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II, Sec. 6 section 1 and 2]). Hence, Pr = P, + O(&) where P, is such
that PJJL’“PO = o!¥ is real and diagonal. ¢'% = |1} (I| — |k) (k|. We
find Vr: S (7) = olF + O(€), where O(€) is a first-order term in &
and a bounded function of 7.
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Robust Control of Constrained Linear
Systems With Bounded Disturbances
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Abstract—This technical note develops a novel robust control algorithm
for linear systems subject to additive and bounded disturbances. The ap-
proach is based on the constraint tightening method. While this problem
can be tackled using existing robust model predictive control techniques,
the proposed method has an advantage in that it is computationally efficient
and avoids the need to solve repeatedly an online optimization problem,
while the optimization problem solved at initialization is a simple linear
programming problem. The algorithm elaborated in this technical note
guarantees convergence to a minimal disturbance invariant set, and the ter-
minal predicted state constraint set is allowed to be larger than the minimal
disturbance invariant set. As an illustration, the developed algorithm is ap-
plied to constrained roll control of a ship operating in a wave field. Simula-
tion results show that the proposed approach reduces the ship roll motion
while the input and dynamic stall constraints are satisfied.

Index Terms—Model predictive control (MPC).

I. INTRODUCTION

In this technical note, we consider a control problem for constrained
discrete-time linear systems that are subject to bounded additive distur-
bances. Our goal is to provide a control method that enforces specified
state and input constraints in the presence of disturbances and steers
state trajectories to a given target set.

This problem has been studied employing invariant set methods (see
[1], [2] and references therein) and optimization based control strate-
gies such as model predictive control (MPC) [3]. In the MPC litera-
ture, one approach relies on sufficient contractivity of the open-loop
system [4]. MPC strategies in which a deterministic control sequence
is optimized, may result in a small domain of attraction hence another
approach has been proposed in which optimization is performed over
feedback policies [5]. However, optimization over arbitrary feedback
policies, in the presence of constraints, may be especially difficult.
As an alternative, affine feedback policies were employed where the
state feedback gain(s) are calculated off-line and optimization was per-
formed over constant offset terms [6]—[8].

Many robust MPC schemes are based on tightening the constraints
(on states and controls) over the prediction horizon. This method was
proposed initially in [9] as well as in [6], [10]-[12]. Based on con-
strained tightening approach, a robust MPC for nonlinear systems sub-
ject to bounded disturbances has been introduced in [13], that guaran-
tees convergence to an ellipsoidal disturbance invariant set. An alter-
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native approach for handling constraints in the presence of bounded
disturbances and parametric uncertainty is the technique of quadratic
boundedness [15]. For linear systems with model uncertainties where
state-space matrices lie in a polytope, [14] provides an off-line MPC
approach.

In this technical note, we introduce a robust control method for linear
discrete-time systems subject to mixed input-state constraints. The pro-
posed scheme, which is also based on the constraint tightening ap-
proach, has several special features.

First, it guarantees convergence to a robust invariant set in N steps,
N being the length of prediction horizon. Namely, after [V steps, the
state is in the maximal robust invariant set! and the proposed controller
is a linear state feedback. We note that in the presence of disturbances,
asymptotic convergence to an invariant set is achievable using MPC
for linear systems [11] and nonlinear systems [13]. However, to the
authors’ knowledge, convergence in /N steps to the maximal robust
invariant set in the presence of persistent additive disturbances has not
been previously reported for MPC methods.

Second, our method does not involve repeated online optimization
to determine the control action and it does not use a performance cost/
index. Our approach is similar to MPC in a broader sense that we up-
date a sequence of control actions over a receding horizon and we
guarantee that constraints are enforced. But it is different from on-line
MPC, in that the control action is determined by simple linear oper-
ations on known data at each sampling time and therefore it is com-
putationally effective. Our approach is also different from off-line or
explicit MPC because we do not compute the control as a solution to
a finite horizon optimal control problem for a specified cost function
but solve a lower complexity linear programming problem online at the
initialization thus preserving online reconfiguration ability for changes
in problem data. While constraints are enforced by both robust MPC
and with our approach, the receding horizon cost optimization in robust
MPC can provide additional flexibility to improve transient response
characteristics of the system.

Third, our control algorithm provides a constraint feasible solution at
each time instant (in the form of control and state sequences) by linearly
combining previous state and control sequences. Thus the recursive
feasibility and constraint enforcement are guaranteed.

Fourth, the minimal invariant set corresponding to the off-line cal-
culated state feedback is an attractor, i.e., all trajectories will converge
to this set. As we will demonstrate, convergence to the target set is
guaranteed as long as the target set contains the minimal invariant set.
Moreover, our method requires no explicit knowledge of the minimal
invariant set.

It should be noted that it is the specifics of our algorithm and the
combination of all the features that define the novelty of the approach
described in this technical note.

This technical note goes significantly beyond our previous confer-
ence paper [16]. Specifically, in our present technical note we establish
the convergence to robust invariant set in a finite number of steps. Our
previous result (Theorem 3.2 in [16]) only established the asymptotic
convergence, as opposed to finite-time convergence, and only its for-
mulation but not the actual proof was included in [16]. Our treatment
of the application example (ship roll stabilization) in Section IV is also
expanded compared to [16] and we include the comparison with the
robust MPC.

II. PROBLEM STATEMENT

Consider a class of linear, time-invariant, discrete-time systems de-
scribed by

2T = Az + Bu+4w, 2(k) € R”, u(k) e R”, w(k) e R™ (1)

IThe maximal robust invariant set is the largest set in which the linear feed-
back law satisfies constraints in the presence of disturbances.
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where =, v and w are, respectively, the state, control and disturbance
vectors; 7 denotes the successor state of #, and k& € N, where N is the
set of non-negative integers. We assume that the disturbance w belongs
to a polytope W, the control and state are subject to hard constraints,
ie.

(u,2) EQCUx Xandw € W 2)

where U and W are (convex, compact) polytopes, containing the origin
in their interior, and X is a (convex) closed polyhedron. Finally, a target
set X is given by

X, ={reR"[Yx<q}, Y eR™*", g€ R". A3)

We assume that X; is bounded (so it is a polytope) and 0 € int(X;).
The control objective is to find u that steers the state into the target set
X¢. Moreover, we assume the existence of a feedback gain matrix I{’ €
R™*"™ such that Ax = A+ BK is an exponentially stable matrix and
the minimal robust invariant set? Fix for the system 2T = Age 4+ w,
defined in [17], satisfies

Fr C X “)

In the sequel, we use the Pontryagin difference [17] which, for two
sets Sand T, is definedas S ~ T ={z|z +t € S, Vt € T}.

III. ROBUST CONTROL ALGORITHM

For any initial state = € X, the following control sequence:
u*(x) = {ug(x), ui(x),...,un_1(2)}
and associated state sequence
X" (@) = {5 (2), 21 (@)s. . 2k ()}

are feasible if they satisfy the following set of constraints C'(x):

ro(2) =,
rig (@) = Az (x) + Bui(z), i=0,...,N =1 5)
Qo =€,
Qg = ~[KY 11"AW, i=0.,....N -1,
(uj(z),z;(x)) €, i=0,...,N—1 6)
w(x) € Xy (7
where X is a robust invariant set for the system
2T = Az +w (8)

with w € AW, ie., AxXy + AXW C X; which satisfies the
constraint

(KT 17Xy C Qx. )

Let us assume that for an initial state 2(0), u* (2(0)) and x*(2(0))
are feasible control and state sequences. Computing these initial
sequences involves finding a point inside the polyhedron defined by
(5)—(7). It can be shown that the point can be determined by solving a
linear programming problem, which can be further decomposed into
a sequence of /N programming problems of dimension m [21]. Now
we propose the following algorithm, where at each time instant %, the
feasible control sequence u*(z(k)) is constructed using the feasible

2The robust invariant set Fi for the system + = A x + w is minimal if
for all closed robust invariant sets X such that A x X + W C X, it follows that
Fr C X[17].
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control and state sequences u*(z(k — 1)) and x*(x(k — 1)), where
x(k) is the observed state at the time instant k:

i (e (k)) = wip (r(k — 1))
+ K(xi (a(k)) — xiy (x(k — 1)),
fori=0,...,N —2,

un_1(x(k)) = Kan_q(x(k)); (10)
zo(2(k)) = 2(k),
Fr (k) = A (k) + Buf (e(k)),
i=0,...,N—1. (11

At each time instant, the first element of the feasible control sequence
is applied as the control signal, thus we form the robust control law as
a(lk) = i (2 (k) 1= ud (a()). (12)
The proposed algorithm is summarized as follows:
1) At time instant & = 0, find feasible control and state sequences
u”(x(0)) andx* (x(0)) that satisfy the set of constraints C'(x(0)),
at time instant k = 0.
2) Attime instant & > 0, given control and state sequences u* (x(k—
1)) and x*(x(k — 1)), observe the state (k) at time instant k
and calculate control and state sequences u* (x:(k)) and x* (x(k))
according to (10) and (11) as follows:
a) Seti = 0and z] (x(k)) = z(k).
b) Set

ui (z(k)) = uip, (z(k — 1))+ K(2f (2(k)) — 27y (z(k — 1))

ifi # N — 1. Otherwise, set u} (¢(k)) = Kz} (x(k)).
c) Setwiii(w(k)) = Axl(x(k)) + Bul(x(k)).
d) Ifi = N — 1, terminate. Otherwise, set = ¢ 4+ 1 and go to
2b.
3) Apply the first element of the control sequence u*(x(k)), i.e.,
uj (2(k).

Theorem 3.1: Suppose the set of constraints C'(z(0)) is satisfied
with the feasible control, u*(x(0)), and state, x"(x(0)), sequences.
Then the state and input trajectories of the system (1) with the control
law defined by (12) satisfy the input and state constraints (2). Further-
more, the set of constraints C'(x(k)) is satisfied by the control and state
sequences u”(x(k)) and x"(x(k)), defined by (10) and (11), for all
k> 0.

Proof: See [18]. |

Remark 3.1: Note that since more than one feasible solution ex-
ists that satisfies the constraint C'(z(0)), the initial feasible control and
state sequences can be chosen such that they optimize a secondary ob-
jective subject to the constraint C'(z(0)).

Remark 3.2: According to [16], #&_, (z) — aX(x) € AR W,
Since a3 () = Agai_1(ah), e (@) € {Axal ()} + AZW.
This is achieved if the set X is robust invariant with respect to the
disturbance set A% W. Note that AX W —{0} as N — oc. Therefore,
for long length of prediction horizon NV, X; needs to be robust invariant
with respect to a smaller disturbance set.

We now proceed to establish that the algorithm (12) will in fact con-
verge in [V steps to a robust invariant set for system (1).

LetX},i =0,..., N be defined as

X = X5+ AL TTW, i =0,... N, X=X
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Lemma 3.1: The sets X_i[, i = 0,..., N, are robust positive in-
variant with respect to the system 2+ = A,z + A‘,?'_Zu,), w e W.

7 b C Qv
Proof: Proceeding by induction, the statement of the lemma is

true for X(}, by definition. Now assume the statement holds for X’f
Then

K
Moreover,

ARXF AT C ARXG

+A}‘\vr—il,t,r+l4£f—‘i—1v1/r c X} n AQ’—i—1VV - X}'H. (14)

Therefore, X}+1 is a robust positive invariant set for the system x =
Apx + 4k\/ ~""Lw, w € W. The first relation in (14) comes from
(13) while the second relation follows from induction hypothesis. For
the second part of statement of lemma, again we proceed by induction.
The statement holds true for X(}. Assuming it is true for X} , from (13)
we have

{I} ] X5t = [1} ] X + {I} ] AV w
K7 neiciens
CONni + {;]45 W Qnoisy (15)

where the last relation follows from (6). |
Theorem 3.2: Suppose z(0) is the initial state of the system (1) with
the control law defined by (12), and x(-) and u(-) denote the state and
control trajectories, respectively. Then z(N) € X}\-T and kN (2(N)) =
Kz(N).
Proof: First we prove that
af(x(N—i) e X}~ i=0,....N (16)
Proceeding by induction, (7) implies @y (z(0)) € X[}, Therefore, (16)
holds for i = N. Now assume &} (x(N —j)) € X‘}]_j, j=1i,...,N.
Considering the state evolution (11) and control update (10), we have

@iy (a:+) = Az} (r+) + Bu! (r+)
= Al (2T + Buj,,(z)+ BK (a] (zT) - @i (x))
= Ar (2] (27) = 2l () + 20 (2),
i=0,...,N—2 a7
where the last equality is achieved by adding and subtracting
Agxfy, (x) and using (11). From (11), we have 4 (z1) — 27 (2) =
2T — Az — Bul(z) = wo € W, and using (17) it can be easily shown
that 2 («1) — 27, (¢) = Algwo € AW, i =0,..., N — 1. Hence

i (2(N =i+ 1)) €af(x(N —i))+ A7 W

According to the hypothesis of induction, z}_{(z(N — i + 1)) €
X}\-T_" —I—AZIW’. From (13) we have #7_ (z(N —i+1)) € X}\.T_H'l,
and induction is complete. Hence, (16) holds for i = 0,..., N and
therefore, 2(N) = x5 (x(N)) € X}'. According to (10) if u} (z(N —
i—1)) = Kz (x(N—i—1)) thenu;_, (x(N—i)) = Kz;_(x(N—
i)). According to (10), un_; (x(1)) = Ka_,(x(1)). Hence, by in-
duction, we conclude k3 (z(N)) = ug(z(N)) = Kag(x(N)) =
Kxz(N). [ |

Theorem 3.2, shows that the proposed controller steers state trajec-
tories to a robust invariant set where states inside the set and corre-
sponding linear state feedback satisfy the constraints. Moreover, con-
vergence occurs after N steps. This, in turn, guarantees state conver-
gence to a minimal invariant set expressed as [17]

Fic =) AW (18)
=0
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The following theorem states convergence property of the proposed
algorithm:

Theorem 3.3: If for an initial state z(0), there exist control and state
sequences satisfying the set of constraints C'(x(0)), then the set F
is robustly attractive (all trajectories converge to Fx despite distur-
bances) for the controlled uncertain system

= Av + Briy(2) +w (19)
where w € W. Furthermore, the region of attraction is B = {z €
R"| C(x) is feasible}.

Proof: Here we provide a sketch of the proof. Assuming for an
initial state =(0), there exist control and state sequences satisfying the
set of constraints C'(«(0)), then according to Theorem 3.1 the set of
constraints C'(«(k)) is feasible for all & > 0. Therefore, the control
law (12) satisfies constraints for all instants of the time. According to
Theorem 3.2, after N time steps 2(N) € X}w where Xf' is robust pos-
itive invariant set for the system 27 = A2 + w, w € W, according
to Lemma 3.1. Based on the structure of the controller in (10) and (11),
kn(x(k)) = Ka(k) for k > N. This linear feedback controller that
is the result of the proposed control strategy for & > N satisfies con-

L / .
straints because { } } Xjf\ C 2, according to Lemma 3.1. The control

law w(k) = Ka(k) reduces the system to a7 = Az +w, w € W,
Therefore, all trajectories converge to Fx despite disturbances. |

Remark 3.3: According to (4), Frx C Xt and Fx is robustly attrac-
tive for system (19). Hence, trajectories converge to the target set X;.
If Fx is contained in the interior of the target set, then convergence to
the target set occurs in finite time.

Remark 3.4: The important feature of the proposed method is that,
after IV steps, the state is guaranteed to be in a robust invariant set Xjf\"
for system (19) with w € W, and our controller reduced to a linear
state feedback. This property is not available in the usual MPC based
methods. Once the state is inside a robust invariant set, the linear feed-
back guarantees convergence to Fx-. Moreover, no repeated optimiza-
tion or minimal robust invariant set approximation is involved, while in
MPC based methods [6], [11] attraction to F'x is achieved by repeat-
edly solving online an optimization problem.

Remark 3.5: The proposed robust control method may be viewed as
based on tightening constraints, at each time instance over the predic-
tion horizon, by A% W . In this respect, the proposed scheme is similar
to [4], [12]. However, the advantage of the proposed method is that it
does not require the terminal constraint set Xy to be a subset of the de-
sired target set X;. In fact, the target set X is only required to contain
the minimal robust invariant set F', i.e., Fx C X, in order to be at-
tractive.

Remark 3.6: Note that the control law (12) represents the first ele-
ment of the feasible control sequence that is updated by laws (10) and
(11). Even though only the first element of the control sequence is used,
it is necessary to perform the updates (10) and (11) to be able to calcu-
late the control for future sample time instants.

Remark 3.7: In [18], we showed that the approach of this technical
note can provide a larger region of attraction compared to the method
proposed in [11].

IV. CoONTROL OF SHIP FIN STABILIZER

In this section, we illustrate an application of the proposed algorithm
to a ship roll control problem. We consider the fin stabilizer control as
a robust control problem, where the linear dynamics of the system are
affected by a bounded additive disturbance, and we employ the robust
control algorithm proposed in Section III, which does not require re-
peated on-line solution of an optimization problem.
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The following linear equations describe the roll motion expressed in

a frame fixed at the center of gravity of the ship [19]:

b =p. Loop+ Dp+Gd = 1o + 7 (20)
where ¢ is the roll angle, p is the roll rate, 7. is the control moment pro-
duced by the fins, and 7., is the wave excitation moment. Moreover, I ¢
is the total roll inertia about the axis along the ship longitudinal direc-
tion, D is the equivalent linear damping (which accounts for potential
and viscous effects), and G is the linear roll restoring coefficient.

For a ship fin stabilizer, the effective angle of attack can be calculated
by ae = —apy — @y, Where o, is the mechanical angle of the fin
(control input) and «,, is the flow angle induced by the combination
of forward speed, U, and roll rate, p. It is calculated as follows:

TP L TF
)N vl

Qpy, = arctan ( = (21)

‘We consider two set of constraints:

* Input constraint which reflects saturation of the mechanical angle
of the fin

(22)

|a7n| S Nsat.
¢ Input-state constraint that is aimed at preventing dynamic stall

|O‘€| = |7L_/fp + O“rn| < Qstall- (23)

To proceed with the controller design and performance evaluation of
the proposed system, we use the vessel model introduced in [20] where
parameters for (20)—(23) are given. The vessel travels at U = 15 kts
forward speed with a magnitude constraint for the mechanical angle
of the fin of 0.436 rad, and a magnitude constraint for the angle of
attack of 0.41 rad. Moreover, the coefficients in (20), (23) are: [34 =
3.4263 x 10° kgm?/rad, D = 0.5 x 10° kgm?®/(rad/sec), G =
3.57 x 10° Nm/rad, ry = 4.22 m. A discrete-time model of (20),
with sampling period 7,=0.1 sec, is

z(k+1)= Agz(k) + Bau(k) + BuwTw(k) (24)
where 2 = [¢ p]T, 4 = o, and
L[ 099 0095  [-0.007
ST —0.08 090 | YT [ —0.142)°
0.004
Bu = [0.095] ’ 25)

Assuming |7, | < 0.2144, according to the general formulation (1), the
disturbance set W is

W = {Bow,|w| < .2144}.

The feedback gain K = [—6.31 — 3.66] is designed using LQR tech-
nique with weight R = 10 for control input and the weight () =
diag[10 2] for the states. With the designed feedback gain K, the cor-
responding minimal invariant set is a subset of the target set

X, = {(¢ p)|o € [<0.020.02], p € [-0.06 0.06]}

for the disturbance set W. Considering the constraints (22) and (23),
the sets €2;, i = 1,..., N are defined as follows:

i—1
lewt + cp| < Qspan — Z hAiW'(C‘T + ¢, K)
Qi: (7],,.’15) =1 =0
lul < asar = 37 hAjW(K)
7=0 k

(26)
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08¢ The set X,

/

0.6 F

/ Initial State

041

021

Roll angular velocity (red/s)

Terminal robust invariant set X;
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Roll angle (rad)

02 03 04

Fig. 1. Trajectory of the system with initial condition [¢ p] =
[0 rad, 0.45 rad/sec].

where

Ty
ca=1, c.=]0 F] 27)
and foraset S C R, hs(-) denotes its support function, see e.g., [17].
Consequently, & , j ;- stands for the support function for the set 4{ W.
The value of N = 10 was chosen to provide large domain of attraction.
Moreover, for this example, the set X in the robust control algorithm
is chosen as the maximal robust invariant set. The set X is contained
in the following set as shown in Fig. 1
N=1
[(co K4 co)z| < astan — z by (coteu.K)
Xy i={w v, (28)
|Kz| < agar — E:O hAi W(K)
J=

Given the sets X and £2;, the control law for the fin stabilizer is de-
termined according to (10) and (11). The simulation of the closed loop
was performed for a given sinusoidal wave torque profile with period
of 7 sec and magnitude of 0.2144.

Fig. 1 shows the trajectory of the system with initial condition
[¢ p] = [0 rad 0.45 rad/sec]. It can be seen that in the presence
of sinusoidal wave disturbance, the ship roll motion is stabilized
around the origin within a minimal invariant set characterized by the
matrix A, and the set W, while saturation constraints as well as the
constraint on the angle of attack «. are satisfied. Fig. 2(a) shows the
angle of the fin and the angle of attack.

For comparison, we also applied a robust MPC method to the roll
control problem. The set of tightened constraints (26) and (28) was
used along with the cost function

Z Ru(i)® + 2(i)" Qu(i) + #(10)" S;2(10)

where S is the solution of the associated discrete-time Riccati equa-
tion for the infinite horizon problem. Fig. 2(b) shows the roll angle
when the approach of this technical note and robust MPC are employed.
Referring to Fig. 2(b), similar performance can be observed while no
repeated on-line optimization was employed for our method. For the
initialization of the proposed algorithm, an LP problem was solved at
k = 0 to provide a feasible trajectory. No optimization problem is
solved for k' > (. As one can observe from these figures, the con-
straints are satisfied. The MPC is implemented using the same set of
constraints as the robust controller; thereby providing the same region
of attraction.
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Fig. 2. (a) Angle of attack and fin angle of the system with initial condition
[¢ p] = [0 rad, 0.45 rad/sec]. Angle of attack is constrained to +0.41 rad
and fin is constrained to £0.436 rad (b) Roll angle of the system with initial
condition [¢ p] = [0 rad, 0.45 rad/sec].

The average computational time for the MPC method is 4.1 ms and
the maximum computational time is 22 ms. However, for the proposed
method, the maximum computational time is 0.015 ms and the average
is 0.00194 ms. We observe that there is two order of magnitude differ-
ence in computational time.

V. CONCLUSION

This technical note developed a robust control approach for a class of
constrained linear systems subject to mixed state and input constraints
with bounded disturbances. The novel feature of our robust controller
is that its control action is a linear combination of known data at each
sampling time instant and therefore it is highly computationally effec-
tive. The proposed controller guarantees convergence to a robust in-
variant set for a system with reduced disturbance set in a finite number
of steps. Inside the robust invariant set, the proposed algorithm is equiv-
alent to a linear state feedback. Moreover, it guarantees convergence of
state trajectory to a minimal invariant set of the desired system while
explicit specification or approximation of such set is not required. The
method was employed in this technical note for control of roll motion
of a surface ship, to prevent the dynamic stall and enforce fin satu-
ration constraints. Convergence to a desired target set in the presence
of disturbances such as those caused by sea waves has been demon-
strated. Simulation results were presented to show the effectiveness of
the proposed method. Other constraints, e.g., rate limits, can be han-
dled similarly.
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On Achieving Size-Independent Stability Margin of
Vehicular Lattice Formations With Distributed Control

He Hao and Prabir Barooah

Abstract—We study the stability margin of a vehicular formation with
distributed control, in which the control at each vehicle only depends on
the information from its neighbors in an information graph. We consider a
D-dimensional lattice as information graph, of which the 1-D platoon is a
special case. The stability margin is measured by the real part of the least
stable eigenvalue of the closed-loop state matrix, which quantifies the rate
of decay of initial errors. In [1], it was shown that with symmetric con-
trol, in which two neighbors put equal weight on information received from
each other, the stability margin of a 1-D vehicular platoon decays to 0 as
O(1/N?), where N is the number of vehicles. Moreover, a perturbation
analysis was used to show that with vanishingly small amount of asym-
metry in the control gains, the stability margin scaling can be improved to
O(1/N).In this technical note, we show that, with judicious choice of non-
vanishing asymmetry in control, the stability margin of the closed loop can
be bounded away from zero uniformly in /N. Asymmetry in control gains
thus makes the control architecture highly scalable. The results are also
generalized to D-dimensional lattice information graphs that were studied
in [2], and the correspondingly stronger conclusions than those derived in
[2] are obtained. In addition, we show that the size-independent stability
margin can be achieved with relative position and relative velocity (RPRV)
feedback as well as relative position and absolute velocity (RPAV) feedback,
while the analysis in [1], [2] was only for the RPAV case.

Index Terms—Asymmetric control, automated platoon, distributed con-
trol, multiagent system, stability margin.

I. INTRODUCTION

We study cooperative control of a large vehicular formation with
distributed control. The vehicles are modeled as double integrators, and
the control action at each vehicle is computed based on information
from its neighbors, where the neighbor relationship is characterized
by a lattice information graph. The control objective is to make the
vehicular formation track a constant-velocity type desired trajectory
while maintaining prespecified constant separation among neighbors.
The desired trajectory of the entire vehicular formation is given in terms
of trajectories of a set of fictitious reference vehicles.

The problem of distributed control for multiagent coordination is rel-
evant to many applications such as automated highway system, collec-
tive behavior of bird flocks and animal swarms, and formation flying
of unmanned aerial and ground vehicles for surveillance, reconnais-
sance and rescue, etc. [3]-[8]. A typical issue faced in distributed con-
trol is that as the number of agents increases, the performance (stability
margin and sensitivity to external disturbances) of the closed loop de-
grades. Several recent papers have studied the scaling of performance
of vehicle formations as a function of the number of vehicles. The [1],
[2] have studied the scaling of the stability margin of D-dimensional
lattice formations. The stability margin is defined as the absolute value
of the real part of the least stable eigenvalue of the closed loop. The
stability margin characterizes the rate at which initial errors decay. The
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