EXTREMAL DISTANCES BETWEEN SECTIONS OF
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ABSTRACT. Let K, D be convex centrally symmetric bodies in R™.
Let k < n and let di, (K, D) be the smallest Banach-Mazur distance
between k-dimensional sections of K and D. Define

A(kv n) = Supdk(K?D)v

where the supremum is taken over all n—dimensional convex sym-
metric bodies K, D. We prove that for any k < n

VEk if k< n?/3
Alksn) ~ogn | g2 if k> n2/3

where A ~jog, B means that 1/(Clog®n)-A < B < (Clog"n)-A
for some absolute constants C,a > 0.

1. INTRODUCTION.

Let K and D be n-dimensional convex centrally symmetric bodies.
Define the distance between K and D as follows

1
d(K,D) =inf{a-b | =K C TD C bK}.
a

Here the infimum is taken over all invertible linear operators T : R" —
R™. This definition corresponds to the classical Banach-Mazur distance
between Banach spaces. Estimating distances for different classes of
convex bodies is an important and difficult problem. In many cases
such estimates require elaborate geometric and probabilistic techniques
(see the book [TJ] for further references).

A celebrated theorem of John [J] states that the distance between
a convex symmetric body K and the Euclidean ball BY is bounded
by y/n. This implies that the distance between two n—dimensional
convex symmetric bodies does not exceed n. The problem whether this
estimate can be improved remained open for a long time. It was finally
solved by Gluskin [Gl1], who constructed random convex polytopes K
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and K’ such that

d(K,K'") > cn.
with probability close to 1. More precisely, let N > n and let g1, ..., gn,
g1, .-, gy be independent standard Gaussian vectors in R™. Define

random polytopes

K = K(w) = abs.conv(v/ney, ..., v/ne,, g1, ..., 9n),
K' = K(w') = abs.conv(v/ney, ..., v/nen, g1, - - ., ),

where the abs.conv(A) stands for the convex hull of A and —A. Then
for N proportional to n there are absolute constants ¢, ¢ > 0 such that

P (d(K(w), K(w') > en) > 1—e ™

This construction, called below Gluskin’s polytopes, became later a
major source of counterexamples in local theory of Banach spaces (see
extensive survey [M-TJ1]).

However, in spite of being very far from each other, Gluskin’s poly-
topes possess sections of proportional dimension which are close. In-
deed, the volume ratio theorem [Szl1], [Sz-TJ] implies that with proba-
bility close to 1 the body K (w) has a section of dimension at least n/2
whose distance to the Euclidean ball is bounded.

This leads to the following general question: How large can the dis-
tance between two sections of given convex bodies be?

A problem of this type was recently considered by Mankiewicz and
Tomczak-Jaegerman [M-TJ2]. They found a precise estimate of the
distance between random k-dimensional sections of two convex sym-
metric bodies in terms of the average distance of a k/2-dimensional
section of each body to a ball. Notice that while the distance between
random sections is large, the minimal distance may be much smaller.

To make the formulation of the question above more concrete we
introduce a new distance. Let k < n and define the distance d;, between
n—dimensional convex bodies K and D by

dy(K,D) = infd(K N E,DNF),

where the infimum is taken over all subspaces E, FF C R" of dimension
k. Finding a precise estimate of di(K, D) for given bodies K and D
seems to be a very hard problem. Indeed, even in the case when K
is the n-dimensional cube the precise order of supj, di(K, D) is still
unknown [Sz4], [B-Sz], [Sz-T], [G]. We consider here a simpler problem
of finding the ”dg-diameter” of the Minkowski compactum (also known
as Banach-Mazur compactum). Namely, define

A(ka TL) = Sup dk(K7 D)a
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where the supremum is taken over all n—dimensional convex symmetric
bodies K, D. We are interested in obtaining an estimate for A(k,n),
which would be precise up to logarithmic terms. To simplify the no-
tation, we shall write A <joe, B if A < CB -log” n for some absolute
constants C, .. If A <ygp, B and B =ogp, A, we shall write A ~yoq,, B.

Since any k-dimensional section of an n-dimensional convex symmet-
ric body is a convex symmetric body in R¥, A(k,n) < k. Also from
Dvoretzky’s theorem it follows that

A(clogn,n) < C.

Here and below C, C’, ¢ etc. denote absolute constants whose value can
change from line to line. Also, all dimensions and indexes are integer
numbers. If the dimension appearing in some formula is not integer,
we assume that the integer part is taken.

Denote by B, the unit ball of the space [7:

Dl <1
j=1

A lower estimate of dy(Bj, B™) was independently obtained by Bour-

gain, Lindenstrauss and Milman [BLM], Gluskin [GI3] and Carl and
Pajor [CP]. They proved that for any k < n

By ={z = (21,...,7,) €ER"

k

1.1 dp(BY, BY) > _
( ) k( 25 OO)_C log(l—i—%)

This result implies that for any £ < n
\/E jlogn A(k7n) S k.

It turns out that the upper estimate is exact up to logarithmic terms
for k£ proportional to n, while the lower one is exact for small k. The
main result of this paper is the following

Theorem 1.1. For any k < n,

Ak Vk if k< n?/3
( 7n) ~logn ]21_2 ka>n2/3
A quantity similar to d was studied by Bourgain and Milman [BM].

Instead of the distances between sections, they considered the distance

between a section and a projection. Namely they considered the dis-

tance

(K, D) =infd(K N E, PpD),
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where the infimum is taken over the subspaces F, F' C R"”, dim E =
dim F' = k. Here Pr denotes the orthogonal projection onto F. They
showed that for any K, D

dn (K, D) < Cy/n - log?n.

This estimate together with Theorem 1.1 shows that the distances dj

and dj are essentially different.
We denote by K° the polar of a convex body K C R™:

Ke={zeR"|(z,y) <1 forallye K}.

Since the Banach—Mazur distance between two bodies is equal to the
distance between their polars, we can write A(k,n) as

A(ku n) = sup 6k(K7 D)a
K,D

where (K, D) denotes the minimal distance between k-dimensional
projections of K and D. Then the upper estimate of A(k,n) is con-
tained in the following

Theorem 1.2. Let K,D C R" be convex symmetric bodies and let
k < n. There exist projections QK and Q'D of K and D of dimension
k such that

d(QK,Q'D) < C - max (%2 Vklog n> .

We prove this theorem in three steps. In section 2 we show that for
an n-dimensional body K there exists a linear operator () of rank m >
cn/logn such that QK C BY and QK contains an octahedron ry B}
and a ball r,B} for some relatively large 1,7, depending on K. To
achieve this we project K on a subspace on which the John ellipsoid and
the (-ellipsoid are proportional. Then we apply Vershynin’s theorem
[V] to construct a farther projection of K which contains a copy of B}"
inside.

In section 3 we find a k-dimensional coordinate projection of QK
which is contained in the convex hull of the octahedron p(K)BY and
the ball \/k/nB% for some p(K). The projection has to be coordinate
to preserve the the octahedron inside QK. We use a random coordinate
projection. This leads to estimating the supremum of a Rademacher
random process, which is done by applying Talagrand’s comparison
theorem ([L-T], Theorem 4.12).

We conclude the proof of the Theorem 1.2 in Section 4. Given n-
dimensional bodies K and D we consider the body QK constructed in
section 2 and the body @' D constructed similarly. We show that either
projections of QK and Q’D onto random k-dimensional coordinate
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subspaces or projections onto random subspaces uniformly distributed
over the Grassmanian satisfy Theorem 1.2.

Section 5 contains a technical result about Gluskin polytopes which
is necessary to prove the lower estimate of Theorem 1.1. The estimate
itself is established in section 6. We prove the following

Theorem 1.3. For any k <n

k2 k
A(k,n) > c- :
(kyn) 2 ¢ max (nloglogn’ \/ log(1+n/k)>

Finally, Theorem 1.1 follows from Theorems 1.2 and 1.3.

We study also the question of existence of two convex symmet-
ric bodies whose sections of all dimensions are far apart. More pre-
cisely, do there exist two bodies K, D C R" such that for any £ <
n, 0x(K, D) ~iogn A(k,n)? We show in Section 6 that while two such
bodies do not exist, there exist three bodies K, D, Dy C R" for which

max(9; (K, D1), 0k(K, D3)) ~iogn A(k, 1)

for all k.

Acknowledgment. The author is grateful to Artem Zvavitch and the
anonymous referee for many suggestions which led to a better presen-
tation of the results. The author also thanks the referee for the simpli-
fication of the proof of Theorem 2.4.

2. APPROXIMATION FROM THE INSIDE.

We start with introducing some notation. Let K be an n-dimensional
convex symmetric body. Denote dx = d(K, BY). Let F be a finite di-
mensional Euclidean space and let gr be the standard Gaussian vector

in F. In case FF = R"™ we write g instead of gr. For a convex symmetric
body K C F denote

U(K) = Ellgrllx = E sup (g, ).
zeK°
In the geometric language ¢(K)/+/n is approximately equal to the mean
width of the body K°. We shall repeatedly use below the following well
known observation. Let F be a linear subspace of F' and let K C F be
a convex symmetric body. Then

(2.1) (K NE)<K) and (PpK) < ((K).

Indeed, the standard Gaussian vector gr € F' can be decomposed as
Jr = gg + gp1, where gg and gp. are independent standard Gaussian
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vectors in the spaces F and E+. Hence

g(K> = EQEEQEJ_ HgE + gEJ-HK 2 EQE HQE +]E9EJ_9EJ-HK = EQE ||9E||K

The second inequality is a dual of the first one.

We need two fundamental results from the local theory of Banach
spaces. The first one, known as the M M*-estimate, is obtained by
combining results of Pisier [P], Theorem 2.5 and Figiel and Tomczak-
Jaegermann [F-TJ].

Theorem 2.1. Let K C R" be a convex symmetric body. There exists
an invertible self-adjoint linear operator T : R™ — R" such that

UTK) < Cvn-logdg, ((TK)°) < vn.

The second result, known as the low M*-estimate, was proved by
Milman ([M-S1], Theorem 4.8, see also [P-TJ]).

Theorem 2.2. Let L C R" be a convexr symmetric body. There ezists
a subspace E of dimension s > n/2 such that

(L°)
LNEcCc=_). B
NE O B

Combining the M M* and the low-M* estimates and using the in-
equality (2.1) we obtain

Corollary 2.3. Let K C R™ be a convex symmetric body. There exists
an operator V : R" — R™ of rank s > n/2 such that

UVE) </, U(VE)) < OV -logdx.
and cB5 C VK.

Proof. Let T be the linear operator from Theorem 2.1, applied to the
body K° and let L = TK°. Then ¢(L°) < y/n. Applying Theorem 2.2
to L, we find a subspace E such that

TK°NECC-B;.

Let P be the orthogonal projection onto E. Then taking polars of both
parts of the previous inclusion we get

PT'K >C'B;
Denote V = PT~!. Then (2.1) implies
U(VE) < UTK) = (L) < Vi
and

U(VE)®) = (LN E) < {(L) < Cv/nlog d.
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The main result of this section is the following

Theorem 2.4. Let K C R" be a convexr symmetric body. There exists

an
n
[ > —
-8
and a linear operator Q) : R™ — R such that
c-U(QK)°
(2.2) conv <cBi, MBQ) C QK C B}
and
(2.3) UQEK) - (((QK)*) < Cnlog d.

Proof. To construct a linear image of the body K which contains a ball
and satisfies the estimate (2.3) we use Corollary 2.3. Then to embed
an octahedron we shall use a theorem of Vershynin (Theorem 3.3 [V]).
However, the last theorem requires a specific position of the body.
Namely, the ellipsoid of minimal volume containing the body should
be equal to the Euclidean unit ball. The properties of the minimal
volume ellipsoid, called the John ellipsoid of a body, are discussed in
the survey [G-M].

To apply both results simultaneously we have to combine two Eu-
clidean structures: one, given by Corollary 2.3 and another, given by
the John ellipsoid. More precisely, let V' be the operator from Corol-
lary 2.3 and let £ be the ellipsoid of minimal volume containing V K.
Define a positive self-adjoint operator 7" : R* — R® such that T'B; = £.
Let

K, =T 'VK.

Then the ellipsoid of minimal volume containing K is T71€ = B;. We
shall find a projection of the body K7, which contains a large Euclidean
ball and satisfies (2.3). We need the following well known lemma.

Lemma 2.5. Let T : R®* — R?® be a self-adjoint linear operator. Then
there exists A € R and a subspace F' C R® of dimension at least s/2
such that T'|p = AU, where U is an isometry.

Proof. Let Ay > Xy > ... > Ag be the eigenvalues of T and let ey, . .., e
be corresponding eigenvectors. Assume first that s is even. Choose A
so that A2 > A > A;/241. Then for any j < s5/2 the two-dimensional
subspace span (e;, es_;) contains a unit vector v; such that ||Tv;|| =
A. Notice that the vectors vy,...,v,/2 are mutually orthogonal. The
vectors T'vy, ..., T are mutually orthogonal as well. Set

F =span (v1,...,0s2).
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Let 2 = Z;/jl ajv; be a vector in F. Then

1/2
lzll = | ) a3

and

1/2 1/2

s/2 s/2

Tz = D al | Tv; =A | al
j=1

J=1

If s is odd, the proof can be modified in an obvious way. Set A\ =
Ast1)/2- For 1 < j < (s+1)/2 choose v; as above and put v(s41)/2 =
es+1/2. Then F' = span (vy,...,v(s11)/2) satisfies the conditions of the
Lemma. ]

We continue the proof of Theorem 2.4. Set L = (VK)°. Let £ =
TF. Since U is an isometry, the Gaussian vector gg is distributed like
A"'Tgr. Hence, by (2.1)

Ellgellrrne = ATE ||T9F||T(LmF) =\"'E 97l ar
(2.4) <A 'E|jgll, <A Cy/nlogdyk

and

E sup (g9g,x) =\"'E sup (Tgp, ) = \"'E sup (Tgr, Ty)

z€TLNE €T (LNF) yeLNF
= AE sup {gr,y) < AEsup(g,y) < X-Cv/n.
yELNF yeL
Thus,

UTLNE) - L((TLNE)) <L) -¢L°) < Cnlogdy.
Also, since L C C'B§, (2.4) implies
Cyv/nlogdk
E[l95l7znm
Notice that (TL N E)° = Pg(T7'L°) = Pg(T"'VK) = Pp(K,),

where Pg is the orthogonal projection on E. The previous inequality
reads

(2.6) ((PpKy) - {((Ppk,)°) < Cnlogdk.

Dualizing the inclusion (2.5) we get

(2.5) TLNECCAB;NE C BiNE.

Ellgellr ((PpKy)°)
2.7 PpK, D 2 IERsn g — 2 BN E.
(2.7) i Cy/nlogdg * Cy/nlogdy *
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To establish (2.2) we shall use the fact that the John ellipsoid of K}
is By. Then by the classical John’s theorem [J] there exist positive
numbers ¢y, ..., cy and points 1,...,xy € S* ' NIK,, called contact
points, which form the following decomposition of the identity operator
in R?:

N
i=1

We shall find a subspace F' of E such that some of the projections
of z; to F form a system which is equivalent to an orthonormal basis.

Applying [V], Theorem 3.3 to the operator Pg, we find a set o C J
of cardinality [ > dim E/2 > s/4 such that

im E
2.8 Prxill, > C dim B C' foralljeo
jlla o

and the system (Pgx;/ || Prpzjl,) e is C-equivalent to an orthonormal
basis of £} i.e.

_ PEJI
c™ H(aj)jeaHBg < Zaj HPExJH
J

j€o

< CH(aj)jeUHBg
2

for all (a;);e,-
Let P’ : R® — R?® be the orthogonal projection onto the space H =
span(Pgr;)je,. Since z; € Kj,
abs.conv(P'x;)je, C P'Ky C B5N H.
Let S : H — R be the operator defined by

PISC]' .
m:ej fOI']GU.

Since the system (Pgx;/ || Ppxjl|,)jes is C-equivalent to an orthonormal
basis,
1S : (HL]1l) = 6] < € and [|$71: = (H. |[1,)]| < €.
We have
HP/IJ'H2 c€j = Silp/l’j S Sillel,
so (2.8) implies that
cBl ¢ ST'P'K].
We have constructed a linear image of K7, which is also a linear image
of K, that contains an octahedron of the required size. It remains to

check that it contains a Euclidean ball of the required radius and the
inequality (2.3) holds for it.
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Define the operator @ : R* — R! by Q = 1/C - S™'P'T~'V. Since
K, =T WK, we have QK = 1/C - ST'P'K. Hence,

dBl C QK
and K; C Bj implies
QK C1/C-S™'P'B; c B..

To estimate £(QK) and £((QK)°) we use the following Lemma, which
follows from Slepian’s inequality [P], p. 69.

Lemma 2.6. Let K C R™ be a convex symmetric body. Then for any
linear operator S : R™ — R™

E[Sgllx < 15 R™ = R™[[ - Elg] x -

Proof. For z € K° define Gaussian random variables X, = (Sg, z) and
Yo =[Sl - (g, 2). Since [|S*]| = [IS]],

E[X. - X.* = E(g,5"(z — #/)* = [|S"(z = #)II”
<ISI- |2 = 2" = E|Y: - Ya|”
Now Slepian’s inequality implies

E[|Sgll;c = E sup X. <E sup Y. = [S]| - E gl

zeK°
O
If a linear operator S : R™ — R™ is invertible, then by Lemma 2.6
(S1) = E[5g] < |57 €50,
Since P’ = P’'Pg, we have by (2.1) and the previous inequality
U(QK)®) <1/C-U(S(P'Ky1)°) <1/C||S7Y| - (((P'Ppk1)%)
< U((PpK1)%),

and (2.2) follows from (2.7).
It remains to check (2.3). The inequality (2.6) implies

UQK)((QK)°) < |IS|| U(P' Pgky) - ||STH| £((P'PeKy)°)
< C%U(PgK,) - (((PgK,)°) < C'nlog dg.
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3. RANDOM COORDINATE PROJECTION.

Let P : Rl — R! be an orthogonal projection onto a random m-
dimensional subspace. It is well-known that such projection ”shrinks”
the distances by the ”shrinking factor” y/m/l. Namely, for any point
r € R ||Pz|| < C+y/m/l||z| with probability close to 1. Combining
this fact with measure concentration, one obtains the following Lemma,
which is essentially contained in [M-S2].

Lemma 3.1. Let K C Bl be a conver symmetric body. Let m < I
and let P : R! — R! be a random projection of rank m. Then with
probability close to 1 the following holds.

(i): If ((K°) > O/m, then d(PK, By < 2.
(ii): If ¢(K°) < Cy/m, then PK C c\/m/l- By

If we apply a random projection to the body QK constructed in
the previous section, the structure of ¢;-ball inscribed in QK will be
destroyed. To preserve it we consider a different type of randomness,
namely random coordinate projection.

Let us introduce some notation. Let 0 < § < 1 and let é;...46, be
i.i.d. Bernoulli random variables with expectation ¢. Let [ = {j | §; =
1} be a random subset of {1...n}. In this model the cardinality of /
is a random variable, which is highly concentrated about its mean dn.

Define a random coordinate projection Py : R — R" by

Pr(xy...xp) = (0121 ... 0py).

There is an essential difference between random projection consid-
ered in Lemma 3.1 and random coordinate projection. Indeed, Lemma
3.1 shows that the diameter of the body K decreases under random pro-
jection. However, if we consider K = B}, then P/K = Bl = B NR!
for any set I, so the diameter of a projection remains 1.

To modify Lemma 3.1 for random coordinate projections we have to
introduce a new characteristic of a convex body, which plays the role
of {(K°). Let £1...g, be i.i.d. Rademacher random variables and let

ée1,...,e, be the standard basis in R". For a convex symmetric body
K C R" denote

p(K)=E

n
E :5j€j
j=1 K j=1

It is easy to check (see [M-S1]) that p(K°) < cl(K°).

We prove that a random projection of K onto an m-dimensional
coordinate subspace is contained in the convex hull of the octahedron
Cp(K°)B}" and the ball of radius C'y/m/n.
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More precisely, we prove the following

Theorem 3.2. Let K C B} be a closed set and let 0 < 6 < 1. Let Py
be a random coordinate projection defined above. Then with probability
at least 9/10

PK Ce- <p(K°)B{ + x/SB§> .

Remark 3.3. It can be shown that the probability above is exponen-
tially close to 1. However since we do not use this fact here, we shall
present the proof elsewhere.

Remark 3.4. The coefficients p(K°) and v/§ are exact. Consider the
case p(K°) < v/0n (the other case is less interesting, since p(K°) > v/én
implies that VdBY C p(K°)BP).

Let M € [1,v/0n]. Then there exists a convex symmetric body K C
B with p(K°) < M having the following property. Let s be the integer
part of on. Assume that there exist a < /s, b < 1 and a coordinate
projection P of rank s such that

(3.1) PrK C conv (aB] UbBY) NR!

Then a > M — 1 and b > /5.
Indeed, let m be the integer part of M2. Denote

1
K, = \/—mconv {Z g;jej | card (J) =m, g; € {+1, —1}} :

jeJ

where eq,...,e, is the standard basis of R". Put

1 n
K =conv (K, +— Zej).

Then K C BY and p(K°) < \/m+1. Let P; be a coordinate projection
of rank s. Since M < vdn, m < s. Thus

1
PIK D ﬁconv {;ejej | JC 1, card (J) =m, ¢; € {+1,—1}}.

Since b < 1, (3.1) implies that PrK C aB? "R, so a > /m.
Similarly,

1
U= —F—= Zej € P]K
L
and ||ul|, = /s. Since a < /s, (3.1) implies that v € bBy NR’. Thus,

b> lull = /5/n.
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Proof of Theorem 3.2. The proof uses Gine-Zinn type argument based
on the following Talagrand’s comparison theorem for Rademacher pro-
cesses (Theorem 4.12 [L-T]).

Theorem 3.5. Let o; : Ry — Ry, 7 =1,..., N be 1-Lipschitz func-
tions such that a;(0) = 0. Let €1 ...ey be Rademacher random vari-
ables. Then for any bounded set T" in R™

Esupzeejoz] ) < QEsupZ@

teT tGT

Denote

J
p(E°)
We shall decompose each = € K as © = ¢(x) + () for some functions
v, : R" — R™. The coordinates of x whose absolute value is less than
v will be included into ¢(x), while the coordinates, whose absolute
value is greater than v will be distributed between ¢(z) and ¢ (x). The
concrete form of () and ¢(x) is chosen to have a good control of
Lipschitz constants of functions aq, ..., ay,, (1, ..., 3, which appear in
the proof below.
Define a function 7 : R — [0, 1] by

1, It| <wv
7(t) = . /ITV\’ otherwise.

For x = (x;...x,) € R denote

o(x) = (1(x1) - 21, ..., 7(2p) - Tp)
v(x)=(1—7(x1)) - x1,...,(1=7(z)) - xp)-

Notice that if x € BY, then p(x) € B} and ¢(x) € By as well. Since
= ¢(x) + ¥(x), it is enough to prove that

Prp(K) c CVOBY
and
Pi(K) € Cp(K°) B}
with high probability. Consider the set 1(K) first. We shall prove that

(3.2) E sup [|Prz|, < Cp(K°).
z€P(K)

Then the probability estimate will follow from Chebychev’s inequality.
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We apply the standard symmetrization argument (see [L-T] for ex-
ample). Let d] ...d, be independent copies of d; ...d,. We have

E sup ||Piz||=E sup Zé\x]\

zey(K) w6¢(K)
<§- sup Z|@|+E sup Z ) - |y
zeP(K reP(K

Let z € (K) and let y € K be such that ¢(y) = x. Then z € BY, so

n

. 1/2
S oyl < (zxs.) oupp ]!
j=1 j=1
1

. 1
(33) < (card {7 | [y;| > v})'* < —lyll < -

Let €1 ...¢g, be Rademacher random variables independent of 97 ... d,,
97 ...0L. Denote the expectation with respect to 6y,...,0,,0%,...,d,
by Es and the expectation with respect to 1,...,¢e, by E.. Since the
random variables d; — d; are symmetric,

(3.4) Es; sup Z —0%) - |z;] = E.Es sup Zg] — &) - |z

zep(K) zey(K)

Fix 51,...,(571,(5’1,...,(5;
€1,...,En. Let

J(0) ={j 1 6; —6; # 0}

and consider the expectation with respect to

Then (3.4) reads as
EsE. sungj a;(y;)
yEK

where «a;(t) = (1 — 7(t)) - |t| for j € J(J) and «a;(t) = 0 otherwise.
Notice that a;(t) = 0 when [¢t| < v. For any j € J(J) and any ¢ such
that [t| > v we get

|a;(t)| = ‘(1 —7(t)) - sign(t) — 7'(¢) - |t|‘ <1+ %\/ﬂﬂ_m <

This means that the Lipshcitz constant of a; does not exceed 3/2.
Theorem 3.5 implies

3

0 (3.4) is bounded by 3p(K°) as well.
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Combining this with (3.3) and using the definition of v, we obtain

5 o
Es sup Zamww (24 05)) < ),

zeP(K

This completes the proof of (3.2).
Now let us consider the set ¢(K). As before, the bound for proba-
bility follows from the estimate of expectation. We shall show that

E sup ||Prz|5 <C-6.

z€p(K)

Proceeding as above, we get

n

Es sup Zéx <§- sup Zw + EsE,. sup Zsj(éj—éé-)-ﬁ

z€p(K) TEP(K zep(K) i

Notice that K C BY implies go(K ) C BY, so the first term is bounded
by 9.
The second term can be rewritten as

v-EsE, suszj B;(y;),

yEK

where 3;(t) = 1/v - (7(t) - t)* if t € J() and 5;(t) = 0 otherwise. Let
j € J(9). For |t| < v we have

1B = (*/v)] < 2,

while if [t[ > v then 3;(t) = [t|, so |Bj(t)] = 1. So, the Lipschitz
constant of 3; is 2 and 3;(0) = 0. Applying Theorem 3.5 we obtain

VE. supZaj Bi(y;) < 2v- ]Esungj Yj
yEK yEK

=2u- p(KO) = (6,
which completes the proof of Theorem 3.2. U

4. UPPER ESTIMATE.

Let K, D C R™ be convex symmetric bodies. We shall show that
]{72
8x(K, D) < C'max (—, Vklogdy, Vklog dD> .
n

Since the distance between an n-dimensional convex symmetric body
and a ball does not exceed /n, this estimate implies Theorem 1.2. No-
tice that we can assume that k£ < n/8, since otherwise the estimate
above is trivial. To prove this estimate we apply Theorem 2.4 to find
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projections K; of K and D; of D which contain an octahedron and a
ball of certain sizes inside. The next step depends upon the values of
((KY) and £(DS). If £(K?) and £(DyY) are small, we use Theorem 3.2 to
find coordinate projections of K; and D; which are contained in a con-
vex hull of an octahedron and a ball. Then the distance between these
projections can be bounded in terms of the sizes of the inscribed and
superscribed octahedra and balls. However, if the product of ¢(K7)
and ¢(DY) is large, this method does not provide the necessary esti-
mate for d;(K, D). In this case instead of a projection on a random
coordinate subspace we consider a projection on a random subspace
uniformly distributed over the Grassmanian.

Let [ = n/8. By our assumption k£ < [. Let K; = QK, where
Q : R" — R' is the linear operator constructed in Theorem 2.4. Then

c- ((K7)

conv (CBi s m

Bg) C K, C B}

and
E(Kl) : €<<K1)o) S Cnlog dK

Recall that p(K?Y) < CU(KY). Let 6 = k/I. Applying Theorem 3.2,
we find a projection Ky = PK; of dimension k such that

k
conv (¢BYf, a(K)BY) C K, C C (E(Kf) -BY¥ ¢ \/; : Bg) ,

where )
U(KY c
K = — .
alHy) = mex (ﬁlogdfx @)
The estimate for the radius of the inscribed ball follows from an ele-

mentary observation

1
—BY C BY.

Vi

Similarly, we can define the bodies D; and D5 so that

c-U(D3
conv (cBi, ﬁlﬁ) c D, C B}
and
conv (¢BYf, a(D1)Bs) C Dy C C (E(D;’) -BY + \/? : B§> :
where

a(Dl):maX< {by) e )

Vnlogdp’ Vk
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To cover the body K, by a homothetic copy of the body D, it is
enough to cover the octahedron ((K?)- BY by a copy of the octahedron
contained in Dy and the ball \/k_/l - BY by a copy of a ball contained
in Dy. This means that

(4.1) Ky C max (ﬁa‘l(Dl), c- E(Kf)) Ds.

Similarly,

(4.2) Dy C max <\/§a1(K1), c- e(m)) K.

Assume that ((K7) < ¢(Dy).
We shall consider three cases.

Case 1. Assume that £(D?) < k//1.
Since a(K7) > -+, (4.2) implies that

\/E7
k Vk . k
D2 C max (\/; T, C- g(Dl)) K2 = OﬁKQ
Similarly, (4.1) reads
k
K, C C\7ZD27

SO 2 2
d(Ky, Dy) < CT <C'—.

n
Case 2. Assume that k/v/1 < ((D?) and ((K?) - £(D?) < Vklogdp.

Since

a Y (K)) < OVk, and a }(Dy) < C%,
1

the inclusions (4.1) and (4.2) become

logdp
K ——  c-UKY})|D
» C max (C\/E 0D el 1)) 5

Dy C max (C’%, c- E(Di)) Ky =c-UD7)- K.
Thus we get that
(43)  d(Ky, Dy) < max (c\/E log dp, CL(K?) - z(m)) .
Since ((K7F) - (D) < Vklogdp, we are done.
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Case 3. Assume that
(4.4) ((K?) - 0(DS) > VEklogdp.

Then instead of random coordinate projections we consider orthog-
onal projections onto random k-dimensional subspaces uniformly dis-
tributed over the Grassmannian. Let D3 = PD; be a random projec-
tion of Dy. If £(D3) > Covk, then by Lemma 3.1 (i)

d(Ds, BY) <2,
so any k-dimensional projection of K satisfies
d(Ds, P'K;) < 2Vk.

Assume now that £(DS) < Covk. Let K3 = P'K; be a random pro-
jection of K of rank k. Since ¢(K7) < ¢(D7), Lemma 3.1 (ii) implies

that

\/ﬁlogdK 2 = 3 cc l 29
SO

d(Ks, BY) < cﬁ _ \/ﬁlogodK < C\/ElogodK
Vi UKD) U(KY)
The same argument shows that
\/Elogdp
d(D-. BFy < X222
( 3 2) ~ e(DT)
and thus
klogdw - logd

(4'5) d(K3aD3) <C ogdgk - logap

((K3) - 6(D3)
Now the inequality (4.4) implies
d(K3, Ds) < CVklogdy,
so the proof of Theorem 1.2 is complete. O

Remark 4.1. Let Xp be the normed space whose unit ball is D.
Denote by K(Xp) the K-convexity constant of the space Xp (see [P],
Ch. 2). The proof above yields a stronger statement:

8x(K, D) < C'max (%2 V- K(Xk), \/E-IC(XD)> .

Remark 4.2. The proof shows that there is no pair of bodies such
that
VE if k <n?/?
5k(K7 D) ~logn k2 . B 2/3
-y lf k >n .
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for all K < n. Indeed, assume that such bodies K and D exist and
let K3, Dy be as in the proof of the Theorem. Then (4.5) shows that
U(KY) - 4(DY) Ziogn Vk for all k < n?3. For small k it implies

(4.6) U(KY) - U(D7) Ziogn L.

Notice that since cB! C K, ¢(K}) > cy/logn. Similarly, (D7) >
cv/logn. Combining this with (4.6), we show that there exist absolute
constants C, a such that

U(K7) < Clog®n and ¢(D]) < Clog”n.

However this means that the conditions of Case 1 are satisfied for any
k> 1 Clog®n = C'\/nlog"n, so

]{72
d(Ky, Dy) < C—.

If k =nf for 1/2 < 8 < 2/3, this is significantly less than VEk.

Remark 4.3. The statement of Theorem 1.2 holds for non-symmetric
convex bodies as well if one assumes that £ < (1 —¢)n for some ¢ > 0.
Indeed, the only part of the proof that has to be modified is that of
Theorem 2.4. The main difference between the symmetric and the non-
symmetric settings is that in the later the M M*-estimate is unknown.
However, for any n-dimensional convex body one can find a projection
of dimension at least n/2, whose MM?* is bounded by C'log*n (see
[R]). Assume that & < n/16. Then using Theorem 1 [R] instead of
Theorem 2.1, one can complete the proof of Theorem 2.4 with minimal
modifications. If n/16 < k < (1 —e)n then Theorem 1 and Theorem 5
[R] imply that dx(K, D) < C(e)nlog® n ~iegn k*/n.

5. LINEAR MAPPINGS OF GLUSKIN POLYTOPES.

To prove Theorem 1.3 we need some results about Gluskin poly-
topes. These polytopes, introduced in a seminal paper of Gluskin [G11],
were later used to provide extremal examples to many problems in as-
ymptotic geometric analysis [G12], [Sz2], [Sz4] etc. Basic properties of
Gluskin polytopes as well as some useful techniques can be found in the
extensive survey of Mankiewicz and Tomczak-Jaegermann [M-TJ1].

Recall some definitions. Let N > n and let ¢y, ..., gy be independent
standard Gaussian vectors in R™. The Gluskin polytope is a random
polytope are defined as

K = K(w) = abs.conv(v/ney, ..., v/nea, g1, ..., gn).
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It is convenient to include a copy of the standard basis in the definition
of these polytopes, although for some constructions it is not necessary
[M-TJ1].

There exists a constant C' such that ||g;||, < C'/n with probability
at least 1 — e~ “". This means that the set

Q= {w| By C K(w) C CynBy}.

satisfies P () > 1 — Ne™“".

Let us introduce some notation. For a linear operator T : R* — RF
denote by s1(T) > -+ > sx(T') the singular numbers of T'. Let P be
the set of all orthogonal projections of rank k equipped with the metric
r(P,P") =|P—-P|.

To prove Theorem 1.3 we have to show that an operator which is
nicely invertible on a subspace of a large dimension does not map one
Gluskin polytope into another with high probability. More precisely,
we prove the following technical result.

Theorem 5.1. Let N > Cnlogn and let clogn < k < n. For any
Q € Py denote

(5.1) Ag ={T :R" — QR" | s42(T) > 1}.
Let D = K(w') for some w' € Q. Then there exist ¢1,co > 0 such that

Clkf
P (weQO\EIQEPk dT' € Ag TK(w) C \/ﬁ'\/WQD)

< exp(—caNk).

Proof. The proof of the Theorem consists of three steps. Set
. Clk

Ao vny/log N/n

First we show that that for a fized () € Py and a fired T € Ag
the probability that TK(w) C A\ QD is exponentially small. Then we
construct a t-net M in P, of small cardinality. For each Q € M we
build a 7-net Ny in some subset of the set Ag, whose cardinality is
small as well. From the probabilistic estimate of Step 1 it will follow
that the probability that there exists a @ € M and an operator T € Ny
such that TK(w) C A\ @D remains exponentially small. Finally, we
use approximation to show that if for some ) € P, and some T €
Ag TK(w) C Ao/4QD, then there exist a projection )y € M and an
operator T € N, for which Ty K (w) C Mg QoD.

Step 1. Individual estimate.
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Let @) be a fixed orthogonal projection of rank k and let 7" € A be
a fixed linear operator. We have to prove that for some constant ¢; > 0
appearing in the definition of Ay

P(we Q| TK(w) C \QD) < ek
We use the following Lemma, which is similar to Lemma 4 [M-TJ1].

Lemma 5.2. Let V C R* be a convex set and let T : R* — RF be
an operator such that sio(T) > 1. Then there exists a subspace F of
dimension k/2 such that

P(w|TK(w) C \V) < ((\/% DVLLE vol(PFV)>N.

Here N is the number of vertices of K(w).

Proof. We present the proof of the Lemma for the sake of completeness.
Let

k
T = Z 51T @ Yy
=1

be the polar decomposition of T'. Here s; > ... > s are singular num-
bers of T'. Denote F' = span(z1, ..., y/2) and £ = span(yi, ..., Yr/2)-
Let ¢ be the standard Gaussian vector in R¥/2. Replacing the Gaussian
density by its maximal value, one obtains

P(g € L) < (2m) %/ *vol(L)
for any body L C R*? [M-TJ1]. Since ||(T|z)7'|| < 1, we get
PlweQ | TK(w) CAV) <P(weQ| PPFTK(w) C APEV)

P (PpTg;(w) € APpV) = [[ P (T Ppgj(w) € APV

j=1

IN
=

ﬁ,
2

]P)(PEQJ(W) (= )\(T‘E lPF H k/4V01 T’E) 1PFV)

J=1

o) NRIANNK/2 (ol (PpV))Y O

Il
.zz

Il
_

IN

We apply Lemma 5.2 to the set V = QD. Let I’ be the subspace
from Lemma 5.2 and let Pr be the orthogonal projection onto F'. To
estimate the volume of PrQ) D we use the following Lemma, which was
proved independently by Carl and Pajor [CP| and Gluskin [GI3].
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Lemma 5.3. Let xq,...,x5 be vectors in R™ of length at most 1.
Then
log(2 + M "
vol(abs.conv(zy,...,zy)) < (C\/Og( + /m)) ‘
m

Since w' € g, the set PrQD is the absolute convex hull of N + n
vectors in R¥/2 whose norms do not exceed C'y/n. By Lemma 5.3

k/2
V1 N
vol(PrQD) < [ oY V10eB + N/m) )
k/2
Combining this with Lemma 5.2, we obtain

Nk/2
P(we Q| TK(w) C AQD) < (C/Aoﬁ— W) .

From the definition of \q it follows that the expression above is equal
to (C" - ¢;)Vk. Then with an appropriate choice of ¢; we get

P(we Q| TK(w) C \QD) < ek

Step 2. Construction of e-nets.
We need two results on e-nets. The first one was proved by Szarek

[Sz3].
Lemma 5.4. Let 0 < t < 1. Then the set P, admits a t-net M of

cardinality at most
O nk
= (9)"

The second lemma deals with the nets in the set of operators which
map an octahedron into a given convex body. The proof of Step 1 uses
only the fact that the Gaussian vectors gy, ..., gy belong to K(w). In
the rest of the proof we are going to use also that \/ne; € K(w) for
j=1,...,n,80 TK(w) C D implies T'(y/nB}) C D.

Lemma 5.5. Let k > clogn. Let QQ € Py and let B C QR" be a
conver symmetric body. Let 7 > 0 and assume that 7./nQBy C B.
Define

A(B) ={T :R" — QR" | T(v/nB}) C B}.
Then any subset A" of A(B) admits a T-net N in the operator norm
of cardinality at most

N < (%f) - (vol(B))".
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Proof. The matrix of any operator T': R” — QR" can be considered as
a vector in R™ equipped with the standard Euclidean structure. Let
E={T:R"— QR" | TBy C QBy} C R™.

Since 7/nQBY C B, 7€ C A(B). Now a standard volumetric estimate
yields that any subset A" of A(B) admits a 7-net of cardinality

Notice that
1
A(B):{TR”HQR“’TGJ € %Bforjzl,...,n},
SO
vol(A(B)) = (vol(B/+/n))".
It remains to estimate the volume of £. Let G(w) : R® — R* be the

standard n x k Gaussian matrix. Recall that & > clogn. Then for
some constant ¢

Plw|||Gw): 6 — 6| < eVE} > 1/2.

This follows from the fact that ||gHé;2€ < ek for the standard gaussian

vector g € R¥ with probability exponentially close to 1 (see [M-TJ1]
for details).
Replacing the Gaussian density by its maximal value, we get

o nk/2 \/_ J nk/2
1 > | = -P > | = .
vol(&) > (c%) {w|Gw) € eVEE} > (k)
Substituting this estimate into (5.2) completes the proof of Lemma
5.5. O

Now we pass to the construction of nets. Let ¢t = a/n, where a < 1
is a constant to be chosen later. By Lemma 5.4 we can construct a
t-net M C P, of cardinality at most (C/t)"*. For any Q € M set
B = Xy/4-QD. As before, Lemma 5.3 yields

vol(B) < <% oYrvlog Njn Vlng/”> .

Let 7 = [Ao/+/n, where the constant § will be chosen later. For
B < 1/4 we have 7/nQBY C B. Let

o =AgNA(B),
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where Ag is defined in (5.1). Then Lemma 5.5 implies that there exists
a T-net Ny C A whose cardinality does not exceed

(C\/ﬁ\/log]\f>nk
Bk '
From the Step 1 it follows that the set
Q' ={weQ|3IQeMITeNg TK(w) C \@QD}
has the probability
P(Q) < [M] - sup |[Ng| - exp(—NFk)
QeEM

(2 (o
=\ NG
< (_0”3/2\/m) " e Nk,
< of
Since N > Cnlogn, the last expression does not exceed e~k

Step 3. Approximation.
Choose now w € € \ €. Assume that there exist ) € P, and
T € Ag such that

(5.3) TK(w) C \o/8-QD.

We shall show that in this case there exist Qo € M and T, € Ng, such
that To K (w) C Ag - Qo D, which contradicts the choice of w.

Notice that By C v/nB} C K(w) and D C Cy/nB?¥, so the assump-
tion (5.3) implies

Clk ’

T|| < CyvnXy/8 < C——rn—=—<C'n.
1T < CVndo/8 < S o N =
Let Q9 € M be such that
1Q — Qoll < a/n.

Then using By C D C C\/nBj, we obtain that
QuQD C QoD + Qo(Q — Qo) D C QoD + Cv/n - Qo(Q — Qo) By
C QoD + % . C/n - QuBY € 200D,
Hence by (5.3)
QoTK((.U) C )\0/4 . QoD,
which means that Qo7 € A(B), where as in Step 2, B = \g/4 - Qo D.

Also,
81/2(Q0T") > s1y2(T) — [|(id — Qo) T ||
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and
[(id — Qo)T'|| = [|(id = Qo)QT| < |[(2d — Qo)Ql| - | T
< [1Q Qo -C'n < C'ar
Here we used the fact that since () is an orthogonal projection,

1(id — Qo)Ql = [[(Q — Qo) < [[Q — Qol| -

Choose o < 1/2C". Then
s12(QoT) > 1= Cla > 1/2,
hence 2QoT € Ap,,. Recall that Ny, is a 7 = 3Xo/v/n-net for Ap, , so
we can choose Ty € Ny, for which
12Q0T — Tol| < Bro/v/n.
Since K C Cy/nBYy and By C D, we have
TolX C 2Q0TK 4 (2Q0T — To) K C Ao/2- QoD 4 Cv/n(2Q0T — Ty) Qo By
C Ao/2- QoD + BC - AQoBy C AoQoD,

if 3 is chosen so that SC' < 1/2. This means that w € .

We proved that if w € 4\ €’ then (5.3) cannot hold for any @ € Py
and T' € Ag. The proof of Theorem 5.1 is complete. U

6. LOWER ESTIMATE.

In this section we present the proof of Theorem 1.3. Actually, we
shall prove a stronger result. Remark 4.2 shows that a pair of bodies
K and D such that § (K, D) >=10gn A(k,n) for all k& < n does not exist.
However, we show below that there exist three bodies K, Dy, Dy such
that for any k& < n, max(dx(K, D1),0k(K, D3)) >10gn A(k,n). More
precisely, we prove the following result, which implies Theorem 1.3.

Theorem 6.1. There exist n-dimensional convex symmetric bodies
K, D such that for any k <n
(i):
k2
0u(K, D) > —————;

nloglogn

(ii):
k

n > / I —
0K, By) = ¢ log(1 4 n/k)
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Proof. Notice that in the estimate (i) it is enough to consider k > \/n.
We shall show that some Gluskin polytopes K, D satisfy (i) and (ii).

Choose N = C'nlogn, where C’ > C' from Theorem 5.1. Let /n <
k < n. Denote

Clk
— €O |3Q e P, IT € Ap TK(w) C D].
k (w 0| 3@ i @ (@) Vn - +/loglog nQ )

Then by Theorem 5.1

P U Q] < Z exp(—cy - C'nlogn - k) < 2exp(—cdn*?logn).
k=v/n
Choose w,w’ € Qo \ Uj_ 5 {4 and set K = K(w), D = K(w').

Fix a k < n and let P,Q) € P,. Denote £ = PR", F = QR" and
let T': E — F be an invertible linear operator. We have to estimate
|IT: PK — QD|-||T™': QD — PK|| from below. After an appropri-
ate renorming we may assume that sgo(7) > 1 and so(T7") > 1.
Then s5,/2(TP) > 1 and since w ¢ €,

Clk‘

vn - y/loglogn

|IT: PK — QDI =

Similarly, s2(T7'Q) > 1, so
ik
vn - loglogn:
Combining these two estimates we obtain (i).
Now assume that k& < n?*3. Notice that K is the image of B under

a certain linear mapping V : R¥*" — R". Thus the estimate (1.1)
implies that

|7 QD — PK| >

5k<Ka B;L) _ Ko Bn >dk BN+TL BN-i-n
log (1 + N*” \/ 1ogn/k:
O
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