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ABSTRACT. We consider a general deterministic infinite horizon optimization problem over discrete time with
time-varying, i.e., non-stationary, data. Our formulation requires only that action spaces be compact, including
both continuous and discrete controls. In the event that all total costs diverge, i.e., no least total cost optimum
exists, we investigate the existence of efficient optima. (An infinite horizon feasible solution is efficient if it is
optimal to each of the states through which it passes.) We show that the mapping from controls to states (i.e.
state transition function) being open is a sufficient condition for existence of efficient solutions. In this event, we
also give a necessary and sufficient condition for there to exist a unique efficient optimum. Our results are then
applied to an infinite horizon production planning problem with no backlogging.

1. Introduction

We consider a general infinite horizon optimization problem, formulated as a dynamic programming
problem over discrete time, with deterministic, time-varying data. It is clear that even in the presence of
discounting, the total cost of the infinite streams of cost flows associated with feasible decision sequences
may all be infinite, i.e., it may be that no least total cost optimal solution exists. In such cases, we require
an optimality criterion other than minimum total cost and there are many such criteria; see, for example, [3]
and [ 11]. In recent papers, [13] have considered the notion of optimality called efficiency or finite optimality
[5]). A feasible solution is efficient if it is least-cost optimal to each of the states through which it passes. In
this paper, we give a sufficient condition for the existence of efficient solutions in the presence of compact
action spaces. Hence, continuous as well as discrete action spaces are allowable. If an efficient solution exists,
then we give sufficient conditions for it to be unique.

It is worth noting that we will not make any reachability, differentiability, or convexity assumptions
here, as is often the case. Moreover, by the familiar device of replacing decisions by policies to construct a
deterministic equivalent, stochastic infinite horizon problems can be modeled within our framework as well.
Our modeling framework includes for example production planning under non-stationary demand, parallel
and serial equipment replacement under technological change, capacity planning under nonlinear demand,
and optimal search in a time-varying environment.

In section 2, we formulate the state-transition and cost structures for our problem. In section 3, we present
our main results on the existence and uniqueness of efficient solutions. Finally, in section 4, we apply our
main results to a general problem in production planning.

1991 Mathematics Subject Classification. Primary 90C20, Secondary 49A99.

Key words and phrases. optimal control, efficient solutions, production planning.

Corresponding Author: Professor Robert L Smith, 1847 IOE Bldg, University of Michigan, 1205 Beal Ave, Ann Arbor, MI
48109; rlsmith@umich.edu. This paper was supported in part by the National Science Foundation under Grants DMI-9713723
and DMI-0322114. The authors wish to express their appreciation to an anonymous referee for a number of very helpful
suggestions.

Typeset by ApS-TEX



2 I. E. SCHOCHETMAN AND R. L. SMITH

2. Problem Formulation

Consider the problem of making a sequence of decisions, where each decision is made at the beginning of
each of a series of equal time periods, indexed by 7 = 1,2,.... The set of all feasible decisions available in
period j is contained in Yj. The feasibility of a decision depends on the past decisions made. We assume
that each Y} is a compact, non-empty metric space.

Our dynamic system is governed by the state transition equation s; = f;(s;-1,9;), Vj=1,2,..., where
we assume that
e s is the fixed and given initial state of the system (beginning period 1),

e s; is the state of the system at the end of period j, i.e., beginning period j + 1,

o y; is the feasible action (or control) selected in period j with knowledge of the state s;_1,

e S, is the compact metric space of all feasible states ending period j (with So = {so}), so that s; € S;,

e Y;(sj_1) is the given closed, non-empty subset of Y; consisting of the feasible actions available in period j
when the beginning state is s;_1 € S;_1 (so that y; € Y;(s;-1) C Yj), with Y1(s0) = Y7,

e D, is the graph of the compact-valued set mapping s;_1 — Y;(s;_1) in the compact space S;_1 x Y}, i.e.,

Dj = {(ijl,yj) S Sj,1 X Y; 1Y € Y}(ijl)}, Vi=1,2,..., and

e f; is the given continuous state transition function in period j, where f; : D; — S;.
Note that the non-emptiness of Yj(s;_1), for s;_1 € S;_1, is equivalent to the assumption that all finite
horizon feasible solutions can be feasibly continued from state s;_; in period j. We assume that our problem
has the following closed graph property: for each j, if s7_; — s;—1 in S;j—1, and y} — y; in Y}, as n — oo,
where y? € Y;(s}_;), Vn, then y; € Y;(s;-1). Then each graph Dj is closed (hence, compact) in S;_1 x Yj.
We also require that S; = f;(D;), Vj=1,2,...,so that, in particular, S; = f1(D1), where D1 = {s¢} x 7.
Thus, each S; is precisely the set of all feasible, i.e., attainable, states in period j.

For each j, consider the set-valued mapping s;_1 — Yj(s;_1) of S;_1 into the compact, non-empty subsets
of Y;. Let

Yi(Sj-1) = U{Yj(sj-1):sj-1 € Sj-1},

so that Y;(S;-1) CYj, Vj. Note that the actions Y;\Y;(S;_1) (set difference) will never be used. Moreover,
by the closed graph property, this set-valued mapping is upper semi-continuous [10, p.61]. Thus, Y;(S;_1)
is compact by [2, p.110]. Consequently, without loss of generality, we may assume that Y;(S,_1) =Y;, Vj.

The product set Y = H;‘;l Y; of all potential decision sequences, or infinite horizon strategies, is then a
compact topological space relative to the product topology, i.e., the topology of component-wise convergence.
The product topology on Y is well-known to be metrizable.

Now fix a positive integer N and let (y1,...,yn) € Y1 X --- X Yy. Then (y1,...,yn) is feasible through
period N if y; € Y;(s;-1), where s; = f;(s;j—1,y;), for all j = 1,2,... ,N. Denote all such finite horizon
strategies by Fiyv, which is thus a closed, compact, non-empty subset of Y7 X - -- x Y. In particular, F; = Y.
Note that if (y1,...,yn) is feasible through period N, then (y1,... ,yn—1) is feasible through period N — 1,
ie., Fy € Fn_1 X Yy. Moreover, y € Y is a feasible strategy if (y1,... ,yn) is feasible through period N,
for each N =1,2,.... We define the feasible region X to be the subset of Y consisting of all those y € Y
which are feasible through each period N, i.e., (y1,... ,yn) € Fy, VN. We define Xy to be the set of all
arbitrary extensions of Fy in Y, i.e.,

Then the non-empty, compact sets X are decreasing subsets of Y and X = N_; Xn. This set is closed,
compact in Y and non-empty, since Y;(s;_1) is assumed to be non-empty, for all j , and all s;,_; € S;_1. In
fact, as a consequence of this assumption, if (yi,...,yn) is feasible through a given period N, then it may
be feasibly extended over all remaining periods.

For (y1,...yn) € Fn, we may define o : Fy — Sy by

o1(y1) = fi(s0,y1),
a2(y1,y2) = f2(o1(y1),y2),

on(y1,---yn) = fv(on-1(y1,- - s YN-1), YN),

so that on(y1,...,yn) € Sy. We will refer to each such on(y1,...,yn) as the state which (y1,...,yn)
attains at the end of period N. Thus, for each N, the mapping oy : Fiy — Sy is onto since Sy consists of

all feasible states. Consequently, Fiy is partitioned into equivalence classes of the form crg,l(s), for s € Sy.
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2.1 Lemma. For each N, the mapping on of Fy onto Sy is continuous and closed. Hence, the topology

of Sy is contained in the quotient topology on the equivalence classes Fy/on = {0;,1 (s):s€ Sn}in Fy
defined by on .

Proof. The continuity of the oy follows from the continuity of the f;. Since oy is continuous, the topology
of Sy is contained in the quotient topology of Sy [7, p. 95]. The remaining property follows from the
compactness of the Y;, as well as Theorem 8 of [7, p.95]. (Il

2.2 Lemma. For each N, the quotient topological space Fy /o is homeomorphic to Sy .

Proof. The resulting quotient mapping &y : Fy/ony — Sn is continuous, one-to-one and onto. Since
Fy/on is compact, o is also open. O

Turning to the objective function, we allow the cost of a decision made in period j to also depend
(indirectly) on the sequence of previous decisions, or more directly, on the state resulting from these decisions.
Specifically, we let ¢;(s;—1,y;) be the cost of decision y; in period j, when s;_; is the state beginning period
j. We thus obtain cost functions ¢; : D; — R which we require to be continuous. Thus, each c; attains its
extrema. We assume that any discount factor has been absorbed into the period costs.

For each positive integer N and (z1,...,zn) € Fi, we define the associated total N-horizon cost by

N
CN(.Tl,... ,SCN) = ch(o'j—l(xla-” 71’]'_1), SCj).

j=1
Thus, Cn : Fiy — R is a continuous function, for each V. For each x € X, also define

(oo}

Clx) = Y ciloja(m,...,x1), z)),

J=1

so that the function © — C(x) is extended-real valued in general. The classical least-total-cost optimization
problem is then given by min,cx C(z) which may have no optimal solutions, i.e., C(z) = 0o, Vz € X. In
this event, our main objective is to ensure the existence of a feasible strategy which is efficient.

3. Existence of Efficient Optima

The state-space construction introduced above associated a unique state at the end of each time period
with every finite horizon feasible strategy. Feasible strategies x € X which have the property of optimally
reaching each of the states on(z1,...,2n5) through which they pass have been called efficient strategies.
(See [11,12,13] for early introductions of this concept.) This efficiency of movement through the state space
suggests efficient solutions as candidates for optimality.

Efficiency (Finite Optimality): Let x € X. Then z is efficient if, for each N, and each (y1,... ,yn) € Fn
such that on(y1,...,yn) = on(21,... ,2N), we have Cn(z1,... ,2n) < Cn(Y1,-..,yN). Also known as
finite optimality, this criterion was originally introduced in a special case by Halkin in [5], who called it finite
horizon clamped end-point optimality.

Let X¢ denote the subset of X consisting of efficient strategies. It was shown in [13, Lemma 3.5] that
efficient strategies exist in our context, provided each of the spaces Y; and S;_; is discrete. We next show that
efficient solutions exist for our problem under the more general assumption that the period state mappings
on are open, thus allowing for the presence of continuous action and state spaces Y; and S;.

Fix N, and for each s € Sy, let ®n(s) denote the set of N-horizon feasible strategies which attain state
s at the end of period N, i.e.,

Dy(s) = crg,l(s) = {(z1,...,2ny) € Fy : on(z1,...,2N) = s}.

(The collection {®n(s);s € Sy} is a partition of Fi.) Since oy is continuous, we thus obtain a sequence
of set-valued mappings @ of Sy into Fy with compact, non-empty values. For each N, let o(Fy) denote
the collection of all compact, non-empty subsets of Fy. Then ®y is a mapping of Sy into Ko(Fy).

Now, for each N and s € Sy, consider the least-total-cost optimization problem

min{Cn(z1,... ,zy) : (z1,...,2n) € Dn(s)}.

If we let @3 (s) denote the set of optimal solutions to this problem, then this set is a closed, compact non-
empty subset of Fiy. We thus obtain another compact-valued set mapping of ®% : Sny — Ko(Fn). If we
define

oo
Fg=J @v(s), and  Xi=Fix [[ v
seESN j=N+1
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then the X§ are non-empty, nested downward and X¢ = N3_; X§.

Next we give a Dynamic Programming formulation of our problem and a corresponding inductive descrip-
tion of the F§. For each N, define gy (s,t) to be the minimum cost of transitioning from state s at the start
of period N — 1 to state t at the start of period N, if this is possible, so that

qn(s,t) = min{CN(Sny) tyn € Yy(s) and t = fN(S,yN)}’ Vs &€ Sy_1, VteSn.

Otherwise, define gy (s,t) = co. Also define Qn(s) to be the minimum cost of transitioning from state sy to
state s ending period N, i.e.,

Qn(s) = min{C’N(xl,... ,an) i (x1,...,xn) € Fxy and on(x1,...,2N) = 5}
= min{CN(xl,... ,TN) (21, .. ,xN)E(I)N(s)zag,l(s)}, Vs € Sn.
By the Principle of Optimality, we have the following forward recursion:

QN(t) = min (QN1(5> + QN(S7t>>, Vt € SN7

sESN-1

with Qo(so) = 0. Consequently, F'y may be determined inductively as follows:

P = { cF - ol<x1>:cl(so,x1>:Ql(mm»}

F]% = {($17...,$N)€FN : (5[,'1,...7.’1?]\],1)6}7}%71 and CN(LL'l,...l‘N):QN(UN(l‘l,...,Z‘N))},

for N > 2.

For each N and feasible strategy (x1,...,zn) € Fin, let Tn(z1,... ,2n) be the set of all N-horizon
feasible strategies that attain the same state at the end of period N as (z1,... ,2n), l.e. I'n : Fy — Ko(Fn)
where

FN(J,‘17... ,xN) = q)N(O'(J}l,... ,.’L‘N)) = 0';/1(0']\[(3}1,... ,.TN).

Let A C Fy. Define the weak saturation of A in Fy [6, p.22] to be

r'y(4) = {(zl,...,:cN)EFN : I‘N(xl,...,xN)ﬂA;é@} = oy (on(4)),

so that, in particular, Ty (z1,... ,zn) is the weak saturation of (x1,...,zx). Note that I'% (A) is the union
of those classes which intersect A. Also define the strong saturation of A in Fy [6, p.22] to be the complement
in Fy of the weak saturation of Fx\A (set difference), i.e.,

F}QV(A) = {(l‘1,... ,xN) [S FN IFN(JJ1,... ,xN) g A} = FN\(O'Nl(O'N(FN\A))).

Note that I'§;(A) is the union of those classes which are contained in A, and I'§;(A) C A C T (A), in general.

3.1 Lemma. For each N, and each open subset A of Fi, the strong saturation I'y;(A) of A is open in Fi.
The weak saturation TV (A) of A is open in Fx if and only if the mapping on is open.

Proof. This follows from Theorem 10 of [7, p. 97], together with the fact that each oy is a closed mapping.
([

For various notions of continuity for set-valued mappings, see [1,2,6,8,9,10]. In particular, observe that
the mapping I'y : Fiy — Ko(Fy) is:
o lower semi-continuous if and only if, for each open A C Fl, the weak saturation I'y(A) of A is open in
Fy.
o upper semi-continuous if and only if, for each open A C Fy, the strong saturation I'};(A) of A is open in
Fy.
e continuous if and only if it is both upper and lower semi-continuous.
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3.2 Lemma. For each N, the set mapping T'n : Fn — Ko(Fn) is upper semi-continuous. Thus, the
mapping I'y is continuous if and only if it is lower semi-continuous, i.e., the mapping on 1is open. This
holds, for example, if Sy is discrete.

Proof. The result follows from the definitions and Lemma 3.1, as well as, for example, Theorems 7.1.4 and
7.1.7 of [8, pp. 74-75]. O

For each N, we have the continuous function Cy : F)y — R and the upper semi-continuous set mapping
I'y: Fy — Ko(Fn). Let Cx(x1,... ,2n) denote the (attained) minimum value of Cn on I'y(zy,... ,2nN)
and let I'%; (1, ... ,zn) denote the set of (y1,...,yn) € I'n(z1,... ,2n) which attain this minimum value.
This set is compact and non-empty. We thus obtain mappings C% : Fy — R and I'y : Fy — Ko(Fn). Note
that these mappings are constant on equivalence classes, i.e., they may be viewed as mappings defined on
Sn. In particular, we obtain the set mapping ®% o on which satisfies

(I)}FV(O'N(LI}l,... ,.’I,‘N)) = F}‘V(xh ,J,‘N)7 V(l‘l,... ,.’IIN) c FN-

3.3 Lemma. Suppose the set mapping I'y is lower semi-continuous. Then the function C}, is continuous
and the set mapping I'y is upper semi-continuous.

Proof. These properties follow immediately from the previous lemma and the (minimum version of the)
Maximum Theorem of [2, p. 116]. See also Corollaries 9.2.6 and 9.2.7 of [8]. (I

3.4 Lemma. Suppose the set mapping I'y is lower semi-continuous. Then the subset F§ of Fi is compact
and non-empty.

Proof. By the previous lemma, I'}; is upper semi-continuous. From Theorem 3 of [2, p.110], we have that
the subset I'y (F'v) of Fiv given by

F}CV(FN) = U{F*N(xl,... ,xN):(xl,... ,Z‘N)EFN} = U (I’}(V(S)
seESN
is compact. It is also non-empty. But Fy = I'y (Fy), VN. This completes the proof. ]

The following is our first main result. It generalizes Lemma 3.5 of [13] and in particular includes continuous
action spaces.

3.5 Theorem. Suppose that there exists a subsequence {I'n, }32, of the sequence {I'n}3%_, for which each
Iy, is lower semi-continuous, i.e., on, 1s open. Then efficient solutions exist for our problem, i.e., the set
X¢ is a non-empty, compact subset of X.

Proof. Since

[ €
X5, = Foox ] v
j=N+1

it follows that the X7, are also compact and non-empty in Y. But they are also monotonically decreasing.
Hence, their intersection is non-empty, i.e.,

X = (X5 = [)X%,
N=1 k=1

is compact and non-empty. (]

3.6 Lemma. Suppose that for each j, we have that Y;(sj_1) =Y;, Vsj_1 € S;_1. Then

J
Fj:Fj—l XY]‘:HY;', and Dj:Sj—l XYVj, V_]

i=1

Proof. Proceed by induction. O

The following is our second main result. It shows that X is non-empty in an important special case.
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3.7 Theorem. Suppose that, for each j, Yj(sj—1) =Y, Vsj_1 € Sj_1. If each f; is open on Dj, then
each o; is open on F;, and the set X° is a non-empty, compact subset of X.

Proof. For j = 1, we have that o1(z1) = f1(S0,21), so that o1 is open on F; = Y7, since f; is open. Now
suppose 0;_1 is open. By Lemma 3.6, F; = F;_; xY;, Vj. In this event, o; is the composition of o;_; x 1;
followed by f;, where 1; is the identity map on Y;. If U is an arbitrary open subset of Y7 x --- x Y;_1, and
V is an arbitrary open subset of Y}, then U x V is an arbitrary basic open subset of Y7 x --- x Y;, and

Fjﬂ(UXV) = (Fj,lej)ﬂ(UxV) = (ijlﬂU)X(ijmV) = (ijlmU)XV
is an arbitrary basic open subset of F;. Moreover,
(0j-1 x L) ((Fjoa xY)N(UxV)) = o0;1(Fj-anU)xV,

where F;_1 N U is a typical open subset of F;_;. Since o;_; is an open mapping on F;_;, we have that
oj—1(Fj—1NU) is an open subset of S;_1. Hence, D; N (0;—1(F;j—1 NU) x V) is an open subset of D;. Since
f; is an open mapping on D; by hypothesis, it follows that o; is also open. This completes the proof by
induction. ]

Remark. Note that if Y;(s;_1) = G;, Vs;_1 € S;_1, where G; is a closed subset of Y}, then there is no
loss of generality in assuming G; =Y/, since the decisions Y;\G; will not be used.

In view of the previous discussion, and the needs of what follows, it is desirable to have a general sufficient
condition for an onto mapping to be open - for example, each o;. Let V and W be first-countable topological
spaces and g : V — W an onto mapping. Let {A,}52, be a sequence of non-empty subsets of V. Define
lim sup,, A, to be the (closed) subset of V which is the set of all cluster points of the A,, i.e., v € limsup,, A,
if and only if there exists a subsequence {A4,, }3°, of {4,,}°2,, and a corresponding sequence {vx}32; in V
such that vy € A,, Vk, and limg_,o vy = v. Analogously, define liminf,, A, to be the (closed) subset of
V which is the set of all limit points of the A4,, i.e., v € limsup,, 4, if and only if there exists a sequence
{v,}22 in V such that v, € A,, Vn, and lim,,_,o v, = v. In general, liminf,, A, C limsup,, A,. We write

limA, = ACV if liminfA, = limsupA, = A, ie., limsupA, CliminfA, = A

[9,10].
3.8 Theorem. The mapping g is open if, for each convergent sequence lim,,_, ., w, = w in W, we have
g~'(w) C limsup, g~ (w,).

Proof. Suppose g is not open. Then there exists an open subset U of V for which g(U) is not open in W,
i.e., W\g(U) is not closed in W. Then there exists a convergent sequence lim, w, = w in W such that
wy, ¢ g(U), Vn, while w € g(U). Since w € g(U), there exists v € U such that g(v) = w, i.e. v € g~H(w).
By hypothesis, ¢7'(w) C limsup,, g~ !(w,). Thus, there exists a subsequence {wy, }32, of {w,}2,, and
corresponding sequence {v;}?2, in V such that vy € g7 (wy,), Vk, and limg vy, = v. Then vy ¢ U, Vk; if
not, v, € U implies wy,, = g(vx) € g(U), which is a contradiction. Since V\U is closed and v, € V\U, Vk,
it follows that v € V\U, i.e., v ¢ U, a contradiction.

Next, we turn to the question of uniqueness in the presence of existence. Since each Y; is a compact
Hausdorff space, it is metrizable. Similarly for each S;. Let d; < 1 denote such a metric, for each j, and let

0 < B; < 1 be such that Z;’;l B; < oo, with 3 = (81, 2,...) and BY = mini<;<y B;. Then the product
space admits the metric d given by

da(z,y) = Y Bid;(x,v;)-
j=1

Note that, for each N, the induced metric djﬂv on Yy X --- X Yy is given by

N
Ay ((z1,.. . 2n), (W, oun)) = Bid(x, ),
j=1

which is equivalent to the metric d™ on Y7 x --- x Y given by

N
dN((xl,... ,.TN),(yl,... ,yN)) = Zdj(l‘j,yj),

j=1

since pNdN < dév < dN. Furthermore, let diamg(A) denote the diameter of subset A C Y with respect to
dg. If AC Yy x -+ x Yy, let diam? (A) denote the diameter of A with respect to d", and let diam]ﬁv(A) the
diameter with respect to dg .
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3.9 Lemma. [flimy_ o diam™ (F$) =0, then limy_ o diams(X§) = 0.

Proof. Since

Xy = Fyx [ v
N+1

we have that

diamg(X§) = diam} (F§) + Z Bj, VN,
j=N+1

which completes the proof, since limy_, diamg(F]‘i,) = 0, if this is the case for diam™ (Fg). O

3.10 Theorem. Suppose X¢ # (). Then there exists a unique efficient optimum for our problem, i.e., X¢
is a singleton, if imy_, diam™ (Fg) = 0.

Proof. Suppose the condition of the theorem holds. Then, by Lemma 3.9 and [6, p. 14], X¢ is a singleton.
O

We next give an algorithmic procedure for constructing the unique efficient strategy, if such is the case.
Let ICo(Y") the set of non-empty, compact subsets of Y. Since Y is compact with metric dg, the corresponding
Hausdorff metric Dg is defined on Ky(Y'), which is compact in the resulting metric topology [1, Theorem
3.2.4]. Moreover, metric convergence in K (Y) is equivalent to Kuratowski set convergence [10, p. 49]. Since
the Xy, X§ € Ko(Y) are descending with intersections equal to X, X¢ € Ko(Y) respectively, it follows
that limy .o Xy = X and limy_,o0 X§ = X ¢ in the sense of Kuratowski [9], i.e.,

limsup Xy = liminf Xy = X and  limsup X5, = liminf X3, = X°.
N N N N

Consequently, limy_,o Dg(X§, X¢) = 0. Thus, every element z of X¢ is the componentwise limit of some
sequence chosen from the X§. In particular, if there is a unique efficient strategy, i.e., X¢ = {z}, then z is
the componentwise limit of every sequence {zn}%_; chosen from the X§, for all j, i.e., 2N z; in'Y;, as

J
N — o0o.
Recall that
Xy = Fy xYng1 X Ynga X -+, VN,

and the F§ can be determined by the DP procedure discussed above. For each N, let (24V,...,2Y) be any
element of F§. Then, for each j, z; is the limit of the sequence {Z]N }}’Vozj. In this way, we may successively

approximate z1, 22, . . . .
Finally in this section, under certain additional hypotheses, we obtain a measure of the rate of convergence
of X to X. By definition, the Hausdorff metric Dy is given by

Dg(A,B) = max (mezﬁ(dg(x,B), meaé(d@(x,A)>, VA, B e Ko(Y).

Since X C Xy, VN, it follows that dg(x, Xn) =0, Vr € X. Thus,

Ds(Xn,X) = max dg(x,X)), VN.
rxeEXN
Now let x € Xy, so that © = (z1,... ,ZN,TN+1,---), With (21,... ,2y) € Fy. Since all finite horizon
strategies are infinitely feasibly extendable, there exists ¥ € X such that (z,...,z¥) = (z1,...,2N).
This implies that
dg(z,X) = mindg(z,y) < dg(z,aN) Z Bidj(z;,x; M, Vo € Xy.

ex
¥ j=N+1

Recall that

(i) for each j, Y; = U{Yj(s;_1 : s;—1 € S;j_1}, L.e., every available decision in period j is feasible for some
feasible state ending period j — 1.

For the remainder of this section, we make the following additional assumptions:

(ii) for each j, and s;_1 € Sj_1, the mapping f;(s;j_1,-) : Y;(sj—1) — S; is one-to-one with range given by
some S;j(sj—1) C S;, and inverse mapping f;(sj—1,) "'
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(iii) for each j, the mappings {f;(s;—1,-)"" : 0,1 € S;_1} satisfy a uniform Lipschitz condition of the form

di(fi(si—1,) 7 (sy), fi(sio,)7Hsy)) < Nlpioa(sj—1,85-1) + pi(s,85)),

for all s;_1, 39—1 € S;-1, Vs, s; € S;, where A; > 0, p; is the metric on S; and the right hand side defines
the corresponding metric p;_1 X p; on S;_1 x Sj.

Since, zV € X, it follows that sY , = o 1(27,..., 2} ;) € Sj_1, Vj > N + 1. However, in general,
x; is just an arbitrary element of Y;, Vj > N + 1. By property (i), there exists s;_1 € Sj_1 such that
sj—1=o05-1(x1,...,2;), Vj > N+1. Hence, (sj_1,z;), (s ;v 1T} N) € D, with

sj = fi(sj—1,2;) € S;  and sj»v = fj(sé-\lhxév) €5, Vi > N+1.

By property (ii),
z; = fi(sj—1,) "N (s;)  and  al = fi(s) )TN (s, Vji> N +1,

and, by property (iii),

dj(zjoa)) = di(filsi—1,) " (s5), fils3i,) M (s7)
< Aj(pi—1(si—1,8721) + pi(s5,57))
< /\j (diam(Sj_l) +d1am(S]))
Hence,
dg(x Z B; A (diam(S;_1) + diam(S Z B;A; (diam(S;_1) 4 diam(S;)), VN.
j=N+1 j=N+1
Consequently,

D/B(XN,X) = max dg(l‘ X)
zeEXN

IA

d
1253 (pipds(ev)

IA

N
22, dote )

IN

Z BiA; (diam(S;_1) + diam(S;)), VN.
j=N+1

Since the 3; are arbitrary, while the A\; and the diam(S;) are problem data, we may choose the /; such that
Zﬁ] (diam(S;_1) 4 diam(S;)) < oo.

In particular, if sup, diam(S;) < oo, then choose the 3; such that 2511 BjA; < co. Finally, if sup; A; < oo,
then simply let 3; = rJ, for any choice of 0 <7 <1, Vj.

Obviously, all the previous results hold for any problem in which the decision spaces are all finite and
discrete, in which case the mappings on are automatically open, so that X¢ # (). If it is also a singleton
z = (zj);?‘;l, we may successively construct the components z; precisely. In the next section, we apply our
results to a case where the action spaces are non-discrete.

4. Application to Production Planning
Consider a production planning problem involving a single product [4]. Suppose:

e there is no imposed maximum possible production level in each period j;

e there is no backlogging permitted in each period j;

e 0 < d; € R denotes the deterministic product demand level in period j;

e 0 < z; denotes the production decision level in period j;

e 0 < s5; € R denotes the resulting inventory level ending period j;

o the maximum allowable inventory in period j is b; > 0, so that 0 < s; < b;, V7;
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e there is zero inventory starting period 1;
e p; : RT — R denotes the production cost function in period j;
e h; : Rt — R" denotes the inventory holding cost function in period j;

We will now employ the theory developed in the previous sections of this paper to establish the existence of
an efficient solution for this problem. Since efficient solutions are also average optimal under mild regularity
conditions [13], they enjoy strong properties of optimality for undiscounted problems. This existence proof
for an efficient solution to this production planning problem under continuous controls is the first we are
aware of for this model.

Clearly, for each j, the state space S; = [0,b;], Vj, with state transition function given by

fisi—1,y;) = sj—1+y; —d;.

Given inventory 0 < s;_1 < b; ending period j — 1, decision y; > 0 is feasible for s;_; if and only if the
resulting inventory s;j_; +y; — d; satisfies 0 < s;_1 +y; —d; < b;. Thus, for 0 < s;_1 < b;, the set Yj(sj,l)
of feasible decisions for s;_; is the set of all y; belonging to the compact interval

[max{0,d; — sj-1}, b +d; — sj-1],

and consequently, the set Y} of all feasible decisions in period j is the set of all y; belonging to the compact
interval

[max{(),dj — bj}, bj —+ dj]

For each (y1,...,y;), the resulting ending state is given by
J J
O'j(xl,... ,.’13]') = le — Zd“
i=1 i=1
and (x1,...,x;) is equivalent to (yi1,...,y;) if and only if
J J
D_m=) v
i=1 i=1

It follows that F} is the set of all (y1,... ,y;) satisfying
max{0,d; —oi—1(y1,---,¥i—1)} < vi < bi+di—oi—1(y1,.-.,Yi-1), V1 <i<j,
with o;_1(y1,... ,¥;—1) = 0, for ¢ = 1. Alternately, since
(Y155 yi) = 0ic1(Y1, - Y1) Ty —diy V2 <0<,
and 01(y1) = y1 — d1, the feasible region F; is the set of all (y1, ... ,y,) such that y; > 0 and
0<oi(y1,...,4) <bi, V1<i<j.
The feasible region F' is determined analogously. Since the functions  — max{0,b; —z} and z — b; +d—=x

are continuous, it follows that our production planning model has the closed graph property. The infinite
horizon optimization problem is then given by:

maxz [pj(2;) + hj(oj_1(21,... ,2j-1))] subject to (x1,29,...) € F.
j=1

4.1 Theorem. For each j, the mapping o; : Fj — S; is open. Hence, there exists an efficient solution for
our production planning problem.

Proof. We apply Theorem 3.8. Fix j and let limy .o, s? = s; be a convergent sequence in S; = [0,b;].
Then 0‘;1(8?) C Fj, Vk, and O‘;l(Sj) C F;. We next show that O‘;l(Sj) C lim supy 0‘;1(8?). Passing to a
subsequence if necessary, we may assume that Sf ls; or sf T s; monotonically, as k — oo.

Let (y1,...,y;) € aj_l(sj). Then o;(y1,...,y;) = s; and

0 S O'i(yl,...,yi) = Zynfzd” S bj, Vlglg]
n=1 n=1
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Suppose s? 1 sj,as k— oo. If s; = bj, then necessarily sf =bj;, Vk, so that o;l(sg?) = O‘;l(Sj), vk,

—1 : -1 —1(.k
and o; (s;) = limsup,o; (sf) =0; (s?), Vk.
Now suppose 0 < s; < b;. If there exists a subsequence of {5?}?;1 which is equal to s;, then proceed as

in the previous case. Thus, we may also assume that s? > s;, Vk. Define y;? =y; + s? — 55, Vk. Then

max{0,d; — oi—1(y1,-.- ,yj-1)} < yf < bj+dj—oii(yr,.--,y;-1) and
J

Jj—1 J J
Syt =>di = Y yi+si—s;—> di = s§,
i=1 i=1 i=1

=1

Uj(y17 cee 7yj717y§:)

where 0 < s; < s < b;. Since

i i
0 < oy, o4) = D Yn— dn < b, VI<i<j—1,
n=1 n=1
also, it follows that (y1, ... ,yj_l,y;?) € Jj_l(s?), Vk. Clearly, limg_, o0 (y1, - - - ,yj—l,y;‘c) =W, Y—1,Yj)s
for the resulting subsequence, so that (yi,...,y;-1,y;) € limsup, O’;l(S?).

Next suppose s;“ T 54, as k — oo. The proof here is similar to that of the previous case. We leave the
details to the interested reader.
|

Theorem 4.1 assures the existence of an efficient solution to the production planning problem under very
general conditions, including essentially arbitrary cost and demand profiles.
Finally, observe that, for this case, the Lipschitz constants A; = 1, Vj, so that

oo
Ds(Xn, X)< > 1, Yo<r<lL

i=N+1
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