |1 7 31 74 100 74
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