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We have measured the shear modulus and viscosity of two supercooled liquids: tricresyl phosphate and
squalane. In both cases we find that the width of the peak in the imaginary part of the shear modulus narrows
as the temperature is lowered toward the glass transition temperature. For tricresyl phosphate, we find no
evidence for a decoupling of the viscosity and shear modulus relaxation times from the relaxation times
determined by dielectric spectroscopy.

As a liquid is supercooled toward its glass transition tem-
perature, its inherent relaxation times increase and its viscosity
rises.1 For many years it was commonly accepted that the
viscosity,η, was simply proportional to the relaxation time,τ,
as for example measured by dielectric response or light
scattering. Such a relationship would be suggested by the
Einstein-Debye equation2

wherekB is Boltzmann’s constant,T is the temperature, andV
is the molecular volume. The proportionality betweenη andτ
is also a consequence of the Maxwell model3 for viscoelastic
liquids, which gives the constant of proportionality as the infinite
frequency shear modulus,G∞:

Thus, it was assumed that bothη andτ would increase in the
same manner as the temperature of the liquid was lowered.

Angell4 pointed out, however, that such a relationship is by
no means guaranteed and suggested the exciting possibility that
it might be violated in supercooled liquids if certain relaxation
processes decouple from the viscosity. This idea has been taken
up by several groups,5-7 and some experiments have reported
evidence of deviations from strict proportionality. In one such
experiment,7 the deviations were suggested as providing a
measurement of a diverging length scale in the cooperative
dynamics as the glass transition temperature,Tg, was ap-
proached.

Measurements of the real and imaginary parts of the dynamic
shear modulus,G(ν) ) G′(ν) + iG′′(ν), can determine directly
the time scale that appears in shear relaxation. However, such
measurements on simple (i.e., low molecular weight) liquids
are not widely available.8 A previous measurement on di-n-
butylphthalate9 indicated that the time scales measured from
G(ν) followed the same behavior as that measured in dielectric
spectroscopy. However, it was found that the width of the shear
modulus response became narrower on lowering the temperature

rather than wider as is commonly found in the dielectric response
of nonionic glass formers. To test the generality of the results
presented on that liquid, we here present measurements ofG(ν)
on two other glass-forming liquids: tricresyl phosphate (obtained
from Alfa Aesar with a 50/50 mixture of para and meta and
less than 1% ortho isomers) and squalane (obtained from Aldrich
Chemical). These two glass formers are fragile, whereas di-n-
butylphthalate is intermediate, in the Angell classification
scheme for supercooled liquids.10

Our procedure for measuring the shear modulus was reported
previously.9 We used a Rheometrics RMS 800 mechanical
spectrometer in which the sample was contained between two
parallel circular plates. The strain,γ, was produced by rotating
the bottom plate while the stress,σ, was determined from the
torque necessary to hold the top plate motionless. We measured
the dynamic shear modulus,G(ν) ≡ σν(t)/γν(t), by applying an
oscillatory strain,γν(t) ) γei2πνt and measuring the resultant
stress,σν(t) ) σei(2πνt+φ). The amplitudeγ could be varied and
was kept small to ensure linear response. The torque produced
at a given driving frequency,ν, and oscillation amplitude,γ,
by a low-molecular-weight liquid is much larger than it is by a
polymeric system in the same geometry. One reason for the
paucity ofG(ν) data on the simple liquids is that many machines
designed to measure the shear modulus were specifically
intended to study “softer” polymer liquids. To counter this
problem, we machined small transducer plates, down to 1 mm
in radius, to hold the sample so that the torque produced at the
transducer was within its measurement range.G(ν) was
measured over 4.5 decades in frequency (3× 10-4 Hz < ν <
16 Hz). The viscosity, which for tricresyl phosphate we
measured over 11 decades, can be determined under both dc
and ac conditions: under conditions of constant strain rate,

whereγ̆ ≡ dγ/dt; and as the limit of the low-frequency shear
modulus,
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η ) (kBT/V)τ (1)

η ) G∞τ (2)

η ) lim
γ̆f0

[σ(γ̆)/γ̆]

η ) lim
νf0

G(ν)
2πν
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To measure accurately the magnitude ofG(ν) andη, one must
calibrate the spacing between the plates precisely. Owing to
thermal contraction and expansion of the rods holding the plates,
this spacing changes with temperature and must be separately
measured at each value ofT. (However, to get the shape of the
G(ν) curvesbut not its magnitudesas a function of frequency,
such a measurement is not necessary. By concentrating on the
relative shape of the response curves rather than its magnitude,
we are able to obtain good and reproducible data over a wide
temperature range in a relatively short time.) Our technique for
measuring the dielectric response has been presented else-
where.11

Figure 1 shows the temperature dependence of the viscosity
for the two liquids. In Figure 1a, the viscosity data for tricresyl
phosphate is presented and compared with data on the same
sample of the relaxation time measured by dielectric response.
This relaxation time is found from the frequency of the peak,
νp, in the imaginary part of the dielectric response:τ ≡ 1/(2πνp).
For purposes of comparison with eq 1, we plot log10 η/T on the
left axis and log10 τ on the right axis. The horizontal axis is
1000/T. The open and closed circles showη/T determined by
the dc and ac methods, respectively, and the triangles show the

data for the relaxation time,τ. The data by Barlow12 (on a
sample with a different stated isomeric content) are shown by
the crosses. The left and right axes are shifted so that the data
coincide in the upper right-hand corner, allowing a direct
comparison of the viscosity and the dielectric relaxation time
over the entire temperature range covered. The data do not fall
on a straight line on this graph (which would indicate Arrhenius
or activated behavior) but is significantly curved. The upper
solid line shows a Vogel-Fulcher fit to the relaxation time data:1

The lower line is a similar fit forη/T. The Vogel-Fulcher fits
are good in both cases. The values ofTo are the same within
experimental error of one another for the two quantities.

In Figure 1b, we show a similar plot for log10 η/T versus
1000/T for squalane. The circles are our data forη/T measured
by the dc method, and the squares are data taken from Barlow
et al.12 These data are also well fit by a Vogel-Fulcher form.
In the inset we show the derivative of the curve in order to see
if there is a reversion to an Arrhenius form at low temperatures
as has been suggested by mode-coupling theories. The data in
the inset are monotonically increasing, which is inconsistent
with Arrhenius behavior.

In Figure 2, we show the data for both the real and imaginary
part of G(ν) ) G′(ν) + iG′′(ν) for tricresyl phosphate. At low
frequencies,G′(ν) varies quadratically withν, and at high
frequencies, it approaches its high-frequency asymptote,G∞.
At low frequencies,G′′(ν) varies linearly, reaches a peak at
frequencyνp, and then decreases. The lines are fits to the data
of the empirical Cole-Davidson form. The form we use is
modified to be applicable for a modulus representation:

For â ) 1 this reduces to the Maxwell model.3 In the Cole-
Davidson form,G′′(ν) ∝ ν-â aboveνp and the smaller the value
â, the wider will be the peak inG′′(ν). In all cases this form
fits our data very well but with an exponentâ significantly less
than 1. We note9 that τCD is related toνp by

In Figure 3, we plot the best-fit value of the Cole-Davidson
fitting parameter,â, versus temperature for tricresyl phosphate
(circles) and squalane (squares). To capitalize on the greater
strength of theG′(ν) signal at frequencies above the peak of
G′′(ν) and of theG′′(ν) signal at frequencies below the peak, a
hybrid method is used to extract the characteristic values:νp,
G∞, and â. First, G′(ν) is fit to the real part of the Cole-
Davidson form (a three-parameter fit) given in eq 4. The value
of G∞ from this fit is then used as a constraint in fittingG′′(ν)
to the imaginary part of eq 4 (a two-parameter fit). The error
bars on the high peak-frequency points are large because the
peak of the spectrum is just entering our frequency window so
that there is only a small portion of the high-frequency tail in
the spectrum with which we can fit to the Cole-Davidson form.
Our determination ofâ in this region is governed by the shape
of the spectrum near the peak. For both liquids, the value ofâ
increases as the peak frequency (and the temperature) decreases.
This indicates that the shear modulus curves are becoming
narrower as the glass transition is approached from above. This

Figure 1. (a) Comparison of the temperature dependence of the
viscosity and dielectric relaxation time for tricresyl phosphate. The left
axis shows log10(η[poise]/T[Kelvin]), and the right axis shows log10 τ-
[second] for the dielectric data. The solid and open circles are data for
η/T determined by the dc and ac methods, respectively, and the square
was a point determined with a capillary tube viscometer. The crosses
(×) are data from Barlow12 on a sample with a different isomeric
content. The triangles (4) are data forτ. The solid lines are the best
Vogel-Fulcher fits to the data. Forη/T the fit is η/T ) 7.1 × 10-9

exp[1559/(T - 168)]. For the relaxation time the fit isτ ) 8.6× 10-15

exp[1521/(T - 168)]. The left- and right-hand axes have been shifted
with respect to each other so that the data coincide in the upper right-
hand corner. (b) Plot of log10(η/T) vs 1000/T for squalane. The circles
are our data measured by the dc method, and the squares are data taken
from Barlow et al.12 The curve is a best fit of the Vogel-Fulcher
form: η/T ) (1.0 × 10-7) exp[1639/(T - 119)]. The inset shows the
derivative of log10(η/T) with respect to 1000/T, indicating that there is
no temperature at which the viscosity reverts to Arrhenius behavior.

τ ) τï exp[A/(T - To)] (3)

GCD(ν) ) G∞(1 - 1

(1 + i2πντCD)â) (4)

τCD ) 1
2πνp

tan[ π
2(1 + â)]
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is the same trend as was found in the shear modulus of di-n-
butylphthalate.9 We also show in the figure the value ofâ
obtained for the dielectric response for tricresyl phosphate,
which has the opposite trend and decreases with decreasing
temperature. We note, however, that the temperature dependence
observed in the dielectric data is abnormally small compared
with that found for many other nonionic supercooled liquids.13

(Despite the presence of anextremelysmall Johari-Goldstein
â-relaxation in the high-frequency tail, the dielectric data for
tricresyl phosphate can nevertheless be fit onto the same master
curve as those other nonionic supercooled liquids.)

The increase in width of the response with increasing
temperature that we find in the shear modulus data is very

different from what has been found in many other relaxation
probes of nonionic glasses, such as the dielectric response or
specific-heat spectroscopy.14 In ionic glasses, however, the
electric modulus does have the same trend as we find here for
the shear modulus.15-17 The electrical response of ionic glasses
has a pole in the dissipative part of the dielectric susceptibility
at ν ) 0. This is also the case for the shear compliance of
liquids: -iG′′(ν)/{[G′(ν)]2 + [G′′(ν)]2} diverges asν approaches
zero. The presence of a pole at zero frequency in the compliance
implies the existence of a nonzero transport coefficient (such
as conductivity in the case of the electrical compliance and
viscosity in the case of shear modulus). We suggest that the
presence of this pole may be related to the difference between
the temperature dependence for these two types of response;
there is a correlation between whether the peaks get narrower
or broader as the temperature is lowered and whether the
susceptibility diverges or remains finite at zero frequency.

From the shear modulus data (as shown in Figure 2b) we
can determine the variation ofνp on temperature. This is shown
in Figure 4a for tricresyl phosphate and Figure 4b for squalane.
This frequency can be compared directly with the equivalent
quantity determined from the dielectric response. This is shown
for tricresyl phosphate in Figure 4a where the squares represent
νp obtained from the shear modulus data,G′′(ν), and the triangles
with the smooth curve showνp obtained from the dielectric data,
ε′′(ν). The dielectric susceptibility,ε(ν), is the electrical
compliance rather than the electrical modulus:M(ν) ≡ 1/ε(ν).
To get a valid comparison between the dielectric and the shear
data, we must use values ofνp that both correspond to the
appropriate response moduli. This entails shifting the dielectric
data by a factor that is approximately the ratio of the zero-

Figure 2. Real (a) and imaginary (b) part ofG(ν) ) G′(ν) + iG′′(ν)
for tricresyl phosphate. The circles (O), inverted triangles (3), triangles
(4), and squares (0) are for T ) 211.8, 213.3, 215.1, and 217.9 K,
respectively.

Figure 3. Exponentâ in the Cole-Davidson fitting form vs the peak
frequencyνp for the shear modulus spectra of tricresyl phosphate (O)
and squalane (9) and for the dielectric spectra of tricresyl phosphate
([). The error bars on the high peak-frequency points are large because
the peak of the spectrum is just entering our frequency window. Thus,
for that data, there is only a small portion of the high-frequency tail in
the spectrum that can be used to fit with the Cole-Davidson form.
The straight lines through the data are meant as guides for the eye to
emphasize the narrowing ofG′′ with decreasing temperature.

Figure 4. (a) Values ofνp determined from the shear modulus and
the dielectric data as a function of 1000/T for tricresyl phosphate. The
squares (9) show the values ofνp taken from the peak positions of
G′′(ν). The triangles and solid line show the position ofνp taken from
the dielectric data. The circles and dashed line show the shifted position
of the peaks in the dielectric data,νp εï/ε∞, when converted to a modulus
representation. (b) Values ofνp determined from the shear modulus as
a function of 1000/T for squalane.
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frequency to the infinite-frequency dielectric response:εï/ε∞.
This can be seen by realizing that if the response is a simple
Debye relaxation,

then

whereMo ) 1/εo, M∞ ) 1/ε∞, andτM ) τεε∞/εo. The imaginary
part ofM(ν) thus also has the Debye form with a peak shifted
by εo/ε∞ from that in ε(ν). For more complicated response
functions, such as those found here with a Cole-Davidson form,
this is the approximate shift factor that should be applied as
long as the width of the response is not too much broader than
that of Debye relaxation.18 The values of the peak frequency
shifted by this factor is shown in Figure 4a by the solid circles
with the dashed line. As we can see, the temperature dependence
of the peak frequencies is very similar for the shear modulus
and the dielectric data.

We now return to the question of whether there is any
decoupling of the time scales as measured by the shear modulus
and viscosity from that measured by the dielectric response in
tricresyl phosphate. As we have just noted above, the data of
Figure 4a show that the peak frequencies measured by the shear
modulus have a value and temperature dependence very similar
to the ones measured by dielectric response. This indicates that
the shear modulus and dielectric measurements couple to the
same set of underlying time scales and that there is no strong
decoupling of the time scales as measured by these two probes.
However, the data of Figure 1a does show a small systematic
deviation betweenη/T and the dielectric relaxation timeτ when
measured over a wide temperature range. Such deviations have,
in the past, been used to imply a deviation from Einstein-Debye
behavior as the glass transition temperature is approached.5-7

Following the earlier analysis of ref 9, we plot the ratioR ≡
2πνpη/T versus νp in Figure 5 with νp obtained from the
dielectric response. This ratioR(T,νp) varies by at most only a
factor of 3.5 as the peak frequency is varied by close to 10
orders of magnitude.

There are two circumstances in which substantially larger
deviations from Stokes-Einstein behavior are seen. The first

is in the conduction of small ionic species through glassy
matrices with very large viscosities. The ionic mobility may
decouple to an arbitrarily large extent from the viscosity in the
host. Since this type of decoupling is not connected with the
structural relaxation of the glass, it is not pertinent to the present
discussion. The second example of large Stokes-Einstein
deviations is found in comparisons of translational and rotational
diffusion of probe molecules in supercooled liquids.19,20 Rota-
tional diffusion times follow the temperature dependence of eq
1 with deviations comparable to those that we report; however,
translational diffusion can become up to a factor of 100 faster
at Tg than the Stokes-Einstein prediction. This rotation-
translation decoupling has been explained19-22 in terms of
heterogeneous dynamics in the sample. It has been argued that
rotational measurements yield an average over local relaxation
times similar to that performed by viscosity and dielectric
measurements, whereas the diffusion constant emphasizes
regions where dynamics is faster than the average.

In Figure 5, we also plot for comparison the values ofG∞/T.
We note that in the temperature range measured, the value ofR
does not coincide with the measured values ofG∞/T. As the
temperature (andνp) is decreased, the two values do approach
each other. This effect is less pronounced here than it was for
di-n-butylphthalate.9

As discussed in ref 9 a variation with temperature in the shape
of G′′(ν) may cause a small dependence ofR on νp (or
temperature) and a disparity betweenRandG∞/T. The argument
is that the Maxwell model (eq 2) assumes a single relaxation
time, whereas the data show that there is a distribution of such
times in the shear modulus that varies with temperature. As the
temperature is lowered, the shear modulus becomes narrower,
whereas the dielectric spectrum broadens.23 A model calculation
based on the Cole-Davidson form for the shear modulus of eq
4 showed how a change in the value ofâ, like that shown in
Figure 3, could alter the relative values ofη, G∞, τ, andνp. A
combination of the increase inη/τ (obtained from shear modulus
data) andνpτ (obtained from dielectric data) as temperature was
lowered was sufficient to account for the observed variations
in R. Thus, the small observed deviations from the Einstein
relation could be explained in terms of a variation in the shape
of the two spectra (shear modulus and dielectric) with temper-
ature. The connection between the temperature dependence of
the relaxation spectrum that we observe and the proposed growth
of regions of heterogeneous dynamics19-22 remains unknown.
Since all the moduli that display a narrowing of the shear
modulus with decreasing temperature also have a zero-frequency
pole in the imaginary part of the compliance, i.e., there is a
transport coefficient associated with the modulus, we speculate
that the experimentally observed separation of the translational
and rotational diffusion coefficients and the narrowing of the
modulus width are related.

Our new data on tricresyl phosphate likewise do not support
a correlation length (extracted either fromR≡ 2πνpη/T or from
G∞/T) increasing in the supercooled liquid as was suggested
for o-terphenyl.7 Tricresyl phosphate and squalane have very
similar behavior as was reported earlier9 on di-n-butylphthalate.
A comment24 on that earlier paper had asserted that there was
time-temperature superposition in that liquid and that there was
no temperature dependence of the shape as had been claimed.
The results reported here on two different liquids are consistent
with the original data9,25 in that they do find a strong temperature
dependence of the shape of the spectra for both liquids and thus
corroborate the conclusion that time-temperature superposition
is not a valid assumption for supercooled liquids approaching

Figure 5. RatiosR≡ 2πνpη/T andG∞/T vs νp for tricresyl phosphate.
The triangles are forG∞/T; the solid and open circles are for values of
R computed using the viscosity measured by the ac and dc methods,
respectively.

ε(ν) ) e∞ +
εo - ε∞

1 + i2πντε

(5a)

M(ν) ≡ 1
ε

) Mo -
(Mo - M∞)i2πντM

1 + i2πντM
(5b)
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their glass transition. These new data on tricresyl phosphate also
imply that there is no strong decoupling between the shear
modulus relaxation times and those derived from probes such
as the dielectric susceptibility.
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