INVERTIBILITY OF SPARSE NON-HERMITIAN MATRICES

ANIRBAN BASAK* AND MARK RUDELSON'

ABSTRACT. We consider a class of sparse random matrices of the form A, = (& ;0i,;)i j=1, where
{¢&,;} are i.i.d. centered random variables, and {d;;} are i.i.d. Bernoulli random variables taking
value 1 with probability p,, and prove a quantitative estimate on the smallest singular value for
Pn = Q(M%), under a suitable assumption on the spectral norm of the matrices. This establishes
the invertibility of a large class of sparse matrices. For p, = Q(n~“) with some a € (0, 1), we deduce
that the condition number of A, is of order n with probability tending to one under the optimal
moment assumption on {&; ;}. This in particular, extends a conjecture of von Neumann about the
condition number to sparse random matrices with heavy-tailed entries. In the case that the random
variables {; ;} are i.i.d. sub-Gaussian, we further show that a sparse random matrix is singular
with probability at most exp(—cnp,) whenever p, is above the critical threshold p, = Q(k’%)
The results also extend to the case when {¢; ;} have a non-zero mean. We further find quantitative
estimates on the smallest singular value of the adjacency matrix of a directed Erdés-Réyni graph

whenever its edge connectivity probability is above the critical threshold Q(loi").

1. INTRODUCTION

This paper establishes the bounds on the condition number of a sparse random matrix with inde-
pendent identically distributed (i.i.d.) entries and on the probability that such matrix is singular.

For a n x n real matrix A, its singular values sip(A,),k = 1,2,...,n, are the eigenvalues of
|An| = /A% A, arranged in non-increasing order. The maximum and the minimum singular values
are often of particular interest, and they can be defined as

Smax(An) = s1(Ap) := sup ||[Anz|l2, Smin(An) == sn(Ayn) = inf |[A.z|2,
zesn—1 zesSn—1

where S~ ! := {z € R" : ||z||a = 1} and || - ||2 denotes the Euclidean norm of a vector. Indeed, the
largest singular value spyax(Ay) is the operator or spectral norm of the matrix A,, and the smallest
singular value spin(A;,) provides a quantitative measure of the invertibility of A,:

Smin(An) = inf {[| 4, — B| : det(B) = 0},

where ||A,, — B|| denotes the operator norm of the n x n matrix A, — B. Another such measure is
the condition number defined as
Smax(An)

Smin (An) ’
which often serves a measure of stability of matrix algorithms in numerical linear algebra.

In this paper we obtain lower bounds on the smallest singular value of a class of sparse random
matrices, and then finding appropriate upper bounds on the maximum singular value, we deduce

o(Ay) =

Date: September 10, 2016.

2010 Mathematics Subject Classification. 46B09, 60B20.

Key words and phrases. Random matrices, sparse matrices, smallest singular value, spectral norm, small ball
probability.

* Most of the work was done while A.B. was a visiting assistant professor at Duke University, USA.

TResearch partially supported by NSF grant DMS 1464514 and USAF Grant FA9550-14-1-0009.

1



2 A. BASAK AND M. RUDELSON

that the condition number of such matrices are well controlled, and therefore they are well invertible
(see Theorem 1.1, Corollary 1.5 and Corollary 1.8).

Another class of random matrices which are of interest in combinatorics and graph theory are the
adjacency matrices of random graphs. Graphs, more precisely, their edges can be either undirected
or directed. Both directed and undirected graphs are abundant in real life. One of the simplest,
and widely studied model in the undirected random graph literature is the Erdds-Réyni random
graph. Here we consider the directed version of that model (see Definition 1.10), and show that
the smallest singular value and condition number of the adjacency matrix of such random graphs
are well controlled (see Theorem 1.11).

Analysis of extremal singular values of random matrices of large but fixed dimensions has received
a lot of interest in recent years, due to its application in compressed sensing, geometric functional
analysis, theoretical computer science, and other fields of science. Moreover, the bounds on the
extreme singular values, especially the one on the smallest singular value, play a key role in obtaining
the limiting spectral distribution of various non-Hermitian random matrix ensembles. For example,
see [3, 6, 10, 11, 18, 24, 30, 35]. Likewise, the bounds on the smallest singular value obtained here
play a crucial role in establishing the circular law for sparse non-Herimitian random matrices, which
is derived in a companion paper [!] (see also Remark 1.2).

The study of the smallest singular value of a random matrix was initiated back in 1940’s when
von Neumann and his collaborators used random matrices to test their algorithm for the inversion
of large matrices, and they speculated that

(1.1) Smin(Ap) ~ n71/2, Smax (Ap) ~ n'/? with high probability

(see [33, pp. 14, 477, 555] and [34, Section 7.8]). That is,

(1.2) o(Ay) ~ n with high probability.

A more precise version of this conjecture appeared in [27]. For Gaussian random matrices it was

proved that
P(smin(A) < en™/?) ~ e, for every € € (0,1),

see [0, 28]. However, the conjecture about the smallest singular value of a general random matrix
remained open for a long time. For example, the result was not known even for random sign matrix,
i.e. for the matrix with i.i.d £1 symmetric random variables. The first bound in this direction was
proved in [19] for matrices with i.i.d. sub-Gaussian entries. Later in [21] this was improved to prove
lower bound on sy, under the finiteness of the fourth moment assumption. In particular, it was
shown that for every § > 0, there exists € > 0 such that

P($min(An) < en™Y/2) <.

Restricting to the i.i.d. sub-Gaussian entries their arguments also give the following strong proba-
bility bound:

(1.3) P(Smin(An) < en™?) < Ce + ¢, for every € > 0,

where C and ¢ € (0,1) are some constants depending polynomially on the sub-Gaussian moment
of the entries. Finally a matching upper bound was proved for sub-Gaussian entries in [22], and
improved under finite fourth moment assumption in [31]. The necessary bounds on the largest
singular value follows from [13] for entries with finite fourth moment, and from [3] for i.i.d. sub-
Gaussian entries. This establishes (1.1)-(1.2) for random matrices with centered i.i.d. entries of
unit variance with finite fourth moment.

Another line of research is directed towards proving the universality of the smallest singular value
under small perturbation. This is largely motivated by its application in establishing the circular
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law. Considering a random matrix of i.i.d. entries with finite second moment Tao and Vu in [29]
established that for every C’ > 0 there exists a C' > 0 such that

!

(14) ]P)(Smin(An + Mn) < n—C) < n_C )

where M, is a deterministic n x n matrix with spax(M,) = nOM),

The results described so far are only for dense matrices. However, sparse matrices are more
abundant in statistics, neural network, financial modeling, electrical engineering, wireless commu-
nications, and in many other fields. We refer the reader to [I, Chapter 7] for other examples,
and their relevant references. It is therefore natural to ask if there is an analogue of (1.1)-(1.2) for
sparse matrices. Analysis of sparse matrices is usually more challenging than its dense counterparts
because of presence of a large number of zeros. Litvak and Rivasplata in [17] considered a class
of random sparse matrices. They imposed certain conditions on the columns and rows of those
matrices which prevent a large number of zeros, and then under the finiteness of (2 + &) moments
they show (1.1)-(1.2) hold.

Another way to construct sparse random matrix is to multiply each of the entries by i.i.d.
Bernoulli entries denoted below by Ber(p,,), where p,, — 0. For such matrices it was shown in [29]
that (1.4) holds (a similar result appeared in [10]), as long as p, = Q(n~%) for some a € (0,1)
(Recall that a,, = Q(by,) iff liminf,,_, a,/b, > K for some K > 0). In [10], under a minimal
moment assumption, it was also shown that spax(A4,) < n./pn with probability tending to 1. This
implies that o(4,) = O(n%), for a large constant C, which is weaker than the conjecture (1.2) for
these sparse matrices.

On the other hand, it is straightforward to check that when p, < 102 " the probability of the
matrix containing a zero row is positive and bounded below uniformly in n, thereby making it
singular. Thus the analogue of (1.1) cannot be extended beyond the losn harrier. Therefore it

would be interesting to check if analogue of (1.1)-(1.2) hold for all p,, = Q(lo%)

In our first result below we provide an affirmative answer to the question above, under a suitable
assumption on the maximal singular value. Note that it only requires the finiteness of the fourth
moment. In the theorem below we consider a slightly different set-up, where we allow the entries
on the diagonal to be arbitrary as long as they are not too big. This generalization is motivated by
its role in the analysis of the adjacency matrix of a random directed graph as well as in the proof of
the circular law (see Remark 1.2 for more details). The case of matrices with i.i.d. entries follows
by conditioning on the diagonal entries, and showing that, with high probability, they satisfy the
requirements of the main theorem. This is established in Corollary 1.5 and Corollary 1.8. Before
stating the main theorem, for ease of writing, let us introduce the notation [n] := {1,2,...,n}.

Theorem 1.1. Let A, be an n x n matriz with zero on the diagonal and has i.i.d. off-diagonal
entries a; j = 0; ;& j, where 85, i,j € [n],i # j, are independent Bernoulli random variables taking
value 1 with probability p, € (0,1], and & j, i,j € [n],i # j are i.i.d. random variables with zero
mean, unit variance, and finite fourth moment. Fix K > 1, and let Qg = { H/_lnH < K./npn}.

Further let D,, be a real non-random diagonal matriz with || Dy|| < R\/np,, for some positive

constant R. Then there exist constants 0 < c¢1.1,¢}1,C1.1,C1.1 < 00, depending on K, R, and on
the fourth moment of &; j, such that for any € >0, and

S Ci.alogn

15 y >
(1.5) PnZz ——

(1.6) ]P’({Smin(/_ln + D) < Cijeexp (—01,1 m) ﬁ} ﬂQK> < e+ exp(—c} 1npy).
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Remark 1.2. In Theorem 1.1 we studied the smallest singular value of A, + D,, instead of con-
sidering A,,, the matrix with i.i.d. entries. Since in directed Erdés-Réyni graphs, we do not allow
self-loops, the diagonal entries of its adjacency matrix are zero. This has motivated us to consider
A,, in Theorem 1.1 with zeros on the diagonal. Addition of an extra diagonal matrix D,, to A,
has been motivated by its application in identifying the limiting spectral distribution of A,. It is
well known that in order to establish the convergence of empirical distribution of the eigenvalues
of A, one needs to prove the convergence of the integral of log(-) with respect to the empirical
distribution of the singular values of A, /,/np — wl, for Lebesgue a.e. w € C (for more details see
[7]). Whenever, the limiting distribution is compactly supported, one can restrict w in a ball in the
complex plane.

Since log(-) is unbounded near 0, one must have a control on syin(-). Set Dy, = w\/npl, + Ay,
where A, is the diagonal matrix consisting of the diagonal entries of A,, in Theorem 1.1. Upon
showing that [|A,|| = O(,/np,) with high probability, we have the required estimate on smin(-) for
all bounded real w (recall that in Theorem 1.1 we need D,, to be a matrix with real entries). The
difficulty for complex w arises because of an e-net argument. See Remark 3.10 and Remark 4.5 for
more details.

In [1] we overcome this difficulty and extend Theorem 1.1 for complex w. Since such extension
requires a significant additional work, we defer it to [1] where it is applied to proving the circular
law for such matrices.

Remark 1.3. We prove Theorem 1.1 under the assumption of unit variance, and finite fourth
moment of { ;}. This assumption can easily be relaxed to unit variance, and bounded (2 +
7)-th moment, for any n > 0. The boundedness of fourth moment is required in the proof of
Lemma 3.5, where it has been used to apply Paley-Zygmund inequality. However, Paley-Zygmund
inequality continues to hold as long as the (2 + n)-th moment is finite (see [16, Lemma 3.5]). To
apply this version of the Paley-Zygmund inequality in the proof of Lemma 3.5 we need to bound
E[| "% 0;24]*17], where {0i}iejn) are symmetrized versions of {§;}ic[n), and z € Sn=1. To this

end, one can use [15, Theorem 6.20] to obtain the necessary bounds. Finiteness of fourth moment
has also been used in Proposition 4.2. Since [25, Assumption 1.4] holds under the unit variance,
bounded (2+7)-th moment, one can instead use [25, Corollary 7.6] to arrive at the same conclusion.

For the clarity of presentation, we work with the finite fourth moment assumption.

To obtain the necessary estimates on the spectral norm in Theorem 1.1, we first focus on heavy-
tailed random variables, and establish the required bound when p,, = Q(n~%). For dense matrices,
the finiteness of the fourth moment is sufficient (and also necessary) to guarantee the necessary
bounds on spax(-) (see [13]). However, for sparse case one needs finiteness of the higher moments
depending on the choice of . This is established in the second part of the next theorem. Before
stating this theorem let us recall that a,, ~ b, means that there exists positive constants ¢, C' such
that ¢b, < a,, < Cb, for all large n.

Theorem 1.4. Fiz o € (0,1) and let p, = Q(n~%). Denote
B 22— a)

 1l-a
Let A, be an n x n random matriz with i.i.d. entries a;; = 0;;&;;, where §;; are Bernoulli random
variables with P(8;; = 1) = pp, and &; are independent copies of a centered random variable & of

unit variance and finite fourth moment.
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(i) If E|¢]? < I_(q_, for some K < oo, then, for any r < q, there exists some positive constant C
depending on o, K,r, and the fourth moment of &, such that

E[ A" < C(vnpa)"
(ii) Let p, ~ n=%. For any r < g, there exist p,v > 0, depending on r and q, and a centered
random variable § with E|(|"” < K, and E[¢|? = oo, such that

P(||An|| < n”/npn) < exp(—Cn*),

where C is an absolute constant.

Recall that A, is the diagonal matrix consisting of the diagonal entries of A,. Thus denoting
A, = A, — A\, we see that it satisfies the conditions of Theorem 1.1. To apply Theorem 1.1 for A,
we also need to establish that ||A,| = O(y/np,) with large probability. This can be done similarly
as in Theorem 1.4 (see proof of Corollary 1.5). Moreover, when p, = Q(n~%) we have

log(1/pn) _ 0@).
log(npy,)
Therefore we obtain the following corollary.

Corollary 1.5. Let A, be an n x n matriz with i.i.d. entries a; j = 6; ;& j, where §; ;, 1,j € [n] are
independent Bernoulli random variables taking value 1 with probability p, and & ;, i,j € [n] are
i.i.d. centered random variables with variance at least one, and finite fourth moment. Let {Dp }nen
be a sequence of real diagonal matrices such that || Dy|| < R\/np,, for all n, and for some R < oco.
Assume that
o 22— a)

pn = Qn"?), for some a € (0,1) and E[; ;|7 < oo, where ¢ = T o
Then for every 6 > 0, there exists an € > 0 and ng, depending on R, «, 6, and g-th moment of |&; ;,
such that

(1.7) P <8min(An +D,) <e pn> <6 for all n > nyg.
V n

Now note that combining Theorem 1.4, and Corollary 1.5 we immediately deduce that, for any
d > 0, there exists Ko, and ng depending on 4, o, and the ¢g-th moment of |¢; ;|, such that

P(o(Ay,) < Kon) > 1 — 6 for all n > ny,

validating (1.2) for heavy-tailed sparse random matrices. Assertion (ii) of Theorem 1.4 shows that
the moment condition E|¢; j|? < oo is optimal.

Next we consider sparse matrices with a lighter tail. To this end, recall the definition of sub-
Gaussian random variables.

Definition 1.6. For a random variable £, the sub-Gaussian norm of £, denoted by ngw, is defined
as

.= sup k~1/? ,
€1l 4, up 1€1]

where for every k € N, ||€||,, := (E[¢|*)/*. If the sub-Gaussian norm is finite, the random variable
& is called sub-Gaussian.
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This definition of the norm |-, is equivalent to the cannonical one, see [20].
We now state our result about spectral norm of sparse random matrices with sub-Gaussian
entries.

Theorem 1.7. There exists Co > 1 such that the following holds. Let n € N and p, € (0,1] be
such that p, > Colo%. Let A, be an n X n random matriz with i.i.d. entries a;; = 0;;&;;, where
dij are Bernoulli random variables with P(6;; = 1) = py, and &; are centered sub-Gaussian random
variables. Then there exist positive constants Ci7,c17, depending on the sub-Gaussian norm of
{&;}, so that

P(|[An]| > Cr7v/npn) < exp(—c1.7npy).

Proceeding as in Theorem 1.7 we can also show that ||A,| = O(/npy,) with large probability.
Therefore we obtain the following corollary.

Corollary 1.8. Let A, be an n x n matriz with i.i.d. entries a; j = 6; j&; j, where &;j, i,j € [n] are
independent Bernoulli random variables taking value 1 with probability p, and & j, ,j € [n] are
i.i.d. centered sub-Gaussian random variables with variance at least one. Let {D,} be a sequence
of real diagonal matrices such that | Dy | < R\/np, for all n, and for some R < oco. Then there
exist constants 0 < c1.8,¢1.8,C1.8,C1.8 < 00, depending on R, and the sub-Gaussian norm of &g
such that for

> Ci8 logn’
n
and any € > 0,
log(l/pn) DPn _
(1.8) P ( smin(An + D) < Crgeexp | —crgv——— | 1/ — | < &+ exp(—Crsnpn)-
log(npy) n
Since py, = Q(lo%), we have

log(1/pn) _  ( _logn
log(npn) loglogn )
Thus we deduce that for all p, = Q(logn), for every € > 0,

n

P (O'(An) > Ce_lnHloglcog") < &+ exp(—cnpy)

where ¢, C' are some constants, depending only on the sub-Gaussian norm of §; ;. This validates
(1.2) upto a factor of nioglogn

Also, letting ¢ — 0, we obtain the optimal bound for the probability that the sparse random
matrix is singular:

P(det(A4y) = 0) < exp(—cnp,) whenever p, = Q <logn> .
n

Remark 1.9. In Theorem 1.7 we considered only sub-Gaussian random variables. One can consider
a more general class of light tailed random variables. Namely, we can consider random variables £
such that

(1.9) E|¢|" < "R, for all h > 1, and for some constants C' and .

Note that § = 1/2 yields the sub-Gaussian random variables. Considering sparse random matrices
with i.i.d. copies of ¢ satisfying (1.9) for 8 > 1/2, one can show that ||A,| = O(\/npn), for all p,
satisfying np, = Q((logn)??). For an outline of the proof see Remark 6.3.
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We now extend our result for the adjacency matrix of directed Erd6s-Réyni random graph. Let
us begin with the relevant definitions.

Definition 1.10. Let G,, be a random directed graph on n wvertices, with vertex set [n|, such that
for every i # j, a directed edge from i to j is present with probability p, independently of everything
else. Assume that the graph G, is simple, i.e. no self-loops and multiple edges are present. We call
this graph Gy, a directed Erdds-Réyni graph with edge connectivity probability p. For any such graph
G,, we denote Adj,, := Adj(G,) to be its adjacency matriz. That is, for any i,j € [n],

. .~ | 1 if adirected edge from i to j is present in G,
Adj, (i, ) = { 0 otherwise.

We now have the following theorem on the smallest singular value of the adjacency matrix of a
directed Erd6s-Réyni graph.

Theorem 1.11. Let Adj,, be the adjacency matriz of a directed Erdds-Réyni graph, with edge
connectivity probability p, € (0,1). Fiz R > 1, and let D,, be a non-random real valued diagonal
matriz with || Dy, || < Ry/npy,. Then there exist constants 0 < c1.11,C1.11, C1.11,C1.11 < 00, depending
only on R, such that for

pn <1

=~ )
n n

and any € > 0,

l 1 n n —_
(1.10) P ( smin(Adj,, + D) < C111€exp —61.11M A/ Pn < e+ exp(—Cr.11nPn)-
log(npy,) n

In Theorem 1.1 the entries of the matrix under consderation have zero mean. So we cannot apply
those results directly to prove Theorem 1.11. We extend Theorem 1.1 for non-centered random
variables (see Theorem 7.1) which yields the desired result for the directed Erdés-Réyni graphs.

Outline of the paper.

e In Section 2, we introduce the necessary concepts and provide an outline of the proof
of Theorem 1.1. The proof is based on decomposing the unit sphere into compressible,
dominated, and incompressible vectors, and controlling the infimum of H(fln + Dn)xH2 for
each these three parts.

e The main result in Section 3 is a lower bound of the infimum over compressible and domi-

nated vectors (see Proposition 3.1). The idea of splitting the sphere into compressible (close
to sparse) and incompressible ones originated in [16] and was further developed in [19, 21].
Yet, for sparse random matrices, it can be implemented only for vectors with a relatively
large support. To treat the vectors with a very small support, we had to introduce a new
class, namely dominated vectors. Handling these vectors requires a new technique based on
sparsity of the matrix.
First we prove a concentration result in Lemma 3.2. Using this lemma, we derive a lower
bound for the infimum of H(f_ln + Dn)acH2 for O(p~!)-compressible and dominated vectors
in Lemma 3.3, and Lemma 3.4. To deal with cn-compressible and dominated vectors, we
first derive a result in Corollary 3.7, using which we prove the desired for dominated vectors
in Lemma 3.8, and then we finally prove Proposition 3.1. Before concluding the section we
point out that the techniques in this section allow us to consider D,, with complex entries,
in Proposition 3.1 (see Remark 3.10).
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e In Section 4 we prove a result about the infimum for vectors with small LCD (see Proposition
4.1). Before proving this result, we first recall few preliminary facts about LcD. Unlike in
Section 3, it does not extend for D,, with complex entries (see Remark 4.5).

e In Section 5, we combine results from Section 3, and Section 4, and complete the proof of
Theorem 1.1.

e In Section 6, we prove Theorem 1.4 and Theorem 1.7 establishing the necessary estimates
on spectral norm for sparse random matrices with heavy tail and sub-Gaussian random
variables. Combining these results with Theorem 1.1, we prove Corollary 1.5 and Corollary
1.8. Finally in Remark 6.3 we outline an extension of Theorem 1.7 for random variables
satisfying (1.9).

e Section 7 is devoted to the proof of Theorem 1.11. We begin with extending Theorem
1.1, to matrices with non-centered random entries (see Theorem 7.1). To handle random
variables with non-zero mean we need a folding trick, which we explain in detail. The rest of
the proof of Theorem 7.1 largely follows from that of Theorem 1.1. We provide a detailed
outline about how to extend the results of Section 3 and Section 4 to this more general
setup. Finally we show that Theorem 7.1 can be appropriately adapted to prove Theorem
1.11.

2. PRELIMINARIES AND PROOF OUTLINE

Without loss of generality, we may assume that p, < ¢(K+R)~2, for some small positive constant
¢, since for larger values of p,, the entries a; ; have variance bounded below by an absolute constant.
In such case, Theorem 1.1 follows from [21].

Since

Smin(Ap + Dp) = inf H(/_ln + Dn)xH2 ,
zesSn—1

to prove Theorem 1.1, we need to find a lower bound on this infimum. For dense matrices this is
done via decomposing the unit sphere into compressible and incompressible vectors, and obtaining
necessary bounds on the infimum on both of these parts separately (cf. [19, 21, 23, 32]). To carry
out the argument for sparse matrices we introduce another class of vectors which we call dominated
vectors. Below we define the necessary concepts, and explain the necessity of the dominated vectors
along with a outline of the proof.

We start with the definition of compressible and incompressible vectors.

Definition 2.1. Fiz m < n. The set of m-sparse vectors is given by
Sparse(m) = {z € R" | |supp(x)| < m},

where |S| denotes the cardinality of a set S. Furthermore, for any 6 > 0, the vectors which are
d-close to m-sparse vectors in Euclidean norm, are called (m,d)-compressible vectors. The set of
all such vectors, hereafter will be denoted by Comp(m,d). Thus,

Comp(m, ) := {x € S"~' | 3y € Sparse(m) such that ||z — y||, < &}

The vectors in S™~1 which are not compressible, are defined to be incompressible, and the set of all
incompressible vectors is denoted as Incomp(m, ).

Next we define the dominated vectors. These are also close to sparse vectors, but in a different
sense.
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Definition 2.2. For any x € S" !, let m, : [n] — [n] be a permutation which arranges the absolute
values of the coordinates of x in an non-increasing order. For 1 < m < m/ < n, denote by
Z(mm] € R the vector with coordinates

In other words, we include in T(p., the coordinates of x which take places from m to m’ in the
non-increasing rearrangement.
For a <1 and m < n define the set of vectors with dominated tail as follows:

Dom(m,a) :=={z € gn—1 \ “az[m+1:n]}|2 < oz\/Tion[m_,_lm}Hoo}.

Note that by definition, Sparse(m)NS™"~! C Dom(m, «), since for m-sparse vectors, Thnt1:n) = 0.
We now provide an outline of the proof. For the ease of writing, hereafter, we will often drop the
sub-script in p,, and will write p instead.

The proof of Theorem 1.1 proceeds by first bounding the infimum over compressible and dominated
vectors, and then the same for the incompressible vectors. As in [21], the first step is to control
the infimum of H[lnx‘b for sparse vectors (for clarity of explanation we take D,, = 0 in rest of the
section). This was done in [21] using a small ball probability estimate, and an e-net argument (see
[21, Corollary 2.7] and [21, Proposition 2.5]). However, the sparseness of the entries prevents us to
use these techniques here. For example, adapting [21, Proposition 2.5] to the sparse set-up one can
at best hope to obtain that for any fixed z € S*~1

P (Il Aualls < nyip) < e,

for a tall n x k matrix sparse matrix A,, and for some 7, ¢ > 0. However, when one tries to use the
e-net argument, then it is clear we must have kK = O(np). Since in the sparse regime p — 0, this is
not enough. Moreover to uplift the result for tall matrices to square matrices and sparse x € S™~!
one needs to take another union bound (see proof of [21, Lemma 3.3]), which also fails here.

Instead, using Chernoff’s bound we show that there are large submatrices inside A, such that
one part of those submatrices contain only one non-zero entry per row, and the rest of them are
zero (see Lemma 3.2). This essentially means that (A,z); is just a; jx;, for some j # i, when z
is a sparse vector. Thus contributions of different coordinates of x do not cancel, which allows
to avoid using the e-net argument at this step. This is enough to control H[lan , for very sparse
vectors. More specifically, this argument works for O(p~!)-sparse vectors of unit norm. These
estimates automatically extend to compressible and dominated vectors with m = O(p~!). To carry
out the program, one needs to improve these estimates for cn-sparse vectors, for some ¢ € (0, 1).
To this end, we need some estimates on the small ball probability. For such estimates, the following
definition of the Lévy concentration function turns out to be useful.

Definition 2.3. Let Z be random variable in R™. For every e > 0, the Lévy concentration function
of Z is defined as

L(Z,e) := sup P(||Z — ul|, <e),
u€R"

where |||, denotes the Euclidean norm.

Once we obtain necessary estimates for cn-sparse vectors, we extend them for compressible and
dominated vectors using the e-net argument and the union bound.

Next we need to bound the infimum for incompressible vectors. To this end, we need the following
Lemma of [21] (see [21, Lemma 3.5]).
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Lemma 2.4 (Invertibility via distance). For j € [n], let A, j € R™ be the j-th column of A,, and
let Hy j be the subspace of R"™ spanned by {An;,t1 € [n|]\{j}}. Then for anye,p >0, and M <n,

1 & .
< 2 B < 1 . ) < .
‘2 <ep \/;> < ngI]P’ (dlst(AnJ,HnJ) < p\/ﬁs)

Remark 2.5. Lemma 2.4 can be extended to the case when the event on the LHS of (2.1) is
intersected with an event €2, and in that case Lemma 2.4 continues to hold if the rHS of (2.1) is
replaced by intersecting each of the event under the summation sign with the same event 2. In the
proof of Theorem 1.1, we will use this slightly more general version of Lemma 2.4. Since the proof
this general version of Lemma 2.4 is a straightforward adaptation of the proof of [21, Lemma 3.5],
we omit the details.

(2.1) IP( inf Hflnar
z€Incomp(M,p)

Proceeding similarly as in [21] we see that we need to find small ball probability estimates
for incompressible vectors. However, the small ball probability estimates used in the proof of
Proposition 3.1 is too weak for this purpose. The rich additive structure of the incompressible
vectors is helpful here. For a vector x € R™, when each coordinate of x is rational, a suitable
measure for the additive structure in z is the least common multiple of the denominators of the
coordinates. Generalizing this idea, when the coordinates of the vector x are real, a notion termed
as least common denominator (LCD) was introduced in [21, 23], to capture the additive structure
in . In our current set-up of sparse matrices, adapting their definition, we have the following
definition of LCD:

Definition 2.6. For x € S"7!, the LCD of = is defined as

D(z) := inf {9 > 0 : dist(fz, Z") < (6op) '/ log+(\/60p9)},
where &g € (0,1) is an appropriate constant (see Remark 2.7 below for the choice of dy).

Remark 2.7. We note that there exist dg, e(, € (0, 1), such that for any ¢ < &f, £(£d,¢) <1 — dop,
where ¢ is a random variable with unit variance and finite fourth moment, and ¢ is a Ber(p) random
variable, independent of each other (for more details see [32, Lemma 3.3]). We choose this ¢ in
Definition 2.6 above.

Using the LCD of a vector, one can improve the small ball probability estimates (cf. [32, Theorem
6.3]). Using this, and proceeding as in [21] vectors with large LCD are taken care of. To deal with
the vectors of small LCD, we split them into level sets first. Inside each level set we use the small
ball probability estimate once again, and a careful e-net argument is carried out (based on the
value of the LCD in that level set) to obtain necessary bounds. After which the result follows by a
union bound.

In the dense set-up one can show that LCD on the set of incompressible vectors under consider-
ation is Q(y/n) (see [20, Lemma 6.1]). However, in the sparse set-up one cannot guarantee similar
kinds of lower bounds on LCD due to weak control on the compressible vectors. To this end, we use
a lower bound LCD depending on ||-|| ., (see Proposition 4.4), demanding some control on ||-||,, on
the incompressible vectors which requires the introduction of dominated vectors.

3. COMPRESSIBLE AND DOMINATED VECTORS

In this section we obtain a lower bound on the infimum of H (A, + Dn)xH2 over compressible and
dominated vectors. More specifically, we will prove the following proposition in this section. Before
stating the result let us recall that for any v € R, [y] denotes the ceiling of ~, i.e. it is smallest
integer greater than or equal to .
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Proposition 3.1. Let p satisfy (1.5). Denote

6= e,

Let A, be an n x n matriz with zeros on the diagonal and off-diagonal entries a;; = 0; ;& ;, where
di,j are i.4.d. Bernoulli random variables with P(6; ; = 1) = p, and & ; are centered i.i.d. random
variables with unit variance and finite fourth moment. Let K, R > 1, and assume that D, is a
non-random diagonal matriz with real entries such that | Dy | < R./pn. Then there exist constants
0< 03,1,63,1703_1,63,1,53_1 < 00, depending only on K, R, and the fourth moment of {&;;}, such
that for any p~' < M < c3.1n,

P(3z € Dom(M, (C31(K + R))™*) U Comp(M, p)
|(An + Dn)z||, < Cs.1(K + R)py/np and ||A,|| < K\/pn) < exp(—cs.1pn),
where p = (C3.1(K + R)) {5,

The proof splits into two steps. First, we consider vectors which are close to (1/8p)-sparse. As
explained above, for such vectors, the small ball probability bound is too weak, which forces us to
use a method specially designed for sparse matrices. At the second step of the proof, we consider
vectors which are close to M-sparse, but not to (1/8p)-sparse. For such moderately sparse vectors,
a better control of the Lévy concentration function is available.

3.1. Vectors close to very sparse. We first establish a uniform lower bound for H (A, + Dn)gvH2
over the sets of unit vectors which are close to (1/8p)-sparse. Our approach is based on the
observation that for any such vector there is a relatively large number of rows of A, which have
exactly one non-zero entry in the columns corresponding to its support. Unfortunately, this number
is insufficient to use the union bound over all supports. This forces us to use a simple chaining type
argument. The support of the vector is divided into blocks of increasing sizes. We use one of these
blocks carrying a substantial part of the f5 norm of the vector to obtain the small ball probability
bound, and show that the contribution of the other blocks does not destroy it.

To run this procedure efficiently, we need a combinatorial lemma about the structure of the set
of rows having exactly one non-zero entry in the columns corresponding tho the chosen block. To
this end, we divide the set of these columns in two parts, and look for those rows for which the first
part has exactly one non-zero entry, and the second one has only zeros. Such zero rows would be
useful in showing that the contributions of different coordinates within the selected block add up
correctly. For ease of writing, for any positive integer v < n, let us denote ([:]) to be the collection
of all subsets of [n] of cardinality 7. Now we are ready to state the combinatorial lemma.

Lemma 3.2. Let A, be an n x n matriz with zeros on the diagonal, and has off-diagonal entries
a;j = 0; ;& j, where &; j are i.i.d. Bernoulli random variables with P(6; ; = 1) = p, where p satisfies
(1.5), and &;; are centered i.i.d. random variables with max{P(&; > 1),P(&; < —1)} > ¢y for

some positive constant co. For k € N and for J, J' C [n], let A;]’J/ denotes the event that there
are at least ckpn rows of the matriz A, containing exactly one non-zero entry a;; in the columns
corresponding to J, for which |a;j| > 1, and all zero entries in the columns corresponding to J'.
Denote

1
= = N —.
m=m(k) := Ky/pn 3

Then, there exist constants 0 < c3.9,¢C3.9 < 00, depending only on cgy, such that
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IP’( ﬂ m ﬂ ACJSJQ/> > 1 — exp(—c3.2pn).
K<(

8pvPn) =L eIy gre(M), uns=o

Before going to the proof let us mention that we will often write v instead of || (the floor of ~,
i.e. the largest integer less than or equal to ), even when ~ is not an integer. This will not make
any changes in the proof. We adopt this approach to simplify the presentation.

Proof. Fix k < (8p/pn)~ 'V 1 and a set J € ([Z]). Let I'(J) be the set of all rows of A,, containing
exactly one large entry in the columns corresponding to J:

I'(J) = {z € [n] : |a; ;| > 1 for some j; € J, and a;; = 0 for all j € J\{jz}}
Similarly for a set J' € ([:1]) we define
100" = {z €[n)ai;=0forallje J’}.

To prove the desired result we first show that the cardinality of the subset I'(J) must be at least
ckpn with large probability, for some positive constant ¢. Then using Chernoff’s bound we argue
that I := [I'(J)NI°(J")| is also large with large probability. Finally taking union bounds over the
set of choices of J, and over x, we complete the proof.

To this end, we begin by obtaining a lower bound on P(i € I'(J)) for every i € [n]. Recall that
the diagonal entries of A,, are zero, and therefore we need to consider the two cases i € [n]\J, and
1 € J separately.

Now, by the independence of the random variables {d; ;}, and {&; ;}, and the fact that max{P(&; ; >
1),P(&; < —1)} > co, it follows that, for every i € [n]\J,

(3.1) P(i € I'(.J)) > colJ| - p(1 — p)1=1 > corp(1 — Kp) > %% .

Similarly for every i € J, whenever |J| = k > 3, we also have that

B(i € I'(J)) = B(i € I (\D) > eollJ] = 1) p(1 = p)172 > ol = 1p(1 = p) > Lisp,

When |J| = 2, one can again show that P(i € I'(J)) > cop = D rp, for any i € J. Therefore,
applying Chernoff’s inequality, whenever k > 2, we obtain

(3.2) P(|I(J)| < %Ompn) < exp(—cikpn),

for some positive finite constant ¢;. For |J| = k = 1, we note that J N I'(J) = @. Therefore
shrinking c; if necessary, and applying Chernoff’s inequality again, we also obtain that

B(I'()] < Jp(n = 1) < B(I'(J)] < Fpn) < exp(—cipn).
This establishes (3.2) for all values of k. Next for a fixed set J' € ([:1}), and for any i € [n]\J', we
have that

(3.3) Pael’J)=1-plI>1-p |J|=1-p-m>

]

Similarly, for 7 € J,

Pii e I"(J)=(1-p" T >1-p-(m-1)>
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Thus, for a given I C [n], the random variable |I\I°(J’)| can be represented as the sum of indepen-
dent Bernoulli variables taking value 1 with probability either ¢; or g2, where max{q, g2} < pm.
Note that E|I\I°(J")| < pm - |I| < |I|/4 by the assumption on k, and m. Hence, by Chernoff’s
inequality

B(N()] = L) < exp (—'116'10g (1)) .

4pm
Therefore, for any I C [n] such that |I| > @ knp, we deduce that

IP’(HJ' € CZ]) such that |[I°(J)NI| < %mpn)

< D PN = III)
1)

I 1 1
é(;i) - exp <—’16|10g <4pm>> < exp <m - log (%) - g—inpn -log (4pm>> = exp(—rpn - U),

where .
m en
Ui=Llog [ — ) - 21 (7>
64 <4pm> Kpn e\

We claim that U > ¢¢/100. To prove this, consider two cases. First, assume that p > in_l/ 3. In
this case, k =1 and m = i. Therefore, for all large n,

1
U=Llog2 -
64 5% 8pn
where the first inequality holds by the assumption on p.
Now, assume that M <p< 1n_1/3 Then 1 < k < SN
1

= dkpypn

The assumption on x implies that @ > 2. Hence,

log(en - 8p) > 6—410g2 —on~ /3. log(8en) > %

\/ﬁ, and m = k,/pn. Denote

U Co 1 1 1 ) en
= —1lo — o}
64 & 4Kkp./pn /PN & Ky/p1

c—ologa—

1
64 /pn

log(4epna)

1 1
674 log o — = loga — %(log(éle) + log(pn)).
Now noting that by the assumption on p we have pn — 00 as n — 00, and using the fact that
z~Y2logz — 0 as © — oo, we conclude that U > for all large n. This proves that, for any
I C [n] with [I| > 9 kpn, we have

100’

P <E|J' € <[1:L1]> such that [I°(J) N 1| < C;Kpﬂ) < exp(—cakpn),
for some positive finite constant co. Now for a set J € (M) define

—P <3J’ € ([:1]) such that J' N J = @, [I1(J) N I°(J)| < C;mpn) .
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Since J and J’ are disjoint, it is easy to note that the random subsets I'(J) and I°(J) are
independent. Using (3.2) this now implies that

ps < > P(I'(J) = 1)

IC[n), [I|[<%Lkpn

+ Z P(I'(J) = I)]P’(EIJ' € (E:?) such that [I°(J)N 1| < %/@pn)

IC[n), |I|>%kpn

(3.4) <P(I*(J)| < %Ofﬁpn) + exp(—cakpn) Z P(IY(J) = I) < exp(—czrpn),
IC[n), |I|>%kpn
for all large n, where c3 is another positive constant.
The rest of the proof consists of taking the union bounds. First, using the union bound over
J € ([Z]), setting ¢392 = ¢o/8, and enlarging C1 1, if needed, we get that

J,J’ n _
ﬂ”’( U U (Az, )"’) < (K> exp(—¢czpn) < exp(klogn — czrpn) < exp(—cyrpn),
Je(thy re(tnh), snr=o
for some positive finite constant ¢4. The last inequality here follows from assumption (1.5). Finally
taking another union bound over x we obtain the desired result. O

We use Lemma 3.2 to establish a uniform small ball probability bound for the set of dominated
vectors. Before formulating the result, note that the condition p < ¢(K + R)~? introduced at the
beginning of Section 2 ensures that 1/(8p) > 1.

Lemma 3.3. Let A, be the matriz defined in Proposition 3.1, and let p satisfy (1.5). Denote

-

Fix K,R > 1, and let D,, be a real diagonal matriz with | D, | < R\/np. Then there exist constants
0 < c3.3,C33,C33 < 00, depending only on the fourth moment of {&; ;}, such that

]P’(Elx € Dom((8p) ™", (C3.3(K + R))™") such that ||(A, + Dp)z|, < (Cs.3(K + R)) ™" /np

and || A,]| < K /o)

< exp(—c3.3pn).

Proof. We first prove the result for Sparse((8p)~!) vectors of unit norm, and then we show that
the estimates are automatically extended to Dom((8p)~!, (C(K + R))~!) vectors, for some large
constant C. Our proof strategy for sparse vectors depends on p. If p > (1/4)n*1/3
3.2 with k =1 and m = é. The range p < (1/4)n~ /3 requires a different approach since the we
cannot reach the level of sparsity O(p~!) in one step. Instead we use Lemma 3.2 with different
values of k depending on the distribution of coordinates of the vector. Assuming that the event
described in this lemma occurs, we split the vector into blocks with disjoint support. One of these
blocks has a large ¢o norm. By the assertion of Lemma 3.2, a large number of rows of the matrix A,
have exactly one non-zero entry in columns corresponding to the support of this block. This will be
enough to conclude that ||(A4, + Dn)xH2 is bounded below, for € Sparse((8p)~!). Note that while

, we apply Lemma
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applying Lemma 3.2 we need max{P(§;; > 1),P(&; < —1)} > cg. Since & ;’s are centered and
have unit variance it is easy to check that max{P(& ; > 1/2),P(&; < —1/2)} > 0, and therefore
without loss of generality we can work with a scaled version of ; ;. Since the fourth moment of
&i;'s are bounded, upon an application of the Paley-Zygmund inequality (see [10, Lemma 3.5]), we
further obtain a uniform lower bound on the value of ¢g.

We now begin with large values of p, that is, p > (1/4)n~'/3. In this case, £y = 1, and we prove

that there exist constants ¢y and ¢, such that

P(3z € Sparse((1/8p)) N ™! such that |(An + Dn)ZCHQ < Vconp and ||A,| < K\/pn)
(3.6) < exp(—cypn).
For k € [n], set J, = {k} and J|, = supp(z)\Jr. Let A be the event that for each k € [n] there
exists a set I, C [n] of rows such that || = ¢32pn, and for any i € Ij, |a;x] > 1 and a;; = 0
for j € supp(z)\{k}. The definition of the sets I immediately implies that I N [y = @ for

k # k' € supp(x). By Lemma 3.2, P(A) > 1 — exp(—c3.2pn). This shows that on this large set A,
we have that

(3.7) I(An+Da)ally = 3" S |(An+ Da)a):

kesupp(z) i€l

2

To get rid of the diagonal matrix Dy, let us consider only the coordinates i € It\ supp(z). For these
coordinates, ((A, + Dp)z); = (Apz);. The assumption on p implies [Ix| > |supp(z)| = O(p™),
and so |I},\ supp(z)| > <3P, Hence,

38) A+ Dw)aly = > Yoo lAilr = Y %y.@(w? - 03-;1)”.
kesupp(z) i€l \ supp(z) kesupp(zx)

Thus, setting ¢, = c3.2, and ¢y = 5572 we have (3.6). This estimate can be automatically extended to
the set Dom((8p)~!, (C(K + R))~!) provided that the constant C is large enough. Indeed, assume
that

_ 1 =
(3.9) | (An + Dn)azH2 < 5 Vapn
for some = € Dom((8p)~!, (C(K + R))™'). Set m = (8p)~!. Since x € S"71, it is easy to note that
Hm[mH:n}Hoo < m~12. Hence,
21 ||, < (CK 4+ R)™'Nm || 2pms1m ||, < (C(K + R))™,
and therefore
1(An + Do)yl < [[(An + Daaly + (| Anl| + By/mp) [[2pm ],

1 = 3 =
< SV + (K + Ry - (C(K + R)™ < £ \/aopn,

4
when C > T Furthermore

IN

‘ | A+ Do) @ Nzttt )], = 1A + Dol | < (K + R)L = lfaguaml, |

copn
4

:
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Since (1., / H$[1=m}H2 € Sparse((8p)~!) N S"~!, combining the above steps we note that the in-
equality in (3.9) holds only in A°. Therefore, setting C3 3 = 53.3 = %, and c3.3 = c3.2, We prove
the lemma for p > (1/4)n=1/3.

We now consider the more difficult case, % < p < (1/4)n~1/3. Note that for such values of p,
1

8p/pn
To simplify the notation in the proof below, assume in addition that (pn)eo/ 2 = é, i.e. the integer
part in the definition of £y is redundant.
Consider x € Dom((8p)~!, (C(K + R))™!). Let us rearrange the magnitudes of the coordinates
of x and group them in blocks of lengths (pn)e/ 2 where £ =1,...,1ly. More precisely, set

> 1.

2= im0/ 1:(my /2]
and
Plot1 = T((pn)‘o/2+1:m]-
For simplicity of notation denote m = (8p)~! = (pn)%/2. Let us show that one of the blocks
21,..., %, has a substantial f5 norm. Note that

z0411l5 < (Ca3(K + R)) ™ m ||z 41l o < V2(Cs.3(K + R) ™ |2 pm2m]

(3.10) < \/5(03.3(1( + R))_l H%Hza
where in the last step we use the fact that np — oo, as n — oo, and so the support of zy, contains
that of zj, /o.n). As z € S"~! implies Zg‘:{l | ze]l3 = 1, we have

I

> llzell3 = 1 - 2(Cas(K + R) >

(=1

On the other hand, for any K > 1 and R > 0, if C53 > 2 then 3372 (C55(K + R))™2 < 1. Thus

EO eO
S (CoalK + R <3zl
=1 =1
which implies that there exists ¢ < £y such that ||z|l, > (C33(K + R))~*. Let £, be the largest

index having this property, and set u = Zﬁ;l Ze, V= 220:21 41 %¢- First consider the case when

¢, < £y. Then by the triangle inequality and (3.10), we have that

Lo+1
olly < 37 Hlzmlly < 2V2(Caa(K + R)) =D,
m=/{,+1

Let x = (pn)»~1/2. Note that
1
(np) S

We will apply Lemma 3.2 with this choice of k. Split the support of w into (pn)'/* blocks of equal
size k. To this end, define Ly, := 7, '([1, (np)’*/?]), where m, is the permutation of absolute values of

1/2

Lyhen ¢ =1 by a slight abuse of notation we take z1 = x1. /mp).



INVERTIBILITY OF SPARSE MATRICES 17

the coordinates of z in an non-increasing order. For s € [(pn)'/?], define J, := 7, ([(s—1)r+1, sk]),
and set J, = Ly, \J,. Since |J}| < |L,,| = ky/pn, we apply Lemma 3.2 to get a set A with large
probability, such that on A, there exists subset of rows Iy with |I5| > €32kpn for all s € [\/pn],
such that for every i € I, we have |a; ,| > 1 for only one index jo € Js and a;; = 0 for all
j € JsUJ\{jo}. It can further be checked that Iy, Ia,--- , I sz are disjoint subsets. Therefore, on
set A for any i € I,

|(Anw)i] = laijou(Go)l = laijo| - [uo)l > lw(m; " (s))|-
Here we used that 7, is a non-increasing rearrangement. Now note that for i ¢ supp(u),

((An + Dp)u)i = (Apu)i, and supp(u) = ky/np < €3.26mp,

as long as np — oo. Therefore,

(pn)'/? _ (pn)*/?
_ - C3.0pM _
1(An + Dol > S (Aww)s)” = 2252 37 w(a(m, (sx))
s=1 {el,\ supp(u) s=1
(pn)i*/?

SN (Gl W)

2
k:(pn)(‘g*—l)/z

C3.2pn

v

C3.2pN 2
(3.11) =—5 el

where the third inequality uses monotonicity of the sequence {|x(m;!(k))|}?_,. Combining this
with the bound on ||v||,, on the set A, we get that
G+ Dagelly > (A + Dyl ~ A+ Dl - el
C3.2pN
- 2
> /pn(Cs3(K + R))fg*,/pn,
where the last inequality follows if the constants Cj 3, 5’3.3 are chosen large enough independently
of /,.

Now it remains to consider the case when ¢, = {y. Note that in this case, using (3.11), we have
that

. (Cg,g(K + R))fﬂ*,

(Cs3(K + R))™" = (K + R)ypm - 2V2(Cys(K + R))~(++

C3.2pn

H(ATLJ,_D”)U’HQ > THZ&)HQ’

and from (3.10), we have |[v]| = ||zg11]| < V2(C5.3(K + R)) ™! ||24,||,- Now proceeding similarly as
before, on A, we obtain that

|(An + Dn)avH2 > /pn(Css(K + R)) ™" /pn.
Since by Lemma 3.2, P(A) > 1 — exp(—c3.2pn), the proof is completed. O

We now extend the result of Lemma 3.3 to compressible vectors. This step requires only simple
approximation. Recall that Sparse((8p)~1) N .S"~! C Dom((8p)~ 1, (Cs3(K + R))™1).

Lemma 3.4. Let A, be the matriz defined in Proposition 3.1, p satisfy (1.5). Fiz K,R > 1, and
let Dy, a non-random diagonal matrix with real entries such that ||Dy|| < Ry/np. Set

pi=(Cas(K + R)~0+D,
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where ly is defined in (3.5). Then

IP’(EIx € Comp((8p)_1,p) such that H([ln + Dn)xHQ < W\/@

and || 4,]| < K /pm)
< exp(—cz.3pn).
Proof. Denote

Q, = {Vx € Sparse(1/(8p)) N S" ! ||(A, + Dy)z||, > pCs3(K + R)y/pn and || A, < K\/ﬁ}

Then on the set §2,, for any z € Comp((8p)~',p), we can find € Sparse(1/(8p)) such that
|(An + Dy)(x/l|zll,)||, > pCs.3(K 4+ R)\/pn, and ||z — Z||, < p. This also implies [1 — [|z]l,| < p.

Therefore
(A + Du)ell, 2 ([ (A + Da)a/ el = A+ Dall |lo = 2| = [l + a2 =l
2112
pCs3(K + R)
Z f\/ﬁa
when Cs3 > 4. Since by Lemma 3.3, P(Q2,) > 1 — exp(—cs.3pn), the result follows. O

3.2. Vectors close to moderately sparse. Lemma 3.3, and Lemma 3.4 provide uniform lower
bound on H(/_ln + Dn)xH2 for vectors which are close to very sparse vectors. To prove Proposition
3.1, we need to uplift these estimates for vectors which are less sparse. For such vectors, we
employ a different strategy. These vectors are sufficiently spread. This allows us to obtain a small
ball probability estimate which is strong enough to use the e-net argument. To this end, Lévy
concentration function turns out to be useful. Recall the Lévy concentration function is given by

L(Z, €)= sup P(||Z — ul|, <e).
ueR™

Below we prove several results about Lévy concentration function, which are subsequently used in
the proof Lemma 3.8, and eventually lead to the proof of Proposition 3.1.

Lemma 3.5. Assume that the matriz A, satisfies the conditions of Proposition 3.1. For any
x € R", let us denote x(;) to be the vector obtained from x by setting its i-th coordinate to be zero.
Then there exists a positive constant c35, depending only on the fourth moment of {&;}, such that
for any x € R™ and any i € [n],

— 1 ‘
L((Anz)i, Z\/ﬁ |z l,) <1- €3.5p

(Il lzll,)” +2

Proof. We begin with the standard symmetrization. Let 67,...,d;, and &I,...,&, be independent
copies of 61,...,0, and &,...,&,. Since the diagonal entries of A, are zero, for any b € R and
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t > 0, we have that
(3.12) P2 (|(Anz)s — b < t)

=P Z (5]'5]'33]'—1) <t -P Z (S;féﬂjj—b <t
€I} jem\{i}

SPL| Y0 (68 —8iga;| <2t

JE\{i}

Denote 0; = §;§; — 6;¢;. Then Ef; = ]EGJ3 =0, IEHJQ» = 2p, and EG? < ¢p, for some constant c,
depending only on the fourth moment of {§; ;}. Set S = Zje[n]\{i} ;z;. Then ES? > p Ha:(i) 5
and

ES'= Y Efi-zj+ Y Ebja}- Ebia;
J€m\{i} j#AlEn]\{i}
< el - el + 40 oo ;-
Then the Paley—Zygmund inequality (cf. [16, Lemma 3.5])

(ES? — 2)?
PASI <) < 1= —pa—
yields
1 <P
P(IS| < 5P e l,) <1~
SVP [z, Nzl / Iz ll)? +

for some constant ¢ < 1, depending only on ¢. Combining this with (3.12), and setting ¢35 = ¢/ /2,

we obtain
_ 1 /
E((A”x)“z\/ﬁHx(Z)Hz) < \/1_ cp

(el oo / 12 lly)? +
C3.5D

Nz@llo / lz@ll,)? +

<1-

0

To pass from an estimate for one coordinate to estimate for the norm, we need the following
elementary lemma.

Lemma 3.6. Let Vi,...,V, be non-negative independent random variables such that P(V; > 1) > gq,
for alli € [n], and for some q € (0,1/2). Then there exist constants 0 < ¢3¢, ¢ < 00, such that

C3.64M
Z i< log(1/q) < exp(—cf gqn).

Proof. For a positive constant 3, denote L(j3) := log(q{;q) Let J:={je ]| V; > 1} 37 V; <
L(B), then |J| < L(/3). Hence,

1 n o EB) < o NI
(3.13) P ;VJSL(ﬁ) §<L )>(1 q) < p<L(ﬁ)1g log )

6 L(B) 2 1—gq
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Since @ log ( e(%)) — 0 uniformly in ¢ € (0,1/2) as § — 0, we can choose 8 small enough such

that the RHS of (3.13) can be made smaller than exp(—c’gn) for some positive constant ¢’. This
completes the proof. O

Combining Lemma 3.5 and Lemma 3.6, we obtain the following corollary.

Corollary 3.7. Let A, be as in Proposition 3.1. For every x € R™ and i € [n], define z(;) to
be the vector obtained from x by setting its i-th coordinate to be zero. Then for any o > 1, there
exist 3,7 > 0, depending on o and the fourth moment of {&;;}, such that for x € R", satisfying

SUDj¢[n] (Hﬂf(i) OO/Hx(i)HQ) < a,/p, we have

< nt, 3 \/ﬁlnf HZL‘ )H > < exp(—yn).

Proof. Fix any y € R", and let V; = ﬁ((Anm)j —y;)%. Since by our assumption,
PlIT@)
C3.5p C3.5
inf 2 ,
i€l (|2l / 7 ,)? o +1
the claim then follows from Lemma 3.5 and Lemma 3.6 applied with
3.5 1
= A
a2+1 4

Equipped with these results on Lévy concentration we now prove uniform lower bound on
H(A” + Dn):EH2 for vectors in Dom (M, Cs1(K + R)™).

Lemma 3.8. Let A, be the matriz defined in Proposition 3.1, p satisfy (1.5), and let £y be as in

(3.5). Fiz K,R > 1, and let D,, be any non-random diagonal matriz with real entries such that
| Dyl < Ry/np. Further denote

pi=(Cy3(K + R))~ 0D,
There exist positive constants c3g, 3.8, Cs8,C3s, depending on E| fj], K, and R, such that for any
p P <M <csan,

IP’(EIx € Dom(M, (Cs5(K + R))™*) such that ||(A, + Dy)z|, < (Cas(K + R))*py/np
and || 4,]| < K /pm)
< exp(—¢Cs.gpn).

Proof. Let ¢ < 1. Denote for shortness m = (8p)~!, so m < M/2. By Lemma 3.3 and Lemma 3.4,
it is enough to obtain a uniform lower bound for all vectors from the set

W s= Dom(M, (C(K + B) )\ (Comp((8p) ", p) U Dom((8p) ", (Cha(K + ) ).

We begin with a smaller set

v i= Sparse(M) N 8"\ (Comp((8p) "1, p) UDom((8p) ", (Cys(K + R)) ).
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First let us consider the case, p > (1/4)n~'/3. In this case the proof is based on the straightforward

e-net argument. Note that in this regime of p as above, £y = 1, and so p = (Cs.3(K + R))~2. Since
for any z € V, x ¢ Dom((8p)~}, (C33(K + R))™!) we have that
|2 aean |

> < C35(K + R)\/8p.
meﬂ M]H2

However, to apply Corollary 3.7 we need to find sup;c, (Hx[mH:M]\{i} HOO / Hx[erle]\{i} H2) This

can be obtained easily. Indeed, we note that Hx[m_,_le} HOO < 1/4/m, and we have z ¢ Comp(m, p),
which in turn implies that Hx[m—i-le} H2 > p. Therefore,

(3.14) zmramiilly = [@mmeranlly =1/vim = 5 Hx[m+1M I,

Here the last inequality follows from the assumption p < ¢(K + R) 2 for sufficiently small ¢, which
we made at the beginning of Section 2. Therefore we have

lemamia e _ 4 3(K + R)\/p.
n) [[epmrram g |,

Now by Corollary 3.7, enlarglng Cs.3 if indeed, we deduce that
L((Ay + Dy)z, (Cs.3(K + R))™>\/pn zlerg;} |t gy ][ )

< L(Anz, (C33(K + R))_?’\/;%iielg] |13 ]],) < exp(—cn),

for some constant ¢’ depending on K and R. Using (3.14) again, and enlarging 6’3_3 again, we
further deduce that

(3.15) L((An + D)z, (Cs.3(K + R)“>/pn ||2pms1an || ) < exp(—cn).

Now we will use this estimate of the Lévy concentration function to show that infimum over V is
well controlled. To this end, we will use a e-net argument. Since V' C Sparse(M), we begin by
noting that the set V' is contained in S"~1 intersected with the union of coordinate subspaces of
dimension M. Hence, for ¢ = (C33(K + R))™*p, there exists an e-net N’ C V of cardinality less
than

(3.16) (;4) (i’)M < exp <cS_8nlog ((j:g)) .

Here we used the assumption M < c3gn. We can choose the constant c3.g sufficiently small so that
the IN] < exp((c//2)n). Therefore using the union bound, we show that,

P(3xz e N | H n+ Dp) CL‘H2 (Cs3(K + R))™ \/ﬁHx[mH M]H ) < exp(—(d'/2)n).

The proof in this case is finished by approximating any point of W by a point of A/. Indeed, assume
that for any = € N,

|(An + Da)ally > (Caa(K + R)™* Vo ||2pmsran]l, -
Let 2’ € W, then we can find x € N such that ||(x[1:M]/Hx’[1:M]H2) — |2 < e. Let us show that

x approximates z’. Using m < M/2 and the fact that all coordinates of ZL'/[ have smaller

M+1:n]
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absolute values than those of az’[ we conclude that

m+1:M]
VAl etyriin|, < V2 |etmeran

Now recalling that 2/ € Dom(M, (Cs5(K + R))™%), we have

Tharin]|, < CoalK + RV [afaryr|_ < VECoa(E + R)™||ohuvan,

Next using the fact that ||(x [1:M}/H$[1:M}H2) — z||2 < g, applying the triangle inequality, we also
obtain

|, (lwpmsaaanll, +€) < llzgmrnanll, +=

For any z € N, x ¢ Comp(m, p), we further have Hx[m""LM]H2 >p= (53.3([( + R))*. Using the
two previous inequalities we further deduce

<V2(Cs3(K + R))™*

< 2(Cs3(K + R) ™ (|#pmsvian ||, +€) < ACs3(K + B) ™ [|zpnsran

[tmssan], = [ #han

/ /
TiM+1m] ||, Llm+1:M] H

and

Hx - JU/HQ < Hx - (I/[LM]/HI/[LJM]||2)H2 + ‘1 - ||$/[1:M}||2 $I[M+1:n] 9

e [ N o el T )

< 9(C33(K + R) ™ ||2pms 10 [
Thus, choosing 5’3,3 sufficiently large, by the triangle inequality,

o+ 2 2 e+ Dol = 1l + 12 =

1 ~
> 5 (Cos(K + ) Vpn [ @miraan]|, > C3 3(K + R))"*\/pnp.

Assume now that % < p < (1/4)n~Y3. In this case, the proof uses a more delicate e-net
argument. To this end we combine two nets: a coarser one for small coordinates, and a finer one
for large ones.

Let I,J C [n] be disjoint sets such that |I| = m, |J| = M — m, where m and M are the same as
in the previous case. Let €,7 > 0 be numbers to be chosen later. The sets

By := {u € BY|supp(u) C I},
and

Ry :={uce S"_l‘ supp(u) C J and ||lul|, < 4C33(K + R)+\/p},
admit an e-net N7 C By and a 7-net Ny C R of cardinalities

1 7]
IN7| < (3) and |Ny| < <3> .
£ T

Let A be an e-net in [p/v/2,1] C R, and let
M]’J = {u+lw | U EN[, w ENJ,Z EN()},
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and

/Vl::( U Un]’ Mw)

I:IC[n], J:JC|
[Il=m |J|=M—-m,INJ=0

We now show that M serves as an appropriate net for W. To this end, decompose x € W
as T = Uy + Uy + Ty, Where u; = ., contains m coordinates of z with largest absolute values,
Uz = T[m41:0) the intermediate ones, and r;, = x[3141.,) the rest. The assumption x ¢ Comp(m, p)U
Dom(m, (C33(K + R))™!) implies that

(3.17)

| @pmsrnlly = /02l + 723 > p, and o ”fl ] < Cs3(K+R)ym™/% = C33(K+R)\/3p.
m~+L:n|||lo 50

Since z € W,

Irzlly < (Cas(K + R)™VM |Iral o < 2(Cas(K + R) ™ oslly

where as in the previous case, the last inequality follows from the facts that the coordinates of r,
have smaller magnitudes than the non-zero coordinates of v, and m < M/2. For Cs3 > 2 this in
particular implies that ||vg||, > [|rz||,. Therefore from (3.17) we further deduce that

(%"
lvella ll o

Assume that supp(u,) C I, supp(v,) C J, for some I,J C [n]. Choose u € N7, v € Nj, 1 € Ny
such that

(3.18) velly > p/V2 and < 4C33(K + R)+/p.

(3.19) ug — |, < e, m-qu‘ <7, and |l — |l | <e.
x 12
and consider T = u + lw € M. For € < p/\/i, we also have that
(3.20) [72]ly < 2(C33(K + R)) ™ Jvzlly < 2(Cas(K + R) 41 +¢) < 4(Caz(K + R)) 7.

Thus we see from (3.19)-(3.20) that z approximates . Now using Corollary 3.7, we would have
liked to show that for any Z € M, an inequality similar to (3.15) hold. However, such inequality
is not possible for any £ € M, as the conditions required for Corollary 3.7 does not hold for all
Z € M. We solve this issue by modifying the net M. We construct the modification M’ C W
as follows: If for an z € M, there exists an © € W such that (3.19) holds, then we keep that =
in M’ (if there is more than one choice we choose any one of them arbitrarily). Note that this
construction ensures that |[M’| < | M|, and moreover by the triangle inequality it follows that, for

any € W, there exists # € M’ such that
Vg Uz

[ozlly  llvzlly

Proceeding analogous to (3.20), we also deduce that
(322) relly < 2(Ca3(K+R) ™ [lvally < 2(Coa(K+R)) ™ *(vally+2¢) < 6(Caa(K+R) ™ [[vall,,
as [lvzlly > p/V2.

(3.21) [tz — uzlly < 2, <27, and |[jvglly — [Jually | < 2.
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Now fix z € M’. Then, using (3.18), and proceeding as in (3.14)-(3.15), from Corollary 3.7, we
deduce that
L((An + Dy)z, (Cs3(K + R)) ™ /pr [[val)
< L(Ayvz, (Cas(K + R) 7>/ flugly) < e

Assume that the parameters €, 7 > 0 are chosen so that

(3.23) IM'| < IM| < <:l> (]\7’;—_77;)&17 _ <§>|1 _ (i)lj < /2,

Then by the union bound,
IP’(EIQZ' € M’ such that ||(4, + Dn):fH2 < (Cs3(K + R))_?’\/}%HUQ—DHQ)
(3.24) < exp(—(c'/2)n).

We now extend the uniform lower bound in (3.24) for all z € W. In the process of this extension,
we select the parameters € and 7. Finally, we will check that this selection satisfies (3.23).

Assume that the complement of the set appearing in the LHS of (3.24) occurs. Now we recall
that for every = € W, there exists an & € M’ such that (3.21) holds. Therefore

|(An + Du)el, = [[(An + D)z,

(3.25) = (1| + 1D (Nt = sl + 1o = sl + il + sl )-
To obtain a lower bound on the RHS of (3.25), we use (3.21) to note that
U Vz vzl
[0z — v | S‘— [vzlly + [Jvzlly |1 — < 2(e+ 7 lvally)-
T T vl Tesllall, TR sl o

Further using (3.20) and (3.22) we also obtain that
Irally + I7ally < 8(Css(K + R) ™ [lvall, -

Denoting i/ = (Cs3(K + R))™3, applying the previous two estimates, and (3.21), from (3.25), we
therefore deduce that

(3:26) [[(An + Da)ally = 4 l[vally /o1t —2(K + R)y/pr- (e + vzl 7+ +4(Cas(K +R)) ™ [|vall, )
Setting

W L Mp

16(K + R)’ 16(K + R)’
enlarging Cs.3 further, if necessary, and recalling the fact that |lvz|, > p/v/2, from the inequality
(3.26) we further deduce that

(3.27)

!/

/
|(An + D), = & lally v/pm > 8’\‘/§p\/m

It thus remains to check that (3.23) holds for the choice of parameters in (3.27). To this end, recall
that m = (8p)~! and M < cn. Substituting this in (3.23), we obtain

() Gm) = () i) = (207 ()" < ™ ()"
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Therefore (3.23) yields

48¢(K + R)\ " [ 384(K + R)pn\ ®" "
cp 1o
Thus, we have to show that
48e(K 1 384(K S
(3.28) ( 8e( f‘R)> (38 ( ;+fapn> <
cp wp

To this end, we claim that

i

%4K+Rmn@””< 48¢(K + R)\ ™"
o - cp!

from which it is easy to see that the bound in (3.28) follows if ¢ is chosen small enough with respect

to ¢/. Turning to prove our claim, we note that it is enough to prove that

n
p_l log (pp) <« n,

which is immediate since np — oo, and ¢y < np. This shows that (3.23) holds and thus the proof
is completed. ]

Finally we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Since Sparse(M) N S"~! ¢ Dom(M, (C35(K + R))™), with the help of
Lemma 3.8, the proof is completed using the same arguments as in the proof of Lemma 3.4. The
details are omitted. ]

Remark 3.9. In the proof of Theorem 1.1 we will also need a modification of Proposition 3.1,
where the matrix under consideration is not a n X n matrix, but a (n — 1) X n matrix. One can
check that if some modified versions of Lemma 3.2 and Corollary 3.7, applicable to (n — 1) x n
matrices are available, then the rest of the proof remains exactly same. Moreover, for (n — 1) x n
matrices one can easily reprove Lemma 3.2 and Corollary 3.7 with slightly worse bounds. Therefore
the proof of the required modification of Proposition 3.1 is straightforward, and hence all the details
are omitted.

Remark 3.10. In Proposition 3.1 we computed a probability bound for the infimum of

H(f_ln + Dn)xuz over dominated and compressible vectors z € R™. This treatment of the infimum
for general real-valued diagonal matrix D,, such that ||D,| < R,/np for some finite positive R, is
motivated by the analysis of the limiting spectral distribution of A,. It is well known that a key

step to such analysis is the control on syin(A, — wy/npl,) for w € B(0,R) C C, for some R finite
(see [7]).

It can be easily checked the proof of Lemma 3.3 and Lemma 3.4 remains same when we allow
D,, to be complex-valued diagonal matrix, and the infimum is now taken over compressible and
dominated vectors in C™. Corollary 3.7 also continues to hold for vectors in C". However, the proof
of Lemma 3.8 uses some estimates of y-net in R™. Therefore those steps need some modifications.

To this end, note that (3.16) becomes
n § 2cn
M) \e ’
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wa= () ) G () ()
—\m)\M-m) \e 5 T ’

and rest of the estimates remains same. Shrinking the constant c¢, if necessary, repeating the same
steps one can deduce the conclusion of Lemma 3.8, may be with a slightly worse constants. Building
on this one can then extend the result of Proposition 3.1, where D,, is now complex-valued diagonal
matrix and the infimum is taken over complex vectors.

To obtain the necessary bound on syin(An, — wy/npl,) for w € B(0,R) C C, we also need an
modified version of Proposition 4.1 for complex vectors. However, this is not a straightforward
extension from the real case. See also Remark 4.5.

and (3.23) becomes

4. VECTORS WITH A SMALL LCD

Bounding the smallest singular value of a random matrix A,, depends crucially on a strong esti-
mate of the Lévy concentration function of A,z for z € S"~!. Such estimate, however is impossible
to achieve for a vector having a rigid arithmetic structure. As such structure is measured by the
LCD (recall Definition 2.6), we have to treat the vectors with a small LCD separately. Fortunately,
the set of vectors with a smaller LCD has a smaller complexity, i.e. a smaller e-net size. We en-
counter two opposite effects: a larger LCD means a better Lévy concentration function bound, and
at the same time, a larger complexity of the set. We show below that these two effects compensate
each other precisely. To this end, we partition the set of vectors with a small LCD into the sets St
for which the LCD roughly equals L. Since the LCD is roughly constant in Sz, we obtain a uniform
bound on the Lévy concentration function, and thereby using an e-net we show that the infimum
over Sy, is well controlled.

Since we have already obtained a lower bound on the infimum over compressible and dominated
vectors in Proposition 3.1, we will consider vectors which are neither compressible nor dominated.
For p~! < M < ¢3.1n, and p as in Proposition 3.1, define

W= {zec S" |z ¢ Comp(M,p)UDom(M,(Cs:(K + R))™™)}.

Next for v € R™, let I(v) := Supp (U[Mﬂ:n]) be the set of small coordinates, and let vy(,) = v[ar41:m)-
Recall that for € 8”71, its LD is defined as

D(z) := inf {9 >0 : dist(0z, Z") < (50p)_1/2\/log+(\/®9)},

where dy € (0,1) is chosen as in Remark 2.7. As mentioned above we need to define level sets Sf.
Since the diagonal entries of A, are zero, we need to work with the following modified definition
of level sets. For any L > 1, we define

St = {U €WIL< inf Dlorng/ [vronmlly) < QL} :

We are now ready to state the main result of this section.

Proposition 4.1. Fiz K, R > 1, and let D,, be a non-random diagonal matriz with real entries
such that ||Dy|| < R\/np. Let ADP™ be the m x n matriz obtained from (A, + D)7 by collecting its
last m rows, where A, is the matriz defined in Theorem 1.1. When D,, = 0, we write AZI instead of
Z%’m. Fix a positive real r > 1. Then there exist small positive constants 04,1,02_1,64,1, and a large

positive constant Cy.1, depending only on E‘Sfj, and small positive constants ¢41,¢) 1,¢4 1, depending
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on IE{;% and r, such that, if 1 > (Cy1(K + R))?, then for rp~"/? < L < exp(c] pn/(K + R)?),
m >n —c;, (K + R)?/p, we have

IP’( inf EE%’L < €4.1pe0y/ PN and H ~n

vES],

< K\/ﬁ) < exp(—cain),

where
g0 = min(cs1/v/7, c) 1v/n/L).

Similar to Section 3 a crucial tool here would be bounds on Lévy concentration function (recall
Definition 2.3). However, the estimate obtained in Corollary 3.7 is not sufficient for incompressible
vectors. To this end, we find estimates in terms of the LCD, see Definition 2.6. For dy as in Remark
2.7, from [32, Theorem 6.3] we get the following result:

Proposition 4.2. Let § € R" be a random vector with i.i.d. coordinates of the form S; = 0;&;,
where P(8; = 1) = p, and &;’s are random variables with unit variance, and finite fourth moment,
which are independent of §;. Then for any v € Sl

(4.1) stmfg <c42(5+fD( )>

for some constant Cy2, dependmg only on E|&| and EE}.

Let I C [n], and for any v € R", let v; € R™ be the vector with coordinates v;(j) = v(j)-1(j € I).
Since the diagonal entries of A,, are zero, depending on the value of m, for every i € [m], there
exists a j € [n] such that (A]");; = 0. Thus applying Proposition 4.2 we deduce that

£ (Ao i longlly vie) < £ (e on g, v72)

1
<Cysle+
( VvPD(vp 51/ va\{j}Hz)>

1
< 04.2 €+ . )
( VPinfjep) D(vp 53/ HUI\{J'}H2)>

Now a direct application of [32, Remark 3.5] gives the following result on tensorization, which allows
to transfer the bound on Lévy concentration function from random variables to random vector:

Proposition 4.3. Let A“nm be the matrix defined in Proposition 4.1. Then for any € > 0, and any
I C [n] we have,

_ 1 "
4.2 L(A'v, e inf ||lvp g, pm) < C5 | e+ — )
(42) ( 2 longlls vem) 43( \/ﬁmfje[n]D(vf\{j}/va\{j}HQ)>

where Cy 3 is some constant, depending only on E|&; ;| and Eig’jj.

Setting the parameter L = (dop)~ /2 in [32, Definition 6.1], we note that the definition of LCD there
matches our definition of LCD. Therefore from [32, Lemma 6.2], we immediately obtain:

Proposition 4.4. Let x € S*~ 1. Then
1
2|zl

D(z) >
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We now proceed to the proof of Proposition 4.1.

Proof of Proposition 4.1. The proof relies on a covering argument. The lower bound for the LCD
is used to obtain the uniform estimate for the Lévy concentration function. Then we construct a
special €g-net of a small cardinality, and extend the Lévy concentration function estimate from one
point to the whole net by the union bound. Finally, we use approximation to extend this bound to
the set Sp.

Step 1. Recall
rp V<L < exp(c ;pn/(K + R)?) and g = min(cq1 /7, ) 1v/1/L).

Since L,/p > r, and np — oo, we have that eg > ﬁ. Thus, for v € S, by (4.2), we immediately
obtain that

(A0, nf (o), ccovpm) < L(A7o, inf [[orn gy, ccovpm) < e
where ¢ = (2043) 1.

Step 2. To make the approximation possible, we have to approximate the large and the small
coordinates of v differently. Since v € Sz, for some j € [n], we have D(vy) 51/ va(v)\{j}Hz) <2L.
For this j € [n], a scaled copy of the vector Vr(w)\{5} 1 close to an integer point. We will use a
scaled copy of this point to approximate vy(,) ;. We do not have any information about the vector
Vre(v)u{y} besides Hvlc(v)u{j}H , < L Therefore, this vector will be approximated in the f» norm
using the standard volumetric estimate.

Now, we pass to the details of this construction. To this end, fixing I C [n]| a set of cardinality
n —r?p~!, we denote

Zr:={z€Z" | supp(z) C I and 0 < ||z||, < 2L},

and let N7 := {z/||z|ly | 2 € Zr}. A simple volumetric calculation shows that
2,—1

eL\"P
V| < (2 + ﬁ) ,

for a universal constant ¢. Also, there exists a (cegp/10(K + R))-net (the constant c is the constant
obtained in Step 1) N} in {x € BY | supp(z) C I¢} of cardinality

2,—1
30(K +R)\"?
VIl < <(+)> .
CEQp
Let Ny be a (cegp/10(K + R))-net in [p/2,1] of cardinality
30K+ R
np) < 2UEE R
ceQp
Set
MW= ) A{z+ty|z N, yeN, €N}
I1Cn]
|I|=n—r2p~1

This set M1 does not quite serve as an appropriate e-net of Sy, because we also need to consider
those v € S, for which j € I(v). For such v, the cardinality of I(v)\{j} is n — r?p~! — 1. Thus we
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need a modification of the set M), Namely, we denote

M®P = U {x+ty|zeNj, ye N, t € Np},

IC[n]
|I|=n—r3p~1-1

where the estimates on the cardinality of N7 and N} now changes to

2,1 2, -1
eL\" Pt 30(K +R)\"* T
< |24+ — A e A .
|V _( + \/ﬁ> , and [N _( cop )

Set M := MM U M), Therefore the previous estimates now yield

IM| < ’M(l)‘ + ‘M(Q)] < 907 n M r2p=142 - E n—r2p=1
=~ — T2p_1 + 1 c0p \/ﬁ
_ RN ! - )
— C(K + R)n cL 1 30(K + R) L n+
(4.3) S C < r2p~legp ( + \/ﬁ> ) < cop + NG ,

where C' is some absolute constant. Recall that p = (C3.1K) %6 (see Proposition 3.1), where /g is
defined in (3.5). Thus log(1/p) < np, and therefore we can choose a constant ¢; arbitrarily small
such that p~! < exp(cinp) for all large n. Hence the third term in the RHS of (4.3) is bounded
above by % exp(¢ipn), where ¢; is another arbitrarily small positive finite constant. Similarly, we
conclude that N
C(K+Rn\"?
<(;i—)n> < exp(2r’en).
2p

Next, from the upper bound of L, and the definition of £ it follows that

/!
"M np_ _ VnpL _ exp(2¢),pn)

-1
i 1) —— = <
o(2+ \CT%) @(2 - \C/—Lﬁ) i i

The last inequality follows from the assumption (1.5), and the upper bound on L. Therefore
combining all the estimates we get

exp(2r?ein + e1pn) exp(4ric] n) eL\"!
- T - 24+ — .
eo(dy )2 P e vn
Now we will show that M serves as an appropriate e-net for Sr. To this end, let v € Sr. Then
there exists j € [n] such that D(vi) g5/ HUI(U)\{J'}HZ) < 2L. Let us assume that j € I(v), and

(4.4) M| <

write v = vr)\ (4} t Vre()u{s}- We claim that there exists v =% +tj € M® such that

[vreogy — 2|, < peo Vil o 2v/10g(Voop - 2L)
O = 0K R (oo, |, T VL
cpe
(45) and [t = [loreninll, | < Toe 4 Ry

Indeed, choose T € NI’(U)\{J.} such that HUIC(v)u{j} - :EH2 < 10(?52]%). By the definition of the LCD,
we can find z € Z" such that

o VI

< log(+/dop - 9)‘
[oren gl

Voop

2
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Since L < D(vyon g3/ |[orwngstll,) < 2L, we have L < 6 < 2L, which implies

UGy z|_ V/log(Vidop2L)
lorengill, 9], VoopL
Thus setting ¥ = z/[|z]|, € N\ (j} We obtain
o=l W rengy || =l VIw\{j} %
Hy”Q 9 - 9 — H )
> | lerene s |, M orenally 0,
and therefore
VoMY all <o MO ZN 2y/log(vdop2L)
lorongill, N, 7 Hloreonall, 9, VéopL
Finally, noting that S;, C (Comp(M, p))¢, we have that for any j € [n]
1 1 p
(4.6) lorenaylla = orolly = ol = lorolly = 77 2 5 lorwlls = 5

where the second last step follows from upon choosing r sufficiently large. Therefore we can choose
t € Ny so that [t — ||y |, | < st

In the proof of (4.5) we have assumed that j € I(v). One can repeat the same proof above
even when j ¢ I(v), to conclude that in this case, there exists 7 € M) such that such that (4.5)
still holds. Hence, combining these two arguments we obtain that for every v € Sy, there exists a
v € M such that (4.5) holds.

The deficiency of this construction is that M ¢ Sy, so we cannot use the small ball estimates
we obtained for the points of St in Step 1. This however, can be easily corrected. For any point
v/ =T +ty € M, choose one point v € Sy, satisfying (4.5), whenever it exists. If such a point does
not exist, we skip the point v’. These points v form a set M/, which can be used instead of M.
Indeed, the triangle inequality implies that for any w € Sy, there exists v = & + tyj € M’, and
J € [n], such that

oo ol < cpeo Wiy o 4v/log(v/op - 2L)
WA = SE R ||wrwnpll, ), VeeL
cpe
(4.7) and [t — [lwrp gl | < 5(Ki+OR)’

Obviously, |M'| < |M].
Step 3. By Step 1, for any v € M/,
LA™, it [oren sy, czovpm) < &5

Now from (4.6), we also have that,

Vi* € [n].

. 1
inf [lornlly 2 5 lorenglls

JE€M]

Hence absorbing the factor 1/2 in ¢, we deduce the following estimate on the Lévy concentration
function:

E(ﬁﬁ)’mv, Hvl(v)\{j}HQCso,/pm) <e', VjeE|[n],YveM.
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Thus by the union bound,
IP’(EIU =T +ty € M’ such that Hgf;)m(:i + tgj)H2 < cegr/pn - t) < |M| max L(AP™y, teeg/pn)

TzHtye M’
(4.8) < [Mleg'.
Assume first that \E/—Lﬁ < 1. Using (4.4), we see that the RHS of (4.8) is bounded by
1 1 1 2 1
(4.9) — exp <—n {m log — — log 6 — log - — L log —— — 4r%(¢1 + cZ_Q]) .
€0 n €0 np 1

Shrinking, if necessary, the constants ¢, and ¢} ;, we have 1log(1/ep) > log(6/c). Choose ¢,
and ¢, small enough such that 4r%(¢; + ¢f;) < 1log(1/e¢). Finally, noting that np — oo, and
m/n > 1/2, we deduce that (4.9) is bounded by exp(—¢'n), for some small positive constant ¢

Otherwise, if \E/—Lﬁ > 1, using the facts that (n—m)/n < ¢} ; (K + R)?/(pn) and L < exp(c] pn/(K +

R)?), and choosing ¢} ; sufficiently small, and shrinking ¢/ ;, if necessary, we deduce that the right
hand side of (4.8), is bounded by

@ n+1 Cﬁ;.l\/ﬁ m
N4D L
1 n+1l—m L
= — 1) |1 1
exp< (4 1) [Og?’cczu n+1 o (Ch\/ﬁ)])
(4.10) < exp - |log —— ! — 22 €l log L + Cﬁﬁilp < exp(—c’n)
’ - cc) | AL (K+R)?|) — ’

for another small positive constant ¢”.
Therefore we have obtained that

]P(V:T: ttje M

’ggml(i' + t?j)H2 > cepgy/pn-t) > 1 — exp(—c'n),

where ¢/ = min{@,¢"}. Now we restrict ourselves on this set with very large probability. Consider
any w € Sr. By our construction of M’ there exists Z 4ty € M’, and j € [n], such that it satisfies
(4.7). Therefore, on this set of large probability we have that

[zl = |42+
= AN+ 1Dal) - (wreyony = 2l + [wren oy = lorwngll, ),
+ | lwrangll, )

2¢peq 4+/log(+/dop - 2L)
> — . .
> czoty/pn — (K + R)y/pn (5<K+R) + oL lwrll,

Recall that for w € S, C W, we have le(w)\{j}Hg > p/2. This and (4.7) imply

=22 > s illy = 522 = 22> g
5 = I(w)\{j}l2 5(K+R) 5 = 20 I(w)\{j}!l2 -

Combining this with the previous inequality, we obtain

o log(v/dop - 2L)
HA wH > /o || wigw \{J}H2<20 (K+R) VoopL )
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1/2

If % Lf > < T then ¢¢ = C\‘% In this case using the fact that L > rp™"/“, and observing that for

positive constants aq, as, the function x +— % is a decreasing function for large values of x,
we obtain

ce log(v/dop - 2L cc 4+/log(2+/dgr

20 \/60]9[1 20\” 50T

Now choosing 7 > (Cy1(K + R))?, for a sufficiently large constant Cy1 we obtain

. cc CEQP~/DPT
HA,?’ wH > /o [lwrp gl 40& 8(\)ﬁ'

Otherwise, when R \F < c\‘f, we have g = 43" 1\F Since L < exp(c] ;pn/(K + R)?), choosing ¢/ ;

sufficiently small, we have

€0 gy gyl log(voop2L) _ _ (i 4K +R) 1og(\F50p2L)>
20 dopL 2\ 20 cov/dopL
. (i _A(K+R) log(\/@M))
—"\20 ) 1V oonp

<c 4K+R \/log Voop2exp(c) ,pn/(K + R)? )))
20 €1V 0onp

o AU+ R)\log(Vap2) + ¢ pn/ (K + R>2>>

Therefore, in this case

~Dm c c
| AR ||, = o wran gyl - 560 = g5e0nvim.

Thus combining both the cases, and setting ¢4 1 = the proof is completed.

%7
]

Remark 4.5. Proof of Proposition 4.1 crucially uses e-net argument. If we allow D, to be a
complex-valued diagonal matrix in Proposition 4.1, then the sets St become subsets of the complex
unit sphere, whose real dimension is 2n — 1 instead of n — 1. hence, (4.3) changes to

M <o " B0(K + R)\ ) ) ep \ M
Cc - 7 '
> 7"2])71 +1 0P 7\/5

The reader can easily convince her/himself that |M|ej" is not exponentially small anymore. Thus
the proof breaks down in the complex case. Since the extension of Proposition 4.1 to complex-valued
D,, is quite involved, we defer it to [1] where we use it to derive the circular law.
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5. PROOF OoF THEOREM 1.1

In this section we combine the results from Section 3, and Section 4 to prove Theorem 1.1.

Proof of Theorem 1.1. Recalling that Qg = {H/_lnH < K,/np}, we note that for any ¥ > 0,
P({smin(fln +D,) <9} N QK>

(5.1) SIF’({ inf

zevVe

(A + Da)ell, < 9} 00k ) +P({ inf [|(A, + Due]|, < nivsk

where

V= S"_1\<Comp(03.1n, p) UDom(cs in, (Cs1(K + R))_4)>,
and p as in Proposition 3.1. Using Proposition 3.1 with M = c¢3.1n, we obtain that

IP( inf ||(A4, + Dn)xH2 < C31(K + R)py/np, ”A”H < K\/ﬁ) < exp(—¢s.1np).

zeVe
Therefore it only remains to find an upper bound on the second term in the RHS of (5.1). Now
using Lemma 2.4, we see that to find an upper bound of

B({ inf [|(4, + Du)e], < apQ\/g} alvy

is enough to find the same for
P({dist(Ayj, Hu ) < py/pe | N0 ) for a fixed

where A, ; are now columns of (4, + D,,) (see also Remark 2.5). As these estimates are the

same for different j, so we consider only j = 1. Let 215 be the (n — 1) x n matrix whose rows

are the columns A, »,... ,fln,n. Note that it is the matrix 21;? ™ defined in Proposition 4.1, for
m = n — 1. For ease of writing, hereafter we omit the superscript m. Let v € S"~! N Ker(AL),
where Ker(AD) := {z € R*|APz = 0}. Since

diSt(AnJ? Hn,l) > |<’U, An,1>|,
it is enough to prove that

]P’({Elv € 5" ! such that A0 = 0 and [(Ap1,0)| < pe\/ﬁ} N QK) < e +exp(—cpn/(K + R)?),

for some positive constant c. We partition ﬁ"‘l into the set of compressible and dominated vectors
and its complement again. Setting Q = (2C41(K + R))!?p~!, denote

W = 51\ (Comp(Q, p) UDom(Q, (€1 (K + R) ™)),
Then
IP’({EIU € §"! such that APy =0 and (Ana,v)| < pe\/f)} N QK>
< P({EIU € W° such that gfzv = ()} N QK)

(5.2) + ]P’({Elv € W such that APv = 0 and (Ap,v)] < pa\/ﬁ} N QK>

This time, we apply Proposition 3.1 with M = Q. It yields that the first term in the RHS of (5.2)
does not exceed exp(—¢cs.i1np). Although this proposition was proved for n x n matrices, the same
proof would work for (n — 1) x n matrices as well (see also Remark 3.9).
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Let w € W. Since w ¢ Dom(Q, (Cy.1(K + R))™%),
lwrlly > (Car(K + R)™VQ [wrw |, > 4ACa1(K + R)*p™2 [l
We also recall that, for p < ¢(K + R)™2, and a sufficiently small ¢ (see (3.14)), we have

for i € [n].

1
lwrenglly = 5|
Hence, Proposition 4.4 yields
inf D (w”“’)\{}> > (Cur(K + R)2p~Y/2 for all w € W.
lwreungiy
To estimate the second term in (5.2), decompose W as W = W U We, where
Wi = {w € W | inf D<W> < exp(d) ;pn/(K + R)2)} and Wy := W\Wji.
i€l \Jwrwy il
Decompose W7 further as

*

(5.3) Wy = U St
(Ca1 (K+R)?p~V/2<L<exp(c]. ,pn/(K+R)?)

where the % denotes that the union is taken over L = 2* for k € N. Then by Proposition 4.1,
IP’({EIU € W1 such that gﬁ)v = O} ﬂQK>

*

< Z ]P’({EIUGSL such that gﬁ%zO}ﬂQK)

(Ca1(K+R))2p—1/2<L<exp(c] ,pn/(K+R)?)

chpn
~ (K + R)?

Thus, to finish the proof of Theorem 1.1, it is enough to estimate
IP’(EIU € Wy such that APy =0 and (Ap1,v)] < 5p\/f))

~ 4.1
~exp(—can) < eXP(—Tn)-

Note that v is defined by An,g, ey fln,n, so it is independent of /_1”,1. Condition on /_ln,g, cy /_ln,n

such that v € Wy for the matrix A2 formed by these columns. We may now consider v as a fixed
vector satisfying

inf D<()\{j}> > exp(c] pn/(K + R)?).
g€t \JJvron gl

Let A, ( MUY be vector obtained from Ap1 by keeping the coordinates corresponding to the set

I(v )\{1} Since v ¢ Comp(M, p), we have Hvlv \{1}H2 > p/2. Thus using Proposition 4.2 we
obtain that

P(I(Ana,0)] < pvp) < supP([(A P vrion ) — o] < eovP)

1
S 204.2 €+
( NNy, HUI@)\{l}Ha))

) ! pn
<2049 <e t exp(—cj 1pn/(K + R)2)> < 20426 + exp <_2([é1+m2> ’
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where the last inequality here follows from the assumption p > lo%. Replacing € by £/(2Cy.2), we
obtain

P([{An1,v)| < (2C1.2) "epy/p) < e +exp K+ R2)’
which completes the proof of the theorem. O

6. ESTIMATES OF THE SPECTRAL NORM

In this section we prove bounds on the spectral norm of sparse random matrices with heavy-tailed
entries (Theorem 1.4) and with sub-Gaussian entries (Theorem 1.7). Building on those theorems
we complete the proof of Corollary 1.5 and Corollary 1.8. We then provide an outline of the proof
for the spectral norm of sparse random matrices, with entries satisfying (1.9), in Remark 6.3.

To prove Theorem 1.4 we use the following result of Seginer [20].

Theorem 6.1. (Seginer) Let A,, be a random matrix with i.i.d. centered entries whose columns are
denoted by Ap 1, ..., Anpn. Then, there exists an absolute constant Cs 1, such that for1 < q < 2logn

E [ An[|* < C 1 Emax || Aj a3
J€ln]
Proof of Theorem 1.4. Fix t > 1. Then Markov’s inequality yields

1 e < Bl g
Pl > tvip) < G gy < (tm> r

Hence, using the fact that p = Q(n™%), and using the definition of ¢, we have

K\ K\*
6.1 P(3i, j h that |a;;| >t <n?. p<C =
(6.1) (i, 7 € [n] such that |a;;| > t\/np) <n (t\/@> p < (t)’

for some constant C’, depending only on a. Now setting y;; = a;; - 1(|asj| < t\/np), we define the

random variables ) )
Jo— Yij _E Yij '
K 2t /np 2t /np

Upon observing ¢ > 4, we note that

1 4
Ezj; =0, JEz?j < <2t\/17p> -Bp, and |z;| <1 as.,

for some constant B, depending only on the fourth moment of {¢; ;}. Then by Bennett’s inequality,
for any s > 1,

n n 2 2
2 2,2 Yij Yij 2
=1 =1 v
=P (f: Zij > s2>
= ij =
=1

52 82 —s2/8
< ~Z og | ——— || < (8B 124 A
= oXp [ 8 08 ZnEzin - ( y np)
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Recalling that p = Q(n~%), we obtain that for some positive constants ¢ and C, depending on «,
and the fourth moment of {§; ;},

n 782

P (Elj € [n] such that Z yfj > 852t2np> <n (8Bilszt4np) /8
=1

< n—(l—a)52/8+1 < n—652

for all s > C. Therefore,
n
P (Elj € [n] such that Za?j > 882t2np>
i=1

B\9
<pes g P(3i,j € [n] such that a;; # yi5) < n=e’ ¢ (t) .

Let 7 < ¢, and choose 8 > 0 so that {3 > r. Setting s = B/A+8) ¢ = 71/A+48)  we conclude that
for any 7 > C1+A)/B,

P (3j € [n] such that HAJWHQ > 271\/np) <n~
Upon using integration by parts from the last inequality we deduce Emax;cp, |45 < C(/mp)",

28/(1+8) + O K1/ (+8),

for some C' depending on «, K,r, and the fourth moment of {¢; ;}, which in combination with
Seginer’s theorem proves part (i).

To prove (ii), take p € (r,q), and let £ be a symmetric random variable such that P(|{| > t) ~¢77
as t — oo. Let &, i,j € [n] be independent copies of &.
By Chernoff’s inequality, for any ¢ € (0,1) there exists positive constants ¢/, ¢” such that

n
P Z dij < en’p | < exp(—cn?p) < exp(—c'n*™%).
ij=1

Now conditioning on the event E that > 1",

P ('ma[x} la;j| < t\/np‘E>
i,j€n

< (1 — C’(251/7”L;t7)_p)0p712 <exp (—C(t,/np)_pcpn2) < exp (—C't_pn_p(l_a)/2+2_a> ,
where €/ = Cc. Removing the conditioning, we obtain
P(||An]| < ty/np) < P(max aig| < ty/np)
1,j€[n

< exp <_Clt—pn7p(lfa)/2+27a) + exp(_c//ana)?

0ij > cn?p, we see that for a sufficiently large ¢,

Setting t = n” for some v > 0 such that

11—«
1) V+T <2-«

completes the proof. O
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Since in Theorem 1.1 we consider matrix with i.i.d. off-diagonal entries, and zero diagonal entries,
we cannot directly apply Theorem 1.4 to prove Corollary 1.5. If we are able to show that ||A,| =
O(y/np), with large probability, then conditioning on A,, we can complete the proof of Corollary 1.5.
To prove ||A,|| = O(y/np), with large probability, we note that the operator norm of any diagonal
matrix is the maximum of its entries. Thus the proof completes using Markov’s inequality, and the
union bound (for example, one can proceed as in (6.1)).

Proof of Theorem 1.7. Let fgj, i,j € [n] be independent copies of &j, 4,7 € [n], and let A), and
B,, be the matrices with entries a;j = 51’;‘52/-]', and b;; = 0;j1;j, respectively, where n;; 1= &; — fgj.
Further let us denote by E¢ the expectation with respect to &, conditioned on 4 := (5z’j>z‘,je[n}- Let

q > 1 be an even integer. By Jensen’s inequality,

(6.2) E¢ | An]l? = E¢ [|[An — Eg AL ||* < By [|Ball?
! is a sub-Gaussian random

Let gij, 4,7 € [n] be independent N (0, 1) random variables. Since &;; —&};
variable, there exists a constant C; > 0, depending on the sub-Gaussian norm of {;;}, such that
Eln;;|?7 < E|C1g45]? for all ¢ > 1. Let W), be the n x n random matrix with entries w;; = 0;;0;;-
Since

(6.3) E, || Bal < EyTr ((B.B;)"?).

where the last expression is a polynomial of the even moments of 7;; with non-negative coefficients,
we have that

(6.4) E,Tr ((BnB;)’W) < CYE,Tr ((ang)qﬂ) < 9k, |[W°.

The last inequality above uses that Tr ((WnW;)q/ 2) = > i1 )\g/ 2(I/V,LVV;{), and all eigenvalues
A (W W) satisfy [ A (W, W) < [[Whl[.
To estimate E |[WW]|?, we use the following recent result of Bandeira and van Handel [2].

Lemma 6.2 ([2, Theorem 3.1]). Let X be a n x m rectangular matriz with X;; = b;jg;;, where g;;
are i.i.d. N(0,1). Let

01 := max E b?-, 09 := max g b2, 0, :=max |bij .
i — j — i
J K]

ox\/1og(n A m)} ,

Then

E| X[ <(1+e)o1+02+
%1 < ( >{1 ot
for any € € (0,1/2).

First, let us denote €2 to be the event that for all i € [n],

z”: ;5 < Cpn and Zn: §;; < Cpn,

J=1 Jj=1

for some C' > 2. Since p > C 107% by Chernoff’s inequality, and using the union bound, we see that
we can choose the constant Cy large enough, such that P(2¢) < =", for some ¢ > 0, depending

only on Cy. Assuming that § € Q and conditioning on §, using Lemma 6.2, we have

E[||[W,] ]| 6] <2 <\/C’pn+(]*\/logn> < +/C'pn,
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where C* is some absolute constant , and C’ = 4(C*)?C. Conditionally on §, ||W,|| can be viewed

as a 1-Lipschitz function on R equipped with the standard Gaussian measure. Using the Gaussian
concentration inequality (for example, see [14]), we obtain

P([Wall > E[[Wa] | 8] +¢ | 8] < Cexp(—c't?)
for some absolute constants C ,c >0, and any t > 0. Hence,

E, Wl < (C'pn)? + / gsT B [[Wa| > s | 8] ds
VC'pn

< (C'pn) "% + (C" q)7/?,

for some absolute constant C”. Setting ¢ = pn (or taking the closest even number), we see that
this inequality in combination with (6.2), (6.3), and (6.4) yields

Eg | Ap|P" < n- (Copn)P/? < (C3pn)P?,

to absorb the factor n, and C5 is a positive constant depending

where we used the condition p > k’%

on Cp and the sub-Gaussian norm of {§;;}. Now if we choose C.7 > C3, then Markov’s inequality
implies that for any § € €, there exists a small positive constant ¢; 7, depending on Cy 7, such that

P[||Anl > Cr7y/pn | 6] < exp(—ci.7pn).

Finally, shrinking c¢; 7 further we have
P(4nll 2 Crrv/pn) < maxP[|[An]| 2 Crzy/pn | 8] + P(2°) < exp(—cr7pn).

This completes the proof. ]

We have already seen that we cannot apply Theorem 1.1 and Theorem 1.7 directly to prove
Corollary 1.8. We also need to show that ||A,| = O(,/np), with large probability. This can be
done very easily repeating steps in the proof of Theorem 1.7. We omit the details. Then proceeding
as in the proof Corollary 1.5, we complete the proof of Corollary 1.8.

Remark 6.3. One can extend the results of Theorem 1.7 for random variables satisfying (1.9). To
this end, we will use the following result of Latala [12].

Lemma 6.4. Fiz ¢ > 1, and let {(;}}'_, be i.i.d. copies of a non-negative random variable (. Then

n 1/s
3¢ ~sup{‘j (Z) Il s mae (1, 7) < s < q}.
=1

Fixing ¢ = logn, for each j € [n], we apply the above result for (; = 12 ;0i,5. Thus denoting A, ;

to be the j-th column of A, we have
np 1/s
< sup Clogn< ) sl 1<s<logny,
g

n
2
E @J&J
i=1
1

for some absolute constant C. Analyzing f(s) := < log (Jgpn) + (28 —1)log s, for s € [1,logn|, we
note that

q

140,51, 15, =

q

1
2 np np logn _
N A M e
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if np = Q((logn)??). Thus applying Seginer’s theorem now for ¢ = 2logn we get that

o)

n

Bl = O, when p =
Finally applying Markov’s inequality we get that for every s > 0, there exists K := K(s) such that
P(|Au]) > K /iip) < n".
7. PROOF OF THEOREM 1.11

In this section we prove Theorem 1.11. Since the entries of the adjacency matrix of an Erdds-
Réyni graph have non-zero mean, we first extend Theorem 1.1 to allow non-centered random
variables.

Theorem 7.1. Let A, be an n x n matriz with zero on the diagonal and has i.i.d. off-diagonal
entries a; ; = 0; ;& j, where ; ;, 1,7 € [n|,i # j, are independent Bernoulli random variables taking
value 1 with probability p, € (0,1], and & ;, i,j € [n],i # j are i.i.d. random variables with unit

variance, and finite fourth moment. Fiz K > 1, and let Qp = { HATI — E/InH < K, /npn}. Further

fir R > 1 and let Dy, be a real diagonal matriz with ||D,|| < R\/np,. Then there exist constants
0<cr1,6r4,Cr1,Cr1 < o0, depending on K, R, and the fourth moment of &; j, such that for any
>0, and

(7.1) P> @,
= log(1/pn)\ [Pn A
P<{5min("4n + D,) < Cricexp (CTllog(npn) ;} ﬂ Q)| <e+ eXP(*Cé.lnpn)

The key ingredients in the proof of Theorem 1.1 are Proposition 3.1, and Proposition 4.1. Thus to
prove Theorem 7.1, we need analogues of Proposition 3.1 and Proposition 4.1 for the non-centered
case. To this end, we start with the following generalizations of those two results. Before stating
these results, for the ease of writing, let us denote p := E§; ;, and let U] to be the m x n matrix
of all ones. Note in passing that |u| is bounded in terms of the fourth moment of ¢; ;. Now we are
ready to state the results.

Proposition 7.2. Let A,,D,,K, and p be as in Theorem 7.1. Define ﬁ?’m, A, and Sp as
in Proposition 4.1. Fix a vector y € R™, and r > 1. Then there exist small positive constants
11,k 5,72, and a large positive constant Cr2, depending on the fourth moment of &ij, K and
R, and small positive constants ¢7.2,¢% 4, % 5, depending on the fourth moment of &, K, R, and
also on r, such that, if r > (C72(K + R))?, then for rp~'/? < L < exp(ciypn/(K + R)?), m >
n —c (K + R)?/p, we have

IP’( insf (APm — pU™ )0 — yH2 < C7.2pe0+/pn and HEE’” - E&?m” < K,/pn) < exp(—c¢r.an),
vESL
where

g0 = min(cr2/v/7, chov/n/L).

Proof. Recall that the proof of Proposition 4.1 is based on an estimate on the Lévy concentration
function, followed by a special eg-net argument. That required estimate on the Lévy concentration
function follows from Proposition 4.3, the key to which is Proposition 4.2. Since, Proposition 4.2
does not require the zero mean condition, it continues to hold in this set-up, and therefore so does
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Proposition 4.3. Furthermore, we note that the Lévy concentration function is not affected by the
translation of a fixed vector. Therefore, Eqn. (4.2), can be strengthened to the following,

~ 1 m
L ((A? — pupU;" v y,s 1nf v ) < (6 + — ) ,
H 1z Vo - VP infjep D(ongy/ long )

for any I C [n]. The remaining part of the proof of Proposition 4.1 uses e-net argument. To
carry out the same argument here, we need to bound on the operator norm of the matrix under
consideration, i.e. we need a bound on || AY™ — ;pU™||. However, noting that upU™ —EA, = upl,,
the required bound is immediate on the event || A5"™ — EAD™|| < K v/Pn. The rest of the argument
remains exactly same, and hence we omit the details. O

Now we turn to find an analogue of Proposition 3.1 in the non-centered case. Recall that the
proof of Proposition 3.1 can be split into two major parts. In the first part we control the infimum
over very sparse vectors (and vectors close to those sparse vectors) by showing that there are large
blocks inside A,, which have only one non-zero element per row, and in the second part, where we
focus on moderately sparse vectors, the proof is carried out by obtaining necessary estimates on the
Lévy concentration function and an e-net argument. To extend Proposition 3.1 in the non-centered
set-up, one would like to extend this scheme for A,, —EA,,. The first part of the proof of Proposition
3.1, in particular Lemma 3.2, crucially uses the fact that the entries of A4, are of the form &ij0ij
where 0; ; ~ Ber(p), and {¢; ;} are centered random variable with unit variance. However, the
entries of A, — EA,, do not have this required product structure. So, one cannot directly extend
Proposition 3.1 in this case.

We overcome this obstacle by using a “folding” trick. More elaborately, given any A,, a n x n
matrix, we construct two [n/2] x n matrices, denoted hereafter by AL and 121%2), consisting of
the first |n/2], and the next |n/2] rows of the matrix A,, respectively. Further, denote A, :=
AD — 4D, Using the triangle inequality, one can note that ||A,z[3 > §||Anx||2. Therefore, it
is enough to control the infimum of ||A,z||2. As we will show below, the advantage of working
with A, is that its entries have the required product structure. Therefore, one can hope to use the
ingredients of the proof of Proposition 3.1 to obtain the necessary lower bound on the infimum.
However, we should note that the number of rows of the matrix under consideration is reduced by
one half from the centered case, which worsens the probability bounds. Nevertheless, we can carry
out the above approach for treating sparse vectors as well as the vectors close to sparse since the
sizes of the nets for such sets depend on the size of the support which is much smaller than n.

Before formally stating the result, let us introduce one more notation: For D,, a n x n diagonal

matrix, define D(l) and D) to be the matrices consisting of the first [n/2|, and next |n/2] rows

of D,,. Further, denote D, = 15,(11) — 157(12). Now we are ready to state the result for compressible
and dominated vectors.

Proposition 7.3. Let A,,,D,, K, and p be as in Theorem 7.1, and Lo be as in Proposition 3.1.
Then there exist constants 0 < c7.3,¢7.3,Cr.3,C73,C73 < 00, depending only on K,R, and the
fourth moment of {&;}, such that for any p~! < M < c7.3n,

P(3z € Dom(M, (C73(K + R))~*) U Comp(M, p)
H(An n ﬁn>xH2 < Cr3(K + R)py/mp and || Ay < K/pn) < exp(—cr.3pn),

where p = (C75(K + R)) %6,
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Proof. We proceed as in the proof of Proposition 3.1. As in the proof of Proposition 3.1, we first
need to control infimum over vectors close to 1/(8p)-sparse vectors. That is, we need to show that
there exists some constants 0 < ¢,C,C < oo, depending on the fourth moment of §; ;, K, and R,
such that

P(3z € Dom((8p) ", (C(K + R))™) such that H(An + ﬁn)xHQ < (C(K + R))™ /np

and ||A,| < K./pn)
(7.2) < exp(—cpn).

The analogue of (7.2) in the proof of Proposition 3.1 crucially uses Lemma 3.2. We therefore need
to find a version of Lemma 3.2 applicable to A,,. To this end, we show that the entries of A, have
the required product structure.

Define i.i.d. random variables HA” € {1,2,3} independent of A,, such that

]P)(QZ] = 1) = P(Qﬁj = 2) = ;_Z and ]P(Hi,j = 3) = 2’%})
Set R

§ig =i Vg, o1 = Sitinsaly - Lo, =0 T (Gig = it lns2)4) - 16, =5
Let {3”} be another family of i.i.d. Bernoulli random variables independent of A,, taking value 1
with probability p(2 —p). Then the random variable G; j = 6; ;& j — it |n/2),j€i+|n/2),; has the same
distribution as 5”5” and these entries are independent for all ¢,j. This is the desired product
structure, and therefore we can proceed as in the proof of Lemma 3.2.

More elaborately, recall that the key to the proof of Lemma 3.2 is bounds on P(i € I*(J)), and
P(i € 1°(J")) for any i € [n] (for example, see (3.1) and (3.3)). We have the same inequalities here,
using the product structure shown above. Now applying Chernoff’s inequality, and proceeding
same as there we obtain the an analogue of Lemma 3.2 for A,. The only difference from Lemma
3.2 is that the constants appearing there get reduced by one half, as we now have a matrix with
|n/2] rows, instead of n rows.

Equipped with this analogue of Lemma 3.2 we then proceed as in the proof of Lemma 3.3.
Considering the case p > (1/4)n~1/3, similar to (3.7) we obtain

[Ans Daga = 32 3 f(Au+ Doy

kesupp(z) i€k

To get rid of D,, from the above expression, we lower bound the sum over ¢ € I by a sum over
i € I\supp(x), where supp(z) := {j € [n/2] : &j # 0, or T4 |n/2] # 0}. Since [Supp(z)| < |11/,
we can proceed as in (3.8), and obtain that

2 .

A ) C3.2PN C3.2pN
[ T DI SR [ 1 S
kesupp(z) i€ I}, \supp(z) kesupp(x)

Next, repeating the same steps as in Lemma 3.2, we establish (7.2). Proof of (7.2), when
% < p < (1/4)n~1/3 requires a similar adaptation. Details are omitted.

We then need to extend (7.2) for Comp((8p)~!, p) vectors, and this can be done repeating the
proof of Lemma, 3.4. Finally one needs to extend (7.2) for Dom(M, (C(K + R))™*) vectors, where
p~! < M < cn, and ¢,C are some positive constants. For A, this was done in Lemma 3.8
using Lévy concentration function, e-net argument, and the union bound. The estimate on the
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Lévy concentration function in Corollary 3.7 was derived from Lemma 3.5. Note that Lemma 3.5
continues to hold for A,. This implies we also obtain Corollary 3.7 for Ay, except for the constants
appearing there are decreased by one half, as A, has only [n/2| rows. Shrinking c7.3, as needed,
we also argue that the e-net here is not too big. Therefore, one can carry out the same steps as in
Lemma 3.8 to complete the proof. We omit the details. O

Next we combine Proposition 7.3 and Proposition 7.2 to prove Theorem 7.1.

Proof of Theorem 7.1. As noted in the proof of Theorem 1.1, for any 9 > 0,
P({smin(An + Da) < 9} N Q)
<P({ inf [[(4.+Duall, <0} N Q) +B({ int [[(A,+ Da)all, <9} N Q)
where Qp = {HAn — IE/LLH < K./np},
V.= S”_1\<Comp(07,3n, p) UDom(c73n, (Cr3(K + R))_4)>,

and p as in Proposition 7.3. Now note that using triangle inequality we have that Hfl H < 3K./np
on the event Q. Next we observe that [|(Ay + Dp)z[3 > [|(AY) + DSY)a|3 + (AP + DIP)a|)3

for any = € R", and therefore we deduce that v/2||(4, + Dp)z|2 > ||(A, + Dy)z|]2. Thus applying
Proposition 7.3 we obtain that

P( 1611‘5c H([ln + Dn)acH2 < C73(K + R)py/np and Hfln — E[lnH < K\/pn) < exp(—¢r7.3pn).
It therefore remains to bound

P({ inf || (4, + Da)all, <9} N Q).

zeV
To this end, proceeding as in the proof of Theorem 1.1 we note that we need to bound

P = IP’({EI@ € W° such that Z{?v = O} N QK>
and
po = ]P’({Ev € W such that ﬁ,’?v =0 and |(A,1,v)] < pe\/ﬁ} N QK>,
where Q = (C72(K + R))!?p~!, and
W = 51\ (Comp(Q, p) UDom(Q, (Cs.1(K + R))™)).

To bound p; we again apply the same folding argument to the matrix AD That is, we define the
matrix Am from the matrix Am, and then apply Proposition 7.3. To bound ps, as in the proof of
Theorem 1.1, we decompose W into W; and W, where

Wy = {w € W inf D<W> < exp(ci opn/(K + R)Q)} and Wy := W\Wj.
i€l \Jwrwy gl
As in the proof of Theorem 1.1, we show that the probability that there exists v € W; such that
E}Z v = 0 is small. To this end, we decompose W7 in the union of the sets Sy, as in (5.3). We will
show that

]P( inf

vEST,

~ Cr 2pE0/PT ~ ~ c
AS’WUH2 < w and HAE’m —IEAS’mH < K,/pn) < exp (_07,2271) .
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To establish this bound, we combine Proposition 7.2 with an additional e-net argument. Note that,
the set upU™S™~! is contained in the interval of length n®M in the direction of 1, where 1 is the
vector of ones of length m. This interval has a small net. Let Y, := {71 : |y| < /np|p|}. We claim
that

]P’( inf inf

(gp,m 1pU™ ) y” 07 2050\/]9”
yEVnvesy 1T " 2

EADmH < K )

7.2
<ex —n].
<o (- 52n)
To see this first note that, using triangle inequality we can deduce

in (ADm —upUmv—y’!u <y =v',-

vEST,

— ,
(A ™ — ppUy" v — yH2 ~ nf

Choose an M-net Y, of the set V. We proceed by applying Proposition 7.2 for y € Y, and
taking the union bound. Recalling the definition of ¢, and using the fact that L < exp(c? opn/(K+
R)?), where K, R > 1, we note that ym < exp( #). Thus shrinking ¢ ,, if necessary, the claim
now follows from a union bound.

We further note that

inf inf
yeyn 'UGSL

— .
(A" = ppUy")v — yH2 < jnf

AE’mUH
2

which establishes the claim.
The infimum over Wy is dealt with using the Lévy concentration function. This part remains
the same. This yields the desired bound on ps completing the proof.
O

We now apply Theorem 7.1 to prove Theorem 1.11.

Proof of Theorem 1.11. Recall that the adjacency matrix Adj,, of a directed Erdds-Réyni graph
with edge connectivity probability p, is a matrix with zero diagonal, and has i.i.d. off-diagonal
entries a; j ~ Ber(p). So, if we are able to express a;; as a product two random variables &; ;, and
d; j, where &; ; is a random variable with unit variance, and bounded fourth moment, and J; ; is a
Bernoulli random variable, then we can use Theorem 7.1 to obtain the desired result. To this end,
we split the proof into two different cases, p < 1/2 and p > 1/2.

First let us consider the case p < 1/2. There we note that a; ; has the same distribution as &; ;; ;
where & j ~ Ber(1/2), and 0; ; ~ Ber(p) with p = 2p. Thus applying Theorem 7.1, we obtain that,
there exist constants 0 < ¢, ¢, C,C < 0o, depending only on K and R, such that for

and any € > 0,
. og(1
P <Smin(Adjn + D) < Ceexp ( logg n/]f > \/> |Adj,, — EAdj, || < Kyn >
< e+ exp(—cnp).
Thus it only remains to show that there exists K > 1 such that

P(|Adj, — EAdj, || = Kv/pn) < exp(—copn),
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for some small positive absolute constant c¢g. Using the triangle inequality, we see that it is enough to
prove the same for A,, with i.i.d. entries a; ; ~ Ber(p). Since the function ||A,, — EA,||, when viewed

as a function from R™ to R is a 1-Lipschitz, quasi-convex function using Talagrand’s inequality
(see [5, Theorem 7.12]) we note that

(7.3) P (|| An — EA,l| = M| > 1) < 4exp(—£2/4),

for all ¢ > 0, where M, is the median of ||4,, — EA,||. From (7.3), using integration by parts one
also obtains that |E |4, — EA,| —M,| < Cy, for some absolute constant Cy. Thus it only remains
to show that E ||A,, — EA,|| < C1,/np, for some another absolute constant C'.

Turning to prove the above, we use Seginer’s theorem. Since for every i,j € [n],

Var[(a;; —p)’] < El(ai; —p)'] <p(l=p), and |(ai; —p)* = El(aij —p)*)| <2,
using Bennett’s inequality, we obtain that there exists some ¢y > 0, and a small positive constant
c”’, such that
P(||Ajn — EAijg > tnp) < exp(—c"tnp),
for all t > tg. Now using the union bound, and integration by parts, upon applying Seginer’s
theorem, we obtain E || A4, — EA,| < Cyy/np. This completes the proof of the theorem for p < 1/2.

For p > 1/2 we cannot use the same trick as above to produce the desired product structure.
Instead, we note that 1 — a; ; ~ Ber(1 — p). We use this observation to create the desired product
structure. More precisely, we denote A/ to be the matrix with zero diagonal, and has i.i.d. off-
diagonal entries 1 — a; ;. Then, we have A,, + D,, = U,, + D!, — Al,, where D!, is another diagonal
matrix such that (D},);; = (Dp)i;— 1, for i € [n], and U, is the n x n matrix of all ones. Therefore,
now it is enough to find quantitative estimates on the smallest singular value of U,, + D!, — A}
where the entries of A, have the desired product structure. Due to the presence of U, we cannot
directly apply Theorem 7.1 here. However, rank(U,,) being one, the set U,S™ ! admits an e-net
of small cardinality. Therefore, we can modify the proof of Theorem 7.1 accordingly.

Indeed, recall that the proof of Theorem 7.1 can be broadly divided into two parts. In the first
part we control the infimum over compressible and dominated vectors (see Proposition 7.3), and
in the second part we consider incompressible vectors (see Proposition 7.2). Since in Proposition
7.3, we use folding trick we do not feel the presence of U,,. There, the proof remains unchanged.
In Proposition 7.2 it calls for an additional e-net. Since the cardinality of such a net is small,
it does not ruin the proof, and it only worsens the constants. Thus the proof of this theorem is
complete. O
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