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Abstract. Perturbing a deterministic n-dimensional matrix with small Gaussian noise is a cornerstone of
smoothed analysis of algorithms [Spielman and Teng, JACM 2004|, as it reduces the condition number of the
input to O(n), and with it the complexity of many matrix algorithms. However, when deployed algorithmically,
these perturbations are expensive due to the cost of generating and storing n? Gaussian random variables. We
propose a perturbation that requires generating and storing O(n) random numbers in O(logn) bits of precision,
and reduces the condition number of any deterministic matrix to O(n), matching Gaussian perturbations. Our
result takes a step towards derandomizing matrix perturbations in numerical linear algebra, and in particular,
implies that we can solve an n X n linear system to within e backward error in O(n?log(n)/¢) time using only
O(nlogn) random bits.

In our construction, we introduce the concept of a pattern matrix, which is a dense deterministic matrix that
maps all sparse vectors into dense vectors in a way that goes beyond the classical uncertainty principle of the
Fourier transform. We combine this with a sparse perturbation whose entries are dependent and located in a
non-uniform fashion. In order to analyze this construction, we develop new techniques for lower bounding the
smallest singular value of a random matrix with dependent entries.

1 Introduction Going beyond the worst-case guarantees is a central challenge in closing the theory-practice
gap for modern algorithm analysis. One of the most effective tools towards achieving this goal has been smoothed
analysis. Proposed by Spielman and Teng [33], this framework considers the performance of an algorithm on an
arbitrary input perturbed randomly by small Gaussian noise. Such small perturbations are known to escape the
hard corner cases that arise in the analysis of numerous algorithms, which has led to new guarantees for classical
methods such as the simplex algorithm in linear programming [33] or Gaussian elimination for solving systems of
linear equations [30], as well as a new understanding of other popular algorithms, including in machine learning
[18, 24], game theory [11], and computational linear algebra [7, 9].

Most techniques in smoothed analysis require ensuring that a random perturbation of the input escapes
certain degenerate corner cases, which are typically instances where an appropriate matrix is nearly singular.
This is attained by leveraging tools from random matrix theory to show that a perturbed matrix is sufficiently
well-conditioned to ensure good performance of the algorithm. The simplest and most classical formulation of this
perturbation property, which directly arises as a non-degeneracy condition for many algorithms in computational
linear algebra, is the following.

DEFINITION 1.1. An n X n random matriz R is a (k,&,0)-(well-conditioned oblivious) perturbation if for any
deterministic matriz A € R™" with unit spectral norm (denoted ||A| = 1), we have:

P(n(A+€R)§n and ||RH§1)21—57 where k(M) = || M]|| M™Y.

In other words, a (k, €, d)-perturbation is one that, for any matrix, with probability 1 — § introduces at most e
relative error and reduces its condition number to at most x. We refer to this as an oblivious perturbation because
the same distribution over R has to apply to any input matrix A. Sankar, Spielman, and Teng [30] showed that an
appropriately scaled Gaussian matrix is a (k, €, §)-perturbation with condition number that scales linearly with n,
namely K = O(n/ed), and they used this to provide smoothed analysis of Gaussian elimination in finite-precision
arithmetic. The condition number x also controls the complexity of many iterative numerical algorithms such
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as Krylov subspace methods [15] and interior-point methods [25], and is a necessary component in the stability
analysis of others, such as algorithms for matrix diagonalization [3].

Smoothed analysis can be viewed from a purely algorithmic perspective, where one actually performs the
perturbation before solving the problem instance. This viewpoint has been particularly prevalent in numerical
linear algebra [30, 12, 21, 23], where a predominant way to evaluate an algorithm is through backward error, i.e.,
the distance to the nearest problem instance solved by its output [16, 13]. In particular, an algorithm that applies
a (k, €, 0)-perturbation and then solves the resulting task incurs at most € backward error. The notion of backward
error dates back to von Neumann and Goldstine [38] in the early days of computing, and it was developed as a
rigorous framework by Wilkinson in the late 1950s [39, 40] in order to analyze the effect of perturbations occurring
as a result of rounding errors. The success of smoothed analysis has shown that injecting deliberate perturbations
into the data that go beyond the effect of rounding errors can in fact be beneficial in attaining strong backward
error performance in modern algorithms.

While Gaussian perturbations are often the most convenient for the analysis, they are typically not the most
practical (or sometimes not even tractable) due to their high cost in both randomness and space requirements.
For instance, an n x n Gaussian matrix requires generating n? Gaussian random variables, each taking O(logn)
random bits when properly discretized, which is expensive to generate, and it may also exceed the memory
requirements of the input data (e.g., when it is sparse or otherwise structured). This motivates the broader
goal of derandomizing matrix perturbations, which was raised recently by Biirgisser and Srivastava [1] during a
workshop at the Simons Institute in Berkeley. As a step towards that goal, we ask:

How many random bits do we need to generate an n X n well-conditioned oblivious perturbation?

A natural strategy for reducing the random bit complexity of a random matrix is to sparsify it by replacing most of
its entries with zeros. This places our question in the context of a line of works in random matrix theory studying
the spectral properties of sparse matrices. In this context, Tao and Vu [35] showed that a poly(n)-conditioned
perturbation can be obtained from a matrix with n'+% randomly placed non-zero entries for any fixed # > 0. Later,
Shah, Srivastava, and Zeng [32] optimized their analysis, reducing the sparsity to O(n log2 n) non-zero entries,
ie., O(n log? n) random bits since logn bits are used for each entry, at the cost of a super-polynomial dependence

log n
in the condition number, k = nO(wslosn). They also observed that nlogn non-zeros and nlog2 n random bits
is the natural limit for this approach since below that limit the resulting perturbation becomes singular due to
coupon collector problem, and thus cannot be well-conditioned.

1.1 Main result In this work, we improve upon the prior results in two ways. First, we construct a well-
conditioned oblivious perturbation using only O(nlogn) random bits, overcoming the coupon collector barrier
from previous approaches. In particular, our perturbation can be stored in linear space, i.e., using O(n) numbers
of poly(n) size. Second, we show that the condition number of this perturbation is O(n), i.e., it scales linearly
with the dimension, matching dense Gaussian matrices.

THEOREM 1.2. Givenn > 1 ande,d € (0,1), using nlog(n)-poly(1/d) random bits we can generate an n X n
(K, €, 0)-well-conditioned oblivious perturbation with condition number k = n - poly(1/ed).

In order to overcome the coupon collector barrier for uniformly sparse perturbations, we develop a new
construction, which adds together two crucial components:

1. A dense deterministic matrix whose rows and columns are multiplied by O(n) random signs;
2. A sparse random matrix with O(n) random sign entries placed in a non-uniform fashion.

Our analysis of this construction is centered on lower bounding the smallest singular value of the perturbed
matrix, s, (M) for M = A+ eR, which is the infimum of ||Mx||2 over all  in the unit sphere. Our starting point
is a standard approach of decomposing the sphere into compressible vectors (those that are sufficiently close to a
sparse vector) and incompressible vectors (all others).

In order to handle the compressible vectors, we introduce the concept of a pattern matriz, which is a dense
deterministic matrix that maps all sparse vectors into dense vectors in a certain strong sense. At a high level,
this idea is widely known as the uncertainty principle [14], which is attained for instance by the Discrete Fourier
Transform and the Walsh-Hadamard matrix. However, our concept of a pattern matrix defines a strictly stronger
property which is required for our guarantees and is not attained by these classical transforms. While the
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existence of a pattern matrix is relatively straightforward (e.g., a dense random sign matrix), obtaining one with
high probability using O(nlogn) random bits requires a more elaborate construction. Equipped with such a
matrix, we then randomize it by multiplying its rows and columns by independent random signs, and show that
this perturbation is sufficient to handle all compressible vectors (see Section 2.1 for more details).

In order to handle the incompressible vectors, we return to the sparse perturbations, and show that O(n)
non-zero entries are sufficient in this case. However, a naive implementation that places the entries uniformly at
random hits an obstacle: it leads to a few heavy rows, i.e., those with disproportionately more non-zeros than the
rest, which blows up the norm of the perturbation. To address this, we can simply zero out those heavy rows,
but this introduces a non-trivial dependency between the entries, which is not handled by standard techniques.
Here, our key contribution is developing a novel argument for analyzing sparse matrices with such dependencies
(see Section 2.2 for more details).

1.2 Application: Solving linear systems in backward error As a motivating application for our main
result, we consider solving a large system of linear equations, Az = b, for an n x n matrix A and an n-dimensional
vector b. Controlling the condition number k of A is crucial both for the stability analysis of direct solvers such as
Gaussian elimination [30], as well as for the convergence analysis of iterative solvers such as Conjugate Gradient
[29]. By adding a perturbation to A, we can gain strong control over the condition number while introducing only
a small backward error into the solution.

To illustrate this, we show how Theorem 1.2 can be used to reduce the random bit complexity of solving a
linear system in backward error. We build on recent work by Dereziriski, Nakatsukasa, and Rebrova [13], who
show that when seeking a backward error approximation to a linear system, it is possible to overcome traditional
computational barriers, such as the current cost of matrix multiplication, through the use of randomization.
The following result combines our perturbation from Theorem 1.2 with their deterministic O(log(x)/e)-degree
polynomial approximation to a linear system in backward error [13, Theorem 5.1]. The proof follows the same
steps as their Theorem 5.3.

THEOREM 1.3. Given ¢ € (0,1), A € R™*", and b € R", using O(n*log(n)/e) time and O(nlogn) random
bits we can compute x such that, with probability 0.9,

Az =b for some A such that | A — Al <e||Al|.

Remark 1.4. The guarantee is meaningful when ¢ > 1/n“~2, where w ~ 2.371 is the current matrix
multiplication exponent. Otherwise, an O(n*) time deterministic solver becomes more efficient.

Remark 1.5. While Theorem 1.3 is stated in exact arithmetic (Real RAM), the stability analysis of adding
our structured perturbation to a matrix or applying it to a vector is straightforward. We leave the stability
analysis of the polynomial approximation algorithm from [13] to future work.

This result matches the best known time complexity for solving an n x n linear system in backward error [13,
Theorem 5.3|, while reducing the amount of randomness required from the previous O(n'*?) random bits (for
any 6 > 0), which is attained by the sparse perturbation result of Tao and Vu [35]. Alternatively, one could
use a discretized version of the sparse perturbation of Shah, Srivastava and Zeng [32], which requires O(n log® n)
random bits but attains a sub-optimal O(n?log?(n)/e) time complexity. Our perturbation construction has the
added advantage that it takes linear space, i.e., only as much as it takes to store the output vector x, which means
that it does not introduce any additional memory overhead into the algorithm. We remark that it is crucial for the
above application that the linear system may be non-symmetric (for symmetric systems a simple diagonal shift is
sufficient), since backward error is not preserved under standard symmetrizations such as Hermitian dilation or
the normal equations.

1.3 Further discussion of related work One of the settings where the analysis of the smallest singular
value of zero mean sparse random matrices with i.i.d. entries perturbed by deterministic shifts has been previously
considered is in the context of proving the circular law for random matrices [35, 27, 5]. Formally, these look at the
smallest singular value of a (complex valued) matrix A + R, for a deterministic matrix A and a random matrix R
with independent entries distributed as x -0 where x is some complex valued random variable and § ~ Bernoulli(p).
To prove the circular law, it suffices to consider a diagonal shift A = 21 for z € C. However, as discussed earlier,
Tao and Vu [35] prove a more general result with arbitrary shift which applies to our setting and requires n'*?
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random bits. Notably, [27, 5] attain better sparsity, but their approaches only work for a diagonal shift, and thus
do not apply to our setting.

Shah, Srivastava and Zeng [32] study sparse perturbations in the context of fast matrix diagonalization
algorithms. In this setting, they require bounding the so-called eigenvector condition number and the minimum
eigenvalue gap of a perturbed matrix, in order to attain the so-called pseudospectral shattering [3]. A smallest
singular value bound for a perturbed matrix, such as the one in our main result, appears as a central step in
their argument. The problem of derandomizing pseudospectral shattering perturbations was recently posed by
Biirgisser and Srivastava [1]. Our results can be viewed as a step in that direction.

Another approach towards using less randomness and less space in smoothed analysis is taken by Shah and
Silwal [31], who consider low-rank perturbations. However, since a low-rank perturbation is inherently singular,
their results are not directly comparable with our setting.

Randomized perturbations arise as part of several algorithmic approaches in computational linear algebra.
For solving sparse linear systems, Peng and Vempala [23] use a random perturbation to improve the stability
of a Krylov method. A similar strategy is used by Chen, Epperly, Meyer, Musco, Musco, and Rao [21, 8] for
Krylov-based low-rank approximation. These works rely on a diagonal perturbation of a symmetric matrix to
ensure a sufficient minimum eigenvalue gap via the result of Minami [22]. Finally, as discussed in Section 1.2,
Dereziniski, Nakatsukasa, and Rebrova [13] use random perturbations to avoid condition number dependence when
solving dense non-symmetric linear systems in backward error.

2 Overview of the Techniques In this section, we provide a high-level overview of the construction and
analysis for the well-conditioned oblivious perturbation that gives rise to Theorem 1.2.

Recall that our goal is to control the condition number of the perturbed matrix M = A 4 eR for a random
perturbation that we will define gradually throughout the section. By assumption, the starting matrix A has
lA]l < 1 and we will ensure by construction that |R|| < 1 with high probability, which means that || M| < 2.
Thus to control the condition number, it suffices to look at the smallest singular value. The following is our main
technical result.

THEOREM 2.1. Let 0 < e <1 and 0 < § < 1. Then there exist n X n random matrices R,, and constants
€2.1.1,C2.1.2,C2.1.3 such that || Ry, || < 1 with probability 1 — 0 and for any nx n deterministic matriz A with ||A]| =1
andn > co.1.167°, we have

P(sn(A+eR,) > o128 n ) >1-6

and R,, can be generated from co 136 2nlogn random bits.

The standard approach [19, 28] to lower bounding s, (M) = inf cgn-1 || Mz||2 involves separately considering
the infimum over compressible vectors and incompressible vectors for some a and v,

inf | Mzl and inf [|M |2,

z€Comp(a,v) z€Incomp(a,v)
where

Comp(a,v) = {x € S" ! | ||lz —v||s < v for some v € "' with supp(v) < an},

Incomp(a, v) = S\ Comp(a, v).

In each case, we use a different property of R to obtain a high probability lower bound for the infimum, and to
get these properties, we define R := R; + Ry as a sum of two independent matrices, a dense matrix R; and a
sparse matrix Ry. For the infimum over compressible vectors z, we condition on the matrix Ro and treat R,
as the perturbation, obtaining a high probability lower bound for ||(A1 + eRy)z||2 where A1 = A + eRy. For
incompressible vectors, we condition on R; and treat R, as the perturbation.

2.1 Construction of R; and invertibility control for compressible vectors The standard analysis
of inf,ccomp(a,v) || Mz||2 involves obtaining a lower bound on ||Mz||» for a single appropriately sparse vector and
then using a net argument to extend the lower bound to the whole set Comp(c,v). When the coordinates of
the perturbation are independent, Mx has independent coordinates and tensorization of a small ball probability
estimate for each coordinate provides the lower bound. However, using this approach for a sparse perturbation
may not give us a sufficiently strong tail probability estimate for ||Mz|2 to be able to take the union bound.
Indeed, this is what prevents us from relying only on the sparse component Ry in our construction.
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2.1.1 Dense perturbation via pattern matrices To address this challenge, we introduce a novel
construction for R;. We define

1
Ry = G - D1V Do

for D; = diag(ni1,...,Mmn) and Dy = diag(ne1,...,M2,n) where m11,...,01., and 921,...,72,, are iid.
Rademacher random variables, and V is any deterministic pattern matrix. Here, a pattern matrix is any n x n
matrix V' with 1 entries which has ||V|| = O(y/n) and, for any sparse unit vector z within a specified sparsity
threshold, both Vz and VT2 have Q(n) many coordinates bigger than some absolute constant (See Definition 4.1
for the full details). Thus, the pattern matrix transforms a sparse vector to one with many large coordinates.

After conditioning on Ry and Do, if ¢ € [n] is such that (V. Dax); > § for some absolute constant 8 > 0, then

(Mz); = ((A+eRg)x)i + (¢/pvV/n)m i(V Dax);

is greater than (¢8/py/n) with probability more than half. Tensorizing this lower bound (Lemma 6.2) across all
such 4, of which there are Q(n) many by the definition of a pattern matrix, we get a high probability lower bound
for ||Mz||2 with the tail probability decaying exponentially in n. This is sufficient to take the union bound over
an appropriate net of sparse vectors and complete the proof of the lower bound over all compressible vectors (Do
does not play a role in this part of the argument, but rather, for the lower bound over incompressible vectors).

2.1.2 Constructing pattern matrices There exist well known linear transforms that map sparse vectors
to ones with many nonzero coordinates, such as the Discrete Fourier Transform or the Walsh-Hadamard matrix.
They satisfy the so-called uncertainty principle according to which the product of the support of a vector and the
support of its transform is at least n [14]. Unfortunately, this uncertainty principle is tight, in the sense that one
can find a /n-sparse vector whose transform is also y/n-sparse (for completeness, we prove this in Proposition
5.1). This is an issue since we require (n) large (and not just nonzero) coordinates for all cn-sparse vectors,
for some small c¢. By considering randomized Hadamard matrices, one can get stronger uncertainty principle for
a fixed sparse vector. To extend the norm lower bound from a fixed sparse vector x to all sparse vectors via a
union bound, we need the bound to hold with probability 1 —exp(—cn) whereas the stronger uncertainty principle
(e.g., Lemma 3.3, Tropp, AADA 2011) only holds with probability 1 —n~=?(). In fact, observe that if z is a bad
vector for H as in Proposition 5.1, then Dz is also a bad vector for the randomized-Hadamard H D, so applying
randomization does not exclude any of the bad vectors identified in Proposition 5.1.

A stronger additive version of the uncertainty principle, which has the sum (instead of product) of supports
equal to n would work for our needs. This has been shown for the DFT over finite fields by Tao [34]. However,
the proof of this result relies heavily on finite field arithmetic and does not readily extend to real numbers.

Therefore, we consider a randomized construction for V. While one can show that a matrix with independent
Rademacher entries is a pattern matrix with high probability, we introduce a construction which requires much
fewer random bits, and therefore can be stored efliciently.

This construction is inspired by one due to Lovett and Sodin [20], who in a different context construct a
randomized embedding from ¢ into ¢; using the idea of considering an entry-wise (Hadamard) product of two
random matrix models with +1 entries, with each model having its own desirable properties, to get a random
matrix model which enjoys both sets of properties. We consider a model where V. = V; © Vo ® VI for the
Hadamard product @ of three random matrices V;, Vs and V3 with Rademacher entries. Here, Vi has 2log(n)-
wise independent entries, V5 has independent rows with 4-wise independent coordinates and V3 is an i.i.d. copy
of Va, ie., Vi has independent columns with 4-wise independent coordinates (See Figure 2.1). In Proposition
5.2, we prove that a random matrix generated with this model is a pattern matrix with high probability. We use
each of the three components in the definition of V' to prove the three properties we want of the pattern matrix
by conditioning on the other two components:

1. After conditioning on V5 and V3, we use the moment method to get a O(y/n) bound for [|V;]|, and
consequently, for ||V||. Without Vi, using just the independence of the rows or columuns, we would yield a
poorer norm bound that we would have to scale R; by, which would result in a suboptimal smallest singular
value estimate.

2. After conditioning on Vi and V3, for any fixed unit vector x, Va has independent coordinates. Each
coordinate (Vz); is a linear combination of the coordinates of z with 4-wise independent Rademacher
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Figure 2.1: Hlustration of the pattern matrix generation model for n = 5.

coefficients. This is enough to show that |(Vx);| is greater than some constant with constant probability.
The independence of rows allows us to use concentration arguments to claim that |(Vz);| is greater than
a constant for sufficiently many i, with a probability that decays exponentially in n, which is crucial to be
able to take a union bound across all sparse vectors.

3. We use V3 similarly as V5, in order to show that V7z has Q(n) large coordinates.

Necessity of including a sparse random perturbation The perturbation R; is a random +1 matrix which is easy
to generate. Unfortunately, this matrix alone cannot provide any meaningful smallest singular value guarantee.
In fact, in Lemma 4.2, we show that for any n x n deterministic matrix V with ||V|| = 1, one can exhibit an A
and a sufficiently small e for which A + D,V D, is singular with high probability. To address this problem we
introduce another random perturbation.

2.2 Construction of R, and invertibility control for incompressible vectors To obtain a lower
bound on ||[Mz|2 over incompressible vectors, we construct the sparse random matrix Rs. Briefly speaking, in
Ry, we choose nonzero positions (where we place i.i.d. random signs) uniformly in each column, and then trim
the rows. We start with a simple construction where the non-zeros are placed uniformly at random, and then we
show how to modify this construction via row trimming to control the norm of the perturbation.

2.2.1 Simple construction with i.i.d. sparse entries To minimize the number of random bits needed,
the most natural choice is to consider a random matrix with sparse Rademacher entries. We first construct a
hashing matrix H where the columns of H are independent {0,1} random vectors containing K ones to fix the
positions of our random signs, where K will be a constant that only depends on ¢ and J, and does not depend
on n (for simplicity, we ignore the dependence on € and § in this overview). More formally, for i € [n], let J; be
independent subsets of [n] = {1, ...,n} of size K, uniformly distributed among such subsets. Then, for i,j € [n],
we set h;; = 1,(4).

Next, we just put random signs on the nonzero positions determined by H with appropriate scaling. More
formally, we define a sequence {X;; : i € [n],l € [K]} of Kn i.i.d. Rademacher random variables, and enumerate
the elements of each random set J;, € [n]:

Ji = {](7’71)77](%[()} where ](171) <](Zv2) <...< ](ZaK)
Then we can define the matrix Ry by

Rol. . . = %'Xl,u for | € [K]
s 0 otherwise
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where L > K is a parameter to be chosen later.

The random matrix R, indeed gives us desired control of the smallest singular value (nevertheless, Ry is not
completely sufficient for our purpose, as explained later).

First of all, we observe that by conditioning on R;, the problem reduces to bounding ||(A; + eR2)z||2 over
incompressible vectors where A; = A+&cR; can be considered deterministic because of conditioning. Next, we can
use the standard invertibility by distance method as in [28, 4], which gives optimal control of inf,cincomp(a,v) | M2
(here optimal means as good as for a dense gaussian perturbation). This involves reducing the problem of finding
the infimum over incompressible vectors to finding a lower bound for the distance between a column of M and the
subspace spanned by the remaining columns of M. For concreteness, since the columns are identically distributed,
we consider the distance between the last column and the subspace spanned by the first n — 1 columns. The
techniques for analyzing this distance use the independence between columns to condition on the first n — 1
columns, which fixes the normal (i.e., orthogonal) vector to the subspace spanned by them, and then use the
randomness of the last column to control the inner product between the normal vector and the last column, i.e.,
P (|(Yn, Z)| < t), where Y,, is the last column of A; + Ry and Z is a random normal vector of the subspace
spanned by the first n — 1 columns. Although [28, 4] only considered the case without the shift Ay, adding this
shift will not change the argument because the small ball probability bound we use to control P (|(Y,, Z)| < t)
is not affected by deterministic shifts. Note that Coupon Collector argument shows that if Ry were the whole
perturbation, then with only K = O(1) nonzeros per column it misses about e~®n rows, so many coordinates
receive no randomness at all, and this is why a purely sparse O(n)-nonzero perturbation cannot reliably fix every
bad direction. However, using R; + Ry avoids this obstruction because R; already controls the sparse directions,
and Ry is used only when the relevant vector is spread over an coordinates, where hitting a few useful coordinates
is easy even though covering all n rows is impossible.

2.2.2 Controlling the norm and row trimming The natural construction Ry with i.i.d. sparse entries
gives optimal control on the smallest singular value with K = O(1) nonzero entries per column. However, in this
case, the norm of Ry grows with n since some rows may have more than O(1) many entries with absolute value
> 1 (in other words, some of the rows are heavy). Since we want our perturbations to have O(1) norm, we can
scale by the norm of Ry, but this makes the resulting smallest singular value bound suboptimal by a logn factor,
and cannot give us the O(n) bound on the condition number to match Gaussian perturbations.

We resolve this issue by an intuitive modification, which is to truncate the matrix Ry by simply removing
the problematic heavy rows. Formally, we choose an L > K such that L = O(1) and consider rows with more
than L nonzero entries, calling them heavy rows. We show that the number of heavy rows is not too large, and
zero them out. After this step, all columns have at most K nonzero entries and all rows have at most L nonzero
entries, all with absolute value 1. We can now scale the resulting matrix by 1/L to ensure a norm bound of 1
without degrading the smallest singular value estimate.

Formally, we set Row;(H) = Row;(H) if the number of non-zero entries in Row;(H) does not exceed L and
Row;(H) = 0 otherwise. Note that the number of non-zero entries in each row and column of the resulting matrix
H is at most L. Finally, we set Ry = H ® Ry. In summary, the nonzero positions (where we place i.i.d. random
signs) are uniformly chosen in each column in Rs, and then it is the rows that are being trimmed (see Figure 2.2).

2.2.3 Modifying the invertibility by distance argument for row-trimmed matrix Rs Unfortu-
nately, these modifications break the previous conditioning argument since the entries of the first n — 1 columns
depend on the last column. The main novelty of our argument for controlling

inf |M x|,
xz€Incomp(a,v)
is a modification of the invertibililty by distance argument to make it work here for our matrix R, which has
dependent columns. In this direction, the first attempt is to condition on the positions of the nonzero entries in
the last column (and not the random signs) in addition to the first n — 1 columns. This way, we separate out the
random signs X, ,, in the last column which are independent from the part that we condition on. More precisely,
recalling that Y;, denotes the last column of M and Z is a unit vector orthogonal to the subspace spanned by the
first n — 1 columns, we can write

K
3
<Yn7 Z> = <COln(A + ERl)a Z> + Z E Xl,n Zj(n,l) l{j(n,l) will not be removed}
=1
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RQ Row(H) =0 R,

row 1 is zeroed

t
[}
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AV 2 3 4

2 0 0 0 0 +x15 0 0 +x18 0 0 0 0 +x15 0 0 +X18

3 0 0 %X2)3 0 0 %Xl,ﬁ 0 0 0 0 %X2_3 0 0 %Xl,G 0 0
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Y
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Figure 2.2: Illustration of Ry = H ® Ry for one realization. Since Row;(H) = 0, the first row of Ry is zeroed in
Rs.

which, after conditioning, becomes a linear combination of independent random signs X;, with coeflicients
Wi = Zjn1) 1{j(n,1) will not be removed} (With a deterministic shift <Coln(A +¢eRy), Z> which does not affect Levy
concentration).

Nevertheless, separating out the random signs X, does not make the argument work directly, because to
control the small ball probability, we need to have sufficiently many good coordinates (here good means that the
corresponding coefficient is nonzero and with magnitude of order 1/y/n) in the coeflicients (W7, ..., Wi ), which
requires additional effort to show.

First, we show that the random vector Z is incompressible with high probability (this is where the other
random diagonal matrix Dy from R; is needed). This means Z has many coordinates of order 1/4/n, called
“spread” coordinates (Lemma 7.3), denoted by ©¢. Then, the set of the good coordinates is the intersection of
Op, the nonzero positions selected by .J,, and the row indices that will not be removed. The difficulty is that
these three sets are dependent. To unravel this dependence, we define the index set of heavy rows of H up to
column n — 1 and the index set of the light rows up to column n — 1 as

n—1 n—1
Theavy,n = {z €l > hij> L} and  lightn = {z € hij< L},
=1 j=1

and observe that a nonzero position selected by J,, will eventually reset the whole row to zero if and only if it is
in a row that is already heavy enough in the 1,...,n — 1 columns. Therefore, the set of good coordinates must
contain ©g N Jy, N liight,n. We observe that Z, and hence ©g (the spread coordinates of Z), depends only on the
first n — 1 columns of Ry, which, in turn only depend on the first n — 1 columns of Ry and J,, N Theavy,n, because
the nonzero entries in J,, N Diignt », in the last column (i.e., what J,, selects in ljign,,) Will not cause a row deletion
in any case. This allows us to improve the naive conditioning argument described above. We condition on the
first n — 1 columns of Ry and only on the set J,, N Iheavy,n instead of the whole set J,,. This conditioning fixes the
set ©g. Moreover, by choosing an appropriately large L, we can ensure that the set ©¢ N lijghy,n is large with high
probability. After that, we can take advantage of the extra randomness in the choice of the remaining part of J,
to guarantee that, with high probability, sufficiently many of elements of the set J,, N Light,n fall in ©g N Dight n-

More formally, we can show that, conditioning on the first n — 1 columns of Ry and J,, N Theavy,n, the set
Jn N Liight,n is a random uniform subset of liight,» with cardinality K — |J, N Theavy,n| (see Lemma 7.5 and
Corollary 7.6 for details). And therefore, we can show that, with high probability, we have sufficiently many good
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coordinates in (Wi, ..., Wg) to control the small ball probability of
S
<Yn, Z> = <COln(A + &'Rl), Z> + 7 ;XMWZ

and therefore prove invertibility for incompressible vectors (see Theorem 7.8 for details).

2.3 Outline of the paper Section 3 explains the notation used in the paper and provides details of
some basic mathematical estimates we use in the rest of the paper. Section 4 provides the full details of our
perturbation model. Section 5 establishes that our model for pattern matrices achieves the required properties
with high probability. Section 6 and Section 7 prove the singular value lower bound over compressible and
incompressible vectors, respectively. Section 8 combines these lower bounds to prove Theorem 2.1.

3 Preliminaries

3.1 Notation. The following notation and terminology will be used in the paper. The notation [n] is
used for the set {1,2,...,n}. Also, for two integers a and b with a < b, we use the notation [a : b] for the set
{k€Z:a<k<b}. ForzcR, we use the notation |x| to denote the greatest integer less than or equal to
and [z] to denote the least integer greater than or equal to . In R™ (or R™ or R?), the Ith coordinate vector is
denoted by e;.

We use the notation P for the standard probability measure, and the notation E for the expectation with
respect to this standard probability measure. The covariance of two random variables X and Y is denoted by
Cov(X,Y). The standard L, norm of a random variable ¢ is denoted by |||z, @), for 1 < ¢ < oo. When there is
no possibility of confusion, we will use the short notation |||, for the L, norm of £. For convenience of iterated
integration, we introduce the following notations. Let X,Y be two random elements taking values in measurable
spaces .71 and S%. Let ¢ : % x % — R be a measurable function. Assume that ¢(X,Y’) is integrable. Define the
function ¢, : % — R such that 12(y) = E¢(X,y). Then the notation Ex (¢(X,Y")) stands for 2(Y). Similarly,
we define the function v : %4 — R such that ¢ (z) = E¢(x,Y) and the notation Ey (¢(X,Y")) stands for the
random variable 1 (X).

All matrices considered in this paper are real valued and the space of m x n matrices with real valued entries
is denoted by M, xn(R). Also, for a matrix X € Mixq(R), the notation Tr(X) denotes the trace of the matrix
X, and tr(X) = é Tr(X) denotes the normalized trace. The d x d identity matrix is denoted by I;. We write the
operator norm of a matrix X as || X|, and it is also denoted by || X||,p in some places where other norms appear
for clarity. The spectrum of a matrix X is denoted by spec(X). For matrices A and B with same dimensions,
A © B stands for the entry-wise (Hadamard) product of A and B, i.e., (A® B);; = A;j - Byj.

Throughout the paper, the symbols ¢y, ca, ..., and Const, Const’, ... denote absolute constants.

3.2 Decomposition of the sphere Our method to bound the smallest singular value of the perturbed
matrix uses the standard approach that separately control the invertibility for compressible vectors and for
incompressible vectors. So we introduce these formal definition.

DEFINITION 3.1. Let a,v € (0,1). A vector x € R™ is called sparse if | supp(z)| < an, and the set of sparse
vectors is denoted by Sparse(a). A wvector x € S™! is called compressible if x is within Euclidean distance v
from the set of all sparse vectors. A wvector x € S~ is called incompressible if it is not compressible. The sets
compressible and incompressible vectors will be denoted by

Comp(a,v) = {x € S" |||z — vy < v for some v € Sparse(a)}
Incomp(a, v) = S"~*\ Comp(a, v)

COROLLARY 3.2. Let 0 < a« <1 and v > 0. If x € Comp(c,v), then there exists S C [n] such that
IS] < an and lzppsll2 < v.
Proof. Since x € Comp(«, v), by definition, there exists = € Sparse(a) such that

[l = vll2 <.
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Set S = supp(v). Then [S] < an. Since vj)\s = 0, we have

Tn)\s = (2 = V)p)\s-
Therefore, we conclude
zmpsllz = 1@ = v)ppsllz < llz = vz < v. 0
LEMMA 3.3 (Counting sparse supports). For everyn > 1 and every 0 < a < 1/2,

e
S C[n]:|S| <an}| <exp (anlog a)

Proof. The results follow from direct counting. ]

3.3 Covering numbers We will need the following facts for covering numbers. For a set K C R" and
€ > 0, N(K,¢) denotes the smallest cardinality of an e-net of K in the Euclidean metric, and P(K, ¢) denotes
the largest cardinality of an e-separated subset of K in the Euclidean metric. The notation |- | denotes Lebesgue
volume.

PROPOSITION 3.4 (Proposition 4.2.12 in [37]). Let K be a subset of R" and e > 0. Then

LY
B3|

|K +(¢/2) By |
(e/2)By|

<N(K,e) < P(K,e) <
Here | - | denotes the volume in R"™, BY denotes the unit Euclidean ball in R™, so eBY is a Euclidean ball with
radius €.

3.4 Lévy concentration As is explained in the outline, the control of invertibility for incompressible
vectors needs to use the control for Lévy concentration. So we introduce the formal definition and standard
results below.

DEFINITION 3.5 (Lévy concentration function). For a real-valued random wvariable Z and v > 0, its
concentration function is

(3.1) L(Z,r):= sggﬂj’ﬂZ —u| <r}.

LEMMA 3.6 (Scaling of Lévy concentration). Let Z be real-valued and let a # 0. Then for all r > 0,

(3.2) L(aZ,r) = ,c<z, Z|) .

In particular, if a > 0 then L(Z/a,r) = L(Z,ar).

Proof. The result follows from straightforward calculation.

LEMMA 3.7 (Rogozin’s theorem [26, Theorem 1]|). Let &y, ..., &, be independent real-valued random variables,
let r >0, and let r1,...,1m, € (0,7]. Assume that

n

> (1= L& r))r? > 0.

(3.3) < @,> Al :
2 VI (1= £, )72

where c3.7 > 0 is a universal constant.
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3.5 Measure concentration We will need the following standard bounded difference inequality from [6].

LEMMA 3.8 (Bounded differences inequality). Let X1,...,X,, be independent random variables taking values
in a product space Xy X -+ X Xp,. Let f: X) X -+ X Xy = R and assume that there exist constants by, ..., by, >0
such that for every k € [m] and every two points x,x’ that differ only in the kth coordinate,

|f(2) — f(@)] < b
Define

V= lzm:bz
gt

Then for everyt >0, if Z := f(X1,...,Xm),

P{Z -EZ >t} < exp(—g), P{Z -EZ < —t} < exp(—%).

3.6 Random sampling without replacement Random sampling without replacement plays an impor-
tant role in our construction of Ry and in our proof for the invertibility for incompressible vectors. So we state
the formal definitions (see e.g., [2]) and standard results below.

DEFINITION 3.9 (Ordered random sampling without replacement). Let k < n be integers. Let (Q, o/, P) be
a probability space. Let Z be the set of injections from [k] to [n]. Let T : Q@ — Z be a random variable such that
for any z € Z, we have

1

P(T:Z)=n,(n_1)...(n_k+1)

Then we say T is a random sampling of an ordered k-element sequence uniformly from [n] without replacement.
Also, if & = (5i)ign) = (51,---,5n) 15 a finite ordered sequence, and S(w) = s o T'(w), i.e., S(I)(w) = sp@)w) for
1=1,2,..,k. Then S =(S(1),...,S(k)) is called a random sampling of an ordered k-element sequence uniformly
from population S without replacement.

We will use the following results from [17] to get concentration results for sum of random sampling without
replacement.

LEMMA 3.10 (Theorem 4 in [17]). Let & = (s1,...,8n) be a finite population of n real points. Let
(X(1),...,X(k)) denote a random sampling of an ordered k-element sequence uniformly from population S without
replacement, and let (Y (1),...,Y(k)) denote a random sample with replacement from S (i.i.d. random samples
from S). If f: R — R is continuous and convezx, then

Ef(zk: X(i)) < Ef(zk: Y(i)).

Combining Lemma 3.10 with standard Hoeflding inequality for i.i.d. sampling (i.e., with replacement), we obtain
the following Hoeffding’s inequality for random sampling without replacement.

PROPOSITION 3.11 (Hoeffding’s inequality for random sampling without replacement). Let S = (s1,...,8n)
be a finite population of n real points and let (S(1),...,S(k)) be a random sampling of an ordered k-element
sequence uniformly from population S without replacement. Let

: 1 ¢
a= 12'1%1”5“ b= lrgigxnsi, W= - E,l S;.
Then for all t > 0, we have
k
1 2kt?
3.4 }P’<f S(i) — >t> < <—7)
(34) P80 -n2t) sen(-G
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Remark 3.12 (Lower tail). Applying Proposition 3.11 to the population (—sy, ..., —s,) we can also obtain
the lower tail bound

(3.5) P(iisu)—ug—t) Sexp(—(;ktzy), t>0.
i=1

DEFINITION 3.13 (Unordered random sampling without replacement). Let k < n be integers. Let (£, o/, PP)
be a probability space. Let Z be the set of injections from [k] to [n]. Let & = (si)igin) = (S1,---,5n) is a finite
ordered sequence. And assume that si,...,s, are pairwise distinct. Let J = Range(s) = {s1,...,8n}. Let
T :Q — Z be a random sampling of an ordered k-element sequence uniformly from [n] without replacement.
Define

J(W) = {57@w)(1)> - - -+ ST(w) (k) } = Range(s o T'(w)).
Then J is called a random sampling of an unordered k-element subset uniformly from J without replacement.

Remark 3.14. Let S = (Si)icin] = (81,--.,8,) is a finite ordered sequence. And assume that si,...,s, are
pairwise distinct. Let J = Range(s) = {s1,...,5n}. Then the followings hold:

(i) If J is a random sampling of an unordered k-element subset uniformly from 7 without replacement, then
for every B C J with card(B) = k, we have

P(J = B) =

()
(ii) If J is a random set such that for every B C J with card(B) = k, we have

P(J = B) =

)
(&)
then (in a expanded probability space if necessary) J is a random sampling of an unordered k-element subset
uniformly from J without replacement.

LEMMA 3.15 (Conditional law of 'y given I'y). Fizn € N and K € {0,1,...,n}. Let J be a random sampling
of an unordered K -element subset uniformly from [n] without replacement. and let I C [n] be deterministic. Define

Iy :=JnI, Iy :=JN([n]\I).

Let (01, B) be a regular conditional probability of T given T'y, i.e., p is a probability kernel such that for any
measurable set B (in the space where Ty takes values), we have u(T'y, B) = P(T'y € B|T'1) almost surely. Then for
every fized 61 C I with |01 < K:

1. If K — |61] > |[n] \ I|, then P(T'1 = 61) = 0.
2. If K — 01| <|[n] \ I|, then on the event {I'y = 61}, for every 02 C [n]\ I,

n -1 .
() i 16s] = K — 6],

w(01,{02}) =

0, otherwise.

In other words, conditional on T'1, the random set T's is a random sampling of an unordered (K — |T'1|)-
element subset uniformly from [n]\ I without replacement, or more precisely, any random element with law
of distribution 1u(01,-) is a random sampling of an unordered (K — |01|)-element subset uniformly from [n]\ I
without replacement (in an expanded probability space if necessary).

Proof. Fix 01 C I with |¢1] < K and put s := K — |01|. If s > |[n] \ I| then there is no K—subset J with
JNI =6, hence P(I'; =6;) =0.

Assume henceforth that s < |[n]\ I|. Let 62 C [n]\ I. If |f2| # s, then the event {I'; = 61,y = 65} is empty,
so P(I'y = 05,T1 = 61) = 0 and therefore p(61,{62}) =0 on {T'; =6 }.
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If |63 = s, then T’y = 64 and T'y = 0 is equivalent to J = 61 Uf (disjoint union). Since J is uniform on (["]),
we have

-1
P(Ty = 05,11 = 6)) = P(J = 0, UB) = (;) .

In addition, we have

PCy=6)= Y. P(J=6U6)= (””]S\ I) (Z) o

05C[n)\I
AR
Therefore,
Py =65,y = 61) I\ TN
PTy=06,|T1 =06, = = .
(T2 =6: |11 =6) P(Ty = 0,) s
Since I'y takes values in a finite set, a version of u can be chosen so that p(61,{62}) = P(T's = 63 | T’y = 61)
whenever P(I'y = 61) > 0. d

4 Oblivious Perturbation Model In this section, we provide the full details of our oblivious perturbation
model. Recall that the perturbation R is defined as a sum of two independent random matrices a dense matrix
R; and a sparse matrix Rs.

4.1 The dense perturbation R; As mentioned in Section 2.1,

1
4.1 Ri=——-D\VD
( ) 1 p\/ﬁ 1 2

for D, = diag(m,1,...,m,n) and Dy = diag(ne1,...,m2,,) Where m11,...,m1,, and 921,...,72,, are iid.
Rademacher random variables, and V is any deterministic pattern matrix with parameters «, 3,7, and p as
defined in the following Definition 4.1,

DEFINITION 4.1. Let 0 < a, 83,7 < 1 and p > 0. An n x n matriz V with +1 entries will be called an n
dimensional pattern matriz with parameters «, 8,7, p if all of the following hold.

1 V) < oy,
2. For any m,...,nn € {—1,1}, and for any an-sparse vector x € S, we have
[{j € [n]: |ej V - diag(m, ..., na)z| > B} > n
and

i €n]:lef VT -diag(n,...,n.)z| > B} > n
For discussion about the existence of pattern matrices, see Section 5.

4.2 Necessity of a second perturbation Before describing the construction of the second matrix Ra,
we note via the following lemma that setting R = R; alone does not suffice to obtain a condition number bound.

LEMMA 4.2. Let V be an n x n deterministic matriz with |V|| = 1. Let Dy and Dy be as in (4.1). Then, for
e =1/+/n, there exists a deterministic n x n matriz A with ||A|| <1 such that

P(su(A+2DyVD;) =0) = %

Proof. Write
Dl = diag(nLh ave 777171'7,) and D2 = diag(nQ,la LR 772,71)7

where the two families of signs are independent. .
Choose u € S™~! orthogonal to Coly(V),. .., Col,(V), and define the random vector

vy, = Dyu.
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We observe that v, € S"~! and, for every k > 2, we have
<Colk(D1VD2), vm> = nM<D1 Col(V), D1u>
= 7727;6<Colk(‘7),u> = 0
For the first column, we similarly have

<0011(D1VD2), vm> - n2,1<coll(f/),u

~_—

Therefore, we obtain
U%;DlVDQ = (772,1<0011(V), u>, 0, e ,0)
Choose j € [n] such that |u;| > 1/y/n, and define
<C011(V),u>
=Ll

Vi,

Then A is deterministic and

A—M< Col,(M)|| < V|l=1
Al = N <|[[Colk(M)[ <[V =1.

Furthermore, we observe

v;lA = <%<C011(V),u>,0, .. .,O).

Therefore, for e = 1/4/n, we have

vgl (A + ED1VD2) = <0011(\/‘E/)’u>(771,j +12,1,0,...,0).

On the event
mj+mn21 =0,

the nonzero vector v, is a left null vector of A 4 5D1VD2, so this matrix is singular. Since 7; ; and 73,1 are
independent Rademacher random variables, we conclude that

P(sn(A +eD\VD,) = 0) > P(n1; + 12,1 =0)

DO | =

4.3 The sparse perturbation R;. We now explain the construction of Ry once again with additional
figures and conclude with a full definition of our perturbation model R (Definition 4.3) for completeness. Ry is
a sparse random matrix defined with parameters K and L with K < L by first specifying the positions of the
nonzero entries by a hashing matrix H and populating these positions by independent scaled Rademacher random
variables. Before constructing H, we first construct an auxillary hashing matrix H. The columns of the matrix
H are independent {0,1} random vectors containing K ones. More formally, for i € [n], let .J; be independent
subsets of [n] of size K uniformly distributed among such subsets. Then, for i, € [n], we set h;; = 1,,(j) (the
matrix H is illustrated in Figure 4.1).

Next, define a sequence {X;; : i € [n],l € [K]} of Kn ii.d. Rademacher random variables, and enumerate
the elements of each random set J;, i € [n]:

Ji={j(,1),...,50i, K)} where j(i,1) < j(i,2) < ... < j(i, K)
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j=1 1 0 1 1 0 0 1 0
EBach |J;| = K = 2.
i=2 1] o 0 0 0 1 0 0 1
Ji = {1,5}
Jz = {4,6}
i=3 1] o 0 1 0 0 1 0 0 Js = {1,3}
Ja ={1,8}
Js ={2,5}
i=4 | o 1 0 0 0 0 1 0 Js = {3.7}
Jr = {1,4}
Js = {2,8
ji=5 1 0 0 0 1 0 0 0 s ={2.8
i=6 | o 1 0 0 0 0 0 0
i=71 o 0 0 0 0 1 0 0
i=8 1 o 0 0 1 0 0 0 1

Figure 4.1: Tllustration of H with n =8, K =2, L = 3. -
Each column ¢ selects an independent uniform subset J; C [n] of size K and sets h;; = 1,(j).

Define the matrix Ro by

- Xy, forle[K]

otherwise

In other words, we use H as a hashing matrix to create Ry, which is illustrated in Figure 4.2. As mentioned

Ry
i=1 1=2 =3 =4 i=5 i=6 i=7 1=38

— 1 1 1 1

J=1 |£X11 0 X131t X1,4 0 0 +X1,7 0
1 1

j=2 0 0 0 0 T X1,5 0 0 7 X1,8

ji=3 o 5 %Xz R 5 5 %X1 o o 5 =1 is the first selected row in .Ji’
’ ¢ = 2 is the second selected row in J;.

j=4 0 +X1,2 0 0 0 0 +Xo.7 0

— 1 1
J=5 |gpXa1 0 0 0 1 X2,5 0 0 0
j=26 0 + X322 0 0 0 0 0 0

1

j=7T 0 0 0 0 0 +X2.6 0 0
j=28 0 0 0 +Xo.4 0 0 0 + X8

Figure 4.2: Illustration of Ry with n =8, K =2, L = 3.
Here, we enumerate J; = {j(i,1) < --- < j(i, K)} and set 7 ¢); = +X¢,; for £ € [K], else 0.
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before in Section 2, this construction Rs is not sufficient for our purpose because || Rz|| may be large.

To reduce the norm of the random perturbation, we remove the heavy rows of H and Ry to construct the
matrices H and Rp. Formally, we set Row,;(H) = Row;(H) if the number of non-zero entries in Row;(H) does
not exceed L and Row;(H) = 0 otherwise. Note that the number of non-zero entries in each row and column of

the matrix H is at most L. The process of transforming H to H is illustrated in Figure 4.3.

H H

1 2 3 4 5 6 7 8 [Row: (H)lo = 4 > L 1 2 3 4 5 6 7 8
1 (8 (deteted) 1 {ofjoflojofjo|o|o]o
2 |o|lo|o|o|l1|o|o|1 2 lolofloflo|l1|lo|of1
3]Joflofl1flofof1]o0]o0 3]Jolofl1floflof1|o]o0
4]of1fo|lo|ojo|1]|o0 row trimming 4 [0 1]0]o0fofo0 |10
5/1|lo|lo|o|l1|loflofo “slafolo]oli]o]o]o
6lofl1|loflofofo]o]o 6 lol1|loflofloflofo]o
7]olo|lo|loflo|1|lofo 7]loloflofloflo|1|lo]o0
gslofloflofl1|loflo|o]1 glojofo|l1]|o|o|o]|1

Figure 4.3: Illustration of constructing H from H withn=8, K =2, L =3.
Here, we keep row j if ||Row;(H)|lo < L, else set it to 0.

Finally, set Ry = H® Ry where © stands for the entry-wise (Hadamard) product, which was illustrated earlier
in Figure 2.2 in Section 2. Formally, we have the following definition.

DEFINITION 4.3. Let V' be an n-dimensional deterministic pattern matriz with parameters o, 3,7, p. Let
M1y, M0 0Nd N21,...,N2,n be i.t.d. Rademacher random variables. Let

1
R = ——-D,VD,
py/n
where Dy = diag(m 1,...,mn) and Dy = diag(n21,...,M2,n). Let K and L be positive integers with 1 < K <n
and L > K. Fori € [n], let J; be independent subsets of [n] of size K uniformly distributed among such subsets.
Let H be the random matriz with entries hj,; such that, for i,j € [n], we have

Bj,i = ]]‘Ji (j)

We define the matriz H by setting Row;(H) = Row;(H) if the number of non-zero entries in Row;(H) does not
exceed L and setting Row;j(H) = 0 otherwise. Let {X;; :i € [n],l € [K|} be i.i.d. Rademacher random variables,
and enumerate the elements of each random set J;,i € [n]:

Ji = {j(i,1), ..., j(i, K)} where j(i,1) < j(i,2) < ... < j(i, K)

The signs m;, M2,5, X1,i, and the subsets J; are mutually independent. Let Rs be the random matriz with entries

1
- +- X4, forle[K]
Roljin.i =14 & ’

[ 2]3( 1) {Q otherwise

Let Ry, = H ® Ry. Then (Rl,{Ji}ie[n],F,H, {Xl)i}ie[n]’le[K],Rg,Rg) 18 called a n-dimensional oblivious
perturbation model with pattern matrix V' and parameters p, K, and L.

The random perturbation constructed in the above manner has an O(1) norm bound.

Remark 4.4 (Norm of the perturbation). Let 0 < o,8,y < 1 and p > 0. Let V be an n
dimensional pattern matrix with parameters «, 3,v,p. Let K and L with L > K be positive integers. Let
(Ri, {Ji}iem), H, H,{Xyi}icpn)ie(k], Rz, R2) be a n-dimensional oblivious perturbation model with pattern matrix
V and parameters p, K, and L. Then, |R; + Ry|| < 2.
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Proof. Note that the property ||V < py/n leads to |R1]| < 1, and by the Schur test,

12| < max{||Row; (o)1, [|Col; (B2) 1} < 1

Thus, we have |R; + Ra|| < ||Ri| + ||R2|| < 2. 0

5 Pattern Matrices In this section, we first give an example of a v/n-sparse vector whose Walsh-Hadamard
transform is also y/n-sparse and then provide details of the randomized construction of pattern matrices mentioned
in Section 2.1.

PROPOSITION 5.1. Let n = 22 for k > 0, and let H = H,, be the n-dimensional Walsh Hadamard matriz.
Then, there exists x € R"™ with supp(z) = 2¥ = \/n such that supp(Hz) = 2* = \/n.

Proof. Let n = 2% for k > 0. Consider an n x n Walsh Hadamard matrix H and index its rows and columns
with tuples from ng = }FS X IF’; = {(a1,...,ap,b1,...,bg)|a;,b; € {0,1}}. That is to say, the (i, )" entry of H
is referenced as the ((iq,4), (ja,jp))t" entry of H, where

(iayib) = (lays - dags ibys- - - s ipg) € {0,132
(Jas o) = (ars - > Jag> Jors - - > Jo.) € {0,117

are the binary representations of 7 and j in 2k bits. One can then check that H(; ;) = H((
(—1)tadatiedo where - represents the usual component wise inner product of tuples.
Now consider the vector z = (x1,...,2,) € R" given by

1 if j, =(0,...,0)
Lji = T(ja,gp) =

ia7ib)7(ja7jb)) =

0 otherwise
x is only supported on 2* coordinates, so is \/n-sparse, and,
(Hz); = (Hz)(, iy
= Z (71)ia'ja+ib'ﬂb ]]-ja:(O,..A,O)

JasJb
_ Z(il)ib'jh
Jb
Observe that the sum is non-zero if and only if 4, = (0,...,0). Thus, Hz is supported on 2¥ coordinates as well.0

The following proposition proves that the model for pattern matrices described in Section 2.1 results in
matrices that satisfy the relevant properties (as in Definition 4.1) with high probability.

PROPOSITION 5.2. Let Vi be a matriz with Rademacher entries that are 2q-wise independent where q¢ =
[5logn]. Let W be a vector with 4-wise independent Rademacher coordinates. Let Vo and Vi be a random
matrices whose rows are independent copies of W. Let

VZVl@VQ@V;;T

where we recall that © stands for the entry-wise (Hadamard) product and Vi, Va, V3 are independent of each other.
There exists constants ¢5.5.1,C5.2.2,C5.2.3,C5.2.4,C5.0.4 > 0 with ¢50.3,¢50.5 < 1, such that for any n > ¢5.5.1, with
probability at least 1 — 1/n?, V satisfies the following properties:

1L V|| < es502vn,
2. For any m,...,nn € {—1,1}, and for any an-sparse vector x € S™ ' with a < ¢5 5.3, we have
i €lnl: |€jTVdiag(771a ces )T > es04}] > e505m

and
i €lnl: |€§1VT diag(n, ..., mn)x| > c5.04}] > c5.05n
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Proof. We first look at the norm. Conditioned on V5 and V3, V is a random matrix with Rademacher entries
that are 2¢g-wise independent. Since ¢ = [5logn], we can apply in [20, Lemma 2| and obtain

P(IV] 2 3Alva, 1) < 20( 5 ) :
< 9y 1—1010g(3/2)
2
e
Taking expectation over V5 and V3, we obtain

2
P(IVI| > 8vi1) < .

Next, we consider the number of "good” rows. Fix z € S"™ ' n,...,n, € {=1,1} and j € [n], and let
X; = X;(m,...,nn,B,z) be the indicator random variable for the event that |e}"VD,,x\ < B, for some 8 > 0
where D,, = diag(mi,...,n,). Conditioned on V; and V3, the rows of V' are independent and each row has 4-wise
independent Rademacher coordinates. Let Z; = (e?VDnm)z. Then, E Z; = 1. By Paley-Zygmund inequality, we
have

P(Z; > 0) > 2

Since the expression for Zj2 only has products of order 4 in the entries of V', and the coordinates in each row of V'
are 4-wise independent, E Z]2 remains unchanged if we assume that the rows of V' have independent +1 entries.
In this case, by using Hoeffding’s inequality and sub-gaussianity, we have that 1 < IEIZJ2 < ¢3. Therefore, there
exist ¢4 and c¢5 such that IE”(|e;-FVDn:r| < 04) =EX;(m,...,Mn,ca,2) < 5 < 1. By Hoeffding’s inequality, we can
find ¢g < 1 and ¢7 > 0 so that

n
P ZXj(n17~--a77mC47x) >cen | < eXp(—C7n)
j=1

which implies
P(|{j € [n]: \eran| < ca}| = cgn) < exp(—crn)

If we further assume that x is an-sparse, then e]TVD,,:U depends on only those 7; for which 7 is in the support
of . Thus, using the union bound, we obtain

P(In e {-1,1}": |{j € [n] : |e?VD,,x| < ca}| = cgn) < 2" exp(—crn)
< exp(—crn/2)

when o < ¢7/2log 2.

Let \V be a v-net of an-sparse unit vectors for the set of all an-sparse unit vectors. This means that for every
an-sparse y € S"7 !, there exists an an-sparse unit € A" such that ||z — yl|s < v.

When log| V| < ¢yn/4 (we shall later show that this is the case when « is small enough), by a union bound
over N, we get

P(Ez e N,ne{-1,1}":|{j € [n]: |erD,,x\ < cy}| > cgn) < exp(—crn/4)

Define the event £ := {|{j € [n] : |e] VDyx| > ca}| > (1 —ce)n Vo € N,n € {~1,1}"}. We have shown that
P(E) > 1 —exp(—crn/4).

Now let y be an arbitrary an-sparse vector. Then there is z € A such that ||z — y|| < v. Conditioning on
the event that ||[V|| < coy/n, we have ||V D, (z — y)|| < covy/n for all . Then,

. n
i €l lej VDy(z = y)| = Aear}| < 2

Copyright © 20XX by SIAM
Unauthorized reproduction of this article is prohibited



Let A be such that 1/A\? = (1 —cg)/2. Once ) has been chosen, let v be chosen such that Acav = ¢4/2. Then,
conditioned on £ and on the event that |V < co+/n, we have, for all n € {—1,1}",

{7 €n]: |6]TVan| > ¢4 and |e?VDn(x —y)| <ecy/2} > (1 —cg)n/2
= [{j €n]:lej VDyyl > ca/2}| > (1 = co)n/2

We now show that log| V| < (¢7/4)n when « is small enough. From [37, Corollary 4.2.11] we have,

a <(LJnJ> <3> "
et
f(m)

log|N| < an 1og( s >

ro

When o < min{v, 1/3e},

1 1
< anlog(3e) + an log( ) +an log( >

v a
1
< 3anlog<a)

We further let o be small enough that 3alog(2) < ¢7/4.
We can repeat the same arguments by looking at V7 with V3 in place of Vs, to get the third property. Finally,
by union bound, the probability that any of the required properties fails is at most

2 1
w3 + 2exp(—crn/4) < w2 ]
for all sufficiently large n.

COROLLARY 5.3. For any n > C5.2.1, P > C592.92, 0 < « < C592.3, 0 < ﬁ < C592.4, and 0 < vy < C5.2.5, there
exists an n-dimensional pattern matriz V. with parameters o, 8,7, p. In addition, there exists an algorithm using
O(nlogn) random bits that can generate such a pattern matriz with success probability at least 1 — 1/n?.

Proof. We only need to justify the claim about random bit complexity. Considering the construction of V',
we need to generate n? many 2¢-wise independent signs, and also 2n independent families where each facility
contains n many 4-wise independent signs.

By [36, Corollary 3.34], we can choose the entries of V7 and the distribution of W so that the number of
random bits needed is at most

2q[logy(n?)] + 8n[logyn] = O(nlogn).

We use independent seeds for V; and for all the rows of Vo and V3. The probability estimate follows from
Proposition 5.2. 0

6 Invertibility for compressible vectors This section is devoted to proving the following proposition,
which establishes a lower bound for the infimum of ||Mz||s over compressible vectors.

THEOREM 6.1. Let A be an n x n deterministic matriz such that ||A|| =1. Let0<e < 1. Let 0 < 0, 3,7 < 1
and p > 1. Let V be an n dimensional pattern matriz with parameters o, 8,7, p. Let K and L with L > K
be positive integers. Let (Rl,{Ji}ie[n],ﬁ, H, {Xlﬂ'}ie[n]’le[K],EQ,Rg) be a n-dimensional oblivious perturbation
model with pattern matriz V and parameters p, K, and L. Let M = A+ ¢(Ry + Rg). Then exist constants

611 >0 and 0 < cs1.2,¢651.3,C6.1.4 < 1 such that, for a < 7
Ce 1.110g<M

and v = c(;,l_gsﬁ\Tﬁ, we have
B~3/2 )

veEComp(a,v)

P( inf  [[Mv][2 > C(amﬁﬂ\ﬁ) > 1 —exp(—cs.1.47n)
P
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Proof. Fix z € S"! with |supp(z)] < an. Condition on Dy and R and let Ay = A + eRs. Then,
Mx = Ajx + \F - D1V Doz. Let J(x) = {j € [n] : |Row;(V)Daz| > }. By the definition of a pattern matrix,
we have |J(x)| > yn. Then, for j € J(z), we have

>

]P’<|(Mm I‘RQ, D2> - P(’(Ala:)j + % -1 Row; (V) Doa

7 RQ,D2> >1/2

To see why observe that, since j € J(z), we have

R VD >
ow; (V) Dax z

o

and therefore the two numbers

(Alx)j + ROWj(V)DQJZ, (Alx)j — L ROWj(V)DQJZ

pV/n pvn

cannot both have absolute value strictly smaller than ¢8/(pv/n).

Since the coordinates of Mx are independent after conditioning on Ds and Rs, we can use the following
tensorization lemma,

LEMMA 6.2 (|28], Lemma 2.2 (2)). Let Xi,...,Xn be independent random variables satisfying
P X[ > 1) > cs01

for some cs0.1 € (0,1). Then, there exists constants ¢s.2.2,cs.2.3 > 0, depending on cs..1, so that for the random
vector X := (X1,...,Xn), we have,

P(”XHZ < C(j_g_g\/ﬁ) < e_CU.Q.BN

Applying Lemma 6.2 with X; = paﬁ" (Mx); for j € J(z), and observing that

Mz > |3 (M),

Jj€J ()

we get

g
o, (||Mx||2 < cpnn D

e ) < omeo2alI@)
]

or equivalently we can write

Pp, (|Mx||2 < ) < emerm
p

for absolute constants ¢; and cq, using the fact that |J(z)| > yn.
Define

(6.1) Ga, ={veR":|lv||l2 <1and [|[Ajv|2 < 2¢}.

For each I C [n], the set G4, N Ey is convex and about the origin in the coordinate subspace Ej.
Choose

(6.2) n=c 59\6/5

Since 0 < ¢1,8,7y<1land p>1, we have 0 < n < 1.
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Let G;r = G4, N E;. By the standard volumetric estimate as in Proposition 3.4, applied in the subspace E7,
the set G can be covered by at most
o\ 11
()
Ui

translates of nGy. To see why, if {zk}ffvzl C Gy is a maximal set such that the translates zp + gG 1 are pairwise
disjoint, then maximality implies that the translates z + nG cover G;. Also we have

U (s da) care Jor- (14 3) 6

Since we can identify F; with R by an isometry, we can define |I| dimensional volume voly, i.e., Lebesgue

measure, on Ey, such that vol;(2Gr) = (g)m vol;(Gy). Therefore we have

11
2

N < <1+) .
n

Now we select one point from each translate which intersects

N (g) ol (Gy) < (1 + g)m voly (G7)

which implies

(S" ' NENNG4,,

to form a net Nj. Then every point of N7 is a unit vector supported in I, and

s ()< (2)" - (255)"

We claim that, for every z € (S"~1 N E7) N Ga, there exists y € N such that

(6.4) x—y € 2n(Ga, NEY).

To explain why, if  lies in a translate z + (G4, N Er), and y € N is the chosen representative from the same
translate, then = z + nu and y = z + nw for some u,w € G4, N E;. Since G4, N Er is convex and centrally
symmetric, (v —w)/2 € G4, N Ep, and hence z —y = 2n((u — w)/2) € 2n(Ga, N EJ).

Fix I C [n] with |I| < an. Suppose that there exists z € S"~! N E; such that

1 B
6.5 Mzl < —c¢ e.
(6.5) |Mas < foer =Y

We first show that x € G4, N Ey. Since M = Ay +eR; and |Ry|| < 1,

1 By
||A1£C||2 S ||M.’,E||2 +€HR1I”2 S Ecl {5 + €.

Since 0 < ¢1, 8,7 < 1 and p > 1, we have 8,/7/p < 1. Therefore, we have
17
|A1z]|2 < Ea < 2e.

Sox e Ga, NET.
Choose y € Ny satisfying (6.4). From x —y € 2n(Ga, N Er) and the definition of G 4,, we obtain

lz—yll2 <2n,  [[Ai(z —y)ll2 < dne.

Copyright © 20XX by SIAM
Unauthorized reproduction of this article is prohibited



Using M = A; + &Ry and || R < 1, we get
[M(z = y)ll2 < [|[Ar(z —y)ll2 + el|[Ri(z — y)l2 < 4ne + 2ne = One.

By definition (6.2), we have

1
6ne = —1 €.

VAl
16 p

Combining this with (6.5), we have

1
(6.6) [Myllz < [[Mz|]2 + |M(z —y)|l2 < *ﬁﬂ‘ﬁf-
8 p

In conclusion, for every support I, the existence of a bad vector x € S?~! N E; implies the existence of a unit net
point y € N7 satisfying (6.6).
Therefore, by union bound, for fixed I, we have

16

1 BVA 288p )"
< Z Pp, {||My||2 < =c 5} < ( exp (—cayn) .
v 8 p 1By

1
Pp, {ax € 5"V B | Mz, < clﬁﬁa}
p

Choose
_ 288ep

B a2
Since 0 < ¢1, 3,7 <1 and p > 1, we have B > 288e¢ and therefore log B > 5.
Choose the constant cs 1.1 > 0 sufficiently large so that

288e
1

611 =

and, for all ¢t > €°, we have

1 1Og(C(—;‘1,1t log t) <

C2
C6.1.1 logt 2’

(6.7)

This is possible because
log(cg.1.1tlogt) < logcs 11 n 2

co.1.1logt T Besn C6.1.1

for all t > €®, and the right-hand side tends to 0 as c5.1.1 — 0.
By the assumption on « and by the choice ¢g.1.1 > 288¢/c1, we have

v < 2

c6.1.11og (%‘7173/15) T ¢s1.1logB

< <1
o —.
2

Using Lemma 3.3 and taking the union bound over all I C [n] with |I| < an, we have

1
Pp, {Hx € 8" supp(z)| < an, | Mzl < mclﬁ\pﬁs}

2 an
< exp (om log 2) (q;f%) exp (—cayn)

(6.8) = exp <om log <012§Zipﬁ> - czfyn) .
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288ep
craf\/y

2886p>
s) =slo , 0<s<1,
o) = o (2L

We now verify that anlog ( ) can be absorbed by coyn. The function

is increasing on (0, 1], because

F(s) = (if;%) — 1> log(288¢) — 1> 0
where we use
285~ 988e.
Clﬂﬁ
Therefore, we have
288ep ¥ 288ep cs.1.11log B ¥ Ca7y
(6.9) alog (C1Oéﬁﬂ) < o1 log B log <Clﬁﬂ : 5 > = co11log B log (cs.1.1Blog B) < 5

where the last inequality follows from (6.7) and log B > 5.
Combining (6.8) and (6.9) we have

(6.10)

1
HMZ'”Q S —CIM{; g exp (_0277”&) .
16 p 2

Finally, we extend the estimates from the sparse vectors to all compressible vectors. Let

v -

T 19297,

On the complement of the event in (6.10), every an-sparse unit vector x satisfies

1 BV
HMZ‘HQ > —clie.
16
Let v € Comp(a,v). Then there exists an an-sparse vector z with ||[v — x|z < v. Since ||z]l2 > 1 —v > 0, the

vector x/||x||2 is a sparse unit vector. We also have

]PDl inf
z€S™~1:|supp(z)|<an

x x
l[o - mﬂz <lv = 2fl2 + |z - mﬂz
= o —zl2 + [llzl2 — 1
<2|lv—zl]2 < 2v.
By Remark 4.4, we have || M|| < 3. Therefore, we have

T x
[Moll2 = | Mi——Il2 = [M][[lv — I
[E4[P [EF[P?
L By 1 By
il —~3.92.
>1601 P £ 19261 P £
1 1
> 7016\ﬁ6 B 7015ﬁ8
16 p 32 p
1
= 7015\/'76'
32 p

Therefore, by iterated expectation, we have

1
]P{ inf )HMU||2 < Clﬁf&‘}

v€Comp(a,v 32
. 1 By
:ED27R2 ]P)Dl {veColrEg(a V)||MU||2 < 37261 \pfa}
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7 Invertibility for Incompressible Vectors To bound inf,ecmmcomp(a,v)l|Mz|2, we use the following
invertibility by distance result from [28].

LEMMA 7.1 (Lemma 3.5 in [28]). Let M be any random matriz. Let Y1, ...,Y, denote the column vectors of
M, and let Hy, denote the span of all column vectors except the kth. Then for every a,v € (0,1) and every t > 0,
one has

1 n
7.1 P inf Mz|s <tvn~ V%) < — S P (dist(Vy, Hy) < t).
() (st 1021 < rm %) < 05 2 s, i) <

z€Incomp(a,v)

We will apply Lemma 7.1 to our case M = A+ cR. Let Y7,...,Y,, denote the column vectors of M, and let
Hj, denote the span of all column vectors except the kth. Without loss of generality, we analyze

P (dist(Y,,, H,) < t)
and all the other terms in the sum

> P (dist(Yy, Hy) < 1)
k=1

n

can be bounded by exactly the same way.
By constructing a measurable random normal vector Z of the subspace H,,, we have

dist(Yy, Hy) > [(Yn, Z)|
and therefore it suffices to bound
P(|(Yn, Z)| <)

To this end, we first prove that the random normal vector Z is incompressible with high probability.

LEMMA 7.2 (Random normal is incompressible). Let A be an n X n deterministic matriz such that ||A]| = 1.
Let0<e < 1. LetO< a, 8,y < 1andp>0. Let V be an n dimensional pattern matrix with parameters a, 8,7, p.
Let K and L with L > K be positive integers. Let (Ry, {Ji}ie[n]aﬁ7 H, {Xl,i}ie[n],le[KpRZa Rs) be a n-dimensional
oblivious perturbation model with pattern matriz V' and parameters p, K, and L. Let M = A+ e(Ry + R2). Let
Y1, ..., Yy be the columns of M. Let ¢ be a measurable function such that for every (y1,...,yn_1) € (R")"1,

C(ylv ceey ynfl) S Sn_l N Span(@/l» ... uynfl)l’
Let Z =((Y1,...,Yn_1). Then there exists an absolute constant c;.o1 > 0 such that, if

/2 B8V /2

o , V==C512¢€ ,
o log (557 ’

n>—, a <

2
5
then
P(Z € Comp(a, v)) < exp(—cr.2.17n).
Proof. Let M’ be the (n — 1) x n matrix such that M’ is M7 with last row erased. We have
{Z € Comp(a,v)} C {Fz(z € Comp(a, v), M'z = 0)}
Condition on D and Rs, and put A; = A+ eRs. Since

MTz = ATz + —_D,VT Dz,
n

pv/n
the jth row of M’ satisfies, for j € [n — 1],
€

- Tx,
(M )] (Al )J+p\/ﬁ

772,j ROWj(VT)leL'.
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For a fixed an-sparse & € S™~ !, define
J(x)={j € [n—1]:|Row;(VT)Dyx| > B}.

By definition of pattern matrix, before erasing the last row there are at least yn such coordinates. Therefore

7n

[J(@)|zymn—1= -

where the last inequality uses n > 2/~. For each j € J(x),
P (107> 2 | R

=F ('(A“)j + =S Row, (V) Dia| > =2

The coordinates indexed by J(z) are conditionally independent because the signs 7, ; are independent after
conditioning on (Rs, D1). Tensorization therefore gives absolute constants c1, ca > 0 such that

\/v/2
P<|M/JZ||2§6186 p’Y/

O

R, D1> < exp(—cayn).

The results then follows from the same ellipsoid covering argument used in Theorem 6.1.

Now we have proved that the random normal vector Z is an incompressible vector with high probability. This
is useful because incompressible vectors are spread according to the following lemma in [28].

LEMMA 7.3 (Incompressible vectors are spread). Let 0 < o,v < 1, and let x € Incomp(a,v). Then the set

@z{ie[n]:\/zin<|xi|< ;n}

satisfies
an
O > —.
o>

A:{ie[n]:|xi|§\/;7n}.

Let P4 : R®™ — R™ denote the orthogonal projection onto the coordinate subspace supported on A, i.e.,

Z;, iEA,
Paz)i =
(Paz) {0, i¢ A

Proof. Define

Then
2 2 2

14
P = PP<|A-—<n-—=—.
IPacl =3 lnd Al <= 2

Hence v
|Paz|ls < —= < 1.

V2
We claim that
|AC] > an.

Indeed, suppose for contradiction that |A¢| < an. Put

y:PAc.’L'.
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Then y # 0, because otherwise © = P4z and therefore

14
1= |jz]l2 = |Pazx|]s £ —= < 1,

V2

a contradiction. Now define y

B Hy||2

Then z € S* ! and
|supp(z)| < |A¢] < an.

Set
6=z —yl2 = [[Pazl2.

Since = y + Pax and the two summands have disjoint supports, they are orthogonal. Because ||z||2 = 1, we get
lyll3 =1 -6
Therefore

(0.2} = (u+ Paz ) = e

and so
[z — 2[5 =2 —2(z,2) =2 = 2|yl = 2(1 — V1 - 62).

Since 0 < 6 <1,

62
1—y/1-62=— " <§2
1+v1-02

Hence
o — 2II3 < 262 = 2| Paz|3 < o2

Thus ||z — z|l2 < v, with 2 € S""! and |supp(z)| < an. This shows that z € Comp(a,v), contradicting

x € Incomp(a, v). The claim follows.
2
B:{ie[n]:|mi|>\/}.
an

Now define
If |B| > an/2, then B # () and therefore

2 an 2
1= > 2Bl —>—.=—=1
el > Y il > 1Bl = > O 2 =,
i€B
a contradiction. Hence
Bl < <
5
Finally, let
© = A°\ B.
Then an on
O] > |A°| — |B| > - — = —
01> |4° ~ B > an — 5 =%
Moreover, if i € ©, then i ¢ A and i ¢ B, so
v < |uil < 2
— <z <4/ —.
V2n an
This proves the claim. O
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The standard argument (e.g., [28]) to bound the probability
P (dist(Y,,, Hy) < 1)
uses the fact
dist(Yy,, Hy) > [(Ya, Z2)|

and then conditions on Z.

In our case, we cannot use this approach directly because o(Y,) and o(Y7,...,Y,—1) are not mutually
independent. Nevertheless, the pure random signs X;, will be independent with o(Y7,...,Y,_1). To make
the argument work, we need to show that there are sufficiently many random signs in the last column which will
not be removed eventually (h;; # 0). To understand when a random sign in the last column will be removed
eventually, one key observation is that, a nonzero position in the nth column of Ry will be eventually be reset to
zero if and only if it is in a row that is already heavy enough in the 1,...,n — 1 columns.

More formally, we define index set of the heavy rows of H up to column n — 1 as

n—1

(72) Iheavy,n =qt€ [n] : Z Bivj > L
j=1

and the index set of the light rows up to column n — 1

(7.3) Ilight,n =<1 € [n} : BZ ;

So the heavy rows may be removed if there is an extra nonzero entry in the column n, but the light rows will
never be removed no matter what happens in the column n. With the above observation, we can write

K
3
(Yo, Z) = (Coln(A+€R1), Z) + 7 D Xin Zin) Lign)e gm0}
=1

We will write (Y, Z) as a function of two independent random elements. To this end, we first define the
random elements

E1 = (R1, (Xij)ie(x),jeln-11> J1r-»Jn-1), By = Jn- B3 ={Xin:l€[K]}

In other words, (21,Z2) contains the information of Rj, the position of all nonzero entries of Ry, and the
value of random signs for the entries of Ry only in columns 1,...,mn — 1. The random element =3 contains the
signs in column n. By construction, =y, =, 23 are mutually independent, so it suffices to write (Y,,, Z) and a
function of =1, 29, E3 so that we can use conditioning (iterated expectation). In particular, Iheavy,n and lightn
are completely determined by =; and the random normal vector Z is completely determined by (2, Z2) (or more
precisely, completely determined by =; and J, N Iheavy,n). Therefore, in the expression

K
9
(Yo, 2) = <COIH(A +eR), Z> + T ZXL" Zj('fhl) l{j(TLJ)EIligm,n}'
=1

the parts, <Coln(A +eRy), Z> and Zj(n,1) 1(j(n,1)ehigne..y Will be fixed after conditioning on (Zi, =), and then
bounding (Y, Z) becomes the Littlewood-Offord problem. To get a good bound, we need sufficiently many good
coordinates to show up in the coefficient vector { Z;, 1{j(n,l)elnght,n}}le[K]~ To this end, the first step is to show
there are enough light rows, or in other words, there cannot be too many heavy rows.

LEMMA 7.4 (Heavy rows are not too many).  Let (Rl,{Ji}iE[n],F, H, {lei}ie[n]vle[K},E%Rg) be a n-
dimensional oblivious perturbation model with pattern matriz V and parameters K and L. Let

n—1
Iheavy,n =q1€ [TL] : hi»j > L
1

J
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be the index set of heavy rows up to column n — 1. Then, for L > K, we have
KA\L
(7.4) Elncavy.n| < ne™ ()

and for any X\ € (0,1], we have

A 2
N < _ (max{(gn - E‘Ihcavy.,nDa 0})
(75) IP){‘Iheawy,n| > 2n} _exp< 27’LK2

(max{3n — ne~ ¥ (eK/L)F, 0})2
(7.6) < exp (‘ K2 '

Proof. The idea of the proof is to first upper bound E|Ipcavy,»| and then obtain concentration inequalities for

|Iheavy,n
Fix i € [n] and j € [n — 1]. Since J; is uniform among all K—subsets of [n], we have

n—1
T K
(7.7) P(hi; =1) =P(i € J;) = (K,jl) =—.
(K) n
Because Ji,...,J,—1 are independent, the random variables hi1 = lgesy,..- hin—1 = lyes, .} are

independent Bernoulli random variables with success probability K /n.

Therefore, for each row i, we have Z;L:_ll h; j follows Binomial distribution with parameters n — 1 and K/n.
In particular, the distribution does not depend on i. Let S be a Binomial random variable with parameters n — 1
and K/n. Observe that E[S] = K(1 —1/n). Assume L > K. By Chernoff bound, we have

P{S > L} < e—K(%)L,

Since

n
|Iheavy,n| = E :1{27:_11 hi;>L}>
i=1

by linearity of expectation, we have

n n—l_ KA\ L
(7.8) Ellheavynl =S PAS iy > LV =nP{S> L} <ne K (5
el 3RS0 2 1) 521 2 ()

=1

To obtain concentration inequalities for |Iheavy n|, We can write

T = |Iheavy,n‘ - Z 1{2:’:—11 ﬁiijL} = f(Jla ey Jn71)~
=1

Let k € [n — 1] be fixed. Consider two sequences of column-sets
(Jla“';Jn—l) and (Jl,...,Jk_l,Jllc7Jk+1,...,Jn_1)

that differ only in the kth coordinate. For any fixed row index i € [n], replacing Ji by J;, changes the row sum

E;-lzl hi; by at most 1, and it changes it only if ¢ € JyAJ, (symmetric difference). Therefore, the indicator
1ison 7, ,>r1) can change only for i € J,AJ]. So the total count T' can change by at most
j= i,j 2

(7.9) [T AT < [Jy] + [ g] = 2K,

because both Ji and J;, have exactly K elements. Therefore, T satisfies the bounded differences condition of
Lemma 3.8 with m =n — 1 and

(7.10) by = =by_1 =2K.
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By Lemma 3.8 and (7.10), we have

v= lenzlbi =-—(n—-1)(2K)* < nK>.
k=1
Therefore, for every t > 0, we have
£2
(7.11) P{T —ET >t} < eXp(f 2nK2)'

To bound P{T > 4n}, we choose
t= %n —ET

so that
{T > 3n}={T -ET > t}

If t <0, then %n < ET and the inequality (7.5) holds trivially because its right-hand side equals 1. So it suffices
to consider ¢ > 0. so (7.11) implies

2
2 (An—ET)
A 2
]P’{T>§n}<exp( o 2)—exp< 2 . .

Combining the cases t < 0 and ¢ > 0 proves (7.5).

With the above preparation, we can now show that sufficiently many good coordinates show up in the

coefficient vector (Zj(n’l) 1{j(n,l)€Iughm})lE[K]'

LEMMA 7.5 (Good coordinates). Let A be an n x n deterministic matriz such that ||A|| =1. Let 0 < e < 1.
Let 0 < a,B,v,v <1, and p > 1. Let V be an n dimensional pattern matriz with parameters o, 8,7, p. Let K and
L with L > K be positive integers. Let (R1, {Ji}ie[n],ﬁ, H, {Xl,i}ie[n],le[K]aR% Rs) be a n-dimensional oblivious
perturbation model with pattern matrix V. and parameters p, K, and L. Let M = A+ e(Ry + Rs). Let Y1,...,Y,
be the columns of M. Let  be a measurable function such that for every (yi,...,yn—1) € (R*)"~1 we have

C(ylv ceey ynfl) S Sn_l N Span(@/l» .. uynfl)l’

Let Z = ((Y1,...,Yn_1). Let

v 2
<z <4 —}

GQZ{ZE[H}:\/% on

Let 0 < A < 1. Then for any t € (0,/\/8), we have

P{\Jn N O N Liight,n| < tK} < P{|6¢]| < An} + P{|Iheavy,n

> %n}
2 2
+eXP<—2K(% -3) ) +eXp(—§(§ — 4t) )
Proof. The first step is to consider the two good events
51 - {|@0‘ 2 )\Tl}, 52 = {|Iheavy7n| < %n}

and then we can bound |J,, N ©¢ N fiighs,r| under the good event & N . Formally, by union bound, we obtain

(7.12) P<{|Jn MO0 N Lightn| < tK}) < P(EY) + P(ES) + P({\Jn MO0 N Tighen| <LK} N E N 52).

It remains to bound the term IP’({|Jn NOo N Lightn| <tK}NEN 52).
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As is explained in the overview, the key idea to show that ]P({|Jn N O N Diight,n| < tK}NE N 52) is small

is to condition on Ry, the first n — 1 columns of Ry, and the set J,, N Theavy,n, Which in combination completely
determines ©¢. To do this formally, let

El = (R17 (Xl,j)le[K],jG[n—l]v le"‘vjnfl)a

which determines R; and the first n — 1 columns of Ry, and let

Ho = Jy.

By construction, Z; and Z3 are independent. Moreover, light,n, and Inheavy,n are functions of only =;. We observe
that the first n — 1 columns of Ry only depends on Z; and J,, N Iheavy,n because J,, can affect the first n — 1
columns of Ry only by causing deletions and what happens in Ijgne,» Will not cause deletion in any case. More
formally, for ¢ € [n] and j € [n — 1], we can explicitly write

(72)i5 = (72)ij L ((n]\ (10 ey ) {5572 B g <2y ()

Since ©y depends only on the first n — 1 columns of Ry and therefore and only depends on (El, Jp N Iheavy’n),
there exists a measurable map v such that

(713> @0 = w(Ela Jn 0 Iheavy,n)~

Conditioning on R; and the first n — 1 columns of R, is relatively easy because of independence between =;
and Z5. To separate the randomness from =; and from =5 and do conditioning, we write

¢(El= 52)

1 A L=
{l7nNO0NTNignt,n| <LK, [©0|=An, |Theavy,n|<5n}

for some measurable ¢. Let ¢1(&1) = Ez, ¢(&1,E2). By independence,

(714) P(lJn n 90 N Ilight,n‘ < tK7 ‘®0| > )\n, |Iheavy,n < %?’l) =E (bl(El)

Now we fix (condition on) the randomness from =;. Formally, we fix & with |Iheavy,n(&1)] < %n, because
otherwise we have |Ineavy n(§1)] > An/2, and then ¢1(&1) = 0, which reduces to a trivial case. Then Dign; n(&1)
and Iheavy,n(§1) are deterministic. To also condition on J,, N Iheavy,n, We define

1—‘1 = Jn N Iheavy,n(€1)7 F2 = Jn N Ilight,n(gl)-

By equation (7.13) (with Z; = &;), we can write ©g = ¥(&1,T1).

To ensure that there is still enough randomness after we conditioning on =; and I'y, we need to show |I'q] is
not too large. To separate the bad event that |I'1| is large (which will happen with low probability), we write (for
fixed & with [Ineavy,n (1) < 3n)

D(€1,E2) = Ljy(er,r)NTa| <UK, [9(61,T1)|>An}

<1 1
=4 +

D> 25} T T {6 T)NC2|<EK, [0(€1.00)[2An, [D1|<3 K}

Taking expectations over Z, gives

(7.15) 91(6) <P(ITa] > 1K) + E[H{W(sl,n)nrﬂgm, [ (&1,01)[>An, \rqgim]

Now we will show that with high probability |T';| is not too large. And the idea is to use Hoeffding’s
inequality for random sampling without replacement (Proposition 3.11). We continue working with fixed &; with
[Theavy,n (€1)] < %n Since J,, is an unordered random sampling without replacement, by definition 3.13, there
exists a random sequence Ty which is a random sampling of an ordered K-element sequence uniformly from [n]
without replacement, such that

In(w) = {T1(w)(1),...,T1(w)(k)} = Range(T1(w)).
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Then the sequence Si(1),...,S1(K) with Si(j) = 1p,,.. () (T1(w)(j)) is a random sampling of an ordered
K-element sequence uniformly from population &7 without replacement, where

S = (81,1, sy Sl,n)

with
81,0 = L1yney () (1) € {0, 1}

Then Z]K:1 S1(j) is the number of sampled indices in J,, that fall in Iheavy n(&1), i-€.

K
Zsl(]) = |Jn theavy,n(fl” = |F1|
j=1

Here a = 0, b =1 in the sense of Proposition 3.11, and

n
l Zsl,i _ |IheaVy,n(§1)| < %
n <~ n

Therefore, applying Proposition 3.11 with ¢ = % — %2?21 Si, we obtain

K n n
1 ) 1 1
P(|Ty| > 3K) :P(K;Sl(j) 0 - 51> 3 — n;S1z>
31 - 2 3 _ A2
(7.16) SeXP(—2K(1 T n 231,2') ) < eXp(—QK(Z — 5) )
i=1

Now, (after conditioning on Ry, the first n—1 columuns of R, and the set J, N Iheavy,n) We can take advantage
of the extra randomness in the choice of I'y to guarantee that, with high probability, sufficiently many of elements
of the set J,, N Ligne,n fall in ©g N lijght,n. More formally, we will show that, conditioning on the first n — 1
columns of Ry and J,, N Theavy,n, the set J,, N Dight,n is a random uniform subset of ljjgne, With cardinality
K — |Jy, N Ineavy,n|- To this end, let p(f1, B) be a regular conditional probability of I'; given I'y (so intuitively,
w(01,B) =P(B|T'y = 6;)), and then we have

lﬂw@hrnmrﬂsuc|w@hrnexm|rus%K}‘FJ
(7.17) = etz r<2x) / Lowier ronoaisty 41, d02)

Fix an index set 61 C Theavy,n(&1) with |61] < %K. By Lemma 3.15 applied with J = J,, and I = Iheavy,n(&1), the
conditional law p(61,-) is the probability distribution of a random sampling of an unordered (K — |61])-element
subset uniformly from liight (1) without replacement. In other words, we have

/ 1 oterdnm <oy 11001, d02) = Pr({[(&1,01) N 1| < tK})

where T is the probability distribution of a random sampling of an unordered (K — |61])-element subset uniformly
from Iiighe n(§1) without replacement, in some appropriate auxiliary probability space. Enumerate the elements
in Dignt,n(€1) s0 that igne,n(€1) = {52,1, s 52, Lugnen| }-

By definition 3.13, there exists a random sequence Ty, which is a random sampling of an ordered (K — |01])-
element sequence uniformly from |ljght,»(&1)| without replacement (also in the auxiliary probability space), such
that

T(w) = {827 (w) (1)1 - - - » 2,1 (w) (K —|0: ) } = Range(s o Ta(w)).

Set
A =1(&,01) N Lighe,n(&1)-

Copyright © 20XX by SIAM
Unauthorized reproduction of this article is prohibited



For fixed & and 67 with [1(£1,61)] > An and |Theavy,n(&1)] < %n, we have

(718) ‘A| Z |¢(§1,91)| - |Iheavy,n(£1)| Z %n

Then the sequence S3(1),...,S53(K — [01]) with S3(j) = La(s2,7,(w)(;)) is a random sampling of an ordered
(K — |0;1])-element sequence uniformly from population S without replacement, where
Sz = (83,17 R 83,|hight,n(€1)\)
with
S3,i = ]].A(SQ,i) c {0, 1}.
Also, we have

K—\91|
CJANTY] (&, 601) N Y _ |A] S AL
— - 27

1
Y S() = - , S )
ol 2 S K o T Kol = a0 = n

where we used (7.18) and |light,n(§1)] < n.  Moreover, |61] < 3K/4 implies K — |61] > K/4, hence
tK/(K —|61]) < 4t. Thus the event {|¢(&1,601) N Y| < tK} implies

1 K—|01] 1 K—0,
—_— Ss3(5) < 4t, ie. —_
K — 104 jz 3(J) < K —164] ;

1

|
S3(j) = < —(u— 4t).
Since t < A/8, we have y — 4t > A/2 — 4t > 0. Applying (3.5), we obtain

[ Loten s n61,d82) =Pr({lv(6r,60) N Y| < K))
<exp(=2(K — [01])(u — 4t)*)
§exp(—2 . %(% — 4t)2)

(7.19) —exp(—5 (3 - 41)%).
Inserting (7.19) into (7.17) and taking expectations gives

. < —E(2_ )
(7:20) B e Lonral<ek, e r 2 an, |F1|5%K}} = eXp( 2 (2 —41)

Combining (7.15), (7.16), and (7.20), we conclude
$1(&) < exp(—2K(% — %)2) + exp(—%(% — 4t)2).

This bound is uniform in & with |[Iheavy,n(§1)] < %n (and trivial otherwise since then ¢;(£;) = 0). Therefore,
taking expectations in (7.14) gives

P(Un N B0 N Dight,n

<HK, |80l 2 M, [lheavyn| < 3n) < exp(—2K (3 = 3)7) +exp(—5 (3 —41)°).

Combining this with (7.12), we obtain the desired result. 0

COROLLARY 7.6 (Sufficiently many good coordinates). Let A be an n x n deterministic matriz such that
Al =1. Let0<e,d <1. Let 0 < a, B8,y <1 and p > 1. Let V be an n dimensional pattern matriz with param-
eters o, 8,7, p. Let K and L with L > K be positive integers. Let (Ry, {Ji}ie[n],ﬁ7 H, {Xl,i}ie[n]’le[K},Rg,Rg)
be a n-dimensional oblivious perturbation model with pattern matriz V and parameters p, K, and L. Let
M = A+¢e(Ry + Ry). Let Y1,...,Y, be the columns of M. Let ¢ be a measurable function such that for ev-
ery (Y1, Yn_1) € (R we have

C(ylv ey ynfl) S Sn_l N Span(yl» ey ynfl)l-
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Let Z =C(Y1,...,Yn-1). Let W € R be such that W, = Zjtn) Lj(nl)ehigne.n} - Assume

2 2 \/v/2
nz- o< 7/ , . V= Cg.1.2 EL o/ .
T clos(Eae)
If
8 16 128 16
L > ek, Kzlog(—)+81 ( )-l-flog(—),
o ol o? ad
16 n 128 16
> 1 ( ) oS 120 (7)
"= 7017 o ol K2 = o2 8 ad
then

2 K 1
P(Card{le[K]:\/%QWzK m}zé) >1- ;0.

Proof. Let

@0:{16[’0}:

2
Z <y =
ll Oﬂl}

1
P(|80] < 5an) < exp(=croavn)

Combining Lemma 7.3 and Lemma 7.2, we have

By Lemma 7.4, we have

o K Ly?
. (4n —ne ¥ (eK/L) )+
P{|Iheavy77’b| > Zn} S exp (_ 2TLK2

We observe that (eK/L)% < 1 if we require L > eK. In this case, if we also require K > —log(%), then we have

e} 2 2
a, a
]P){|Iheavy,n| > %n} é exp <_ (221()2 > = &Xp <_ 128K2 TL)

By Lemma 7.5, for any ¢ € (0,A/8), we have

(7.21) P{\Jn N O N Liight,n| < tK} < P{[©0| < An} + P{uheavym > 2"}
(7.22) +eXp(—2K(% — %)2) —&-exp(—%(% —4t)2).
Choosing A\ = %a <landt= 1— 32a we have

1 1 1
(7.23) P{[J0 160 N Iigninl < 37204}{} < P{|00| < jan} +1P>{|1h0avyn| > fcm}
(7.24) + exp(—f ) + exp( )
(7.25) < exp(—cr.on/2) —l—exp( 128K )

K 2

(7.26) +exp(—f )+exp( 5 = )
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Therefore, if we require n > ——1log(16/(ad)), 1 > 2 log(16/(ad)), K > log(2) + 8log(16/(ad)) +

C7.2.17Y -

128 1og(16/(ad)), L > eK, then each of the four terms above is at most ad/16. So we conclude

1 1
]P’{|Jn N 00 N Dighe.n| < ﬁaK} < 700,

Since
v 2
card{l E[K]Z 7% < |Wl‘ < an} :|Jn N By ﬂ—[light,nly
we obtain
v 2 aK 1
P dle[K]: < <Yy — > — | >1—-aé. 0
(Car { € K] 7 < Wl an} 32) 1

Next, we prove a small ball probability result that will be used after we condition on (21, Zs).

LEMMA 7.7 (Small ball probability). Fiz integers n, K > 1. Let w = (w1, ...,wx) € RE be deterministic.
Fix parameters o > 0 and v > 0 and define the index set

(7.27) o={Ie[K]: = <|u|< i}.

V2n an

Assume that © # @. Let (X )ico be independent random signs (Rademacher variables), i.e.
1
(7.28) P{Xin =1} =P{Xin = -1} = 3 (le®).

Fiz deterministic constants e > 0 and L > 0. Then there exists a constant c7.7.1 > 0 such that for everyt > ev/L,

Proof. Let

By Lemma 3.6 we have
€ t el t
7.29 L= Xin,— | =L —,—= | = L(T,r).
(7.29) (ng . ﬁ> (=) = e
Let m = card(©) and enumerate © = {ly,...,l,,}. Also, let
Ci:wlini,nv i=1,...,m.

Then T = Y"1", (;. Since the X, are independent, the (; are independent as well.

. v
$:=minqr, —— .
{ 2\/271}

For every i € [m], the definition of © gives

v
wi,; Z i
| V2n
so s < |wy,|/2. Since (; takes the two values +w;, with probability 1/2, any interval of radius s can contain at
most one atom of ;. Therefore

L(¢,ys) = % i€ [m).
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Applying Lemma 3.7 with r; = s for all 4, there is an absolute constant ¢; > 0 such that

c1r

VI (1= £(Gi9)) s
cyr \/501 r

T Vme o vm s

r 2v2n 2V2 Lt
— =max{ 1, r » = maxq 1, .
s v 8%

aX{L 2\/§Lt} e 2v/2) Lt

L(T,r) <

By the definition of s, we have

Since t > ev/L, we have

Ev EV

Combining this with (7.29), we conclude that

V(1 +2v2)ei Lt
( %(:aleln7> < s -

With all the above preparation, we can now implement the conditioning argument to bound
infzelncomp((x,u)”Mx”Z

THEOREM 7.8 (Invertibility for incompressible vectors). Let A be an n x n deterministic matriz such
that ||A]l = 1. Let 0 < e < 1 and 0 < § < 1. Let 0 < a,B8,7v < 1 and p > 1. Let V be an n
dimensional pattern matriz with parameters o, 3,7v,p. Let K and L with L > K be positive integers. Let
(Ry, {Ji}ie[n],ﬁ, H, {Xu}ie[n],le[m,ﬁg,l{g) be a n-dimensional oblivious perturbation model with pattern matriz
V' and parameters p, K, and L. Let M = A+ e(Ry1 + R2). Then there exist constants ¢7.5.1,¢7.5.2,C7.5.3 such that

for any
2 \/v/2
a < fY/ s VZC(5.1.2EM,
C6.1.1 10g(%) P
C7.8.2
— ’V§2a3—‘ s L: ’—ZBK‘I,
and
7.8 1 16 2
n 2 max Cr‘&lvilog <l (>
3%a®’ cr017y ad )y
we have

IP’< inf HMU”2>C7835 7 362030 )215/2.
p?

vE€Incomp(a,v)

Proof. As in the statement of Corollary 7.6, let Y7, ..., Y,, be the columns of M. Let ¢ be a measurable function
such that for every (y1,...,yn—1) € (R")""!, we have

C(yla .. '7yn71)€ Sn_lmspan(yla .. '7yn71)L

Let Z ¢(Y1,...,Y,_1). By assumption we have 0 < v < 1. Let Z = ((Y1,...,Y,_1). Let W € R¥ be such that

Wi = Z;mn 1{J(n D)Elign.n}- Consider the event
@
< ah = 5K
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Since this event is completely determined by (Z1,Z3), we can represent this event as
{w: (Er(w),E2(w)) € &}

for some measurable set & in the corresponding measurable space where (2 (w), Za(w)) takes values.
By Corollary 7.6, if n > - log(16/(ad)), 7= = 128 1og(16/(ad)) > log(2) + 8log(16/(ad)) +

7o, ) K2 =
W<y 2p > 2

128 1og(16/(ad)), L > eK, and n > 2/77 then we have

P(card({l € [K] :
=P({w: (El(w)v:Q( )) €&})
>1— iéa

We will verify these requirements below. Assuming that they hold for the moment, we have

t
P((Yn, Z)| < %)
SELj (v, 2)1« 21 (@)@ @) 2 @)esy (@) + P(E1(w), Ea (w)) € &)

1
=Ez, =, Bz, Ijy(v,,2) (@)L oz, ()22 @)y (W) + 0

<)

1
Ez, =,[1£(E1,E2) Ez, 1{|(Yn,Z)|<\F}( )]+150€

Il
[I]
[I]

K
€ t 1
Ez, = [Ls (21, Z2) Pay ([(Coln(A + eRa), Z) + ;Xl,n Zjtn) LG enignn}] < ﬁ)] + 700

For fixed (£1,&2) € &, define

v 2
0= {l € [K]: Ton S|Zjnn Ly e g} < Om} :

Then |©] > ak/32. After conditioning further on the signs (X, );¢e, the contribution of the indices outside ©
is a deterministic shift and the signs (X; ,,)ico remain independent. Therefore, for fixed (£1,£2) € &, we have

K
5 t
P::s <<COI (A+€R1 EZ j(n,l) 1{](77, )€ Night, n}‘ < \/,ﬁ)

5 t
<L n)ico (L Zle@Xz,n Zj(n0) Lj(n0) €lignen > \/ﬁ)
< Crralt
Tevy/SK’

where the last line follows from Lemma 7.7 for ¢t > ev/L.
Therefore, by iterated expectation, we have

K
5 t
Ez, 2 (L (E1,E2) Pz, (|(Coln(A + eRy), EZ_: Zjn) L)€ hignen} | < %)]
= = Crrald
<Ez, =z, |16(E1,E2) — la
EV 33
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and therefore we have

t Cr.7. 1Lt 1
Pl (Y, Z2) < —= | £ ———— + -da«
(1021« 72) = 5
fort >ev/L.
If we also require
o Lt 1
Lt o da,

vy 35K 4
then the same argument, with column & in place of column n, gives the same bound for every k € [n]. Applying
Lemma 7.1, we have

1 n
]P’( inf  |Mz|s < tun_l) <—>3'P (dist(Yk,Hk) < tn—1/2)
z€Incomp(a,v) an =

1 1 1

< - i

_omn <45a—|— 4(5a)
1

==0.
2

In summary, the requirements are

1. L > eK.

2. K> log(g) +810g(£) 18 1og< )

3. n> 10g< )andn22/'y.

7C—>’y

4. 22 > 128 log< ) .

D
~
V
(D)
N
~
h

To satisfy all the requirements, we choose

Ev

= s3], p=T2eK], 1=

02as
where ¢; > 0 is a sufficiently large absolute constant, to be chosen below. Note that the requirement (6) is
already satisfied by the choice of ¢.
We claim that with this choice, if

1 16 2 8192 c?
n > lo ( ) n> — and n > ,
C7.2.17 ad 7 550

then all the requirements are satisfied. Since L = [2eK’| , we have L > eK . Therefore (1) holds.
We next verify the requirement (2). Since 0 < o <1 and 0 < § < 1, we have

which implies
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and

1281 (16)<128 L6<2048
08 ad/) —

a? a? ad T a36?’

Also, since 0 < a,d < 1, we have

8 8 64
1 (7) <2< 22
o) =0 = B
Combining these bounds, we obtain

8 16 128 16 64 128 2048
log(a) + 81og(—) +— log(—) < + +

ad a? ad/) ~ 8%2a® 6203 620l
2240
T 528
If ¢; > 2240, then we have
1 12 1
K > log(§) + 8log(—6) + 128 1og<—6>
a ad a? ad
and therefore requirement (2) is satisfied.
Next if ¢; > 512¢2 . |, then we have
crralt  crqa
v/ K /55K
c7.7.1V 32
< ——ad
Ve
ad
-4

so the requirement (5) is satisfied.
To guarantee requirement (4), it is enough to impose the condition

12 16208
K2~ o2 ad a38’

because log(16/(ad)) < 16/(«d). Since

K= [52‘6;3W ’
and .
5253 > 1,
we have 9,
K< 203

Therefore it is sufficient to require
_ 2048 ( 2¢; > 8192¢2
n> ——\==) = ——=.
 a3d \6%a 05a?

This same bound also guarantees K < n, so the random K-subsets of [n] are well-defined.
Therefore, if
> ma 1 10(16) 2 8192¢2
max — ), =, ——
"= €7.2.17 Bas Tyl 8% 7

(&1 Ev
K:’VW—‘, L:[QGK], t:f’
with ¢; > max{2240,512¢2 . ;,1} , then all the required constraints are satisfied.
Next, we eliminate L and obtain a lower bound for our choice of ¢ in terms of €,§, v, . Since 0 < §, @ < 1,
we have

and if we choose

&1
6203 =
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and therefore

which implies

Substituting into the formula for ¢, we obtain

8ecy

which implies

t> coed’va’

where ¢y = Teor-
In summary, we have

tv > cqe 6?2’

2 2
_ %2 57753 5203, 0
16ec; p?

8 Invertibility on the whole sphere and condition number Combining the results on invertibility
for compressible and incompressible vectors, we can obtain the following conclusion about invertibility on the
whole sphere.

THEOREM 8.1 (Bound for smallest singular value). Let A be an nxn deterministic matriz such that || A]| = 1.
Let 0 < e,0 < 1. Let 0 < a, 8,7y < 1 and p > 1. Let V be an n dimensional pattern matriz with parameters
o, B,7,p. Let K and L with L > K be positive integers. Let (Ry,{Ji}icpn)s H, H,{X1i}icpn)ie(x]s B2, R2)
be a n-dimensional oblivious perturbation model with pattern matriz V' and parameters p, K, and L. Let
M = A+ e(Ry + Rs). Then there exist constants ¢g1.1,C8.1.2,Cs.1.3,Cs.1.4,Cs.1.5 such that for any

/2 BVA/2

a < V=1C812€ )

C&l.ﬂ%(%) p
K= C3.1.3 I — ek
5208 1 = [2eK],
and
> 1 1 ) 16 2
n>c max{ ——, —log| — ). =
2> C8.1.4 a0’ I3 o) 5[
we have
B*Y 30 3 1
P(‘Sn(M) 208155 € oca’n~ ) >1-96
p
Proof. This result now follows directly from combining Theorem 6.1 and Theorem 7.8. ]

THEOREM 8.2 (Bound for condition number). Let A be an nxn deterministic matriz such that ||A|| = 1. Let
0<ed<l. LetO< a,B,vy<1andp>1. Let V be an n dimensional pattern matriz with parameters o, 3,7, p.
Let K and L with L > K be positive integers. Let (Ry, {Ji}ie[n],ﬁ7 H, {Xl,i}ie[n]’le[;q,ﬁg, Rs) be a n-dimensional
oblivious perturbation model with pattern matriz V and parameters p, K, and L. Let M = A+¢e(Ry1 4+ Ra). Then
there exist constants cs2.1,Cs.2.2,C8.2.3,C8.2.4,Cs.2.5 Such that for any

v/2 B\/v/2

B B s V=1=¢Cg22¢ s
3.2.
C8.2.1 10g<6(,:/2)13/2)

a <
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C8.2.3
K= [52@3] . L=T[2K],
and
n>c ma; L1 lo 16 2
- = ) 2
Z €824 5509 g as) 7"
we have

2
Cg.2.5MP
“”(“(M) z W) z1-9

Proof. Recall that we wish to show that
P(k(M) < C(e,d)n) > 1—0.

where M = A+ e(R; + Ry) for a deterministic matrix A with ||A] < 1.
By Remark 4.4, we have s1(M) < ||A]| + ¢||R1]| + || Rz|| < 3, so it is sufficient to give a lower bound for

n(M)= inf ||M
su(M) = inf [[Malls ;

which follows from Theorem 8.1.

Proof of Theorem 2.1. The claim about the smallest singular value follows directly from Theorem 8.1, and
we can assume ||R|| < 1 by working with £ /2 instead of . More precisely, if we set R = f252 then |R|| <1 by
Remark 4.4 and then A +eR = A+ (¢ /2)(R1 + R2). So we only need to calculate the number of random bits
needed to generate the corresponding random perturbation model.

To calculate the number of random bits needed to construct Rs, recall that

1
Ry = G - D1V Dy

for D, = diag(mi1,...,mn) and Dy = diag(ne1,...,m2,n) Where ni1,...,m1,, and 921,...,M2,, are iid.
Rademacher random variables, and V' is a deterministic pattern matrix. The number of random bits to generate
D; and Dy are O(n). Also, by Corollary 5.3, the number of random bits needed to generate V is O((logn)?). So,
in summary, the number of random bits needed to generate Ry is O(n).

To calculate the number of random bits needed to construct Rg, let Z be the set of injections from [k] to [n],
and we observe that there is a bijection ® from X, j ;= [n]x[n—1]x---x[n—k+1]to Z. Let U = (Un,...,Uy)
be a random variable with values in &, ; such that the coordinates are independent and satisfy

Uy ~ Uniform([n]), Us ~ Uniform([n —1]), ..., Uy~ Uniform([n —k + 1]).
Therefore, by [10, Theorem 5.11.2], generating each U; takes O(log(n)) random bits. Define
T:=3(U).

Let
S= (31,...,8n)

be a finite ordered sequence with pairwise distinct entries, and define
J =Range(s o T) = {s7(1),- -, ST(k)}-

Then by Definition 3.9, the random sequence T is a random sampling of an ordered k-element sequence uniformly
from [n] without replacement, and therefore, by Definition 3.13, the random set J is a random sampling of an

unordered k-element subset uniformly from J = {s1,...,s,} without replacement, As a result, we can generate
J from O(K logn) random bits. Since K = [%2#] = O(5z), the total number of random bits need to generate
Ry is O("1§§”). 0
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