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Chunyu Yang, Member, IEEE, Qingling Zhang,
Jing Sun, Fellow, IEEE, and Tianyou Chai, Fellow, IEEE

Abstract—This technical note investigates the absolute stability problem
for Lur’e singularly perturbed systems with multiple nonlinearities.
The objective is to determine if the system is absolutely stable for any

�� �, where denotes the perturbation parameter and is
a pre-defined positive scalar. First, an -dependent Lur’e Lyapunov
function is constructed that facilitates the stability analysis of the singu-
larly perturbed system. Then, a stability criterion expressed in terms of

-independent linear matrix inequalities (LMIs) is derived. Based on the
stability criterion, an algorithm is proposed to compute the stability bound
that is shown to be less conservative than those computed using other
existing methods. Finally, examples are given to show the feasibility and
effectiveness of the obtained method.

Index Terms—Absolute stability, linear matrix inequality (LMI), Lur’e
Lyapunov function, Lur’e singularly perturbed systems (SPSs).

I. INTRODUCTION

Many dynamical systems, such as convection-diffusion systems,
power systems, magnetic-ball suspension systems, contain both slow
and fast dynamical phenomena which may lead to high dimensionality
and ill-conditioned issues in system analysis and controller design
problems. To deal with these problems, the multiple-time-scale sys-
tems are usually modeled as singularly perturbed systems (SPSs), with
a small singular perturbation parameter � determining the degree of
separation between the “slow” and “fast” modes of the system (see,
e.g., [1]–[12]). For SPSs, a key aspect is analyzing the robustness of
system stability/performance with respect to the perturbation param-
eter �. The robustness of stability is often referred to as the problem of
determining the stability bound �� such that the system is stable for all
� � ��� ��� or ��� ���. Many results on the stability bound problem of
SPSs have been developed (see, e.g., [1]–[5]).

This technical note will consider the stability bound problem of the
following Lur’e SPS:

��� � ����� ������ ��������

� ��� � ����� � ����� ��������

� � ���� � ����

(1)

where �� � 	� , �
 � �� 	� denote the state,��� ,��,��, �
� � � �� 	�
are constant real matrices with appropriate dimensions, ���� � 	� is
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a continuous function of � � 	� and satisfies the sector condition

�
� ������������ � ��� � � 	

� (2)

or, equivalently

� �
������

��
� 
� � � � �� 	� 
 
 
 � � (3)

where � � ��
��
�� 
�� 
 
 
 � 
�� � �, � � ��� �� � � � �� �� ,
���� � ������� ������ � � � ������ �� .

Foragiven�,Lur’eSPS(1)issaidtobeabsolutelystableif it isglobally
asymptotically stable for any ���� satisfying (2). It is well-known that
absolute stability of Lur’e systems is a fundamental problem of control
theory and playsakey role in many design problems of automaticcontrol
systems. For normal systems, absolute stability has been widely studied
and many time- and frequency-domain criteria have been reported [13],
[14]. Since a direct application of these methods to Lur’e SPSs may lead
to ill-conditioned issues, some efforts have been made to generalize the
classical absolute stability criteria. Lur’e SPSs with sole nonlinearity are
considered in [15]. Under the assumption that the reduced-order slow
subsystem is absolutely stable, it is shown that the original system is
absolutely stable for sufficiently small �. A limitation of these results
is that they require the nonlinearity to be dependent only on the slow
dynamics. In [5], Lur’e SPSs with multiple nonlinearities dependent on
both theslowandfastdynamicsareconsidered.Somefrequency-domain
conditions for theexistenceof stabilityboundfor Lur’eSPSsarederived,
but the value of the stability bound is not given.

In this technical note, the absolute stability of Lur’e SPSs with mul-
tiple nonlinearities is considered. We pre-define an upper bound �� for
the perturbation parameter � and try to determine if the system is abso-
lutely stable for all � � ��� ���. To deal with this problem, we construct
an �-dependent Lur’e Lyapunov function by which an LMI version of
stability criterion is derived. Compared with the existing results, the
newly developed method has the following advantages: (1) it addresses
a more general class of systems, where the nonlinear terms depend on
both the fast and slow dynamics; (2) not only the existence of the sta-
bility bound is established, but also an estimate of the stability bound
�� is given; (3) an constructive algorithm for computing the best esti-
mate of the stability bound is proposed.

The rest of this technical note is organized as follows. In Section II,
the problem under consideration is formulated. The main results are
given in Section III. In Section IV, two examples are given to show
the effectiveness and advantages of the proposed methods. Section V
concludes this technical note.

II. PROBLEM FORMULATION

System (1) can be written as the following compact form:

���� �� � �� �������

� � ��
(4)

where � �
��

��
� 	�, ���� �

� �

� ��
, � �

��

��

, � �

��� ���

��� ���

, � � ��� �� �.

Under the assumption that ��� is nonsingular, [5] decomposed
system (1) into two reduced-order subsystems and showed that the
circle criterion for the slow system and the Popov criterion for the fast
system are sufficient for absolute stability of Lur’e SPS (1) as long as
the perturbation parameter � is sufficiently small. This technical note
tries to present an estimate of the stability bound for Lur’e SPS (1).
Thus we define the following problem.

1) Problem 1: Given a scalar �� � �, determine if system (1) is
absolutely stable for any � � ��� ���.

0018-9286/$26.00 © 2011 IEEE
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Remark 2.1: When � � �, system (1) becomes a normal system and
its absolute stability problem has been extensively investigated [13],
[14]. When � � �, system (1) becomes a Lur’e descriptor system
and the absolute stability has been recently developed in [16], [17].
Hence, Problem 1 is complementary to the absolute stability problems
of normal systems and descriptor systems.

III. MAIN RESULTS

We will first construct an �-dependent Lur’e Lyapunov function and
then derive an LMI version of stability criterion.

A. A Lur’e Lyapunov Function for Lur’e SPSs

Lyapunov functions play a predominant role in stability analysis
and control for dynamic systems. Because of the two time-scale prop-
erty, Lyapunov functions for SPSs are more complex than those for
normal systems. A major class of Lyapunov functions for SPSs are
composed as a weighted sum of the Lyapunov functions of the reduced
and boundary-layer systems [9]. Another type of Lyapunov functions
for SPSs depend on the perturbation parameter �. Several classes of
�-dependent Lyapunov functions have been discussed in the literature.
In [11], [12], [18], different classes of quadratic �-dependent Lyapunov
functions have been constructed. The newest one is given by [18] and
shown in the following

� ��� � �
� �� � ��� ���

�

��� ��� � ����
� (5)

where �� �� � �� �� � � � � 	� are constant matrices with appropriate di-
mensions and �� � ��

� �� � �� �� 
� ��. Under certain conditions,
Lyapunov function (5) is positive definite. The quadratic �-dependent
Lyapunov functions used by [11] and [12] are special cases of (5) with
�� � �, �� � �.

In this subsection, we will construct an �-dependent Lur’e Lyapunov
function to solve Problem 1. To do this, let

� �

��

��

...
��

� �� �

���

���
...
���

� � � �� �

then �� � � ��� �
�
� 
, 	� � ���, 
 � �� �� � � � ��.

Let

���� �
�� � ��� ���

�

�� �� � ���
(6)

where �� �� � �� �� � � � � 	� are constant matrices with appropriate di-
mensions and �� � ��

� �� � �� �� 
� ��.
Define an �-dependent Lur’e Lyapunov function

� ��� � �
�
���������� �

�

���

�

�


���������� (7)

where 
� , 
 � �� �� � � � � � are design parameters pertaining to the
choice of a Lyapunov function and chosen to satisfy


� � �� if ��� �� � and ��� �� �,

� � �� otherwise

(8)

and �� , 
 � �� �� � � � �� are defined by

�� � �� if ��� � � and ��� �� �,
�� � �� if ��� � � and ��� �� �,
�� � �� otherwise.

(9)

Remark 3.1: In (7), 
� are design parameters to be chosen so that
(7) can serve as a Lyapunov function. �� are fixed for a given system
in the form of (1), where ��� and ��� are defined. Such a definition for ��

aims to provide an easy way to calculate the derivative of the integral
terms of (7) along the trajectories of system (1).

Note that �������� � �� ������� and 
� � �, 
 � �� �� � � � ��.
In general, � ��� defined by (7) is not positive definite. We shall present
a sufficient condition for Lyapunov function (7) to be positive definite
and radially unbounded.

Lemma 3.1: Lyapunov function (7) is positive definite and radially
unbounded for any � � ��� ��
 and � satisfying (2) if

���������� �
������ � ��� � � ��� ��
 (10)

for any constant diagonal matrix �� with �� � �, where � �
��������� ��� � � � � ����� �� � ��� ����, � � �����
�� 
�� � � � � 
��,
�� and 
� are defined by (3) and (8), respectively.

Proof: From the definition of 
� and �� , one can see that

����

�
� � 
��

�
� holds for all the cases of ��� and ���. Similarly, we have


����
�
� � �
��

�
�. Then we can write


����
� � 
� � �

�
� ��

�
� 
 � 
��

�
���� (11)

which shows ������ � ��� with � � �������� ��� � � � � ���,
leading to

���������� � �
������ (12)

for any diagonal matrix ��. From (6) and (12), it follows that
��������� � ������� is symmetric.

Let

�	 �
�
� � �� � � 
 � ���

�
�

�
�
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 � ��

� �����
�� 
�� � � � � 
��� 
�

� � 
 � �	,
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 � �

�

,

� �����
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�� � � � � 
��� 
�
	
� � 
 � �

�

,
�� 
 � �	,

�� ��������� ���� � � � � ����� ���
�� � 
 � �

�

,
�� 
 � �	.

It can be seen that

� � �� � � �� �� � �� � � �	 �� ��� � 	��� (13)

From (12), we have ��������� � ������ which shows
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Taking into account (13) and (14), we have
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 (15)

Sector condition (2) implies that
�

�

	��
��
 � � �	

�

�

���
� 	��
���
 � �


Then by (15), we have

� ��� � �
�
���������� �

�������
 (16)

It follows from (10) and (16) that the Lyapunov function (7) is pos-
itive definite and radially unbounded for any � � ��� ��� and any 	

satisfying (2).
Remark 3.2: In robust stability analysis and synthesis problems,

Lur’e Lyapunov functions have advantages over quadratic Lyapunov
functions [19], [20]. It is for the first time that a Lur’e Lyapunov func-
tion is proposed for SPSs to the authors’ best knowledge. We expect
that it can be used in the problems of robust stability analysis and syn-
thesis for SPSs.

B. Stability Criterion

In this subsection, we will propose a stability criterion by using Lya-
punov function (7). We first recall the following lemmas.

Lemma 3.2: [18] For a positive scalar �� and symmetric matrices
��, �� and �� with appropriate dimensions, if

�� � � (17)

�� � ���� � � (18)

�� � ���� � �
�
��� � � (19)

hold, then

�� � ��� � �
�
�� � ��� � � ��� ���
 (20)

Lemma 3.3: [18] If there exist matrices �� �� � �� �� 
 
 
 � �� with
�� � ��

� �� � �� �� �� �� satisfying

�� � � (21)
�� � ���� ���

�
�

���� ����
� � (22)

�� � ���� ���
�
�

���� ���� � �����
� � (23)

then

�������� � �
� �������� ��� � � ��� ���
 (24)

Theorem 3.1: Given a scalar �� � �, if there exist a diagonal matrix
� � �, matrices �� �� � �� �� 
 
 
 � �� with �� � ��

� �� � �� �� �� ��
and � � 
������� ��� 
 
 
 � ��� with �� � � when ��� �� � and ��� ��
�, such that LMIs (21)–(23) and

���� � ��
� � ��

���� ����� ��� ��� ������� ��
� �

(25)
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Then system (1) is absolutely stable for any � � ��� ���.
Proof: Computing the derivative of � ��� along the trajectories

of system (4) and using (11), we have
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���� � �
� ������

� �	���
������ ������	�����	

�
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�
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(27)

where � �
������ � �� ���� �� ���� � �����

������ � ��� ��� ������
.

By (2), for any diagonal positive definite matrix � � ��, it holds
that

	
���	����� 	 ��� � � �

�

 (28)

Then we have (29), shown at the bottom of the page. By Lemma 3.2, it
follows from (25) and (26) and (29) that:

�� �	�
 � ��� � �� � (30)

holds for any � � ��� ��� and 	 satisfying (2).
On the other hand, let �� be a diagonal matrix and satisfy � 	

�� 	 � . Then 	 ��� satisfies (2). In this case, from (27), one
gets (31), shown at the bottom of the next page. Inequalities (30) and
(31) show that

��������� ����� � �
������

������ � �
������� �������� � � (32)

holds for any � � ��� ��� and diagonal matrix �� with � 	 �� 	 � .
Then matrix ���� � ������ is nonsingular for any � � ��� ���
and diagonal matrix �� with � 	 �� 	 � , so is ��������� �
�������. Using Lemma 3.3, LMIs (21)–(23) imply �������� �

�� �	�
 	
�

	

�
������ � ������ �� ���� � �����

������ � ��� ��� ������
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� �	���	�����

�
�

	

�
������ � ������ �� ���� � ������ ����

������ � ���� ��� ��� ������� ��
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 (29)
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�, � � ��� ���. Then, by the arbitrariness of �� and the nonsingularity
of ��������� � �������, one can conclude that ��������� �
������� � � holds for any � � ��� ��� and diagonal matrix ��

with � � �� � � . Then, by Lemma 3.1, Lyapunov function (7)
is positive definite and radially unbounded for any � � ��� ��� and �

satisfying (2).
Hence, it follows from (30) that system (1) is absolutely stable for

any � � ��� ���.
Remark 3.3: It is known that LMIs can be solved by numerical al-

gorithms in polynomial time [21]. Some of these algorithms have been
incorporated into different control analysis and design tools for the res-
olution of LMI problems [22]. LMI Toolbox in Matlab can be used to
solve the LMI conditions in Theorem 3.1.

Remark 3.4: Compared with the existing results [5], [15], the newly
developed method has the following advantages: (1) the nonlinear
terms in the systems under consideration depend on both the fast and
slow dynamics; (2) not only the existence of the stability bound is
established, but also an estimate of the stability bound �� is given.

Remark 3.5: [10], [23] have considered stability bound problem for
a class of SPSs, where the nonlinear term 	�
� satisfies �	�
�� �
��
� with � being a constant matrix. It can be seen that the sector
condition (2) is a sub-class of the above mentioned nonlinearity. Lya-
punov function (7) upon which Theorem 3.1 is based depends on the
nonlinearities, and the design parameters �� are not restricted to be
positive, which provides an opportunity to reduce the conservatism of
the proposed method. Thus it is expected that Theorem 3.1 can lead to
a tighter stability bound than the existing methods [10], [23], as will be
shown by the examples in Section IV.

Remark 3.6: The singular perturbation parameter � of SPSs is usu-
ally a positive number. Thus, the stability bound problem for SPSs is
usually referred to as the problem of determining the stability bound
�� such that the system is stable for all � � ��� ��� or ��� ���. When
� � �, the SPS reduces to a Lur’e descriptor system whose stability
problem has been considered by [16], [17]. From Theorem 2 of [17],
system (1) is stable for all � � ��� ��� if ��� � � and the conditions
of Theorem 3.1 hold simultaneously.

Corollary 3.1: There is a scalar �� � � such that system (1) is
absolutely stable for any � � ��� ���, if there exist a diagonal matrix
	 � �, matrices �� �
 � 
� �� �� with �� � ��

� �
 � 
� �� and
� � 
������� ��� � � � � ��� with �� � � when ��� �� � and ��� �� �,
satisfying LMIs (21), (25) and

�� � �� (33)

Proof: If LMIs (21), (25) and (33) are feasible, there exists a suf-
ficiently small scalar �� � � and symmetric matrices �� and �� sat-
isfying LMIs (22), (23) and (26). Then by Theorem 3.1, system (1) is
absolutely stable for any � � ��� ���.

The stability bound �� given by Theorem 3.1 is guessed. Corol-
lary 3.1 proposes sufficient conditions for the existence of the stability
bound �� which are also necessary conditions for the feasibility of the
LMI conditions of Theorem 3.1. We now propose a bisectional search
algorithm to get the best estimate for the stability bound ��.

Remark 3.7: In Algorithm 1, Step 1 presents the initial and terminal
conditions. Steps 2–3 will show that the proposed method does not
work or the optimal stability bound �� is larger than the given � or de-
termine a search interval ��� �� for Steps 4–6 such that LMIs (21)–(23),
(25) and (26) are feasible with �� � � but not with �� � �. Steps 4–6
are used to search the best estimate of the stability bound �� in ��� ��.

IV. EXAMPLES

In this section, two examples are given to illustrate the proposed
method and show its advantages over the existing results.

1) Example 1: Consider the singularly perturbed system

�
� � �����
� � �
� � �
� � �
� � ���� ����
���

�
� � �
� � 
� � �
��

� �
� � 
� � �
� � 
���
� � �
� � ���� ����
���

� �
� � �
� � �
��

(34)

We first convert system (34) into the form of (4), where
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 �

and� �
����
� � ����
���

����
� � ����
���
. It can be seen that� satisfies the sector

condition (2) with � �

 �

� 

.

Since the nonlinear function � depends on both the fast and slow
dynamics, the results of [15] can not be used to check the stability of
the system. Meanwhile, the methods of [5] can not provide the stability
bound �� even if they are feasible.

Using Algorithm 1 with the aid of LMI Toolbox, we have �� �
���
�� for this system and the corresponding solution to the LMIs of
Theorem 3.1 is as follows:
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From Theorem 3.1, system (34) is absolutely stable for any
� � ��� �������.

Algorithm 1: Bisectional search algorithm determining ��.

Step 1. Step 1. Given positive scalars �, �, � and �, where �
and � are sufficiently small, � is sufficiently large and
� � � � �. Set � � � � �.

Step 2. Step 2. Check LMIs (21)–(23), (25) and (26) with �� � �.
If they are feasible, set � � � and � 	� 
�; otherwise,
set � � � and � 	� ����.

Step 3. Step 3. If � � � or � 	 �, go to Step 7. Else if � � �, go
to Step 2.

Step 4. Step 4. Set �� � ������ �
.
Step 5. Step 5. Check LMIs (21)–(23), (25) and (26) with �� � ��.

If they are feasible, set � � ��, otherwise, set � � ��.
Step 6. Step 6. Go to Step 4 if ��� �� 	 �, otherwise, go to Step 7.
Step 7. Step 7. If � � �, the proposed method can not give an

answer. If � 	 �, the optimal stability bound �� is larger
that �. Otherwise, the optimal stability bound produced by
the proposed method is the value of ��. End.

To show the advantage of the newly developed method, the authors
make their effort to apply the method of [10] to system (34) and the
obtained stability bound is 0.0923, while the stability bound of system
(34) computed by the method of [23] is 0.6541. It can be seen that the
stability bound of system (34) obtained by Theorem 3.1 is the least
conservative.

2) Example 2: Consider an inverted pendulum controlled by a dc
motor via a gear train whose physical model can be found in [24]. This
system can be described by the following state equations:

�
���
 � 
���
�

�
���
 �
�

�
��� 
���
 �

��

��

���
�

�� �
���
 � �
��
���
���
���
 � ���


(35)

where 
���
 � ����
, 
���
 � �����
, 
���
 � ����
, ���
 is the con-
trol input, 
� is the motor torque constant, 
� is the back emf con-
stant, and � is the gear ratio. The parameters for the plant are given as
� � ��� ����, � � � �, � � � ��, � � ��, 
� � ��� ����,

� � ��� ������, �� � � � and �� � � ��. Note that the induc-
tance �� represents the small parameter in the system. Substituting the
parameters into (35) and letting � � ���
� � �
�, we have
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(36)

System (36) can be transformed into the form of (4) with
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and � � ����
�
 � 
� which satisfies (2) with 
 � 
.
Using Algorithm 1 with the aid of LMI Toolbox, we get �� � ������

for this system and the corresponding solution to the LMIs of Theorem
3.1 is as follows:
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From Theorem 3.1, system (36) is absolutely stable for any � �
��� �������.

If we restrict " to be positive, the stability bound computed by Algo-
rithm 1 is 0.2743 which is smaller than 0.7145. This shows the benefit
of allowing " to take negative values.

With the best effort, the authors found that the method of [10] is
infeasible for system (36). Meanwhile, the stability bound of system
(36) produced by the method of [23] is 0.0893 which is much smaller
than 0.7145.

The above numerical examples show that Theorem 3.1 leads to less
conservatism than the methods obtained in [10], [23] if the nonlinear-
ities satisfy the sector condition (2). The reason is that the Lyapunov
function based on which Theorem 3.1 is derived is more general than
those used in [10], [23].

V. CONCLUSION

In this technical note, we have considered absolute stability problem
for Lur’e singularly perturbed systems whose nonlinear terms depend
on both the fast and slow dynamics. We have constructed an �-depen-
dent Lur’e Lyapunov function and proposed an �-independent LMI
based stability criterion by which a bisectional search algorithm has
been formulated to get the best estimate of the stability bound. The
given examples have illustrated the effectiveness and advantages of the
obtained method.
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Minimal Time Control of Fed-Batch Processes With
Growth Functions Having Several Maxima

Alain Rapaport and Denis Dochain

Abstract—We address the issue of minimal time optimal control of fed-
batch reactor in presence of complex non monotonic kinetics. Several ex-
tremal paths with singular arcs can be locally optimal. We show how a reg-
ularization technique can help determining the optimal synthesis, based on
a numerical approach.

Index Terms—Fed-batch reactors, minimal time problem, optimal syn-
thesis, regularization, singular arcs.

I. INTRODUCTION

Fed-batch bioreactors represent an important class of bioprocesses,
mainly in the food industry (e.g. yeast production or wine making)
and in the pharmaceutical industry (like the production of penicillin
or of the vaccine against the Hepatitis B) but also e.g. for biopolymer
applications (PHB) or for wastewater treatment (via Sequential Batch
Reactors (SBR’s) for instance). It is also very much involved in the
field of enzyme production which has been developed over the past
decade due to the recombinant DNA technology and via the use of fil-
amentous micro-organisms. One of the key issues in the operation of
fed-batch reactors is to optimize the process operation over a limited
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time period. An intensive research activity has been devoted to optimal
control of (fed-batch) bioreactors mainly in the seventies and in the
eighties (see, e.g., [12], [13]). In this work, we address the issue of
minimal time optimal control of fed-batch reactor in presence of com-
plex non monotonic kinetics, characterized here by the combination of
two non-monotonic growth functions, aimed at emphasizing the pres-
ence of parallel metabolic pathways to transform the limiting substrate
� into the biomass �. It is well known that for such problems, the
optimal synthesis is bang-bang with a possible singular arc in the pres-
ence of a single non-monotonic growth rate model [11]. In presence
of combinations of several non-monotonic growths, the candidate sin-
gular arcs are multiple and determining which singular arc is eventually
optimal is clearly a crucial issue. The case of batch chemical processes,
with temperature as manipulated variable, has been extensively studied
[1], [2]. Even though there are similarities between chemical and bio-
logical systems, the optimal control of the fed-batch bioprocess under
consideration is somewhat different, at least with respect to the fol-
lowing two points. First of all, the control variable is the flow rate :
this implies that the volume is an extra state variable, and the objective
is to reach simultaneously precise values for both the volume and the
substrate concentration. Secondly kinetics of fed-batch bioreactors are
typically represented by non-monotonic functions of the reactants (with
possibly more than one local maximum). The local optimality condi-
tions based on the Pontryagin Maximum Principle allow to characterize
the geometric structure of the extremal trajectories, in which there may
be singular arcs [3]. These necessary conditions are not always suffi-
cient for determining which extremals are (globally) optimal. One may
look also for second-order conditions for determining the minimizer
[4], [10], or has to compute the cost of each extremal or use global
optimization methods such as dynamic programming or Hamilton-Ja-
cobi-Bellman equation [18], [19]. The extremals are traditionally deter-
mined numerically by considering shooting methods (see for instance
[18]). For bang-bang control, it is well known that one may face numer-
ical troubles because the shooting function is in general not smooth [9].
Recently a smoothing method inspired from [15] has been proposed for
the regularization of the shooting function [14]. The convergence of the
method has been proven when the original problem admits a unique
optimal solution. It has been also shown that the convergence of the
control inputs is not guaranteed when the optimal solution presents a
singular arc. For our problem, we first show that it is easy to determine
analytically the singular arcs that are locally optimal, and that the de-
termination of the optimal synthesis consists then in deciding which
singular arc is optimal. We consider the regularization method used in
[14], but in a different way. We do not apply a shooting method, that is
relevant for given initial conditions; instead we fill the state space with
extremals for the regularized problem, to proceed next to the study of
the extremals. When extremals do not intersect, one can straightfor-
wardly conclude about the optimal synthesis for the original problem
(even though the convergence of the control inputs is not guaranteed). If
extremals intersect, one may distinguish sub-domains of the state space
for which it is possible to conclude about the optimal synthesis. We be-
lieve that this technique is particularly efficient for planar dynamics
for which it is easy to visualize this field. In our problem, the multi-
plicity of the singular arcs reveals the existence of a locus for which
several extremals have the same cost. The contribution of the technical
note is two-fold. We first propose a proof based on differential inclu-
sions arguments that allows to relax the assumption of the uniqueness
of the optimal solution for the convergence of the optimal paths (Sec-
tion IV). Then we show how to apply numerically the approximation
procedure for analyzing the field of extremals on the whole state space
(Section V).
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