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Abstract

This paper deals with the problem of graph matching or network alignment for Erdés—Rényi
graphs, which can be viewed as a noisy average-case version of the graph isomorphism prob-
lem. Let G and G’ be G(n,p) Erdés—Rényi graphs marginally, identified with their adjacency
matrices. Assume that G and G’ are correlated such that E[G;;G};] = p(1 — ). For a per-
mutation 7 representing a latent matching between the vertices of G and G’, denote by G™
the graph obtained from permuting the vertices of G by w. Observing G™ and G’, we aim
to recover the matching 7. In this work, we show that for every ¢ € (0, 1], there is ng > 0
depending on ¢ and absolute constants ag, R > 0 with the following property. Let n > ny,
(I14+¢)logn < np < nm, and 0 < a < min(ap,e/4). There is a polynomial-time algo-
rithm F such that P{F(G™,G’') = 7} = 1 — o(1). This is the first polynomial-time algorithm
that recovers the exact matching between vertices of correlated Erdés—Rényi graphs with con-
stant correlation with high probability. The algorithm is based on comparison of partition trees
associated with the graph vertices.
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1 Introduction

The problem of graph matching (also known as graph alignment or network alignment) refers
to finding a mapping between vertices of two given graphs in order to maximize alignment of
their edges. If the two graphs are isomorphic, the problem is the celebrated graph isomorphism
problem, for which no polynomial-time algorithm is known in the worst case (see [Babl6] and
references therein). In general, the noisy graph matching problem can be formulated as the quadratic
assignment problem, which is NP-hard to solve or approximate (see surveys [PRW94, BCPP9g|).

While in the worst case the problem appears intractable, an optimal matching of certain random
graphs can be realized in polynomial time. In particular, the graph isomorphism problem for
Erdés—-Rényi graphs above the connectivity threshold can be solved in polynomial time with high
probability [BES80, Bol82, CP08]. More recently, numerous results have been obtained in the
literature for matching a pair of correlated Erdés—Rényi graphs [PG11, YG13, LFP14, KHG15,
FQRM™16, CK16, SGE17, DMWX21, BCLT19, BSH19, CKMP19, DCKG19, MX20, FMWX20,
GM20, WXY21, MRT21]. At the same time, conditions for existence of a polynomial-time algorithm
for recovering the latent matching between the two graphs are far from being fully understood. In
this work, we make further progress along this line of research by proposing a polynomial-time
algorithm which produces an exact matching between a pair of correlated Erdés—Rényi graphs with
constant correlation, which is the first result of this kind in the literature.

1.1 The correlated Erd6s—Rényi graph model

We consider the correlated Erdés—Rényi graph model [PG11] in this work. Fix p € (0,1), a €
[0,1 — p], and a positive integer n. Let Go be a G(n, 2= ) Erd6és-Rényi graph, which is called the
parent graph. Conditional on the parent graph Gy, a subgraph G is obtained by removing every



edge of Gy independently with probability «; moreover, another subgraph G’ of Gy is obtained
in the same way (conditionally) independently of G. Then G and G’ are marginally both G(n, p)
graphs, and for every pair of distinct vertices ¢ and j in [n] := {1,2,...,n},

P{i is adjacent to j in G |i is adjacent to j in G'} =1 — a.

Note that « indicates the noise level in the model, while 1 — « can be viewed as the correlation
between the two graphs. Given a permutation 7 : [n] — [n], let G™ denote the graph obtained
from permuting the vertices of G by m. In other words, i is adjacent to j in G if and only if 7 (7) is
adjacent to 7(j) in G™. The permutation 7 is unknown and represents the latent matching between
the vertices of the two graphs. Observing the graphs G™ and G’, we aim to recover the matching
m exactly.

1.2 Prior work and our contributions

We use the standard asymptotic notation O(-), o(-), and Q(-) for a growing n; we also use O(-) to
hide a polylogarithmic factor in n. Moreover, we use C, C’, ¢, ¢, possibly with subscripts, to denote
universal positive constants that may change at each appearance.

Let us focus our discussion on the exact recovery of the latent matching w. First, it is without
loss of generality to assume that the average degree of each graph exceeds the so-called connectivity
threshold. To be more precise, if np < (1 — ¢)logn, a G(n,p) graph will almost surely contain
isolated vertices, so exact recovery of the matching is impossible in this case. We therefore assume
that the average degree satisfies np > (1 + €)logn for an arbitrarily small absolute constant ¢ > 0.
Then a G(n,p) graph is known to be connected almost surely as n grows.

For the correlated Erdés—Rényi graph model, the optimal information-theoretic threshold for
exact recovery of 7 is known [WXY21]. For example, in the regime £- = o(1), exact matching is
possible if np(1 — a) > (1 + £’)logn for any constant ¢’ > 0. In particular, if np = (1 + ¢)logn
for a small constant € > 0, then this threshold requires « to be slightly smaller than €. In the
dense case where np is much larger than logn, the information-theoretic threshold even allows «
to be close to 1. However, this optimal condition is achieved by the maximum likelihood estimator
which employs an exhaustive search over the set of permutations and is therefore computationally
infeasible. Several recent works developed quasi-polynomial and polynomial time algorithms for
exact recovery of m under stronger conditions. A selection of prior results along with ours are listed
in Table 1.

Table 1: Conditions for Exact Matching

Condition Time Complexity
[WXY21] np(l —a) > (14 ¢')logn if £ = o(1) exponential
[BCL'19] np>n°D 1 —a> (log n)*o(l) nOUogn)
np > (logn)®, a < (logn)~© 50082 L.
[DMWX21] Clogn < np < elo8losm)” " < (loglogn)~C O(n’p? + %)
[FMWX19] np > (logn)®, a < (logn)=¢ O(n?)
[MRT?21] np > (logn)®, a < (loglogn)~¢ O(n?)
This Work | (14 ¢)logn < np < nm, a < min(const, e/4) n2+o(l)




As shown in Table 1, before this work, no polynomial-time algorithm is known to achieve exact
recovery if the noise parameter « is a small constant nor if the average degree np is close to the
connectivity threshold logn. Our work achieves both conditions and therefore resolves what was
seen as a main open problem in this literature. In particular, if np = (1 4 €) logn for a constant
e > 0, the condition required by our algorithm differs from the optimal information-theoretic
condition by at most a constant factor.

While our main focus is exact recovery of the latent matching 7, part of our strategy applies
to partial recovery of 7w and is expected to carry over to sparser regimes where exact matching is
impossible; see Theorem A and Section 2.2 for details. The new algorithm we propose is based
on exploring large neighborhoods of vertices via partition trees, a technique that may be of further
interest. Moreover, the last step of our algorithm is to obtain an exact matching from a (potentially
adversarial) partial matching. To this end, we develop a method that tolerates any constant fraction
of wrongly matched pairs in the initial partial matching; see Sections 2.3 and 7 for details.

1.3 Main results

Everywhere in this paper, when discussing the computational complexity of a function, we assume
that elementary arithmetic operations as well as the square root and the logarithm, can be computed
exactly in time O(l) We note that analyzing the algorithms using the floating point arithmetic,
while certainly possible, adds unnecessary technical details to the presentation and does not affect
the order of the time complexity.

Our first main result deals with almost exact recovery of the latent permutation. The algorithm
succeeds with probability at least 1 —n =" for an arbitrary constant D > 0, even when the average
degree is logarithmic in n.

Theorem A (Almost exact matching). For any constant D > 0, there exist constants ag, ng, R, ¢ >
0 depending on D with the following property. Let G and G’ be the graphs given by the correlated
Erddés—Rényi graph model defined in Section 1.1, with parameters n, p, and « such that

1
n > ng, a € (0,a9), logn < np(l —a) < nRlelen,

Then there is a random function Fy defined on pairs of graphs on [n] and taking values in the set
of permutations on [n|, such that

e [ is independent from the graphs G™ and G,
e [ has expected time complexity O(n?), and

e for any latent permutation m : [n] — [n],

P{F.(G™,G')(i) # m(i) for at most n'~¢ indices i e n} > 1 — nP.

The next result establishes existence of a polytime procedure producing an exact matching with
high probability.

Theorem B (Exact matching). For any constant ¢ € (0, 1], there ezists a constant ng > 0 depend-
ing on € and absolute constants cg, R > 0 with the following property. Let G™ and G’ be the graphs



given by the correlated Erdds—Rényi graph model defined in Section 1.1, with parameters n, p, and
a such that

1
n > ng, (1+¢)logn < np < nFlglen 0 < a < min(ag,e/4).

Then there is a random function Fex defined on pairs of graphs on [n] and taking values in the set
of permutations on [n], such that

o [y, is independent from the graphs G™ and G’,
o [ has expected time complexity n2t°M) and

e for every permutation m : [n] — [n],

P{Fe(G™,G") =7} > 1 —n"'" — exp(—epn/10).

The actual computational procedures for F; and Fex from the above theorems will be discussed
in Section 2.

1.4 Notation

For any positive integer n, let [n] be the set of integers {1,2,...,n}. Let N denote the set of positive
integers and Ny the set of nonnegative integers. Let A and V denote the min and the max operator
for two real numbers, respectively.

For a graph G with vertex set [n] and i € [n], let degs (i) denote the degree of ¢ in G. For
distinct vertices i,j € [n], let distg(7,j) denote the distance between i and j in the graph G. Let
Ng(i) denote the set of neighbors of i in G. For a subset S C [n], let Ng(S) = U;eg Na(i).
For r € N| let Bg(i,7) and Sg(i,r) denote the ball and the sphere of radius r centered at ¢ in G,
respectively. Let G(S) denote the subgraph of G induced by S C [n]. In particular, G(Bg(i,r)) is
the r-neighborhood of ¢ in G.

2 Algorithms and theoretical guarantees

Let n € N and p € (0,1) be global constants that are known to the algorithms.

2.1 Partition trees and vertex signatures

In order to recover the latent matching m between vertices of the two graphs, we associate a
signature, that is, a 2™—dimensional vector, to every vertex in G™ and every vertex in G’. The
signature of vertex 7 in a given graph I' is constructed based on the partition tree rooted at i, which
is, by definition, a complete binary tree T' whose nodes {77} se{—1,1}m at level m form a partition
of the sphere Sr(i,m). Algorithm 1 gives the precise construction of the partition tree and the
signature associated to a vertex.

Algorithm 1 can be informally described as follows. Given a vertex i, we construct inductively
a binary tree of sets TF, k = 0,...,m, s € {—1,1}*, starting with T3 := {i}. Each set TF,
s € {—1,1}*, is a subset of the sphere Sp(i, k). For every k < m and s € {—1,1}* T* has two

children T('z+_11) and T(’?_:l), with the union T(?’_ll) U T(IZ+431) equal to N (TF)NSr(i, k+1). Here, we



Algorithm 1 VertexSignature

Input: a graph I" on the vertex set [n], a vertex i € [n], and a depth parameter m € N

Output: a signature vector f € R?" and a vector of variances v € R?"

: TY < {i} > & denotes the empty tuple
:for k=0,...,m—1do

for s € {~1,1}* do

Ty 7 €MD NSi(i k1) dege() 2 )

T(’j_ll) —{j e NP (TF)NSr(i,k+1) : degp(j) < np}
end for

end for

define f(i) € R®" by f(i)s := D ENH (TS (iymt1) (degr(j) — 1 —np) for s € {-1,1}™

define v(i) € R?" by v(i)s := np(1 — p)|Nr(T™) N Sp(i,m + 1)| for s € {—1,1}™

return f(i) and v(7)

,_.
@

write (s,41) for a binary vector in {—1,1}**! formed by concatenating s and 1. The set T(kj_ll)

is the collection of all vertices in N1 (T¥) NSr(i, k + 1) with degree strictly less than np, and T(lfi:l)
— the vertices with degrees at least np (note that the input of the algorithm is a realization of a

G(n,p) random graph, hence the threshold value). The collection of sets of vertices
T={TF:k=0,...,m, s€e{-1,1}"}

associated with a given vertex ¢ is referred to as the partition tree rooted at i. It can be viewed as
a data structure encoding statistics of paths of length m starting at ¢ and classified according to the
degrees of the comprised vertices. The key point of our approach is that the partition trees contain
sufficient information for recovering the latent matching between the correlated graphs. We refer
to Figure 1 for an example of the partition tree of a vertex in a graph.

Figure 1: An example of a partition tree of a vertex ¢ of a graph with parameters np = 3.5 and
m = 2. The blue lines denote the edges of the graph. The nodes of the partition tree of i are

Ty = {i}; T\, = {ir,io}hs T}y = {is}s

T(Q,L,l) = {012,921, 922 }; T(2,17+1) = {in}; T(QH,,D = {i31,132}; T(QJFLH) = {is3}.

With the partition tree constructed, Algorithm 1 then defines the signature f(i) € R?" of
vertex ¢ to be a vector whose entries are based on degrees of neighbors of vertices in the leaves



of the partition tree. Finally, the auxiliary vector v(i) € R*" encodes the variances of the entries
of the signature vector in a G(n,p) random graph, conditional on a realization of the (m + 1)—
neighborhood of 7. For matching vertices of G™ and G’, we will use normalized differences of
%, where the superscript “’” denotes that the signature
vs(2)+Vvi (7

vector and the vector of variances are for a vertex i in G'; see Algorithm 2 for details.

Since we will take m = O(loglogn) and the average degree of each graph is assumed to be

signatures with components

1
nRleelogn for a sufficiently large constant R, the expected time complexity of computing one signa-
ture vector with Algorithm 1 given the adjacency matrix of I" is O(n).

2.2 Almost exact matching

With the signatures constructed, we then match vertex ¢ in G™ and vertex ¢/ in G’ if and only if
their signatures are sufficiently close. Ideally, the difference between the signatures of a “correct”
pair of vertices, 7() in G™ and 7 in G’, should be small, while the difference between the signatures
of a “wrong” pair of vertices, 7(¢) in G™ and ¢ in G’ for i # 4, should be large. Algorithm 2
compares signatures in terms of a sparsified o—distance weighted by the associated variances. The
results of the vertex comparisons are stored in an n X n matrix, denoted by B in the algorithm
description.

Algorithm 2 SignatureComparison

Input: two graphs I' and I” on the vertex set [n]
Output: a matrix B € {0,1}"*"

L. m <+ [22loglogn]

2: w < [(logn)?|

3: fori=1,...,ndo

4: (f(i),v(i)) < VertexSignature(T',4,m)

5: (f'(4),V'(i)) < VertexSignature(I”,i,m)

6: end for

7. J < a uniform random subset of {—1,1}" of cardinality 2w
8 fori=1,...,ndo

9: for7/ =1,...,ndo

10: if 30,0, LOZLIE < 90(1— —L) then
11: Bi,i’ +—1

12: else

13: Bi,i’ +0

14: end if

15: end for

16: end for

17: return B

To be more precise, given two vertices ¢ and 7' in graphs ' and I”, with signatures f(7)
and f’(i") and variance vectors v(i) and V/(i’), respectively, the algorithm computes the sum

(o)1)
2osed N i)

rithmic in n. If this sum is smaller than the threshold |J](1 — \/1%), then we match the vertices i
ogn

and ¢. The main difficulty of the signature comparison is that, under the assumption of constant

, where J is a uniform random subset of {—1,1}" of a cardinality polyloga-



correlation between the graphs G and G’, the signature vectors of vertex i in G and G’ will be
only slightly correlated with a high probability. To distinguish between a correct and a wrong
matching, we need to be able to distinguish between “very slightly correlated” and “essentially
uncorrelated” signature vectors, which is achieved through a rather delicate analysis. This is the
reason why the threshold |J|(1 — \/b%gn) is only slightly different from the value |.J| which would

be the expected squared f5-distance between two independent random vectors in R, normalized
so that the variance of each component of the difference is one.
Moreover, taking the sparsified distance over J in Algorithm 2, rather than summing over all

indices s € {—1,1}™, weakens the dependence across entries of the signature vectors and allows us

(fs(i)—fi(i))*
s€J  vs(i)+vi(d)
signature vectors is taken from earlier work [MRT21] by the current authors.

It is not difficult to see that the expected time complexity of Algorithm 2 is of order O(nQ),
because it amounts to computing and comparing all the signature vectors, which are of length
polylogarithmic in n. Theorem 2.1, which is the main technical result of the paper, then guarantees
that Algorithm 2 distinguishes correct pairs from wrong pairs for most vertices with high probability.
The proof of the theorem is given at the end of Section 6.

to prove strong concentration bounds for » . The idea of comparing the sparsified

Theorem 2.1 (Difference between signatures of typical vertices). For any constant D > 0, there
exist constants o, ng, R,c > 0 depending on D with the following property. Let G™ and G’ be the
two graphs given by the correlated Erdds—Rényi graph model defined in Section 1.1 with underlying
matching 7 : [n] — [n] and parameters n, p, and o such that

1
n > ng, a € (0,ap), logn < np(l —a) < nFklelken,

Let B € {0,1}™*"™ be given by Algorithm 2 with G™ and G’ as input graphs. Then, with probability
at least 1 —n~P, there exists a subset T C [n] with |I| > n — n'=¢ such that By, = 1 for any
i € Z, and By = 0 for any distinct i,i’ € T.

To pass from a matrix B in the above theorem to a permutation, we apply a simple procedure,
Algorithm 3, which yields an almost exact estimate 7 of the underlying matching 7. The com-
putational complexity of Algorithm 3 is clearly O(n?). Proposition 2.2 ensures that Algorithm 3
succeeds deterministically.

Proposition 2.2 (Matching from comparisons). Fiz a permutation 7 : [n] — [n], a matriz B €
{0,1}"*™ and a subset T C [n] with |Z| > n — k for a positive integer k < n/4. Suppose that
Briys =1 for any i € Z, and By = 0 for any distinct i, € I. Then Algorithm 3 outputs a
permutation 7 : [n] — [n] satisfying

Hz € n]:7(i)# ﬂ'(l)H < 4k.

Proof. First, it is clear that Algorithm 3 outputs a bijection 7 : [n] — [n], so 7 is well-defined.

Next, we claim that the while loop in Algorithm 3 will be run for at least n — 2k iterations.
To this end, suppose that it has been run for strictly fewer than n — 2k iterations, after which we
have |V| = |V’| > 2k + 1. Since |Z| > n — k, it follows that [ZNV’| > k + 1. For each ' e ZNV’,
consider two cases:

e Suppose that 7(i') € V, that is, 7(i') has not been deleted. By the assumption on B, we have
Br(iny; = 1, so the edge 7(i") ~ 4’ is still present in the graph H. As a result, the while loop
will be run for at least one more iteration.



Algorithm 3 ApproximateMatching
Input: a binary matrix B € {0,1}"*"
Output: a permutation 7 : [n] — [n]
1: H < the bipartite graph whose adjacency matrix is B

2: let V =V’ = [n] be the two parts of vertices of H

3: while the edge set of H is nonempty do

4 pick an arbitrary edge ¢ ~ i’ in H where i € V and i’ € V'
5: define (') 1=
6
7
8
9

delete the edge i ~ ¢’ from H
V <+ V\{i}
V'« V'\{i}
: end while
10: if V # @ then
11: define 7|y to be an arbitrary bijection from V to V' so that 7 is a permutation on [n]
12: end if
13: return 7

e Suppose that 7(i') has already been deleted in a previous iteration, say, along with another
vertex j'. Then there is an edge (i) ~ j' in the original bipartite graph, that is, B¢ ; = 1.
As j" # 4/, by the assumption on B, we must have j' € [n] \ Z. Since Hn] \I‘ < k, this case
can occur for at most k vertices 4’

To conclude, because |ZNV'| > k + 1, there is at least one i € ZN 'V’ that falls into the first case
above. Thus, the while loop will be run for at least one more iteration, and the claim is proved.

Furthermore, consider an iteration of the while loop in which we pick an edge ¢ ~ i’ in H for
1€V and i’ € V'. There are two cases:

e Suppose that both 771() and i’ are in Z. Since B; i = 1, by the assumption on B, we must
have 7=1(i) = i’ so that = (') = i = 7(i’).

e Suppose that either 7=1(i) or i’ is in [n] \ Z. After this iteration, i and 4’ are deleted from
the vertex sets. Since |[n] \ Z| < k, this case can occur at most 2k times in total.

Recall that the while loop will be run for at least n — 2k iterations, and among them, at least n — 4k
iterations fall into the first case above. Consequently, we have 7(i') = 7 (i) for at least n — 4k
vertices i’ € [n]. O

Combining Theorem 2.1 and Proposition 2.2 immediately yields the following result.

Corollary 2.3 (Almost exact matching). In the same setting as in Theorem 2.1, using the matriz
B € {—1,1}"™*™ given by Algorithm 2 as the input, we run Algorithm 3 to produce 7 : [n] — [n].
Then, with probability at least 1 —n~P, it holds that

Hz € [n]: 7(i) #m(i)}| < 4nt=e,

Note that Corollary 2.3 implies Theorem A in the introduction.



2.3 Exact matching

Having obtained an estimate 7 of the underlying matching m, we now aim to recover m exactly
by refining 7. The algorithm we propose is based on iterative refinements of an initial partial
matching by studying intersections of neighborhoods of vertices in G™ and G’. At each step, we
obtain a matching with the number of incorrectly matched pairs of vertices smaller by a constant
factor than that number in the previous step. After a logarithmic number of such iterations, we
obtain the exact matching with high probability. A formal description of the procedure is given in
Algorithm 4.

Algorithm 4 RefinedMatching
Input: two graphs I' and I on [n], a permutation 7 : [n] — [n], and a parameter € > 0
Output: a permutation 7 : [n] — [n]

1o g < 7
2: for { =1,...,[logyn] do
3: fori=1,...,ndo

4: if there is a vertex ¢’ € [n] such that

5: o |1, (Np (i) NN ()] > e2pn/512

6: o [m, 1 (Nr (i) NN (§')| < 2pn/512 for all j' € [n] \ {i'}
7: o |7, (Nr(5)) NN (i')| < e2pn/512 for all j € [n] \ {i}
8: then

9: Wg(i/) — 1

10: end if

11: end for

12: extend 7, to a permutation on [n] in an arbitrary way

13: end for

14: T < T [logy n]
15: return 7w

The underlying reason for why Algorithm 4 succeeds is a certain expansion property of sparse
Erd6s—Rényi graphs. Note that at each step of Algorithm 4, we assign (i) := i whenever ¢’
is a vertex in [n] with |m, " (Ng=(i)) N Ne ()] “large” and both |m, " (N (i) N Nev(5)] and
|7, (Ne= (7)) N Ner ()| “small” for all j/ € [n]\ {¢’} and j € [n] \ {i}. Accordingly, the partial
matching 7y will be an improvement over my_; unless there are many (of order roughly |[{v € [n] :
m—1(v) # w(v)}]) vertices of G or G’ with a considerable proportion of neighbors wrongly matched
by mp_1. This, however, can be ruled out with a high probability. The basic principle can be
formulated as follows. If I is any random subset of [n] containing a vast majority of the vertices of
G, then for any positive constant ¢ > 0 the set {i € [n] : |[Ng(i) N I¢| > ¢pn} has cardinality at
most 1|7¢| with high probability; see Section 7 for details.

Moreover, observe that the expected time complexity of Algorithm 4 is n2t°) The n? part
comes from the loop over i € [n] and the “if” statement which consists in searching over i’ € [n].
All the other computations can be done in n°!) time because the neighborhoods are of typical size
n°1) . The following theorem provides guarantees on the performance of Algorithm 4.

Theorem 2.4 (Refining a partial matching). For any ¢ € (0,1], there ezists ng > 0 and k €
(0,1) depending on e with the following property. Let G™ and G’ be the two graphs given by the

10



correlated Erdés—Rényi graph model defined in Section 1.1 with underlying matching 7 : [n] — [n]
and parameters n, p, and o such that

n > no, (14+¢)logn <pn <

4].
Togn € ©0e/4
Given a random matching 7 : [n] — [n] (possibly depending on G™ and G'), and with G™, G', & as
the input, let 7 : [n] — [n] be the output of Algorithm 4. Then we have

P{z =7} > P{|{i € [n] : #(i) # 7(i)}| < kn} — exp(—epn/10).

The following corollary of the above theorems is our final result on exact recovery of the under-
lying matching.

Corollary 2.5 (Exact matching). Fiz a constant ¢ € (0,1]. There exists a constant ng > 0
depending on € and absolute constants ag, R > 0 with the following property. Let G™ and G’ be
the two graphs from the correlated Erdés—Rényi graph model defined in Section 1.1 with underlying
matching 7 : [n] — [n] and parameters n, p, and « satisfying

1
n > ng, (1+¢e)logn < np < nFlelogn 0<a<ayA(e/d).

Run Algorithm 2 (with G™ and G’ as input graphs) to obtain B € {0,1}"*™, then run Algorithm 3
to obtain 7 : [n] — [n], and finally run Algorithm 4 to obtain 7 : [n] — [n]. Then we have

P{r=n}>1- n~ 19 — exp(—epn/10).

Proof. First, we apply Corollary 2.3 with D = 10 to obtain |{i € [n] : #(i) # 7(i) }| < 4n'~¢ with
probability at least 1 —n =19 Then, we choose x depending on ¢ according to Theorem 2.4. If n is
sufficiently large depending on &, then 4n'~¢ < kn, so Theorem 2.4 gives the result. O

Observe that Corollary 2.3 implies Theorem B from the introduction.

2.4 Further related work

The algorithms proposed above are related to several existing methods for graph matching. First,
to achieve exact matching under the stronger condition o < (logn)~¢, the paper [DMWX21]
introduced a method based on comparing the degree profiles of vertices, that is, the empirical
distributions of neighbors’ degrees. The condition can be further improved to a < (loglogn)~¢ for
sparse graphs by exploring neighbors’ degree profiles. Note that the degree profiles of neighbors of
a vertex are determined by the 3-neighborhood of the vertex. On the other hand, our algorithm
uses degree information in a neighborhood of radius ©(loglogn) around each vertex, which is key
to matching graphs with constant correlation. Prior to our work, large neighborhood statistics
were used in the paper [MX20] which studied seeded graph matching — the version of the problem
where a handful of correctly matched pairs of vertices are given to the algorithm as “seeds”. We
remark that, while the idea of leveraging degree statistics in neighborhoods is not new, our method
of exploiting correlation via partition trees is novel.

The local tree structure in sparse graphs has been used in previous work for partial matching
[GM20] and correlation detection [GML21]. It is worth noting that these papers considered local
trees whose nodes are vertices of the observed graphs, while we consider partition trees whose nodes
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are sets of vertices. This is crucial to our analysis, which centers around estimating the overlaps
between nodes of partition trees.

Moreover, the procedure of refining a partial matching (Algorithm 4) bears similarity to algo-
rithms in prior works on similar topics [KHG15, LS18, YXL20]. The problems studied in these
works, however, are inherently different from ours. To be more precise, it is assumed in these pa-
pers that the initial partial matching mg is independent from the observed graphs, while the initial
matching we study can be an estimator computed from the observed graphs or even adversarially
chosen. This adversarial setting has been studied in [BCLT19, DMWX21], but they require a van-
ishing fraction of wrongly matched pairs in the initial matching, while our result can tolerate any
constant fraction.

Finally, the strategy of matching vertices via comparing signature vectors appeared in the
paper [MRT21] by the current authors. In this previous paper, to exploit correlation between the
two graphs, we started with comparing certain degree quantiles of the vertices and then refine the
matched quantiles of vertices in two steps to obtain the final matching. The essence of this procedure
is different from that in the current paper, although both eventually lead to weakly correlated
signature vectors of length polylogarithmic in n. The more “global” strategy of comparing degree
quantiles allows us to match G(n,p) graphs with any average degree np > (logn)® but requires a
smaller noise level o < (loglogn)~. On the other hand, the current work adopts a more “local”
approach of comparing neighborhoods that are typically trees, yielding a better condition a < const
for sparse graphs.

3 Overview of the analysis

Our proof starts with some preparatory observations on the structure of large neighborhoods in
sparse Erd6s—Rényi Graphs, comprised in Section 4. The main goal is to show that with a high
probability and for an appropriate choice of a parameter k, the k—neighborhoods of a vast majority
of vertices are trees having sizes in a prescribed range, and with a prescribed statistics of nodes
with very high or very low degrees. The main tools in this section are standard concentration
inequalities and standard properties of the binomial distribution.

The signature comparison is carried out in Sections 5 and 6. We recall that the depth param-
eter m for constructing the signatures is double logarithmic in n. Section 5 starts with a crucial
observation that the classes T!"(i, G) and T2 (i, G') from the partition trees of i in G and G, respec-
tively, typically have intersections which introduce a detectable correlation of the degree statistics
of their neighbors. More specifically, we show that under an appropriate graphs density assumption,
with high probability almost every vertex ¢ has |77 (i, G) N T (i, G")| > (np/2)™(1 — v)™, where
v > 0 is an arbitrarily small constant. The proof is accomplished by induction, by considering
THi,G) N TE(i,G") for 0 < £ < m (see Proposition 5.1). Note that the size of the intersection
|77 (i,G) N T (i, G")| is still vanishing compared to the typical order of magnitude of |T7"(i, G)|
and |T(i,G')| (that is, roughly (np/2)™).

Further, in Subsection 5.2 we discuss the sparsification procedure which greatly simplifies the
signature comparison. Sparsification is introduced to avoid the situation when for many pairs of
distinct indices s,s" € {—1,1}"™, the sets T,"(i,G) and T (i, G') still have a considerable intersec-
tion, which would introduce complex dependencies between components of the signature vectors
of i in G and G’. While such an event appears difficult to control directly, by taking a relatively
small uniform random subset J of indices in {—1,1}"™ instead of the entire index set, we can guar-
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antee that the undesired situation does not occur with high probability. More precisely, we are
able to show that under some additional technical assumptions, the sets Ry(i) := Ng(T7(i,G)) N
N (TJ"{{S} (1, G’)) NSa, (i, m+1) and R.() := Ng (Tsm(i, G’)) ﬁNg( R{S}(i, G)) NSg,(i,m+1),
with s € J, have small cardinalities with a high probability. The comparison of signatures of cor-
rect pairs of vertices is then accomplished in Subsection 5.3, with Subsection 5.4 summarizing the
results.

Section 6, where the comparison of signatures of wrong pairs of vertices is carried out, has the
same high-level structure as Section 5, although in that case somewhat more delicate estimates
are required to show that the signature vectors of distinct vertices of G and G’ are “essentially
uncorrelated”.

Construction of an exact matching between vertices of the two graphs from the approximate
matching obtained in Theorem 2.1 and Corollary 2.3, is accomplished in Section 7. The goal of this
section is to show that with high probability, Algorithm 4 described in Section 2, with the input
partial matching given by Corollary 2.3, will produce the exact matching between G™ and G'.

4 Large neighborhoods in an Erd6s—Rényi graph

In this section, we consider structural properties of vertex neighborhoods in sparse Erd6s—Rényi
graphs. While some of the statements (in particular, regarding the sets T! from Algorithm 1) are
method-specific, others, dealing with degree concentration and existence of cycles, are standard.
Nevertheless, we prefer to provide the proofs for completeness.

4.1 Cardinality estimates for large neighborhoods and vertex classes

Lemma 4.1 (Sizes of neighborhoods and their intersections). For any D > 1, there is K > 0 and
ng € N depending only on D such that the following holds. Let G be a G(n,p) graph with n > ng
and pn > logn. With probability at least 1 —n~P, we have that

|Ba(i,1)| < K(np)'  for any i,l € [n]. (1)

On the event that (1) holds, for any m € N and any i,j € [n] such that i # j and G(Bg(i,3m)) is
a tree, if d := distg(i,j) < 2m, then

|Ba(i,m) N Ba(j,m)| < K(np)m*(d/ﬂ.

Proof. The first part of the lemma is standard: It is not hard to see that |Sg(i,1)| is stochastically
dominated by a Binomial(n, p!) random variable, so the bound follows from Chernoff’s inequality
and a union bound. We omit the details.

For the second part, assume that (1) holds. Fix distinct 4, j € [n] and let d = distg(i,7) < 2m.
Then there exists a path v from ¢ to j of length d. Fix v € Bg(i,m) N Bg(j,m). Then there is a
path from ¢ to v in Bg(i,m) which we denote by ~;, and there is a path from j to v in Bg(j,m)
which we denote by ;. Since Bg(i,m) U Bg(j,m) is contained in Bg(i,3m) which is assumed
to be a tree, the paths «, 7;, and v; are unique. Since the union of v, 7;, and v; is a tree, all
of them must pass through a unique common vertex w. Since the length of v; is at most m, we
have v € Bg(w,m — distg(i,w)); similarly, we get v € Bg(w,m — distg(j,w)). As a result, if
[ := m — max(distg(w, 1), distg(w, 7)), then v € Bg(w,l). Note that m —d <1 < m — [d/2] in
particular.
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We now count the total number of vertices v € Bg(i,m) N Bg(j,m) by reversing the above
reasoning: For any fixed w on the path v, there are at most K (np)! vertices in Bg(w,1); this gives
an upper bound on the number of possible v that connects to w. Letting w vary on the path ~
and recalling the definition of [, we easily see that each [ =m —d,...,m — [d/2] corresponds to at
most two w. Therefore, the total number of v can be bounded by

m—[d/2]
2 Y K(np) < 4K (np)m 1421,
l=m—d

which finishes the proof (up to a change of the constant K). O

Lemma 4.2 (Sizes of vertex classes). For any C,D > 1, there exists @ >0, R > 0, and ng € N
depending only on C and D such that the following holds. Let G be a G(n,p) graph with n > ng
and )

logn < np < nERlslsn (2)
Fiz a positive integer m < C'loglogn. Forl € [m], s € {—1,1}}, and i € [n], let T'(i) denote the
class T of vertices constructed in VertexSignature(G,i,m) (Algorithm 1). Then, with probability
at least 1 —n=P for any i € [n] such that G(Bg(i,m + 1)) is a tree, any | € [m], and any
s € {—1,1}, we have

rii <o (")

Proof. Fix i € [n] throughout the proof. We omit the subscript G in notations Bg, Sg, etc. for
simplicity. For readability, we split the proof into a few parts.

Redefining the classes of vertices Let us define a modified version of the degree of a vertex
and the classes T! = T'(i) which coincide with the original definitions when G(B(i,m + 1)) is a
tree. Namely, for j € S(i,1), we set

deg(j) := [N () NS (i, 1+ 1)] + 1. 3)

Define classes T the same way as T' but with deg(j) replaced by d/eE( 4); that is, 79 = {i}, and for
1 €Ngandse {-1,1},

Tl:}rl {jeN (THNS(i, 1+ 1) : deg(j) > np},

Tl+1 = {j e N( (THNS(@i,1+1): d/(%(j) < np}.

Note that if G(B(i,m + 1)), then deg(j) = deg( ) for any j € B(i,m) \ {i}, and thus Tl T! for
any | < m and any s € {—1,1}. Therefore, it suffices to bound the cardinality of T for [ € [m].

Setup of the induction For the base case [ = 1 of the induction, it is standard to show that
P{IT!| < Knp} > P{deg(i) < Knp} =1 -n""""! (4)

for a constant K > 0 depending only on D, since np > logn and n > ng = no(D). The same bound
holds for || as well.
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Next, we set up the induction from [ € [m — 1] to [ + 1. Define

Q, :=2K <1+;)17 (5)

so Q; < 2eK for all | € [m]. Let s = (s1,...5s;) be such that s; = 1. The case s; = —1 can be
handled in the same way. As the induction hypothesis, we assume that

T3] < Qu(np/2)".

The induction step consists in proving that
Fil+1 I+1
|T(::1)‘ < Qiy1(np/2) *

with overwhelming probability (which will be explained more precisely below). The same bound
for T(l;ril can be established similarly, finishing the induction.

)

To make the high-probability statement in the induction precise, we define an event
& = {deg(j) < Knp ¥ j € B, 1)} (6)

for any | € [m]. Moreover, let P; and E; denote respectively the probability and the expectation
conditional on the subgraph G(B(i,1)). For the induction step, we will show that conditional on
an instance of G(B(7,1)) such that &_; occurs, we have

~ +1 ~ l
P, {yT(’;})| < Qi (%) and & occurs ‘ T < Qi (%) } >1-n~D-1, (7)

Taking a union bound over (4) and (7) for [ € [m — 1] and s € {—1,1}}, we can remove the
conditioning and obtain

~ l m
IP’{]TSZ < 2eK (%) Vie[m], s€ {—1,1}1} >1-> 2n Pl >1-n7P
=1

The induction step, part 1 We will estimate the size of the set N (T%) N S(i,1 + 1) first. Let
us condition on an instance of G(B(7,1)) such that &_; occurs. Further, fix a set F' C S§(i,1) such
that 1 < |F| < Qi(np/2)!, and condition on 7! = F. Then the random variables d/eTg(j) — 1 are
independent across different j: The independence is ensured by the modified definition (3) of the
degree of a vertex as we exclude the edges connecting different vertices in F'.

Moreover, for any j € F, d/e\g(j) — 1 is distributed as a Binomial(n — |B(i, ()|, p) random variable
Z; conditioned on Z; — 1 > np. Since &_1 occurs, we have |B(i,1)| < 2(Knp)! < n%! in view of
the conditions | < m < C'loglogn and (2). It is not hard to see that P{Z; —1 > np} > 1/4. Then
Chernoff’s inequality yields

P {deg(j) > np(1 +1) | TL = F} = P{Z; > np(1 + 1) | Z; = np}
<AP{Z; >np(1+1t)}
< 4 exp(—ct®np) (8)
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for any t € (0,1) and a universal constant ¢ > 0. In addition, a bound similar to (8) for j € S(¢,{)\ F
can also be established, yielding

IP’Z{ max d/eTg(j)>Knp‘f£:F}§nD2
JjES(3,0)

for K > 0 depending only on D. Since we already condition on an instance of G(B(i,1)) such that
&1 occurs, the above inequality together with the definition of & in (6) implies that

P, {Sl occurs ‘ T\é = F} >1-—n P72 (9)

I; ::]l{deg( )>np<1+2in>}.

Then (8) with ¢ = 1/(2m) shows that I; is a Bernoulli(f) random variable with § < 4 exp(—5").

As |F| < Qi(np/2)!, using the conditional independence of deg( j) for different j and applying
Chernoft’s inequality, we get

ol 0 o)
<n P2 (10)

Next, define an indicator

1 l
1 <@>2I NS (@)llog o ()
2 2 2m \ 2 o|F|

for a constant ¢/ > 0, since m < C'loglogn, np > logn, and n > no =no(C, D).
I ierlj < = (@) the event & occurs, and |F| < @ (”p) , then

1
Zdeg le~Knp+]F\-np<l+m)

JEF jeF
1 /np\! np\! 1
<~ (") g (7) 1+ —
_2m<2> Q{5 "p<+2m)
3 np I+1
<2 (14 ) (2
=20 < + 4m> 2 )
by the definition of @; in (5). Combining this with (9) and (10) yields

. 3 p +1 ~
P IN(F)NSGEL+1)] <2Q; |1+ 4— (—) and&occurs‘TS:F

3 D I+1 ~
Z deg(j) <2@Q; 1+ o (7) and & occurs ‘ T, =F
jeFr

>1—2n P72
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for all F' such that |[F| < @Q; (%) Removing the conditioning on T = T F', we derive that
I+1
{|N( NS, 1+1)] <2Q; <1+ 3) <@> and & occurs ‘ T < Q (nzp) }

4m 2
. 3 np +1 ~
= Z P IN(EYNSGE,L+1) <2Q {1+ — (—) and & occurs | T, = F

. 4dm 2
|F1<Qu( %)

P {fgzpjrf;\ <Q (Tlf)l}

>1—2n P2 (11)

The induction step, part 2 For brevity, denote H = N (fsl) NS(i,I+1). We further condition
on an instance of G(B(i,! + 1)) such that

+1
|H| <20 <1 + 4371) (%) and & occurs,

that is, the high-probability event in (11) occurs. Then the quantities cTe\g(j) —1for j € H arei.i.d.
Binomial(n — |B(i,1 + 1)|,p) random variables. For j € H, denote by Y; the indicator of the event
deg( ) > np. Since |B(i,1 + 1)| < 2(Knp)'*t! < n! by the conditions I < m < C'loglogn and (2),
we have

0.1
Con™'p < 04

B [Yi] =5 i

= |Pip1 {d/e\g(j) > np} - ;‘ <

where Cs > 0 is a universal constant. Therefore,

1
l+1 = Y Y <) (VG -EmnmY) + <2 +n—0-4> |H]|.

jEH JjEH

Hoeffding’s inequality then yields

~ 1 -~ 1 np +1
Pl+1{|T(l:11)‘ > <2+7’L 0'4> |H|+%Ql (?) }

1 np +1
<P Z Y EI—HY %Ql <7)
€H

c 1 np I+1 2 _D—2
< —— (=0, (£ <
—eXp< \H\(Sle<2> >>—"

if m < Cloglogn and n > ng = ng(C, D), where we used |[H| < 2Q; (1 + ) (np/2)"*!. Moreover,

(G+o) i+ e (2) " <o (14 ) ()" + e () <@ ()

so we obtain

np o
Pl+1{Ts1|_Ql+1(2) }Zl—n D-2
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It follows from the above inequality and (11) that
I+1
P, {\TIJr | < Qi1 (7”L2p> and & occurs ‘ IT! < Q ( 2p) }

> P {| 1)‘ < Qi (WD) ‘ |H| < 2@ (1 + 43> (%)Hl, & occurs, and |fsl\ <@ <n2p>l}

3 I+1 R l
PR |H|<2Q; |1+ — (%) and & occurs ]Tsl| < Q <@>
4dm 2 2

)

which completes the induction. ]

4.2 One-neighborhoods of typical vertices

Lemma 4.3 (Minimal degree of a typical vertex). For any &' > 0 there are nj € N and ¢ > 0
depending on &' with the following property. Assume that n > n{; and that r € (0,1) satisfies
rn > logn. Let I' be a G(n,r) Erdés—Rényi graph, and let J be any fized subset of [n]. Then for
any integer k such that max(2, |J|exp(—c'rn)) < k < dn,

P {degr (i) < (1 —8')rn for at least k vertices i € J} < exp(—c'rnk).

Proof. For any distinct ¢, j € [n], let b;; be the indicator of the event {(7, j) is an edge of I'}. Fix for
amoment any 2 < k < |J| and k distinct vertices vy, ve, ..., vx in J. Let 1 < ¢ < k. Conditioned on
any realization of random variables (by, j)ic[¢—1], j£v;» the variables (by,, j)jv, ..., are (conditionally)
i.i.d. Bernoulli(r). Hence, by Chernoff’s inequality,

e(n — 0)r\1-0m
P{ Z bq_}e 7 < (1 — (5/ T’I’L | v j 16[5 1], ]#Uz} S exp(—(n — E)?") <(1(—(5,)7)"n>

JFVL,. 0
< exp(—d'rn/2)

if £ <k < ¢'n/2. This implies

]P’{ Z by, ; < (1—08)rnforall 1 < /(< k} < exp(—kd'rn/2).
JFVLe, 8

By the above bound and a union bound over all possible subsets of J of cardinality k, we have
P {degr(i) < (1 — &§')rn for at least k vertices i € J} < exp(—kd'rn/2) (’}?) < exp(—kd'rn/4)

if k > e|lJ|exp(—=d'rn/4). O
An immediate consequence of the above lemma is the following result.

Lemma 4.4 (Degrees of typical vertices). For any k € (0,1/2), there exists ¢ > 0 and ng € N
depending on k with the following property. Suppose that n > ng and nr >logn. Let T be a G(n,r)
Erdés—Rényi graph. Then with probability at least 1 — exp(—crnlogn),

[{i€n]: [Nr(i)| > (1 —k)nr}| >n—n'"c (12)
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Proof. We apply Lemma 4.3 with J = [n] to obtain the following: There is a constant ¢ > 0
depending on k such that for any integer k such that max(2,nexp(—cnr)) < k < cn,

P{|NT(i)| < (1 — k)nr for at least k vertices i € [n]} < exp(—ckrn).

Taking
k.= {max (logn, nexp(—cnr))—‘ <nl™e
1=¢ vertices i € [n] with probability at least

we see that |Np(i)| > (1 — k)nr for more than n —n
). O

1 —exp(—crnlogn

Lemma 4.5 (Number of common neighbors). For any 6" > 0 there are nj € N and ¢’ > 0
depending on §" with the following property. Assume that n > n{ and that r € (0,1/2] satisfies
rn > logn. Let T’ be a G(n,r) Erdés—Rényi graph, and let J be any fized subset of [n] such that
|J| - rnlogn < \/n. Then for every v € J we have

P{’Np(v) N (Ne(J\ {vh U J)‘ > §"rn} < exp(—c’rnlogn).

Proof. For any distinct ¢,j € [n], let b;; denote the indicator of the event {(i,j) is an edge of I'}.
For any given vertex ¢ of I', we have, by Chernoft’s inequality,

VP (i)] < ernlogn
with probability at least 1 — exp(—rn)exp(—ernlogn), whence the event
E = {INr(J\ {v})| < |J]|-ernlogn}

has probability at least 1 — exp(—ernlogn). Observe that Np(J \ {v}) (and so £’) is measurable
w.r.t. the collection of variables (bi;)ic.n\ (v}, ji- Conditioned on any realization of (bij)icn fv1, j£i
such that £ holds, the variables b,;, j € Nr(J \ {v}) \ J, are (conditionally) i.i.d. Bernoulli(r).
Hence, by Chernoff’s inequality and the assumption |J| - rnlogn < /n,

Jl-er?nl 8"rn/2
elJl-er’n ogn) < exp(—cirnlogn)

PN (@) NN\ o)\ )] = 8"rm/2 | €1 < (SR

for some ¢; > 0 depending on ¢”. Finally, we note that, again by Chernoff’s inequality and the
assumption on |J],
P{|Nr(v) N J| > 8"rn/2 | '} < exp(—cornlogn)

for some ¢y > 0 depending on ", and the result follows. O

Lemma 4.6 (Neighbors’ degrees in a typical graph). For any k, A € (0,1/2), there exist ¢,§ > 0
and ng € N depending on k and X with the following property. Let n > ng and rn > logn, and let
I be a G(n,r) Erdds—Rényi graph. Further, let J be a fized subset of [n] such that

vn (13)

rnlogn’

1
§logn§ |J] <

Then with probability at least 1 — exp(—crn logn),

Hj € Nr(i) : degp(j) > nr—l—é\/ﬁ}‘ > (1/2 —Kk)nr, and (14a)
[{j € Nr(i) : degr(j) < nr—édvnr}| > (1/2 - k)nr (14b)

for at least |J| — max(Alogn, |J| exp(—crn)) vertices i € J.
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Proof. Choose §' = ¢§" := k/4, and let ¢/, be the corresponding constants from Lemmas 4.3
and 4.5. Denote by £ the event
E:={|Nr(v)| = (1 = &')rn for at least |J| — max ((A/2)logn,|J| exp(—c'rn)) vertices v € J,
INT(v) N (NP(J\ {v}) U J)| < §"rn for all v € J, and
INp(J)| < |J| - ernlogn}.

In view of Lemmas 4.3 and 4.5, and by applying Chernoff’s inequality to estimate the upper tails
of INp(v)] for v € J, it is not difficult to see that the event £ has probability at least

1 —exp(—c(A/2) rnlogn) — n - exp(—c’rnlogn) — exp(—ernlogn) > 1 — exp(—2cirnlogn)

for a constant ¢; > 0 depending on x and A.

Note that £ is measurable with respect to the variables (b;;)ic, ji, Where b;; is the indicator
of the event {(7,7) is an edge of I'}. Condition on any realization of the variables (b;;)ic j-i such
that the event & holds. Denote U; := Np(i) \ (NMp(J \ {i}) U J) for i € J. Observe that the sets U;,

i € J, are disjoint, and everywhere on £ we have
{ieJ:|Ui| > (1— /@/2)7“71}{ > |J| — max ((A/2)logn, |J|exp(—c'rn)). (15)
Let 0 € (0,1) be a parameter to be chosen later. Fix i € J and let
Z; = > bik, 7€ U
ke[n]\(JUNT(J))

Then the indicators of the events
{Z; >nr+éynr}, jeU,

are conditionally i.i.d. given (by;)ves, j£o. Observe that for every j € U, the variable Z; is condi-
tionally Binomial(n — |J UNp(J)|,r), and so

nr 4 0v/nr — E[Z;] < 20/ Var(Z;) + 3r'/2, [Var(Z;)

in view of the assumption (13) on |J|. Hence, by the Berry-Esseen theorem (or by a direct
computation), there is a choice of ¢, as a function of &, so that

Zj > nr 4 ov/nr

with conitional probability at least 1/2 — x/4. Thus, applying Hoeffding’s inequality, for every 4
such that |U;| > (1 — k/2)rn, we have
Hj el;: Z; > m“+5\/m“}} = Z 1{Z; > nr +é6y/nr} > (1/2 = k)rn
JjeU;
with conditional probability at least 1 — exp(—car2rn), for some universal constant ca > 0.
Finally, the variables

'{jGU@-: Z bijnr+5\/ﬁ}
ke

[P\ (JUNT ()

Qe
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are conditionally mutually independent given (by;)yc, j-v- It remains to apply Chernoff’s inequality
to the following sum of the indicators

2 MIL{H]'GU“% > bjkzmwﬁ}

i€J: |Us|2(1-k/2 [\ (JUNT ()

> (1/2 — ﬁ)m}

to obtain the following: Since the above sum is over at least |.J| — max ((A\/2) log n, |J| exp(—c'rn))
summands by (15), with probability at least 1 — exp(—csrnlogn),

HjEUi: Z bijm"—{—é\/ﬁHZ(l/Z—m)rn
ken]\(JUNT(J))

for at least |J| — max ((3)\/4)logn,|J| exp(—csrn)) vertices i € J, where ¢3 > 0 is a constant
depending on k and A. Then (14a) follows immediately. The condition (14b) is verified by analogy.
0

We now prove a lemma similar to the above, but with J = [n].

Lemma 4.7 (Neighbors’ degrees of typical vertices). For any k € (0,1/2), there exist ¢,6 > 0 and

no € N depending on k with the following property. Suppose that n > ng and logn < rn < n/4.
Let T be a G(n,r) Erdés—Rényi graph. Then with probability at least 1 — exp(—crnlogn),

|{j € Nr(i) : degr(j) = nr+dv/nr}| > (1/2—k)nr, and (16a)

|{j € Nr(i) : degr(j) < nr—év/nr}| > (1/2 - k)nr. (16b)
for at least n — n'=¢ vertices i € [n].
Proof. Let { := [rn?’/ 21og n] We partition [n] into ¢ fixed subsets Ji, ..., Jy such that

I <nje< Y0
rnlogn
for every i € [¢]. By Lemma 4.6 and a union bound over Ji, ..., Jy, the probability that
1{j € Nr(i) : degp(j) = nr + 5\/717“}‘ < (1/2 = K)nr (17)

for at most max(logn, |Jy| exp(—crn)) vertices i € Jy for all £ € [¢] is at least
1 — lexp(—4ernlogn) > 1 — exp(—2crnlogn),

where ¢ > 0 depends on k. On this high-probability event, (17) holds for at most

3/2 1-2¢

¢ - max(log n, |Jo| exp(—crn)) < max(2rn®?log®n, n exp(—crn)) < n

1/4

vertices i € [n], since logn < rn < n'/%. This proves (16a). The proof of (16b) is analogous. O
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4.3 Tree structure of large neighborhoods

Lemma 4.8 (Counting subsets via probabilistic method). Let n,d,k € N be such that 2k < d < n.
Fiz an integer M > (2n/d)*dlog(en/d). There exists a collection of M subsets A; C [n] with
|A;| = k for each i € [M] such that the following holds. For every subset B C [n] with |B| = d,
there is i € [M] such that A; C B.

Proof. Fix a subset B C [n| with |B| = d. Let Aj,..., Ap be ii.d. uniformly random subsets of
[n] with |A;| = k for each ¢ € [M]. Then we have

_dd—1)---(d—k+1) d \k
P{AiCB}_n(n—l)-u(n—k—f—l) > (%)

and thus N
P{A; ¢ BVie |[M]}< (1 - (i)k> < exp (—M(z(i)k)

A union bound over all subsets B C [n] with |B| = d yields

d

P{IBC[n], |B|=d, st. A;¢ BYie[M]}< exp<—M(2n)k> : (Z) <1

if M > (2n/d)*dlog(en/d). Taking the complement of the above event completes the proof. O

Lemma 4.9 (Tree structure in a typical graph). Forn € N andr € (0,1), letT be a G(n,r) Erdds—
Rényi graph. For any x € N, the probability that there are at least (5x)3(logn)%(nr)3® vertices of T
whose x—neighborhoods are not trees, is bounded above by exp(— log? n).

Proof. For an integer k > 2, fix for a moment k distinct vertices vy, ..., v, € [n], and consider the
event &£ that the z—nighborhood of each of the vertices is not a tree. Given any realization of I"
from &£, we shall construct an auxiliary subgraph H of I' iteratively as follows.

At the beginning of the process, H is empty. Since the z—neighborhood of v; contains a cycle,
there is an ordered collection of vertices S1 = (S1(u));, inT', with S1(0) = S1(z1) and 3 < z; < 2z,
which forms a cycle in I', and a path P, = (Pl(u))ilzo of length 0 < ¢; < z starting at v; and
ending at S1(0), with P; U S] containing only one cycle, that is, S;. We then add the vertex and
the edge sets of PL U Sy to H.

Next, we pick a vertex vo. One of the following two assertions is then true for va:

e Either there is a cycle Sy = (S2(u));2, in I and a path P, = (Pg(u))ffzo starting at ve and
ending at S2(0), with the same conditions on lengths and cycle number as above, and such
that the vertex set of P» U Sy is disjoint from the vertex set of P U Sy. In this case, we add
Py USy to H.

e Or, there is a path P, = (P, (u))f?zo of length /5 < z, starting at vo and ending at some vertex
of P, U S1, such that Py U S7 U P, contains only one cycle (S7). We then add P, to H.

Repeating the process, we can guarantee that there exists an integer 1 < h < k, a partition of
[k] into h non-empty subsets 17, ..., T}, ordered collections of vertices S; = (5 (u))szo, 1<j<h,
with 3 < z; < 2z, and ordered collections of vertices P; = (Pi(u))szo, 1<i<k with0<Y¢; <u,
such that all of the following conditions are satisfied:
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e S;(0) = Sj(z), for each 1 < j < h;

e The vertices Sj(u), 0 <u < zj, 1 <j < h,and Pi(u), 0 <u <¥;, 1 <i<k, are all distinct;
e 3<z; <2z forall1<j<h (cycle length condition);

e 0</{; <xzforall 1 <i<k (path length condition for paths emanating from vertices v;);

e P;(0) =v; for all 1 < i <k (i—th path starts at v;);

e Pi({;) = S;(0), for all 1 < j < h and i = min7T} (the path Py, 7, attaches vertex vpmin7; to
the cycle S;);
e Pi(l) e |J PruSj foralll <j<handieT;\{mnTj} (each vertex v; € T} is
PET;, i <i
attached via the path P; to the union of S; and the paths Py with i’ € Tj and ¢’ < 7);

e All unordered pairs of vertices {S;(u), Sj(u+1)},0 < u < zj, 1 < j < h, and {P;(u), Pi(u+1)},
0<u</¥;,1<i<k, are edges of I';

e The subgraph H := (U?:1 Sj) U (Uf:1 P;) contains exactly h cycles and h connected com-

ponents (one cycle in each component).

Thus, the probability of £ can be (crudely) estimated from above as

k
D 3 3 pAE bt bt (g ket k-

h=1 T1L|~~~L|Th=[k’] Zl,...,ZhE{.g,...,ZCC} 21,...,€ke{0,...7x}

A direct computation implies that the probability is bounded above by

<2: > (22)" (@ + 1)F (nr)** (Bzk) 0" < (3k)™ (nr)* 7",

Finally, let T be the collection of all vertices of I' whose x—neighborhoods are not trees. We are
interested in bounding P{|T| > d} where d > 2k using the above bound on the probability of £.
By Lemma 4.8, it suffices to take a union bound over [(2n/d)*dlog(en/d)] subsets of cardinality
k, yielding

P{|T|>d} < (3ka)3F (nrr)3Fen =k [(2n/d)kdlog(en/dﬂ < exp(—log®n)

if we take k = ﬂog2 n] and d > (52)3(logn)8(nr)3. O

4.4 Typical vertices in the parent graph

Recall that the parent graph Gy is a G(n,q) random graph. We consider parameters n, ¢, and
m € N satisfying

1
n > ny, logn < ng < nRloglogn m < C'loglogn,

where ng, R, and C are positive constants.
Let us first define a typical vertex of the parent graph Gy. The definition incorporates all the
structural properties of vertex neighborhoods that will be important for signature comparison.
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Definition 4.10. We say that a vertez i € [n] of Gy is typical with parameters m € N, k > 0,
K >1, and 0 > 0, and write i € Typg,(m, &, K, ), if i has the following properties:

(A1) Go(Bg,(i,m + 1)) is a tree.
(42) desg, () < Kng for any j € Bay(im + 1).
(A3) |Sq,(i,1)| > (1 — k)ng - 3=t and |Bg,(i,1)] < K(nq)" for all | € [m].

(A4) For anyl € {0,...,m}, the following holds. Denote by HD(l) the set of vertices in the l-sphere
whose degrees are relatively high:

HD(1) = {j € Say(i,1) : deggy(j) > (1 — m)ng}.

Then

o

K -3

(A5) For anyl € {0,...,m — 1}, the following holds. For j € Sg,(i,1), denote by V,.(j) the set of
its meighbors whose degrees are noticeably larger than the mean:

|Sa, (i, 1) \HD()] < |Sc, (i, 1))

Vi(5) = {J" € Nao(j) N Sc, (i, 1+ 1)+ degg, (§) > ng + dy/ng}.
Furthermore, denote by W,.(l) the subset of Si,(i,1) for which the sets Vi(j) are large:

W) = {5 € Seolin) : [Ve(i)| > (1/2 — m)ng).
Then

K

K -3

(A6) For anyl € {0,...,m — 1}, the following holds. For j € Sq,(i,1), denote by V_(j) the set of
its meighbors whose degrees are noticeably smaller than the mean:

S, (1, )\ Wi (D] < |6, (2, D).

V_(j) = {J" € Nao(5) N Say (i, 1+ 1) = degg,(j') < ng — dv/ng}.
Furthermore, let
W_(1) := {j € S, (i,1) = [V_(j)| = (1/2 — w)ng}.
Then .
[So (@, DA W-(D) < 75156, (1, D]

The sets HD(1), W (1), W_(l) depend, of course, on i. However, we do not mention this depen-
dence explicitly to lighten the notation. The following is the main statement of the subsection.

Proposition 4.11. For any x € (0,1/2) and C,D > 1, there exist 6,c¢ € (0,1/2) and K, R,ng > 1
depending on k,C, D such that the following holds. If

1
n > nyg, logn < ng < nRleglogn | m < C'loglogn,

then with high probability, most vertices of a G(n,q) graph Gq are typical with parameters m, k,
K, and é:

P{|TypG0(m, R,K,é)} >n— nlfc} >1-—n""P.
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Proof. Consider each condition in Definition 4.10:

1. By Lemma 4.9, with probability at least 1 — exp(— log? n), there are at most
(5m + 5)(logn)®(ng)*™*+* < V/n

vertices of Gy whose (m + 1)-neighborhoods are not trees, where the above inequality holds

1
because m < C'loglogn and ng < nElslen for R depending on C.

2. By Chernoft’s inequality and the condition ng > logn, we in fact have degq, (j) < Kng for all
j € [n] with probability at least 1 —n~P~! where K depends on D.

3. The upper bound |Bg, (i,1)| < K(np)" holds simultaneously for all i € [n] with probability at
least 1 —n~P~1 by (1).

For the lower bound in the case [ = 1, the bound (12) in Lemma 4.4 with I' = G shows that
|Sc, (3, 1)| = [Ng, (i) > (1 — k)nq for at least n — nl=¢1 vertices i € [n] with probability at least

1 —n~P~1 where ¢; > 0 depends on x and D.

The lower bound in the case [ € {2,...,m} is trivial, because the size of Sg,(i,[) is of order
(ng)! which is much larger than ng - 3= for all i € [n] with overwhelming probability.

4. For | = 0, if i satisfies Condition (A3), then deg(i) > (1 — k)ng and so Sg,(i,0) = HD(0) = {i}.

Next, fix [ € [m]. We will show that with high probability, any vertex ¢ € [n] satisfying
Conditions (Al) and (A3) also satisfies Condition (A4). Towards this end, condition on any
realization of the subgraph Go(Bg,(i,! — 1)) and all the edges between Bg,(i,l — 1) and its
complement. Let P denote the conditional probability. Under this conditioning, Say (i,1) is
determined. Let G := Go([n]\ Bg,(i,l—1)) and 7t := n—|Bg, (i, — 1)|. Then G is conditionally
a G(n,q) graph and Sg, (7,1) is a fixed subset of vertices.

For j € Sg,(4,1), let us define
HD() := {j € Sgo (i, 1) : dega(y) +1 > (1 — w)ng).

If Go(Bg,(i,m + 1)) is a tree, then degs(j) + 1 = degg, (j), and so HD(l) = HD(I). Applying
Lemma 4.3 with I' = G and J = Sg, (4, 1), we obtain
P{|Sc, (i, 1) \ HD()| < k} > 1 — exp(—caqiik) (18)
for a constant co > 0 depending on k, where max(2,|J|exp(—cagqn)) < k < con. If i satisfies
Condition (A3), then
B, (i,1)] < K (ng)™ < Kn#,
since m < C'loglogn and ng < anogllogn where R depends on C' and D. As a result, 0.9n <

n <mn and o
| J|exp(—caqin) < KnR exp(—cagn) <

where the last inequality holds because ng > logn and n > ny = ng(k,C, D) if we choose
[ D+2

R = R(C) appropriately. Therefore, we can take k = W so that the error probability in

(18) is at most n~P~2. Finally, since

. [2(D+2)W Kk ng-31 K

K3 2~ .3l

C2
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for i satisfying Condition (A3), we obtain from (18) that with probability at least 1 — n=P~1,
for any vertex ¢ € [n] satisfying Conditions (A1) and (A3),
K

[S6u(i,1) \HD(D)| < =

|Sa, (2, 1)]-

. For [ = 0, the bound (16a) in Lemma 4.7 with I' = G shows that with probability at least
1 —n~P=2 we have Sg,(i,0) = {i} = W,(0) for at least n —n'~¢3 vertices i € [n], where c3 > 0
depends on k and D. Therefore, Condition (A5) holds for these vertices.

Next, fix | € [m — 1]. We will show that with high probability, any vertex i € [n] satisfying
Conditions (A1) and (A3) also satisfies Condition (A5). As in the proof of Condition (A4), we
let P denote the probability conditional on any realization of the subgraph Go(Bg,(i,{ —1)) and
all the edges between B, (i,! — 1) and its complement. Again, let G := Go([n] \ Bg, (i,1 — 1))
and n :=n — |Bg,(i,l — 1)| so that G is conditionally a G(, q) graph.

For j € Sg,(i,1), let

Vi(j) = {5 € N5(j) : degg(j') > ng + d/nq}
and
W (1) == {j € Sao(i,1) = V()| > (1/2 = K)ng}.

If Go(Bg, (i, m)) is a tree, then it is not hard to see that V. () = V4(j) and thus /I/I7+ (1) = Wi(D).
To bound |Sg, (4,1) \ W (I)|, we apply Lemma 4.6 with I' = G, J = Sg,(4,1), and A = ;}-. Note
1

that by Condition (A3) together with the conditions logn < ng < nFlelen and m < C'loglogn,

we have
vn
rnlogn’

1
§logn < |Sq, (1,1)] <

so Lemma 4.6 can indeed be applied. Hence, we obtain that with probability at least 1 —
exp(—cyrn logn) > 1 —n=P=2

. =5 R . K .
|SG0 (4,1) \ W+(l)’ < max <E logn, ’SGO (4, l)’ exp(—cy‘n)) < W‘SGO (Z7 l)‘

by Condition (A3) and m < C'loglogn, where c4,0 > 0 depend on x and D.

6. This part is analogous to the previous one.

Finally, by a union bound, with probability at least 1 — n~", the number of non-typical vertices is
at most /n +nl=¢ +2n!7% < nl=¢ for a constant ¢ > 0. The proof is therefore complete. O

5 Signatures of correct pairs of vertices

The goal of this section is to show that with probability close to one, for almost every vertex i,
the signatures f(i) and f’(i) computed in the graphs G and G’ are close to each other, in the
sense that the sparsified fo—distance of appropriately normalized signatures is less than a given
threshold. The constant correlation between G and G’ introduces a very large noise so that the
normalized signatures are still “almost orthogonal”, and a high precision of the estimates is required
to distinguish this case from the case when signatures of different vertices are compared.

26



5.1 Overlap between neighborhoods of a typical vertex in the child graphs

Let the graphs Gg, G, and G’ be given by the correlated Erdés—Rényi graph model with parameters
n,p,a as defined in Section 1.1. That is, Go is a G(n,q) Erdés-Rényi graph, where ¢ := 2.
Conditional on G, the subgraph G is obtained by removing every edge of GGy independently with
probability «, and G’ is a conditionally i.i.d. copy of G. Fix m € N. For [ € [m], s € {—1,1}},
and i € [n], let T'(i,G) denote the set T! of vertices constructed in VertexSignature(G,i,m)
(Algorithm 1); similarly, let T(i,G') and T!(i,Go) denote the sets constructed by Algorithm 1
when the input graph is G’ and Gy respectively. Recall that collections Typg,(m, &, K, ) of

vertices of the parent graph Gy were decribed in Definition 4.10.

Proposition 5.1. Suppose that nq > logn. Condition on an instance of the parent graph Go. Fix
m € N. For any parameters k, K,0, D > 0, there exists ag > 0 depending only on these parameters
such that the following holds for any o € (0,ap). With (conditional) probability at least 1 —n=P,
for every typical vertex i € Typg,(m, s, K,d) and any s € {—1,1}"™,

75" (i, G) N T5" (i, G')| = (np/2)™ (1 — 8k)™.
Proof. Let Py denote the probability conditional an instance of Gy. Fix a typical vertex ¢ €
Typg,(m, x, K,6), and let [ € {0,...,m — 1}. We start with proving the following claim showing

that with overwhelming probability, the degrees of all vertices in HD(!) in the child graphs G and
G’ remain relatively large, where HD(!) is defined in Condition (A4).

Claim 5.2. There exists g > 0 depending on k, K, and D such that for any « € (0, ap),
Po{ degq(j) A dege(j) > (1 —2x)np Vj € HD(I)} > 1 —n P~
To prove the claim, let j € HD(l). Then
Py {deg(j) < (1 — 26)np} + Py {deger (j) < (1 — 26)np}
<P {(1 - @) degg, (j) — degg(j) > wnp} +Po { (1 — a) degg, (j) — deger (j) > knp} .

Note that degq(j) and degq(j) are Binomial(degg, (7), 1 — a) random variables conditional on G,
where degg, (j) < Kng by Condition (A2). Hence, the right-hand side of the inequality above is

bounded by 2exp ( — c#) for a constant ¢ > 0 depending on K. We can choose « sufficiently
small depending on x, K, and D such that this error probability is at most n=P~2
follows by taking the union bound over j € HD(1).

. The claim

Next, we will show that with overwhelming probability, the sets W, (1) and W_(I) defined in
Conditions (A5) and (A6) respectively remain at least the same size under a slight change of their
definitions. Namely, to take advantage of the independence of degrees of different vertices, we
consider the spheres around 7 and the neighborhoods in Gy, but evaluate the degrees in G and G’.
Specifically, we prove the following claim.

Claim 5.3. There exists ag > 0 depending on k, K, 6, and D such that for any a € (0,«q), the

following holds. For j € Sg,(i,1), denote by Vf’G/ (7) the set of its meighbors in Gy whose degrees
in G and G’ are larger than the mean:

VEL () 1= {j' € Naw(j) N Seolis L +1) : dega(') > np and deger (5') > np}.

Then
P, {|va(" ()| > (1/2 — 2k)nq Vj € W+(l)} >1 - pD-1,
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To prove this claim, consider a vertex j € W (l) where W, (1) is defined in Condition (A5), and

estimate the probability of the event that |Vf’G/ (7)] < (1/2 — 2k)ng. Note that since 7 is typical,
these events are independent for different j € W, (I) conditional on Gy. Consider j' € Vi (j).
The distribution of the random variable degq(j’) is conditionally Binomial(degg, (j'), 1 — ), where
degg, (j') < Kng by Condition (A2). Therefore, by Chernoff’s bound,

2
Po{ dege(5') < ng(1— )} <Po{(1 —a)degg, (i) — degg(s') > 6y/ng(l — )} < 2exp (ci) :

where ¢ > 0 is a constant depending on K. Let 7 > 0 be a number depending on x, K, and D
which will be chosen soon. Then we can choose ay > 0 depending on § and 7 (and thus only on &,
K, §, and D) such that for any « € (0, o), the above error probability is less than 7/2. Similarly,
one can show that

Po{ dege (') < mg(1 —a)} < 7/2,

and so
Po{j’ € Vi () \ VI (5)} = Pof dega (i) < ng(1 — @)} + Po{ dege (j') < ng(1 —a)} <.

The events j' € V() \ VE’G/ (7) are independent for different j' € Vi (j) conditional on Gy for a
typical vertex i. Hence, again by Chernoff’s inequality,

' kngq)? K2
ROV 01 2 (97 < ()

for a universal constant co > 0 and a constant c3 > 0 depending on K, because [V (j)| < degg, (j) <
Kng. As ng > logn, we can choose 7 depending only on x and D so that the bound above does
not exceed n~P~2. By the union bound,

Po{3j € Wo(l) s.t. VI ()| < (1/2 - 2k)ng}
<Po{3j € Wi(l) st. [Ve()\ VY ()] > kmg} <n P,

finishing the proof of the claim.
Applying the same argument, one can establish a similar claim for the set W_(l).

Claim 5.4. There exists ag > 0 depending on k, K, 6, and D such that for any a € (0,«q), the

following holds. For j € Sg,(i,1), denote by & (j) the set of its meighbors in Gy whose degrees
in G and G’ are smaller than the mean:

VEL () = {J' € Noy () N 86, (i1 +1) = degg (i) < np and dege (5') < np}.
Then ,
P, {yv_GvG ()] > (1/2 — 2k)nq Vj € W_(l)} >1 - p~D-1,
Equipped with Claims 5.2, 5.3, and 5.4, we can complete the proof of the proposition. Let
&(1,1) be the event that the following statements hold:

e degg(j) > (1 — 2k)np and degg (j) > (1 — 2k)np for at least (1 —
J € Sc,(i,1);

Kng) |Sa, (i,1)] vertices
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o VEY(G) = (1/2 - 2k)ng and [V ()| > (1/2 — 2k)ng for at least (1 — 25) [Sa, (i, )|
vertices j € S, (7,1).

Then the above claims together with Conditions (A4), (A5), and (A6) imply that

{ﬂgzl}>1n

Assuming that the event ("' £(i,1) occurs, we will show that
IT2(6,G) NTe(i, G)| = (1 - 8k)!(np/2)f (19)

for all [ € {0,...,m} and s € {—1,1}} by induction on I. For I = 0, this inequality trivially
holds. Assume that (19) holds for I € {0,...,m — 1} and s € {—1,1}!, and consider, for instance,
s' = (s,1) € {—1,1}!*!. The case s’ = (s, —1) € {—1,1}'*! is handled the same way.

Let W be the set of all vertices j € T!(i,G) N TL(i,G') such that degs(j) > (1 — 2r)np,
deger () > (1 — 2)np, and [VEY(5)] > (1/2 — 26)ng. Then

W > |T3(i,G) N Te(i, G')| — [Sco (i, 1)] > (1= 26)|Te(i, G) N T2 (i, &),

K3l

where the last inequality relies on the induction hypothesis (19) and that |Sg, (i,1)] < K(ng)! in
Condition (A3).

For any j € W, the entire set V G ( ) is contained in T( )(', G) ﬂT(ljll) (i, G"). Since these sets
are disjoint for different j € W,

ITE .G N T .G 2 Y VS ()] > W] (12— 26)ng
jeEW

> (1/2 = 4r)nq |T3(i, G) N T3(6,G")| = (1 — 8k)" (np/2)"

where the last inequality follows from the induction hypothesis. O

For the rest of this section, we fix a positive integer m and simplify the notation of classes of
vertices by omitting m as follows: For s € {—1,1}! and i € [n], let T4(i) denote the set T of
vertices constructed by VertexSignature(G,i,m) (Algorithm 1); similarly, let 77 (i) denote the set
constructed by VertexSignature(G’,i,m). Moreover, for any subset J C {—1,1}"™, we define

=JT() and T() = | TG

seJ seJ

5.2 Sparsification

Lemma 5.5 (Lemma 16 of [MRT21]). Fiz a constant S > 0 and an even integer k € N. Let Q and
Q' be two finite sets, and let

k k
Q=J% and =]
i=1 1=1
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be partitions of Q@ and Q' respectively such that || < S/k for all i € [k]. Furthermore, let
w € {2,3,...,k/2} and let I be a uniform random subset of [k] of cardinality 2w. Then, for any
L>1 and p € (0,1/4) such that pw is an integer, we have

8w3 pw
P{\{ie]; 3j €T\ {i} st [N > LS/} zpr} < <L> .

Proof. This is a restatement of Lemma 16 of [MRT21] with v~!|Q/| replaced by S, and L replaced
by L/~; the same proof works to give the statement above. Note that in that lemma, it is assumed
in addition that || > || /k, but this condition is never used in the proof. O

Lemma 5.6 (Sparsification). For constants C1,Cy > 0, there exists K = K(Cy,Cs) > 0 with the
following property. Let J be a uniform random subset of {—1,1}™ of cardinality 2w for an integer

w > 2(logn)?. With respect to the randomness of J, the following holds with probability at least

1 — exp(—(logn)'5) for any vertex i € [n]: If
° GO(BGO(i,m + 1)) s a tree,
o degq(j) Vdega (5) < Cinp for all j € Bg,(i,m), and
o |Ts(d)| V|TL(i)| < Co(2)™ for all s € {—1,1}™,

then there is a subset J(i) C J such that

|7\ J(i)] < (logn)?, (20)
and
. ! 4<np)m+1 Tl
|Rs(2)| V |R,(7)| < Kw am for all s € J(i), (21a)
|Rs(i)| V |RL(1)| < KM forall s € J, (21b)
S S — 2m b

where
Ry (i) := N (Ts(i)) NN (T 45y (1)) N S (i, m + 1), (22a)
R((i) := Ne (TL(3)) N NG (T3 () N0 Seo (3,m + 1). (22D)

Proof. Fix a vertex i such that the three conditions in the lemma hold. Since Go(Bg,(i,m + 1))
is a tree and by definition S¢(i, m) = Useq_q 1ym Ts(#) and Ser(i,m) = Ugeq_q 1ym T5(é), we have
partitions

Se(im+1)= | (/\/G (Tu()) N Sa (i m + 1)),

se{-1,1}m

Ser(i,m+1)= (/\/G/ (T!(5)) N Sy (i m + 1)).

se{-1,1}m

Using the conditions [T ()| V [T}(i)] < C2(%2)™ for all s € {—1,1}™ and degg(j) Vdegq (j) < Cinp
for all j € Bg,(i,m), we see that

(np)m+1 '

]NG (Ta(i)) N Sey (i m + 1)] v ]/\/G, (T2(3)) N Sey (i m + 1)( <o
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Note that (21b) is a consequence of the above bound.

Moreover, we can apply Lemma 5.5 with Q = Sg(i,m + 1), @ = Sg(i,m + 1), k = 2™,
S = C1Ca(np)™ ™, L = 8ew?, and p = 5-(logn)? to obtain the following: With probability at least
1 — exp(—(logn)*/2),

. . s . 3 (np)m+l
Hs € 3teJ\ (s} st INa(TL0) N Na (T76)) N Sy iy m +1)| = 8ew CrCp2 0 m— }\
< %(log n)2. (23)

A similar estimate holds if T' and T” are swapped. Next, define

J m+1

which is a superset of

{sEJ: Vte J\{s},

. /s . 3 (np)m+l
Na (TS(Z)) N Ngr (Tt (Z)) N Sa, (i,m + 1)’ < 8ew 010274m

ﬂ {8 e J: VteJ\({s}, ‘NG’ (TSI(Z)) ﬁNg(Tt(Z)) NSa,(i,m + 1)‘ < 8€w30102(71]1)f}.

As a result of (23) and the counterpart with 7" and T swapped, we see that (20) holds. Moreover,
(21a) holds by the definition of J(7).
Finally, a union bound over vertices ¢ € [n] completes the proof. O

5.3 Difference between signatures of a typical pair

Throughout this subsection, we fix a vertex i € [n], a subset J C {—1,1}" of cardinality 2w for
w € N, and a subset J(i) C J. Moreover, we condition on the neighborhoods Go(Bg,(i,m + 1)),
G(Bg,(i,m+1)), and G'(Bg, (i, m+ 1)) such that the following statements hold for fixed constants
K,k >0:

(20), (21a), and (21b) hold;

‘{j € Sgo(i,m) : deggner (j) < 2np(1 — a)}! < (ng/3)™, where G N G’ denotes the graph on
[n] whose edge set is the intersection of those of G and G';

(B7) |Ts(2) NTL(i)| > (np/2)™(1 — 8k)™ for all s € {—1,1}™.
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We consider the randomness with respect to the remaining possible edges of the graphs; let P and
E denote the conditional probability and expectation respectively. For any j € Sg,(i,m + 1), it is
not hard to see that the random variable deg(j) — 1 is conditionally Binomial(#, p) where

i :=n —|Bg, (i,m + 1)| > n —n%1,

and these binomial variables are independent across different j € S, (7, m + 1).

Lemma 5.7 (Small overlaps). For any D, K > 0, there exists K' = K'(D,K) > 0 such that the
following holds. Define Rs(i) and R.(7) as in (22). With (conditional) probability at least 1 —n~P,

m/2+1 B

eIV (i) < KD fogn for all s € (), (21a)
m/2+1

i) V)] < K fogn for alt s €., (211)

where
ns(i):= Y (degg(j) —1—np) and nj(i):= >  (dege(j)—1-np).  (25)
JERS() JER,(3)

Proof. Recall that the variables deg,(j)—1, j € Rs(i), are conditionally independent Binomial (7, p)
where 7 > n — n%!. As a result, 2 jeR. () (degg(j) — 1) ~ Binomial(7i|Rs(7)|, p), and so

m@l=| Y (degali) —1-np)

JERS (1)

< Ka(v/np|Rs ()| log n + logn) + (n — n)p|Rs(i)]

< K3/np(|Rs(i)| + 1) logn

with probability at least 1 — n~P~1 for constants K5, K3 > 0 depending on D. We then combine
the above bound with Condition (B5) to obtain (24a) and (24b). Finally, a union bound over
s € {—1,1}"™ completes the proof. O

Lemma 5.8 (Correlated binomial). Let P and E denote the conditional probability and expectation
respectively, defined at the beginning of this subsection. Fix a subset I C Sg,(i,m +1). Let

A= Z (degg(j) —degg(j))  and B := Z (degg(j) — 1 — np)
jel jel

where . =n — |Bg, (i,m + 1)|. Then we have
e E[A] = E[B] = 0;
o E[A2%] = 2apn|I| and E[B?] = p(1 — p)a|l|;

~ 42 ~ 42
o P{|A| >t} <2exp (Wﬁ/g) and P{|B| >t} < 2exp (Wﬁm) for every t > 0.
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Proof. We first consider the variable B. Since } ;. (degq(j) —1) is conditionally Binomial(n|I|, p),
the mean, variance, and tail bound for B are all standard facts.
Next, consider the variable A. Note that we can write

A=>" > Xje(Yje = Yiy),
Gel teln)\Bay (i;m+1)

where Xy ~ Bernoulli(¢q) and Y}y, Yj/z ~ Bernoulli(1 — «), all of which are independent. Thus, we
have E[A] = 0 and

Baf =Y > E[XA - Y| =200 - a)ill| = 20pil1].
JEI Le[n)\Bg, (i,m+1)

Moreover, the random variables X;¢(Yj — Y,) take values in {—1,0,1} and are i.i.d. with mean
zero and variance 2ap. Hence Bernstein’s inequality yields the desired tail bound for A. ]

Since i is fixed, we drop the argument (i) in Ts(7), f(i)s, Rs(7), etc. to ease the notation below
when there is no ambiguity. Recall that Ry and R are defined by (22); moreover, ns and 7/, are
defined by (25). Let f and v be the signature vector and the variance vector respectively given by
VertexSignature(G,i,m) (Algorithm 1), and let f’ and v/ be given by VertexSignature(G’,i,m).

Lemma 5.9 (Entrywise difference between signatures). Condition further on a realization of edges
between RsUR., and S, (i, m+2) in the graphs Go, G, and G'. Let P and E denote the conditional
probability and expectation respectively. Then, for s € J, we have

fs—fi=Zs+ A,
for a random wvariable Zs and a deterministic quantity As satisfying
e E[Z,] =0;
o E[Z2] < vy +V, — 2fip(1 — p — a)|Na(Ts) N Ner (T0) N Sey (i,m + 1)) ;

° I@’{|ZS| > t} < 2exp <%),

o |As] < ns| + [i] + 2n°2p.
Moreover, the random variables Zs are conditionally independent for different s € J.

Proof. First, note that because of the further conditioning on the edges between R, U R, and
Sa, (i,m + 2), the quantities 1, and 7, defined in (25) become deterministic.
As Gy (BGO (i,m + 1)) is a tree by Condition (B1), for every v € Sg(i, m), we have

Ne(v)NSa(i,m+1) = Ng(v) N Sc, (i, m +1).

Therefore, it holds that

fs= > (degg(j) —1—np)

JENG(Ts)NSg (4,m~+1)

= > (degg(4) — 1 —@p) + (2 — n)p NG (Ts) N Sao (6,m + 1)].
JENG(Ts)NSq, (i,m+1)
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Furthermore, in view of the partition
Na(Ts) = (Na(Ts) N Ner(Ty)) U (Na(Ts) \ Nar(T)) U (Na(Ts) NN (Th gsy))

we obtain

fs = > (degg(s) — 1 —np)
JENG(Ts)NNr (THNS (i,m+1)
+ > (degg(j) — 1 —7p)

jE(Ng(TS)\NG/ (T’ ))QSGO (4, m+1)
+ 15+ (7 —n)p [Na(Ts) N Say (i, m + 1)].

Consequently,
fs_f;:Zs‘i‘ASa
where
Zs = Z (degg(j) — dege(4))
JENG(Ts)NNgi (TL)NSg, (i,;m+1)
+ Z (dega(j) — 1 —np)
JEWG(Ts)\Ngr (T))NScq (i,m+1)
- > (dege(j) — 1 — mp)
JEWe (TH)\N (T5))NSc, (i,m+1)
and

Agi=n5—nL+ (A —n)p (‘NG )N Se, (5, m + 1) ‘—’NG/ "N Se, (4, m+1)|).
For the deterministic quantity Ag, we have
|As] < s + sl +n%p - 20% = || + || + 20" ?p.

For the random variable Zs, it is not hard to see that the three sums in its definition are over disjoint
sets, so they are indepgndent. Moreover, for Z,, the probabilities P and P coincide, because the
extra conditioning for P is on edges disjoint from those used to define Z;. The means, variances,
and tail bounds for the three terms of Z; can be derived using Lemma 5.8. Namely, we obtain
E[Zs] = 0 and
E[Z2] = 20p 1[N (Ts) NN (Ty) N Sy (i,m + 1))
(1= p)i (NG D\ N (1)) 1 Sga i m + 1)
+p(1 — n‘ (NG/ (TY) \NG(TJ)) NSa, (i, m + 1)’

<p(1—p) (]NG ) N Say(i,m + 1)| + |[Ner (Th) N Sa, (i, m+1)\)

— (2p(1 = p)it — 20p 1) [N (Ts) N N (Th) N Sgo (i, m + 1)
< v+ v, = 2ap(1 — p — ) [Na(Ts) NN (Th) N S, (i, m + 1),
where the first inequality holds because all the neighborhoods in the three terms are disjoint and
contained in either Ng(Ts) or Ng/(T%). The tail bound for Zs follows again from Bernstein’s

inequality as in Lemma 5.8. The conditional independence of Z, for different s € J follows from
the disjointness of sets that we sum over in the definition of Z,. O
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Lemma 5.10 (Hoeffding’s inequality with truncation). Let Xi,..., Xy be independent random
variables satisfying that }E[XZH <7 for 7 >0 and that

2
P{|X; —E[X]| > t} < 2exp (%) Vi >0,

for a constant ¢ > 0 for each i € [N]. Then there exists a constant C > 0 depending only on ¢ such
that, for any § € (0,0.1),

IP’H f: (x2 - IEJ[XZ?])‘ > C'log(N/8)y/Nlog(1/8) + CT(\/W—F 1og(1/5))} <.
=1

Proof. Tt is easily seen that

X? ~E[X?] = (X; - E[Xi])” — E[(X; — E[X.))*] + 2E[X](X; — E[X)])
= (Y7 - E[¥]) +2E[X)]Y;

where Y; := X; — E[X;]. It suffices to control the sum of the above two terms over i € [N].
Let us first control Zfil (Y2 —E[Y]). For M > 0, we have

E[Y?] - E[Y? 1{|Yi| < M}] = E[Y? - 1{|Y;| > M}]
:/Oozt.ﬁvﬂm > thdt
M

00 _t2
:4/ texp( ¢ )dt
M 144

cM+1
2

<16 exp(—cM/2) < (§/N)'%,

if 6 € (0,0.1) and M = C}log(N/d) for a sufficiently large constant C; = Ci(c) > 0. Moreover, by
a union bound, Y;? = Y2 - 1{]Y;| < M} for all i € [N] with probability at least 1 — (6/N)% if Cy
is sufficiently large. Thus, by Hoeffding’s inequality applied to Y;2 - 1{|Y;| < M}, we have

N
P{‘ > (VP -EY - 1{|vi] < M}])\ > 2M\/W(1/5)} <4
i=1
Combining the above two displays yields
N
P{‘ > (Y- E[Yf])) > 3C1 log(N/9) N10g(1/5)} < 6.
i=1

Next, we turn to the term Y.~ E[X,]Y;. Since |E[X]|
exponential with parameter Cor for a universal constant Co

implies that
N
IP{ ) SEX]Y;
=1

for a universal constant C's > 0.
The above two parts combined complete the proof. ]

the variable E[X;]Y; is sub-

<,
> 0. Bernstein’s inequality then

> Cyr(V/N1og(1/8) + log(1/6)) } < 6
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Lemma 5.11 (Difference between signatures). For any constants C,D, K, K’ > 0, there exist
constants ng, R, k > 0 with the following property. Suppose that

1
n > ng, logn < ng < nEloglgn a € (0,k),
log (w4(log n)2) <m < Cloglogn, w > (logn)?.
Moreover, suppose that Conditions (B1) to (B7) hold with constants K,k > 0 and a subset J with

|J| = 2w. Consider the same conditioning as in Lemma 5.9, such that ns and ), satisfy (24) for a
constant K' > 0. Then it holds with conditional probability at least 1 — n=P that

N2
ZM <2w(1 - (1-9x)™).

seJ Vs T Vg
Proof. Let
. . . 2
I:= {] € S, (i,m) : deggna (J) < gnp(l — a)}.

By Conditions (B6) and (B7), we have that for any s € {—1,1}"™,

1| < (ng/3)™ < S (np/2)™(1 - 8r)™ < _ [Ty N T

N | —
N | =

if K, € (0,0.01) and m > 3. Since Gy (BGO (i,m + 1)) is a tree, it is easy to see that
NG (T3) N N (T2) 0 Sy i m -+ 1)
> Y (derone ()~ 1) 2 gnp- g (np/2)" (185" = S (np/2)"H (1 -8R (26)
JE(TNTH\I
Similarly, we also have

vs = np(1 — p)|Na(To) N Sg(i,m + 1) =np(1—p) Y (dega(j) — 1)
JET\I

> np(1 — p) - 5 (np/2)"™ (1~ 8K)"™ - Znp = (1~ p)(np/2)"*(1 ~ 8)"

On the other hand, by Conditions (B3) and (B4),

(np)m+2

vs = np(1 = p)|Na(Ts) N Sa(i,m +1)| < np Z degs(j) < K? o

JETs

The same estimates also hold for v/,.
We will apply Lemma 5.10 with

fs_fé _ ZS+AS
Vs +VL v VL

where Z; and A, satisfy the conclusion of Lemma 5.9. Towards that end, let us first establish some
estimates for the mean and variance of X. Using Lemma 5.9, (24), and the above estimates for v,

X, =
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and v, we obtain

Bx,) = 2 < s + 7] + 2n%2p
s \/VS—I—Vg o \/2 1— np/Q)m+2(1—8/€)m
9! np) " T (np)m/2+1 w2\/m_|_ n0- 2]9 - 5K'w2\/m f S j()
or s i),
\/2(1 —p)(np/2)"F2(1 — 8k)™ — 2m/2(1 — 8/€)m/2
- A 2K’ "pm Tog 11 + 2n0-2 v
E{XSH = | ’ < 2m/2 \/T p < ) ogn for s € J (27)
VVs +V, T /2(1 = p)(np/2)m 2 (1 = 8r)™ T (1 — 8k)™/2
and
Var(x,) — P12 ve s = 2ip(1 = p = o)|Ne(T) 0 N (1) 1 Seioliym + 1)
s Vs + Vi Ve + V.
<1 p=p- (/)" A 8" (1 8K)"
< K2(np)mt2 jam < Ve

by Lemma 5.9 and (26) if o < 0.1. Therefore,

w72 2 _ m nN2,,4 _ m
E[ZZ] + AZ <1_ (1 —8k) 25(K")*w* logn <1 (1—-8k)

E[X?] = _
X Vs +VL T 3K? * 2m(1 —8k)™ 4K?

for s € J(i)

if log (w4(10g n)2) < m < Cloglogn, x > 0 is sufficiently small depending on C, and n > ng =
no(K, K', k), and

E[Z2] + A2 o (=sr)m 25(K')*logn _ 26(K')*logn

E[X2) = f J.
Xl== v s 352 I_8mm — (1_smm F°C
By the bound IED{|ZS| > t} < 2exp (%) in Lemma 5.9 and that Var(X) < 1, we see
that ]P’{|X [ )| > t} < 2exp (;fjg) Therefore, Lemma 5.10 can be applied to show that,
D

with conditional probability at least 1 — n=",
ZX2<ZE 1+ C1 (logn)?’/Q—i—Cl(max‘E |>(\/wlogn+logn)
seJ sed

for a constant C1 > 0 depending on D, where we recall |J| = 2w. Moreover, by Condition (B5)
and the above bounds on E[X?], we have

S EX= D EXZI+ > EX

seJ s€J(i) seJ\J (i)
(1—8k)™ 226(K’)%logn (1—8r)™
< _AT o DO ST o L S/
= 2w<1 AK? ) +ogn) = —g 5 = 2w<1 5K?2 )
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if m < Cloglogn, k > 0 is sufficiently small depending on C, w > (logn)?*, and n > ng. The above
two bounds together with (27) imply that

1-8r)™ Viogn
;X§§2w(1—(5K2’{))+Cl\f(logn)3/2+0( — Oi72(\/wlogn+logn)

(1-— 8/<a)m)

<20(1-

if, again, m < C'loglogn, x > 0 is sufficiently small depending on C, w > (logn)*, and n > ny.
Finally, if m > loglogn and n > ng = ng(K, k), then

(1—8r)™
6K?

(1—8k)™
e

> > (1-9k)™,

so the proof is complete. O

5.4 Conclusion

We summarize the result of this section in the following proposition.

Proposition 5.12 (Difference between signatures of typical correct pairs). For any constants
C,D > 0, there exist constants ng, R, ag,c > 0 with the following property. Let J be a uniform
random subset of {—1,1}* of cardinality 2w for w € N. Suppose that

n > no, logn < ng < anogllogn, a € (0, ap),
log (w4(log n)Q) <m < Cloglogn, w > (logn)?.

1—c

Then with probability at least 1 —n=P, for at least n —n vertices i € [n], we have

. /()2
Z (fs(l)_fs( )) <2w<1_1)'>, (28)

: / — 0.1
= vs (i) + Vvi(i) (logn

Proof. We first check that, with probability at least 1 —n~P~! Conditions (B1) to (B7) hold for
at least n — n'=¢ vertices i € [n] with constants £ > 0 to be chosen and K = K(C, D) > 0, where
¢ > 0 depends on C, D, and k:

1. Condition (B1) is the same as Condition (A1), so the result follows from Proposition 4.11.

2. For Condition (B2), we apply Lemma 4.1 and the relations n > ng, logn < ng < anogllogn, and
m < C'loglogn, where ng and R depend on C' and D, to obtain the following: With probability
at least 1 —n~P~2 it holds for all i € [n] that |Bg,(i,m + 1)| < K(np)™*t! < n%! where K
depends on D.

3. Condition (B3) is standard and in fact holds for all vertices j € [n] with probability at least
1 —n~P~2 for a constant K > 0 depending only on D.

4. By Lemma 4.2, with probability at least 1 —n~P~2, Condition (B4) holds for all vertices i such
that Go(Bg,(i,m + 1)) is a tree, that is, whenever Condition (B1) holds.
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5. Condition (B5) is the conclusion of Lemma 5.6, so it suffices to check the three assumptions in
that lemma, but those are already guaranteed by Conditions (B1), (B3), and (B4) respectively.
Therefore, Condition (B5) holds up to a possible change of the constant K.

6. Condition (B6) is very similar to Condition (A4), with [ = m, x = 1/3, and the graph Gy
replaced by G N G’ which is a G(n,p(1 — «)) random graph. As a result, a straightforward
modification of Point 4 in the proof of Proposition 4.11 yields result. Namely, we obtain the
bound ’{j € S, (i,m) : deggng (§) < Znp(1 — a)}! < k=[S, (i, m)]| for at least n — nl=2¢
vertices i € [n] with probability at least 1 —n~P?~2 but |Sg,(i,m)| < K(ng)™ by Lemma 4.1.

7. Given the constants «, C, and D, we can choose § and K according to Proposition 4.11, and
then choose ag according to Proposition 5.1 to obtain Condition (B7) for at least n — n!=2¢
typical vertices i € [n] with probability at least 1 —n~P=2.

Next, for any ¢ € [n] satisfying Conditions (B1) to (B7), we can apply Lemma 5.7 to obtain that
ns(i) and 1. (i) satisfy (24) with probability at least 1 —n~?~2 for a constant K’ = K'(D, K) > 0.
Then by Lemma 5.11, we obtain (28) for any such vertex 4 with probability at least 1 — n=P=2, if
k > 0 is chosen according to the lemma and is sufficiently small depending on C' so that (1—9k)™ >

1
(logn)0-1+ O

6 Signatures of wrong pairs of vertices

The structure of proofs in this subsection is similar to that in the previous subsection. How-
ever, the technical details are slightly more involved when considering two (possibly intersecting)
neighborhoods Ng, (i, m + 1) and Ng,(¢',m + 1), where ¢ and ¢’ are distinct vertices.

6.1 Sparsification

Lemma 6.1 (Sparsification for a pair of vertices). For constants Cy,Co,C3,D > 0, there exists
K = K(C1,C3,C5,D) > 0 with the following property. Let J be a uniform random subset of
{=1,1}™ of cardinality 2w > logn for w € N. With respect to the randomness of J, the following
holds with probability at least 1 —n~P for any distinct vertices i,4' € [n]: If

o Go(Bg,(i,m+1)) and Go(Bg,(i',m + 1)) are trees,
o degq(j) Vdege (7) < Cinp for all j € Bg,(i,m) U Bg,(i,m),
o |T(i)| V|TL(i")| < Co (%)™ for all s € {—1,1}™, and

o B, (i,m+1)NBg,(i',m+ 1) < Cs(ng)™

then
(I?eax|L (1, z)\) v (maX]L (3,1") ) m+17 (29a)
(;Ms(i,i’)]) (; L4(0,1)]) < K p;:“ (np(llf o=t Vlogn), (29b)



where

L (i, ") '—Ng(T(‘))ﬂBgo(i’ m+1) N Sg,(i,m + 1), (30a)
L(i,7') == Nev (To(i')) N Bay (i, m + 1) N Sey (7', m + 1), (30b)
Proof. Fix distinct vertices 4,7’ € [n] such that the four conditions in the lemma hold. For s €
{=1,1}™, let
as == |Ls(i, 1))

By the conditions |T5(i)| V [T5(i')| < C2 (%)™ for all s € {—1,1}™ and degg(j) V deger (§) < Cinp
for all j € Bg,(i,m) U Bg, (i, m), we have

m+1
as < Z degq(j) < 0102%

2m
JETs(1)
The same bound also holds for L’ (i,i"). Hence (29a) is proved.
In addition, we have
> as < |Bgy(i,m +1) N B, (', m + 1)] < Cs(ng)™

se{-1,1}m

Since J is a uniform random subset of {—1,1}™, Bernstein’s inequality for sampling without re-
placement implies that, with probability at least 1 —n=P73,

J J
Zas_|2m| Z as + K |2nl Z ag-logn—i—Klse{H_lzlulc}m|as|.logn

sed se{-1,1}m se{-1,1}m
< 15 gy + 5, PP T Tea 4 K )m+11
< Kooy, (ng ogn + K> ogn
m—+1
< 3K; (np) ( v + wlogn)
2m np(l —a)™

for K1, K9 > 0 depending on C1,Cs,C3, and D, where we used that |J| = 2w > logn. The same
bound also holds for >~ _;|L}(i,i")], so (29b) is proved.
A union bound over all distinct ¢,4" € [n] then completes the proof. O

Lemma 6.2 (Small overlaps). For any C,D > 1, there exists ¢ € (0,1/2) and K,K', R,ng > 1
depending on C and D with the following property. Let J be a uniform random subset of {—1,1}"™
of cardinality 2w > logn for w € N. If

1
n > ny, logn < ng < nRloglogn | m < C'loglogn,

then with probability at least 1 — =P, there is a subset T C [n] with |Z| > n —n'~¢ such that the
following holds. For all distinct i,i" € Z, (29a) and (29b) hold, and

o o (np)m/Z—i—l
(e 6. ) v (sl ) = A2 o)
where
Cs(i,d') == Z degG —-1- np) and  C.(i,i') = Z (degG,(j) —1- np). (32)
JELs(1,3") JELL(,")
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Proof. Since we will apply Lemma 6.1, let us first show that, with probability at least 1 — n=P~1,

there is a subset Z C [n] with |Z| > n — n!~¢ such that the four conditions in Lemma 6.1 hold for
any distinct vertices i,i € Z:

e Proposition 4.11 shows that with probability at least 1 — n™P, at least n — n'~¢ vertices satisfy

Condition (Al). The same proof with a slight change of constants implies that, with probability
at least 1 —n P72, there is a subset Z C [n] with |Z| > n —n'~¢ such that Go(Bg,(i,3m + 3)) is
a tree for all ¢ € Z. (Here the radius of the neighborhood is chosen to be 3m + 3 which is larger
than m + 1 required in the first condition of Lemma 6.1; this is because 3m + 3 is needed in the
fourth condition below.)

e As before, we have deg(j) V degq (j) < Cinp for all j € [n] with probability at least 1 —n=P=2

where C7 > 0 depends on D.

e By Lemma 4.2, with probability at least 1 — n=2=2, we have [T5(¢)| V |T4(i')| < Co(%2)™ for all
s € {—1,1}" and all vertices i such that Go(Bg,(i,m + 1)) is a tree, where Cy > 0 depends on
C and D.

e By Lemma 4.1, it holds with probability at least 1 —n~"~2 that, for any distinct vertices i, € [n]
such that Go(Bg, (i, 3m + 3)) is tree, we have [Bg,(i,m + 1) N Bg, (', m + 1)| < C3(ng)™ where
C3 > 0 depends on D.

Therefore, by Lemma 6.1, we obtain (29a) and (29b) for all distinct i,i" € Z with probability at
least 1 — 2n~P~1 where |Z| > n — n'—¢.

The rest of the proof is split into three cases according to the value of d := distg, (¢,7'). We
focus on proving (31) for (s(i,4), as the same argument also works for ¢(z,i).

Case 1: d <m+ 1. In this case, we have ¢’ € Bg,(i,m + 1). Let us condition on an instance of
Gy (BGO (i, m+ 1)), G(BGO (i,m+ 1)), and G’(BGO (i,m+ 1)) such that G (BGO (i, m+ 1)) is a tree.
Then Lg(¢,¢') defined in (30) is equal to

Ls(i,i) = N (Ts(i) N Say (i, m +1—d) NSg, (i, m + 1).

Under this conditioning, the random variables degy(j) — 1, j € Ls(4,4"), are conditionally indepen-
dent Binomial(n, p) where
ii=n—|Bg,(i,m+1)| >n—n"'

as before. Consequently, > e/ ;) (degg(j) — 1) ~ Binomial(72|Ls(i,4')|, p), and so

GaO =] > (degali) —1-np)|

JELs(1,3")
< K (v/np|Ls(i, ') logn + logn) + (n — )p | Ls(i,7)]
< Kg\/np|L8(i, i")|logn

with conditional probability at least 1 — n~?~2 for constants Ko, K3 > 0 depending on D. By a
union bound over s € {—1,1}" and i, € [n] together with (29a), we obtain (31) for (s(i,4’).

41



Case 2: m+1<d<2m+2. In this case, we have i ¢ Bg,(i,m + 1). Let us condition on an
instance of Go(Bg, (i, m+1)UBg, (', m+1)), G(Bg,(i,m+1)UBg,(i',m+1)), and G’ (Bg, (i, n+
1) U Bg,(i',m + 1)) such that Go(Bg,(i,m+ 1) UBg,(i',m + 1)) is a tree. Then there is a unique
path v in Gy (BGO (i,m+1)UBg, (#',m+ 1)) connecting i to ', and y passes through a unique vertex
v € 8g,(i,m+1). Note that v is adjacent to exactly two vertices in B, (i,m + 1) U Bg, (¢',m + 1),
because otherwise there would be a cycle in Go(Bg,(i,m + 1) U Bg,(i',m + 1)). For the same
reason, if j € Sg,(i,m + 1) N Bg,(¢',m + 1) and j # v, then j is adjacent to exactly one vertex in
Bg, (i,m 4+ 1) U Bg, (i',m + 1).

In view of this structure, we have the following observation under the above conditioning: If
v & Ls(i,4"), then the random variables

degG(]) - 17 ] € Ls(i’i/)7
are conditionally independent Binomial(7, p), where
ﬁ::n—{Bgo(i,m—i-l)UBGO(i’,m—l—l)‘ >n—ndl. (33)
On the other hand, if v € Lg(4,4"), then
degG(v) -2 and degG(]) - 17 J € Ls(iv Zl) \ {’U},
are conditionally independent Binomial(n, p).
Consequently, - cr (i (degg(j) — 1) — 1{v € Ly(i,7')} is Binomial(ni|Ls(¢,4')|, p), and so
GG | S (degl) = 1) = 1o € Ly(i, )} + 1
JELs(1,3")
< Kg(\/np\Ls(i,i’ﬂ logn +logn) + (n — n)p|Ls(i,i)| + 1
< Kg\/np|LS(i,i/)| logn

with conditional probability at least 1 — n~?~2 for constants Ko, K3 > 0 depending on D. By a
union bound over s € {—1,1}" and i, € [n] together with (29a), we obtain (31) for (s(i,7’).

Case 3: d > 2m + 2. This case is trivial because Ls(i,i") C Bg,(i,m + 1) N Bg,(i',m+1) = @
so that (s(4,4") = 0. O

6.2 Difference between signatures of a typical pair

Throughout this subsection, we fix distinct vertices i,i’ € [n] and a subset J C {—1,1}" of
cardinality 2w for w € N. Moreover, let us condition on an instance of the three subgraphs

Go(Bg, (i, m+1)UBg, (', m+1)), G(Bg, (i,m+1)UBg, (i',m+1)), G'(Bg, (i, m+1)UBg, (i', m+1)),
and also all the edges between

Sco(i,m+1)NBg,(i',m+1) and Sg,(i,m + 2)
in Go, G, and G’, as well as all the edges between

Sco(i',m+1)N B, (i,m+1) and Sg,(i',m +2)
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in Gy, G, and G'. Note that under this conditioning, the quantities (s(7,i") and ¢/(,4") defined in
(32) are deterministic. Suppose that the instance we condition on satisfies the following statements
for fixed constants K, K,k > 0:

C1) Go(Bg,(i,m+ 1)U Bg,(i,m + 1)) is a tree or a forest of two trees;

C2) |Bg,(i,m + 1)| + |Bg, (i, m + 1)| < n®

C4 ‘{j € Sg,(i,m) USq, (7',m) : deganar (j) < 2np/3}| < 2(np/3)™;

(C1)
(C2)
(C3) (29a), (29b), and (31) hold;
(C4)
(C5)

T (i) A T()] = (np/2)™ (1 — 8k)™ for all s € {—1,1}™.

We consider the randomness with respect to the remaining possible edges of the graphs; let P
and E denote the conditional probability and expectation respectively. Note that for any vertex
J € Sagy(i,m+1)\ Bg,(¢',m + 1), the random variable deg(j) — 1 is conditionally Binomial(#, p),
where 1 is defined in (33). Moreover, these binomial variables are independent across different
J€S8a,(i,m+ 1)\ Bg,(i',m+1).

In the following, let f(i) and v(i) be the signature vector and the variance vector respec-
tively given by VertexSignature(G,i,m) (Algorithm 1), and let f/(i') and Vv/(i’) be given by
VertexSignature(G’,i',m). Since i and ¢’ are fixed, we omit the dependency of some quantities on
(,7') in the sequel to ease the notation. For example, we omit the argument (,4") in the quantities
Ls and L/, defined in (30), and in the quantities (s and ¢! defined in (32).

Lemma 6.3 (Entrywise difference between signatures). For every s € J, we have
(@) = fo(i') = Zs + A
for a random variable Zs and a deterministic quantity As satisfying
e E[Z,] =0;
o V(i) + V(i) = 2n2p — p(1 = p)n(| Ls| + L) < E[Z7] < vs(i) + vi(&);

o P{|Z,| >t} <205 (57425);

o |A] <Gl ¢] + 2n%%p.
Moreover, the random variables Zs are conditionally independent for different s € J.

Proof. Similar to the proof of Lemma 5.9, we start with

fs(i): Z (degG(j>*1*7_110)+(ﬁ*n)p’NG(Ts(i))mSGo(ivm+1)"
JENG(Tu())NSy (i;m+1)

Furthermore, in view of the partition

Na(Tu(i)) = (Na(Tu(i) \ Bay (i',m + 1)) U (Na(T2(0)) 1 Bay (i m + 1))
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we obtain

f5(i) = > (degg(j) — 1 —np)

JEWe(Ts()\Ba, (i ,m+1))NSq,, (,m+1)
+ G+ (= n)p | Na(Ts(i) N Sgy (i, m + 1)

by the definitions of (s in (32) and Ls in (30). An analogous decomposition holds for f.(i’).
Consequently,

fs(@) = (i) = Zs + A,

where
Z, = 3 (degg(j) =1 —7p)
JEWG(Ts(i)\Bg, (' m+1))NSg, (i,;m+1)
JEWgr (TL(")\Ba, (i,;m+1))NSa, (i ;m+1)
and

As:=C—C+(@m—n)p (\NG(TS(z’)) N Sao(i,m+ 1)| = [Ne (TLI)) N Say (7', m + 1)|>.
For the deterministic quantity Ag, we have
A < 1G]+ 1G]+ n"p - 20 = (G| + (G| + 20" %p.

For the random variable Z;, it is not hard to see that the two sums in its definition are over disjoint
sets, so they are independent. Moreover, each sum is the deviation of a binomial random variable
from its mean: namely,

Z (dega(d) —1)

JEWG (Ts(3))\Bg, (1, m+1))NSg (4,m+1)

is Binomial (7 - ‘(/\_fg(Ts(z)) \ B, (i, m + 1)) N Se, (i,m + 1)|, p), and similarly for the other term.
Hence, we obtain E[Z;] = 0 and

I_E[ZS] = p(l _p)ﬁ‘(NG(Ts(i)) \BGo(ilv m + 1)) N SGo(iv m + 1)|
+p(1 = p)n| (N (T3(0) \ B, (i,m + 1)) 0 Seo (7', m + 1)
= p(1 = ) ([NG(T()) 0 Say i m + 1)] + [N (TU)) NS (im0 + )] = L] = |LL)
> vs(i) +vy(i') — 2n%%p — p(1 — p)a(|Ls| + |Li])

by the definitions of v4(i) and v4(i') in Algorithm 1, Condition (C2), and the fact n —n < n%!. It is
also obvious that E[Z2] < vs(i) + v.(i'). The tail bound for Z follows from Bernstein’s inequality.
The conditional independence of Z; for different s € J follows from the disjointness of sets that we
sum over in the definition of Z. ]
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Lemma 6.4 (Difference between signatures). For any constants C, D, K, K' > 0, there exist con-
stants ng, R, k > 0 with the following property. Suppose that

1
n > ng, logn < ng < nElelegn a € (0,k), 3 <m < Cloglogn, w > L(logn)5j.

Moreover, suppose that Conditions (C1) to (C5) hold with constants K, K',k > 0 and a subset J
with |J| = 2w. Then it holds with conditional probability at least 1 —n~" that

Xﬁﬁw—ﬁmfzm%hwl>

ve(0) +Vi(@) log )09

seJ
Proof. Let
, , N2
1= {j € Sa(iim) : deggg () < Frp(1 - )}

By Conditions (C4) and (C5), we have that for any s € {—1,1}™,

111 < 2ng/3)™ < S np/2)™ (1~ 85" < o (IT(0)| A 1T())

N —

if kK, € (0,0.01) and m > 3. Since Gg (BGO (i,m + 1)) is a tree, it is easy to see that
vs(i) = np(1 = p)[Na(Te(i)) N Sa(i,m +1)| = np(1 —p) > (dega(j) — 1)
JET()\I
1 1
> np(1=p) - 5(np/2)" (1= 8k)™ - onp = (1 = p)(np/2)"™ (1 — 8k)™.

The same estimate also holds for v/ (i').
We will apply Lemma 5.10 with

= fS(Z)_f;(Z/) _ ZS+AS

Vs (i) + V(i) vs(i) + VL(i)’

where Z; and Ag satisfy the conclusion of Lemma 6.3. Towards that end, let us first establish some
estimates for the mean and variance of X;. Using Lemma 6.3, (31), and the above estimates for
vs(7) and V. (i"), we obtain that for all s € J,

np)™/
By = B 2Rt svign o
T N@) L) T V20— p)(np/2)m (1 — 8r)m (1 — 8k)™/
and
m 2 - /(1Y 0.2, o — /
Var(x,) = B v +vi(i) =20 p(1 = p)a(|Ls| + L))

Tove(d) F VL) T Vs (2) + Vi (i)
20%%p +p(1 — p)a(|Ls| + |L])
- 2(1 = p)(np/2)m+2(1 — 8k)™

45



Lemma 6.3 also gives Var(X;) = % <1 and ]?’{|Zs| > t} < 2exp <%) It follows

that P{\Xs - E[X]| > t} < 2exp (1+t§3)' Therefore, Lemma 5.10 can be applied to show that,
with conditional probability at least 1 —n=P,

ZX2 > ZE Vw(logn)®/? — ¢y (rgea}c ]I_E[XSH) (Vwlogn + logn)

sed sedJ

for a constant 1 > 0 depending on D, where we recall |J| = 2w. Moreover, by the above lower
bound on Var(Xs) < E[X?2] and (29b) assumed in Condition (C3), we have

0.2 _ /
ZE > 20 ZQn p+p1 p)n(|Ls| + |L}])

seJ seJ np/2)m+2(l o 8H>

1— = m+1
> 9w —n 07 p(1 —p)n (np)

21— p)(np/2) (1 —smym " 2m <np(1 oy \/W)

Ssow(1- K2
(1 -9k)mlogn

1
for a constant Ko > 0 depending on K, if w > (logn)?, logn < nqg < nFleben o < K, and n > ng.
The above two bounds together with (34) imply that

K Viogn
ZX? Z 2w<1 - (]_—gfq/)inlogn> - Cl\/@(logn)S/Q - Cl 7gn,72 (\/ wlogn + lOgn)

seJ (1 B
K3
>2w|ll— —————
(1 —9k)m™logn

if w > |(logn)®|. Finally, if m < C'loglogn and x > 0 is sufficiently small depending on C, then

Ks < 1
(1 —9k)"logn ~— (logn)09’

so the proof is complete. O

6.3 Conclusion
We summarize the result of this section in the following proposition.

Proposition 6.5 (Difference between signatures of typical wrong pairs). For any constants C, D >
0, there exist constants ng, R, ag,c > 0 with the following property. Let J be a uniform random
subset of {—1,1}* of cardinality 2w for w € N. Suppose that

1
n > ng, logn < np(l — a) < nFlelen a € (0,ap),
3 <m < Cloglogn, w > [(logn)®|.

Then with probability at least 1 —n~P, there is a subset T C [n] with |Z| > n —n'~¢ such that for
any distinct 1,7’ € T,

3 (f5(6) = f2)* > 2w(1 _ #) (35)

RO (log )0
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Proof. We first claim that, with probability at least 1 — n~P~1 there is a subset Z C [n] with
|Z| > n — n'~¢ such that Conditions (C1) to (C5) hold for all distinct i,i’ € T with constants
K,K',k > 0. To be more precise, K and K’ will depend on C and D, k is to be chosen, and ¢
depends on C, D, and k. The proof is very similar to that of Proposition 5.12, so we only provide
a sketch and point out the differences.

1. If distg, (4,7) < 2m+2, then Condition (C1) is weaker than that Go(Bg, (i, 3m+3)) is a tree. If
diste, (4,4") > 2m+2, then Condition (C1) is saying that Go(Bg, (i, m+1)) and Go (Bg, (i', m+1))
are both trees. In either case, we can show that the neighborhoods of most vertices are trees
with high probability as before.

2. Condition (C2) is essentially the same as Condition (B2) up to a constant.

)

3. Condition (C3) is a direct consequence of Lemma 6.2.
)
)

(
4. Condition (C4) is essentially the same as Condition (B6) up to constants.
5. Condition (C5) is a consequence of Condition (B7) since |Ts(i)| > |Ts(i) N TL(i)].

Therefore, if k is chosen according to Lemma 6.4, we obtain (35) for any distinct vertices i,i’ € Z
with probability at least 1 — n=P72, O

Proof of Theorem 2.1. Note that Algorithm 1 is equivariant with respect to the permutation
in the sense that VertexSignature(G”,7(i),m) and VertexSignature(G,i,m) have the same
output. Therefore, we may assume without loss of generality that 7 is the identity. With the choice
m = [22loglogn] and w = |(logn)®| in Algorithm 2, it is easy to check that the assumptions of
Propositions 5.12 and 6.5 are satisfied. Therefore, these two propositions together yield a desired

subset Z C [n] such that ) __; ﬁ < 2w(1—\/7) and ) % > 2w(1—ﬁ)
for distinct 4,7 € Z. The theorem follows immediately. O

7 Construction of an exact matching

This section is devoted to developing a procedure that refines an approximate matching to obtain
an exact matching. Before proving the main result, we establish some auxiliary statements.

Lemma 7.1 (An elementary decoupling). Let M > 0 be a parameter, let I be a fized graph on [n],
and let Q, W be two (possibly intersecting) subsets of vertices of T' such that

INc()NW | > M foralli € Q.
Then there are subsets Q' C Q and W' C W such that Q' " W' =@, |Q'| > 1Q|/5, and
INe(i) N W!| > M/2  foralliec Q.

Proof. 1f |Q\ W] > |Q|/5 then there is nothing to prove, so we will assume that [Q NW| > 4|Q|/5.
Let W:=W \ @, and letA @ be a random uniform subset of Q N W. Consider random disjoint sets
Q and WU ((QNW)\ Q). For every i € QN W, the conditional probability that

e (@) N (WU ((QNW)\Q))| > M/2
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given i € Q, is at least 1/2. Hence, the expected number of vertices i € Q@ N W such that
Ne(@) N (WU ((@Q@NW)\Q))| > M/2 and i€ Q,

is at least |Q N W|[/4 > |Q|/5. Therefore, there is a realization Q' of Q such that Q' and W' :=
WU (QNW)\ Q') satisfy the required conditions. O

For any subset I C [n], let I¢:= [n] \ I.

Lemma 7.2 (Growing a subset of vertices). For any ¢’ € (0,1/2], there are ng,c > 0 depending on
8" with the following property. Assume n > ng, and that rn >logn. Let T be a G(n,r) graph, and
let I be a random subset of [n] (possibly depending on T"), with |I| > n — §'n/6. Define a random
subset of vertices

= {z € [n]: [ND() NI < (5’rn}.
Then we have i )
]P{|IC| < 1|IC|} >1—exp(—crnlogn).
Proof. Given the assumptions on I, by considering sets W = I¢ and Q C I¢, we obtain
{II°] > |1°]/4} ©
£ = {3 QW C[n]: [W]<&n/6, |Q=[|W|/4] £ 0, [Ne(@) N W| > &'rn for all i € Q}.

Further, according to Lemma 7.1, £ is contained in the event

& ={3Q W clnl: W'| < dn/6,1Q| = [TW|/41/5] £0, Q' nW' =2,

IR (1) VW] > 8'rn/2 for all i € Q’}.

We estimate the probability of £ by taking the union bound over all possible realizations @’ and
W' (note that necessarily |[W’| > 6'rn/2 in the event description). Observe that for any disjoint
fixed subsets Q" and W', the binomial variables |Np(i) N W[, i € @', are mutually independent
(this is the reason for applying the decoupling lemma, Lemma 7.1). We then get an upper bound

[6'n /6] n w k
= n n
]P) C C < > /
{|I°| > |I°|/4} < g <w> E <k> ]P’{ E b1_5rn/2} ,
w=[6"rn/2] k=[[w/4]/5] i=1
where by, ..., b, are i.i.d. Bernoulli(r) variables.

Applying Chernoff’s inequality, we get

w c18’'rn
rw \ '
P{Zbi 26’7%/2} < <5’rn> ,

=1

for some universal constant ¢; > 0 and all w < §'n/6 (assuming that n is large enough). Thus,

~ [6'n/6] n en\? /en k w c168’'rnk
PO > ey Y ) <w> (k) (M) |

w=[§rn/2] k=[[w/4]/5]

A straightforward computation completes the proof. O
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Lemma 7.3 (Number of neighbors). For any e € (0,1] and o € (0,e/4], there is ng > 0 depending
only on € with the following property. Letn > ng and q € (0,1). Assume that p := (1 —«)q satisfies
pn > (1+¢e)logn. Let Gy, G, and G’ be as before. Then with probability at least 1 — exp(—epn/8),

ING(7) NN (i)| > €2pn /256 for all i € [n).

Proof. Pick any vertex ¢ € [n]. The variable |Ng (i) N Ng/(7)| is Binomial(n — 1,(1 — a)p), so,
applying Chernoff’s inequality, we get

P{NG() N Nar ()] < (1 — a)p(n — 1)} < exp(—(1 — a)p(n — 1)) - (e/u)"d-ar-D)
for every u € (0,1). Thus, assuming that n is large enough, we have
P{|NG (i) N Ne (3)| < e?pn/256} < exp(—(1 — a)p(n — 1)) exp(epn/16) < exp(—(1 — 3/8)pn).
Taking the union bound over i € [n], we get
P{|NG (i) N Ne(i)| > e*pn /256 for all i € [n]} > 1 — nexp(—(1 — 3¢/8)pn).
It remains to use the assumption pn > (1 + ¢)logn to get the result. O

The next lemma is just a restatement of Lemma 4.5 in a more specific context:

Lemma 7.4 (Number of common neighbors of distinct vertices). For any ¢"” > 0 there are nj € N
and " > 0 depending on §" with the following property. Assume that n > ng and that p € (0,1/2]
and o € (0,1/2] satisfy pn > logn and 4pnlogn < \/n. Let Gy, G, and G’ be as before. Then with
probability at least 1 — exp(—c’pnlogn), we have

ING(i) "N ()| < 8"pn for alli,i’ € [n], i #14'.

Proof. The result follows immediately by applying Lemma 4.5 with I' = G and J = {i, '}, together
with a union bound over distinct 7,7’ € [n]. O

Proposition 7.5 (Improving a partial matching). For every e € (0,1], there exists ng > 0 and
€ (0,1) depending on € with the following property. Assume that

vn

> 1 | < <
n > ng, (14+¢)logn < pn Togn’

a e (0,e/4)].

Let the graphs G and G’ be as before. Assume that J is a random subset of [n] (possibly depending
on G and G'), and that g : J — [n] is a random injective mapping (again, possibly depending on
G and G'). Let

E={|{ieT: g(i) =i} >n—rn}.

Define a random subset j C [n] and a random injective mapping § : J — [n] as follows: For
every i € [n], i is in the set J if and only if there is a (unique) vertex i’ € [n] such that

o |g(Na(i) N T) N Ne(i')] = e2pn/512;

o [gNa(i) N T) N Ne(§)] < e2pn/512 for all j € [n]\ {i'};
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e |gNG(j) N T) N NG (i")| < e2pn/512 for all j € [n] \ {i}.

We then set g(i) := 14’ for any such pair of vertices i and i'.
Then with probability at least P(E) — exp(—epn/9),

Hzej g(i —z}’> n—l—f’{zej g(i —2}}
Proof. Define random sets

I={jed: g(j)=3}, I:
It

€n]: |Na(@) NI <2 %},
€n]: [Ner(i)NI¢| <2 022pn},

{i
{i

and consider the event
~ ~ 1
- {|Icyv}(1’)0} < {1 [NG(0) NN ()] 2 ”pn/256  for all i € [n], and
NG (1)) NN ()] < 271%2*pn for all i,¢' € [n], i # i’}.

If we choose k > 0 sufficiently small and ng sufficiently large depending on e, then, assuming
n > ng, the event & N & has probability at least

P(€) — exp(—epn/9),

by combining Lemmas 7.2, 7.3, and 7.4. We claim that everywhere on & N &, the set J and the
mapping g satisfy the conclusions of the proposition.

Condition on any realization of G, G’,J, g such that the event £ N & holds. Pick any vertex
i € INI'. By the definition of & N &, we have

9NG(0) N ) AN ()] > [Nali) N T AN ()]
‘NG NNg (i ‘—‘J\/‘G ﬂ[c‘
> e2pn /256 — 27192 pn > pn /512.

On the other hand, for every ¢’ € [n] \ {i} we have

l9WNe (@) N T) N Ner ()] < [Na(@) N TN N ()] + |gWNa(i) N (T \ 1) NN (@)
}NG YN Ng (7 ’—l— }./V’G ﬂlc‘
< 2702pn 427102 = £2pn /512,

and, similarly,

lgWNe(i') N T) N Ne (i) )N IN N (i)] + [gWNa (i) N (T \ 1)) NN (9)]
NN Ng (i) ’Jr}fcﬂf\/’(;/(i)‘

e2pn + 271%%pn = £2pn/512.
Thus, INI' ¢ J and §(i) =i for all i € I N I'. Moreover, by the first condition in £, we have
1 1

S~ - ~ ~ 1
(I zn = I = [(I)] z n = 5 = g+ 3,

so the result follows. O
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Proof of Theorem 2.4. In short, the theorem follows by applying Proposition 7.5 iteratively.

To be more precise, first note that whenever we set my(i') = ¢ in Algorithm 4, it is impossible
to have my(j) =i for j # 4’ or my(i') = j for j # i thanks to the three conditions. As a result, 7, is
a well-defined injective function between subsets of [n] after the loop through i = 1,...,n, and so
me can be extended to a permutation on [n].

Next, for any ¢ € [[logyn]] and i € [n], we have h (Nex(4) = L om(Ng(m~1(i))). Denote
g = 7721 o . Therefore, when setting 7,(i') = i in Algorithm 4, we are defining g,(7 () = ¢ if
the conditions

o |ge—1(Na(x™1(3)) NN (7)| = epn /512,
o ‘gg_l(/\[g(ﬂ_l(i))) ONG/(j)} < e%pn/512 for all j € [n]\ {i'}, and
o |ge-1(Na(j)) NN (i')] < e2pn/512 for all j € [n] \ {x (i)}

are satisfied. Replacing 7~1(i) by i in the last statement (which is simply a change of notation as
i varies over [n]), we see that Proposition 7.5 can be applied with J = [n] to yield the following:
With probability at least

. . . Kn
P{HZ € [n]:ge-1(i) # z}‘ < F} — exp(—epn/9),
we have o
{i € In) = 9ei) # i} < 57
To conclude, note that

{i€n]:ged) #i}| =|{ien]:m, om(i) #i}| = |{i € [n]: m(i) # m(3)}].

Since mg = 7 and 7[ieg, n] = 7, applying the above argument iteratively for £ =1,..., [logy n] gives
that, with probability at least

P{[{i € [n] : #(i) # 7 (i)} < kn} — [logy n] - exp(—epn/9),

we have Kn
HZ € [n]:7(i) # 71'(1)}‘ < SToga ] <1,

that is, 7 = 7. Since [log, n]-exp(—epn/9) < exp(—epn/10) by the assumptions on the parameters,

this completes the proof. ]
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