DELOCALIZATION OF EIGENVECTORS OF RANDOM
MATRICES WITH INDEPENDENT ENTRIES

MARK RUDELSON AND ROMAN VERSHYNIN

ABSTRACT. We prove that an n X n random matrix G with independent entries
is completely delocalized. Suppose the entries of G have zero means, variances
uniformly bounded below, and a uniform tail decay of exponential type. Then
with high probability all unit eigenvectors of G have all coordinates of magnitude
O(n_l/ 2), modulo logarithmic corrections. This comes a consequence of a new,
geometric, approach to delocalization for random matrices.

1. INTRODUCTION

This paper establishes a complete delocalization of random matrices with in-
dependent entries. For an m x n matrix G, complete delocalization refers to the
situation where all unit eigenvectors v of G have all coordinates of the smallest
possible magnitude n~'/2, up to logarithmic corrections. For example, a ran-
dom matrix G with independent standard normal entries is completely delocal-
ized with high probability. Indeed, by rotation invariance the unit eigenvectors
v are uniformly distributed on the sphere S”~!, so with high probability one has
|v]|oo = max;<y |vi| = O(y/log(n)/n) for all v.

Rotation-invariant ensembles seem to be the only example where delocalization
can be obtained easily. Only recently was it proved by L. Erdds et al. that general
symmetric and Hermitian random matrices H with independent entries are com-
pletely delocalized ([10), 11, 12 14} 29], see also surveys [I3], [4]). Delocalization
properties with varying degrees of strength and generality were then established for
several other symmetric and Hermitian ensembles — band matrices [5l 6, [9], sparse
matrices (adjacency matrices of Erdos-Renyi graphs) [7, 8], heavy-tailed matrices
[2, 1], and sample covariance matrices [3].

Despite this recent progress, no delocalization results were available for non-
Hermitian random matrices prior to the present work. Similar to the Hermitian
case, non-Hermitian random matrices have been successful in describing various
physical phenomena, see [16, [17, 20, [I5, B0] and the references therein. The dis-
tribution of eigenvectors of non-Hermitian random matrices has been studied in
physics literature, mostly focusing on correlations of certain eigenvector entries, see
[23, [19].

All previous approaches to delocalization in random matrices were spectral. De-
localization was obtained as a byproduct of local limit laws, which determine eigen-
value distribution on microscopic scales. For example, delocalization for symmetric
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random matrices was deduced from a local version of Wigner’s semicircle law which
controls the number of eigenvalues of H falling in short intervals, even down to
intervals where the average number of eigenvalues is constant [10) 111, 12, [14].

In this paper we develop a new approach to delocalization of random matrices,
which is geometric rather than spectral. The only spectral properties we rely on
are crude bounds on the extreme singular values of random matrices. As a result,
the new approach can work smoothly in situations where limit spectral laws are
unknown or even impossible. In particular, one does not need to require that the
variances of all entries be the same, or even that the matrix of variances be doubly-
stochastic (as e.g. [14]).

The main result can be stated for random variables £ with tail decay of exponential
type, thus satisfying P {|¢| > t} < 2exp(—ct®) for some ¢, > 0 and all ¢ > 0. One
can express this equivalently by the growth of moments E [£[P = O(p)?/® as p — oo,
which is quantitatively captured by the norm

€l 1= supp™/*(EJ¢[")P < oo.
p=>1

The case o = 2 corresponds to sub-gaussian random Variablesﬂ It is convenient to
state and prove the main result for sub-gaussian random variables, and then deduce
a similar result for general a > 0 using a standard truncation argument.
Theorem 1.1 (Delocalization, subgaussian). Let G be an n x n real random matriz
whose entries G;j are independent random variables satisfying EG;; = 0, EG% >1
and ||Gijll¢, < K. Let t > 2. Then, with probability at least 1 —n'~*, the matriz G
is completely delocalized, meaning that all eigenvectors v of G satisfy

C't3/2 logg/2 n

——||v]|2-

[0]o0 <

Here C depends only on K.

Remark 1.2 (Complex matrices). The same conclusion as in Theorem holds for
a complex matrix GG. One just needs to require that both real and imaginary parts
of all entries are independent and satisfy the three conditions in Theorem
Remark 1.3 (Logarithmic losses). The exponent 9/2 of the logarithm in Theorem|L.1]
is suboptimal, and there are several points in the proof that can be improved.
However, such improvements come at the expense of simplicity of the argument,
while in this paper we aim at presenting the most transparent proof.

Remark 1.4 (Dependence on sub-gaussian norms ||Gjj||y,). The proof of Theorem
shows that C' depends polynomially on K, ie., C < 2K for some absolute
constant Cy. This observation allows one to extend Theorem [I.1] to the situation
where the entries G;; of G have uniformly bounded v,-norms, for any fixed o > 0.

Corollary 1.5 (Delocalization, general exponential tail decay). Let G be an n x n
real random matriz whose entires G;; are independent random variables satisfying
EG;; =0, EGZZJ > 1 and ||Gijllp, < M. Lett > 2. Then, with probability at least
1 —n'~t, all eigenvectors v of G satisfy

CtPlog" n

Nl

IStandard properties of sub-gaussian random variables can be found in [31] Section 5.2.3].

[0]lo0 <
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Here C, 3, depend only on o > 0 and M.

1.1. Outline of the argument. Our approach to Theorem is based on a di-
mension reduction argument. If the matrix G has a localized eigenvector, it will
be detected from an imbalance of a suitable projection of G. As we shall see, this
argument yields a lower bound on ||(G — zI)v||2 that is uniform over all unit vectors
v such that [|v]|e > 1/4/n. This shows that even approximate eigenvectors of G
are completely delocalized.

Let us describe this strategy in loose terms. We fix z and consider the random
matrix A = G — zI; denote its columns by A;. Consider a projection P whose
kernel contains all A; except for j € {jo} U Jo, where jo € [n] and J C [n]\ {jo} are
a random uniform index and subset respectively, with |Jo| = I ~ log'®n. We call
such P a test projection. By its definition, triangle inequality and Cachy-Schwarz
inequality, we have for any vector v that

n
| Avll> > |PAu]z = | ZlijAsz = i Pas, + > 0 PA;
J= JeJo

/ /
> o l[1PA s — (3 ) (3 124518)

Jj€Jo Jj€Jo

Suppose that v is localized, let’s say ||v||so > 1?/+/n. Using the randomness of jg
and J, with non-negligible probability (around 1/n) we have |v;| = ||v]|ec > 12/v/n
and (3¢, [v;|2)1/2 < \/1/n. On this event, we have shown that

l

vn

It remains to estimate the magnitudes of ||PAjl2, j € {jo} U Jo. What helps us
is that the test projection P can be made independent of the random vectors A;
appearing in . What hinders our efforts is that the random vectors A; are not
centered. Indeed, since A = G — zI, we have A; = Gj — ze; where e; denote the
standard basis vectors. It is not clear what contributes more to the norm of PA;,
the random part PG or the diagonal part Pe;.

The magnitude of the random part PG is easy to estimate; using concentration
of measure one has ||[PG|||2 ~ v/ with high probability. But the magnitude of the
diagonal part || Pejl|2 is challenging; this might be as difficult as the original delocal-
ization problem. Instead of estimating || Pe;||2, we will compare these magnitudes

with each other directly. This will require a careful construction of a test projection
P.

The rest of the paper is organized as follows. We recall some known linear al-
gebraic and probabilistic facts in Section [2} In Section [3| we rigorously develop the
argument that was informally described above. It reduces the delocalization problem
to finding a test projection P for which the norms of the columns Pe; have similar
magnitudes. In Section {4 we shall develop a helpful tool for estimating || Pe;l|2,
an estimate of the distance between anisotropic random vectors and subspaces. In
Section [5, we shall express || Pej||2 in terms of such distances, and thus will be
able to compare these terms with each other. In Section [] we deduce Theorem
and discuss its more stable version for approzimate eigenvectors. Finally, Appendix
contains auxiliary results on the smallest singular values of random matrices.

l2
[Av|[2 2 7 1P Ajoll2 — max [P Ajll2- (L.1)
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2. NOTATION AND PRELIMINARIES
We shall work with random variables & which satisfy the following assumption.

Assumption 2.1. £ is either real valued and satisfies
EE=0, E&>1, [y, <K, (2.1)

or & is complex valued, where Re& and Im & are independent random variables each

satisfying the three conditions in ([2.1]).

We will establish the conclusion of Theorem [L.1] for random matrices G with
independent entries that satisfy Assumption 2.1l Thus we will simultaneously treat
the real case and the complex case discussed in Remark

We will regard the parameter K in Assumption|2.1]as a constant, thus C, C1, ¢, c1, . ..
will denote positive numbers that may depend on K only; their values may change
from line to line.

By Ex, Px we denote the conditional expectation and probability with respect
to a random variable X, conditioned on all other variables.

The orthogonal projection onto a subspace E of C" is denoted Pg. The canonical
basis of C" is denoted e, ..., e,.

Let A be an m x n matrix; ||Al| and || A|lus denote the operator norm and Hilbert-
Schmidt (Frobenius) norm of A, respectively. The singular values s;(A) are the
eigenvalues of (A*A)!/? arranged in a non-increasing order; thus s;(4) > --- >
sr(A) > 0 where r = min(m, n). The extreme singular values have special meaning,
namely

s1(A) = |l = max [|Azll2, sm(A) = |AT|7 = min [[Az]s (ifm>n).

zesnt zesn—1
Here AT denotes the Moore-Penrose pseudoinverse of A, see e.g. [18]. We will need
a few elementary properties of singular values.

Lemma 2.2 (Smallest singular value). Let A be an m X n matriz and r = rank(A).
(i) Let P denote the orthogonal projection in R™ onto Im(A*). Then ||Az|s >
sr(A)||Px||2 for all x € R™.
(ii) Let r = m. Then for every y € R™, the vector x = Aly € R™ satisfies y = Az
and ylls = sm(A) . O
Appendix[A]contains estimates of the smallest singular values of random matrices.
Next, we state a concentration property of sub-gaussian random vectors.

Theorem 2.3 (Sub-gaussian concentration). Let A be a fized m x n matriz. Con-
sider a random vector X = (Xy,...,X,) with independent components X; which
satisfy Assumption|2.1].

(i) (Concentration) For any t > 0, we have

;2
P {[IlAX]l — M| >t} < 2exp ( - Hi:‘W)
where M = (E ||AX||3)"/? satisfies |Allas < M < K| Allns-
(77) (Small ball probability) For every y € R™, we have

1 CHAHQHS
— —_ < - :
P {HAX yll2 < 6(||A||HS + Hy||2)} = QGXP( | A2 )
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In both parts, ¢ = c¢(K) > 0 is polynomial in K. O

This result can be deduced from Hanson-Wright inequality. For part (ii), this was
done in [2I]. A modern proof of Hanson-Wright inequality and deduction of both
parts of Theorem are discussed in [25]. There X; were assumed to have unit
variances; the general case follows by a standard normalization step.

Sub-gaussian concentration paired with a standard covering argument yields the
following result on norms of random matrices, see [25].

Theorem 2.4 (Products of random and deterministic matrices). Let B be a fized
m X N matriz, and G be an N X n random matrixz with independent entries that
satisfy EGy; = 0, JEG% > 1 and ||Gij|lg, < K. Then for any s,t > 1 we have

P {||BG|| > C(s||Bllus + vl BI)} < 2exp(—s?r — £2n)
Here r = ||Bll}s/||B||3 is the stable rank of B, and C = C(K) is polynomial in K.

Remark 2.5. A couple of special cases in Theorem [2.4] are worth mentioning. If
B = P is a projection in RY of rank r then

P {||PG| > C(sy/r +ty/n)} < 2exp(—s’r — t*n).

The same holds if B = P is an r x N matrix such that PP* = I,.
In particular, for B = Iy we obtain

P {HGH > O(sVN + wﬁ)} < 2exp(—s2N — t2n).

3. REDUCING DELOCALIZATION TO THE EXISTENCE OF A TEST PROJECTION

We begin to develop a geometric approach to delocalization of random matrices.
The first step, which we discuss in this section, is presented for a general random
matrix A. Later it will be used for A = G — zI,, where G is the random matrix from
Theorem and z € C.

We will first try to bound the probability of the following localization event for a
random matrix A and parameters [, W, w > 0:

_ l w
Ly = {Hv € 5"t ulloe > W/~ and || Av]lz < ﬁ}' (3.1)

We will show that Ly, is unlikely for [ ~ logZn, W ~ log7/ 2n and w = const.

In this section, we reduce our task to the existence of a certain linear map P
which reduces dimension from n to ~ [, and which we call a test projection.

To this end, given an m X n matrix B, we shall denote by B; the j-th column of
B, and for a subset J C [n], we denote by B the submatrix of B formed by the
columns indexed by J. Fix n and [ < n, and define the set of pairs

A=A 0) = {(G.7): j el TS\ G} 171 =11},
We equip A with the uniform probability measure.

Proposition 3.1 (Delocalization from test projection). Letl < n. Consider annxn
random matriz A with an arbitrary distribution. Suppose that to each (jo,Jo) € A
corresponds a number I < n and an ' x n matric P = P(n,l, A, jo, Jo) with the
following properties:

(1) [Pl < 1;
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(i) ker(P) 2 {A;}jg (5010
Let o,k > 0. Letw >0 and W = 5 + ? Then we can bound the probability of
the localization event (3.1) as follows:
Pa (Lwuw) < 20y g0) Pa (Bg | (o, Jo))

where B, denotes the following balancing event:
Ba = {I1PAj 12 = allPAy, | and | PAjql2 > wV1}. (3.2)

Proof. Let v € St (jo, Jo) € A let P be as in the statement. Using the properties
(i) and (ii) of P, we have

n
lAvlle = [PAvle = | Yo v P A, = [0 PAj + 3 viPA;|
J=1 Jedo
1/2
> [ujo 1P Ajollz = (D 0312) " IP Al (3.3)
Jj€Jo

The event B, , will help us balance the norms |[PAj |2 and |[[PAy,||, while the
following elementary lemma will help us balance the coefficients v;.

Lemma 3.2 (Balancing the coefficients of v). For a given v € S~ and for random
(Jo, Jo) € A, define the event

Vo= {Ioial = el and 3 Jusf? < 2},

Jj€Jo
Then Pj, 1) Vo) > 35
Proof of Lemma[3.3 Let ko € [n] denote a coordinate for which |vg,| = ||v||ec. Then

Plio,g0) Vo) = Pjo a0) Vol do = ko) Pq,50) {Jo = Ko} - (3.4)

Conditionally on jo = ko, the distribution of Jy is uniform in the set {J C [n]\
{ko}, |J| =1 —1}. Thus using Chebyshev’s inequality we obtain

) 20 . n ]
Pionto) (Vo do = ko) =Py Y o> > P ‘Jo =ko o <5 Ex > lvil? ‘Jo = ko
J€Jo Jj€Jo
n [—1 9 9
=9 T(H’”Hz — |og,|7) <

Moreover, P(;, 7 {jo = ko} = % Substituting into (3.4)), we complete the proof. [J

N |

Assume that a realization of the random matrix A satisfies
1

Pjo,.0) (Baw | A) > 1 = o (3.5)

(We will analyze when this event occurs later.) Combining with the conclusion of
Lemma we see that there exists (jo, Jo) € A such that both events V, and B,
hold. Then we can continue estimating ||Av||2 in (3.3)) using V, and B, as follows:

21 1 /2]
4]z 2 folloolPAs ll2 = /= 1P ARl 2 (Ivlloe = =4/ =) wVE,
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provided the right hand side is non-negative. In particular, if ||v||oc > W+/I/n where
W=+ V2 then |Av|l2 > w/y/n. Thus the localization event Ly, must fail.

K a
Let us summarize. We have shown that the localization event Ly, implies the
failure of the event (3.5). The probability of this failure can be estimated using

Chebyshev’s inequality and Fubini theorem as follows:
1
Pa(Lww) <Pa (P(jOJO) {Btcxﬁ | A} > 2n>

S 271, . EA P(jO,JO) (Bg,/@ ’ A) == E(jO,JO) PA (Bg,n ’ (jOa JO)) .
This completes the proof of Proposition O

3.1. Strategy of showing that the balancing event is likely. Our goal now
is to construct a test projection P as in Proposition |3.1] in such a way that the
balancing event B, , is likely for the random matrix A = G — zI,, and for fixed
(jo, Jo) € A and z € C. We will be able to do this for o ~ (Ilog*?n)~! and & = .

We might choose P to be the orthogonal projection with ker(P) = {A;};z(010J0
in reality P will be a bit more adapted to A. Let us see what it will take to prove the
two inequalities defining the balancing event B, , in . The second inequality
can be deduced from the small ball probability estimate, Theorem [2.3(ii). Turning
to the first inequality, note that | PAy, || ~ maxjcj, || PA;||2 up to polynomial factors
in { (thus logarithmic in n). So we need to show ||PAj,||2 2 [|PA;]|2 for all j € Jy.

Since A = G — z1I,,, the columns A; of A can be expressed as A; = G; — ze;. Thus,
informally speaking, our task is to show that with high probability,

1PGjollz Z [[PGjll2,  [[Pejoll2 Z [[Pejlle for all j & Jo. (3.6)

The first inequality can be deduced from sub-gaussian concentration, Theorem [2.3]
The second inequality in is challenging, and most of the remaining work is
devoted to validating it. Instead of estimating || Pe;||2, we will compare these terms
with each other.

Later, in Proposition we will relate || Pejl||2 to distances between anisotropic
random vectors and subspaces. We will now digress to develop a general bound on
such distances, which may be interesting on its own.

4. DISTANCES BETWEEN ANISOTROPIC RANDOM VECTORS AND SUBSPACES

Theorem 4.1 (Distances between anisotropic random vectors and subspaces). Let

D be an n X n matriz with singular valuefﬂ si = si(D), and define S, = 3", s?

form > 0. Let 1 <k <n. Consider independent random vectors X, X1, Xo,..., Xp
with independent coordinates satisfying Assumption[2.1. Consider the subspace Ej, =
span(DX;)%_,. Then for every k/2 < ko < k and k < k1 < n, one has

(i) P{d(DX, Ex) < ¢Sk, } < 2exp(—c(kr — k));
(ii) P {d(DX, Ey) > CM(Sy, + \/Esk0+1)} < 2k exp(—c(k — ko).
Here M = Ckv/ko/(k — ko) and C = C(K), ¢ = c¢(K) > 0.

Remark 4.2. An ideal estimate should look like d(DX, E) =< Sy with high proba-
bility. Theorem [4.1] establishes a slightly weaker two-sided estimate. It is important
that the probability bounds are exponential in k; — k and k — ky. We will later

2As usual, we arrange the singular values in a non-increasing order.
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choose k ~ 1 ~ log?n and ko ~ (1 —6)k, k1 ~ (1+6)k, where § ~ 1/logn. This will
allow us to make the exceptional probabilities Theorem smaller than, say, n~10.

Remark 4.3. As will be clear from the proof, one can replace the distance d(DX, E)
in part (ii) of Theorem by the following bigger quantity:

k
inf{HDX — ZaiDXi , 0= (a1,...,ak), ||all2 < M}
i=1

Proof of Theorem[{.1. (i) We can represent the distance as
d(DX,Ey) = ||BX|2 where B = PpD.

We truncate the singular values of B by defining an n x n matrix B with the same
left and right singular vectors as B, and with singular values

si(B) = min{s;(B), sk, —x(B)}.
Since s;(B) < s;(B) for all i, we have BB* < BB* in the p.s.d. order, which implies

|BX| < | BX]|; = d(DX, Ey). (11)
It remains to bound ||BX||> below. This can be done using Theorem (ii):
_ _ B||?
P {|BX]2 < ¢ Blas} < 2exp ( - C”‘ B’|‘,§S). (12)

For ¢ > k1 — k, Cauchy interlacing theorem yields s;(B) = s;(B) > s;4r(D), thus

n

IBllfs = > 5i(B)* > (k1 — k)si, k(B> + > siyn(D)?
i=1 i>k1—k

= (k‘l — k‘)skl_k(B)Q + S,%l
Further, || B|| = max; s;(B) = sg,—(B). In particular, || B||%g > 5,%1 and || B /%s/ | B|I? >

k1 — k. Putting this along with (4.1)) into (4.2)), we complete the proof of part (i).
(i) We truncate the singular value decomposition D = " | s;u;v by defining

ko

n
Dy = E siuivy, D= g Siu;v; .
i—1 i=ko+1

By the triangle inequality, we have
d(DX, By) < d(DoX, Ey) + | DX 2. (4.3)

We will estimate these two terms separately.
The second term, ||[DX||2, can be bounded using sub-gaussian concentration,
Theorem (1) Since ||D|| = Sko+1 and || D||us = Sk,, it follows that

P{|DX|lz > CSk, +t} < 2exp (— ct*/sj 41), t>0.
Using this for ¢t = v/ksg, 11, we obtain that with probability at least 1 — 2 exp(—ck),

|DXl2 < C(Sy + VE st s1). (4.4)
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Next, we estimate the first term in (4.3), d(DoX, E). Our immediate goal is to
represent Dy X as a linear combination

k
DoX = a;DoX; (4.5)
i=1
with some control of the norm of the coefficient vector a = (ay, ..., ax). To this end,

let us consider the singular value decomposition
Dy = U()E()VO*; denote Py = VO*

Thus Py is a ko x n matrix satisfying PyFj = Ij,. Let G denote the n x k with
columns X1, ..., X.

We apply Theorem for the kg x k matrix PyG. It states that with probability
at least 1 — 2k exp(—c(k — ko)), we have

k—k
ko (PoG) 2 e~ 0 =: 0y. (4.6)
Using Lemma [2.2{ii) we can find a coefficient vector a = (a, ..., ay) such that
k
P()X = P()Ga = Z az‘P[)Xi, (47)
i=1
lallz < sk (PoG)HIPoX 12 < o [ PoX |2 (4.8)

Multiplying both sides of by UpXo and recalling that Dy = UpXo V" = UpXoFo,
we obtain the desired identity (4.5)).

To finalize estimating ||a|2 , recall that ||Py|%4g = tr(PoFP}) = tr(lg,) =
ko and ||Py|| = 1. Then Theorem [2.3|i) yields that with probability at least
1 — 2exp(—ckp), one has ||[PoX||2 < Cvko. Intersecting with the event (4.8), we
conclude that with probability at least 1 — 4k exp(—c(k — ko)), one has

lall2 < Cogtv/ko =: M. (4.9)

Now we have representation (4.5)) with a good control of ||alls. Then we can
estimate the distance as follows:

k k
d(DoX, Ey) = inf [DoX —z2]l> < H ;aiDOXi —~ ;aiDXi )

_ < llall2l DG

k
i=1
(Recall that G denotes the n x k with matrix columns X7, ..., X;.) Applying The-
orem we have with probability at least 1 — 2exp(—k) that
IDG|| < C([Dllus + VK| D) = C(Sky + VE sko1)-

Intersecting this with the event (4.9), we obtain with probability at least 1 —
6k exp(—c(k — ko)) that

d(DoX, Ey) < CM(Sky + VE sg11)-
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Finally, we combine this with the event (4.4) and put into the estimate (4.3)). It
follows that with probability at least 1 — 8k exp(—c(k — ko)), one has

d(DX7 Ek) < C(M + 1)(5160 + \/Esko-i-l)'
Due to our choice of M (in (4.9)) and (4.6))), the theorem is provedE| O

5. CONSTRUCTION OF A TEST PROJECTION

We are now ready to construct a test projection P, which will be used later in
Proposition [3.1}

Theorem 5.1 (Test projection). Let 1 <1 <n/4 and z € C, |z| < K1/n. Consider
a random matriz G as in Theorem and let A = G — zI,. Let A; denote the
columns of A. Then one can find an integer I € [1/2,1] and an " X n matriz P
in such a way that I' and P are determined by I, n and {A;};>1, and so that the
following properties hold:

(i) PP* = 1Iy;

(ii) ker P 2 {A;}j51;
(iii) with probability at least 1 — 2n? exp(—cl/logn), one has

IPell2 < CVIlog* 2 n- || Pejlla for1<i,j <l
|Peilla =0 forl <i<lI.
Here C =C(K,K), c=c(K,K;) > 0.
In the rest of this section we prove Theorem [5.1]

5.1. Selection of the spectral window [’. Consider the n x n random matrix A
with columns A4;. Let A denote the (n—1) x (n—1) minor of A obtained by removing
the first [ rows and columns. By known invertibility results for random matrices,
we will see that most singular values of A, and thus also of A~!, are within a factor
nOW from each other. Then we will find a somewhat smaller interval (a “spectral
window”) in which the singular values of A~! are within constant factor from each
other. This a consequence of the following elementary lemma.

Lemma 5.2 (Improving the regularity of decay). Let s1 > s3 > --- > s, and define
S,% = Zj>k sjz for k> 0. Assume that for somel <n and R > 1, one has

S1/2

—= < R. 1
U2 < R 5.1)
Set § = c¢/log R. Then there exists I' € [1/2,1] such that
82 ’ SQ ’
I <9 ana 220 <5, (5.2)
Stoyv Stiteyr

Proof. Let us divide the interval [I/2,(] into 1/(89) intervals of length 4. Then for
at least one of these intervals, the sequence 822 decreases over it by a factor at most
2. Indeed, if this were not true, the sequence would decrease by a factor at least

3The factor 8 in the probability estimate can be reduced to 2 by adjusting c. We will use the
same step in later arguments.
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21/(8) > R over [1/2,1], which would contradict the assumption (5.1). Set I’ to be
the midpoint of the interval we just found, thus

S7
L2200 < 9, (5.3)

By monotonicity of s?, this implies the first part of the conclusion (5.2)). To see this,
note that since I’ <1, we have I’ — 261 < (1 =)' < (1 +)I' <1 + 24l.
To deduce the second part of (5.2)), note that by monotonicity we have

a2 2, a2 2 G2
Sl’—(5l = Z Si + Sl’+5l S 25[ . 31’—261 + Sl’+§l7 (54)
U'=6l<i<l’'+61
_ 1
2 2 2 2
Siitol = Z s; 2 0l- Spyo5 2 551 * 8] 51 (5.5)
U +0l<i<l’ 4261
where the very last inequality follows from ([5.3)). Estimates ([5.4)) and (5.5]) together
imply that S7_ 51 < 5512' 451~ Like in the first part, we finish by monotonicity. O

We shall apply Lemma to the singular values of A~1, i.e. for
sj=s;(A7h), Si= Zs?
>k
To verify the assumptions of the lemma, we can use known estimates of the ex-
treme singular values of random matrices. By Theorem (see Remark , with
probability at least 1 — exp(—n), we have |G| < C'y/n, and thus
s < syt = s1(A) = A < A = [1G = 26| < (|G + 2] < (C + K1)/
Further, by Theorem with probability at least 1 — 2l exp(—c(n — 21)), one has

-1 = c
= A) > —.
S1/2 Sn—l/2+1( ) > Jn
(Here we used that | < n/4.) Summarizing, with probability at least 1—2n exp(—cl),
c
\/—% < 5 < 819 < C1/n (5.6)

Let us condition on A for which event holds. We apply Lemma with
R = (C1/ec1)n and thus for
d = c/logn. (5.7)
We find I’ € [I/2,1] such that holds. Note that the value of I’ depends only
on the minor A, thus only on {4;};;, as claimed in Theorem Since we have
conditioned on A, the value of the “spectral window” I’ is now fixed.

5.2. Construction of P. We construct P in two steps. First we define a matrix
@ of the same dimensions that satisfies (ii) of the Theorem, and then obtain P by
orthogonalization of the rows of Q.

Thus we shall look for an I’ x n matrix ) that consists of three blocks of columns:

gu 0 - 0|0 - 0 |q
0 qoo --- 0olo --- 0 qT
. . . . 2 , i €C, g€ cr,

0 0 tee qry 0o --- 0 ql—l/—
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We require that @) satisfy condition (ii) in Theorem i.e. that
kerQ D) {Aj}j>l' (58)
We explore this requirement in Section for now let us assume that it holds.
Choose P to be an I’ x n matrix that satisfies the following two defining properties:

(a) P has orthonormal rows;
(b) the span of the rows of P is the same as the span of the rows of Q.
One can construct P by Gram-Schmidt orhtogonalization of the rows of ).
Note that the construction of P along with implies (i) and (ii) of Theo-
rem It remains to estimate || Pejl||2 thereby proving (iii) of Theorem

5.3. Reducing || Pe¢;||2 to distances between random vectors and subspaces.

Proposition 5.3 (Norms of columns of P via distances). Let ¢; denote the rows of
Q and g;; denote the entries of QQ. Then:

(i) The values of ||Pe;||2, i < n, are determined by Q, and they do not depend on

a particular choice of P satisfying its defining properties (a), (b).

(ii) For everyi <1l

|gii]
d(gi, Ei)’
(iii) For everyl' < i <1, ||Pe;]l2 =0.

| Peill2 = where E; = span(q;) <, j#i- (5.9)

Proof. (i) Any P, P’ that satisfy the defining properties (a), (b) must satisfy P’ =
UP for some I’ x I’ unitary matrix U. It follows that ||P’e;||2 = || Pe;||2 for all .

(ii) Let us assume that i = 1; the argument for general 7 is similar. By part (i), we
can construct the rows of P by performing Gram-Schmidt procedure on the rows of

(@ in any order. We choose the following order: ¢y, qy_1,...,q1, and thus construct
the rows py,py_1,...,p1 of P. This yields
D1 _
p1=—-—, wherep =q — Ppq (5.10)
1511]2
pj € span(qr)k>j, J=1,...,0 (5.11)
Recall that we would like to estimate
1Peill3 = puf® + [p2a* - + |pin|? (5.12)

where p;; denote the entries of P.

First observe that all vectors in £y = span(qy)x>2 have their first coordinate equal
zero, because the same holds for the vectors g, k > 2, by the construction of Q.
Since Pg,q1 € E1, this implies by that p11 = ¢q11. Further, again by we
have Hﬁ1||2 = d(Q1,E1). Thus

1 = pu__ qu .
1pall2 d(qr, 1)

Next, for each 2 < j < I, implies that p; € span(qx)r>2 = E1, and thus

the first coordinate of p; equal zero. Using this in , we conclude that

’GI11|
d(q1, Er)

[ Peill2 = |p11] =

This completes the proof of (ii).



DELOCALIZATION OF EIGENVECTORS OF RANDOM MATRICES 13

(iii) is trivial since Qe; = 0 for all I’ < ¢ <[ by the construction of @, while the
rows of P are the linear combination of the rows of Q). O

5.4. The kernel requirement . In order to estimate the distances d(g;, E;)
defined by the rows of (), let us explore the condition for Q. To express
this condition algebraically, let us consider the n x (n — 1) matrix AW obtained by
removing the first [ columns from A. Then can be written as

QAU =o. (5.13)
Let us denote the first [ rows of A® by BZT , thus
_ BT
AD = Bl , BieC, (5.14)
A

Then (5.13) can be written as
qiiBT—{—qZA—O i<l

Without loss of generality, we can assume that the matrix A is almost surely in-
vertible. (To see this, it is enough to add to A a small multiple of an independent
Gaussian random matrix.) Multiplying both sides of the previous equations by A=,
we further rewrite them as

G = —quDB;, i<,  where D:=(A"HT. (5.15)

Thus we can choose @ to satisfy the requirement (5.8)) by choosing ¢;; > 0 arbitrarily
and defining g; as in ([5.15)).

5.5. Estimating the distances, and completion of proof of Theorem
We shall now estimate ||Pe;||2, 1 < i <U’, using identities and (5.15). By the
construction of ) and ( - we have

qi:(0"'(]%"‘0(?;"-):—(_]@'@'7‘1‘, where ri:(O---—l---O(DBi)T).

Let us estimate ||Peql|2; the argument for general || Pe;||2 is similar. By (5.9)),

lq11 1 1
Pe — — = —. 5.16
1Pexll2 d(qiir1,span(gj;rj)a<j<r)  d(ri,span(rj)a<i<i) di ( )

We will use Theorem to obtain lower and upper bounds on d;.

5.5.1. Lower bound on di. By the definition of r;, we have

di > /1 + d(DBy, span(DB))a<j<)?.
We apply Theorem [4.1] in dimension n — [ instead of n, and with
k=0—1, ko= (1=, ki =(1+6)l.

Recall here that in (5.7]) we selected 6 = ¢/logn. Note that by construction (5.14]),
the vectors B; do not contain the diagonal elements of A, and so their entries have
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mean zero as required in Theorem Applying part (i) of that theorem, we obtain
with probability at least 1 — 2 exp(—cdl’) that

- 1 _
di > \/1+cSE > 5(1 + ¢Sk, )- (5.17)

5.5.2. Upper bound on dy. Now we apply part (ii) of Theorem This time we
shall use a sharper bound stated in Remark It yields that with probability at
least 1 — 21’ exp(—cdl’), the following holds. There exists a = (ag, ..., ay) such that

/

HDB1 - ZQJ-DBJ-H2 < OM(Spy + VE Sig 1), (5.18)
j=2
2
|lallo < M, where M = k:k\/l: < 2V1'/s. (5.19)
0
We can simplify (5.18)). Using (5.2]) and monotonicity, we have
2k 2k -
k8k0+1 < 2k8k1 k‘ — k‘ (k?l - ko)sk% S msko ~ 6Sk0,
thus again using (5.2)), we have
_ 30
(Sko + VE sko11)* < 2(SE, + kst 1) < 5Sk0 < ?Skl
Hence ((5.18) yields
' oM .
Sk, -

Vo
Recall that this holds with probability at least 1 — 21" exp(—cdl’). On this event, by
the construction of r; and using the bound on «a in (5.19)), we have

oo~ S os] =
]:

’

dy = d(r1,span(rj)a<j<r) < Hﬁ - Z‘WUH
=2

2

!

=1+ a2 + HD31 - ZajDBjHZ < 2M(1 + \%Skl).
j=2

5.5.3. Completion of the proof of Theorem . Combining the events ([5.20) and
(5.17), we have shown the following. With probability at least 1 — 41" exp(—cdl’),
the following two-sided estimate holds:

(5.20)

1 - C -
S(L+cSy) <di < 20 (1 + %Skl).
A similar statement can be proved for general d;, 1 < i < [I’. By intersecting these
events, we obtain that with probability at least 1—4(I')% exp(—cdl’), all such bounds
for d; hold simultaneously. Suppose this indeed occurs. Then by ([5.16)), we have
Pe; di 4AM(1+4 (C/V$)S
|Pelz _d; _ 1+ (CV05u) _ Oy, V1<ij<l. (5.21)
[Pejllz - di 1+ ¢S, =7
We have calculated the conditional probability of (5.21)); recall that we con-
ditioned on A which satisfies the event (5.6), which itself holds with probability
1 — 2nexp(—cl). Thus the unconditional probability of the event (5.21)) is at least
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1 —2nexp(—cl) — C1(I")? exp(—cdl’). Recalling that [/2 <1< n/4 and § = ¢/ logn,
and simplifying this expression, we arrive at the probability bound claimed in The-

orem Since M < 2v/1/§ according to (5.19)), the estimate (5.21)) yields the first
part of (iii) in Theorem The second part, stating that Pe; = 0 for I’ < i < [,
was already noted in (iii) or Proposition Thus Theorem is proved. O

6. PROOF OF THEOREM [L.1] AND COROLLARY [L5]
Let G be a random matrix from Theorem We shall apply Proposition [3.1] for
A=G—zI,, |z|<Kivn, (6.1)

where z € C is a fixed number for now, and K7 is a parameter to be chosen later.
The power of Proposition [3.1] relies on the existence of a test projection P for which
the balancing event B, . is likely. We are going to validate this condition using the
test projection constructed in Theorem

Proposition 6.1 (Balancing event is likely). Let a = ¢/(llog*?n) and x = c.
Then, for every fixed (jo,Jo) € A, one can find a test projection as required in
Proposition [3.1. Moreover,

Pa{Bar} >1—2nexp(—cl/logn).
Here ¢ = ¢(K, K;) > 0.
Proof. Without loss of generality, we assume that jo = 1 and Jy = {2,...,n}. We
apply Theorem and choose I’ € [I/2,1] and P determined by {4;};-; guaranteed

by that theorem. The test projeciton P automatically satisfies the conditions of
Proposition Moreover, with probability at least 1 —2n? exp(—cl/logn), one has

|Pejlla < CVIlog®? n - ||Pey|ly for 2 <j<I. (6.2)

Let us condition on {A;},; for which the event (6.2)) holds; this fixes I’ and P but
leaves {A;};<; random as before.
The definition (3.2) of balancing event B, , requires us to estimate the norms of

PA1:PG1—ZP€1 and PAJO:PGJO—ZPJO.
For PA;, we use the small ball probability estimate, Theorem (ii). Recall that

|P|l}g = tr(PP*) = tr(Iy) =1 > 1/2 and ||P|| = 1. It follows that with probability
at least 1 — 2exp(—cl), we have

IPAl2 = e(Vi+ 2] Peull2)- (6.3)

Next, we estimate
1PAR | < (1PG || + 1211 Pl (6.4)
For the I’ x (I — 1) matrix PG ,, Theorem (see Remark implies that with
probability at least 1 — 2exp(—I) one has ||PG || < CVI. Further, allows us
to bound ||Py,|| < || Py, llus < Vimaxac i< ||Pejlla < Cllog®?n-||Pe||2. Thus

yields

|PAy, || < CVI+ Cllog®?n - |z||| Pey|o. (6.5)
Hence, estimates and hold simultaneously with probability at least 1 —

4exp(—cl). Recall that this concerns conditional probability, where we conditioned
on the event (6.2)), which itself holds with probability at least 1—2n? exp(—cl/logn).
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Therefore, estimates and hold simultaneously with (unconditional) proba-
bility at least 1—4 exp(—cl)—2n? exp(—cl/logn) > 1—6n? exp(—cl/logn). Together
they yield

|PA1|l2 > al|[PAy,|| where o = ¢/(Ilog®?n).

This is the first part of the event B, .. Finally, (6.3)) implies that [|[PA;|l2 > ¢V,
which is the second part of the event B, , for K = c. The proof is complete. g

Substituting the conclusion of Proposition [6.1] into Proposition 3.1} we obtain:

Proposition 6.2. Let 0 < w <l and W = Cl logg/2 n. Then
P{Lw.} < 4n®exp(—cl/logn). O
Here C =C(K,Ky), c=c(K,K;) > 0.
From this we can readily deduce a slightly stronger version of Theorem [T.1}

Corollary 6.3. Consider a random matriz G as in Theorem 1.1} Let 1 < n/4 and
W =Cl logg’/2 n. Then the event

l
Ly = {E! eigenvector v of G such that ||v]j2 =1 and ||v]|e > W\/>}
n

1s unlikely:
P{Lw} < Cn’exp(—cl/logn).
Here C =C(K), c=c¢(K) > 0.
Proof. Recall that G is nicely bounded with high probability. Indeed, Theorem
(see Remark states that the event
Enorm = {[|G| < C1v/n} s likely: P {&orm} < 1—2exp(—cn). (6.6)

Assume that &,orm holds. Then all eigenvalues of G are contained in the complex
disc centered at the origin and with radius C1y/n. Let {z1,...,zn} be a (1/y/n)-net
of this disc such that N < Cyn?.

Assume Ly holds, so there exists an eigenvalue v of G such that ||v]|2 = 1 and
[v]|oo > W+/1/n. Choose a point z; in the net closest to z, so |z — z;| < 1/,/n. Since
(G — zI,)v = 0, it follows that ||(G — z;I,)v|l2 < |z — 2| < 1/4/n. This argument
shows that Ly N Enorm C Uf\il E%}, where

; [ 1
o) = {Bve s olloe > W/ = and (G = zi)oll2 < —= |-
% vE o]l — and [|( IZ)MD_V%
Recall that the probability of &, is estimated in , and the probabilities of
the events EE}V) can be bounded using Proposition with w = 1. It follows that

N
P{Lw} <P{ESim} + ZP {E(i)} < 2exp(—cn) 4+ Cyn? - 4n3 exp(—cl/logn).
i=1
Simplifying this bound we complete the proof. ]

Theorem follows from Corollary by choosing | = Ctlog®n, as long as
t < cn/log?n (this restriction enforces the bound I < n/4). For t > cn/log?n the
conclusion of Theorem [1.1]is trivial since ||v||oo < ||v||2 always holds. O
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Remark 6.4 (Delocalization of approximate eigenvectors). A careful analysis of the
last steps of the argument shows that delocaization holds not only for the eigenvec-
tors of GG, but more generally for the approrimate eigenvectors. Given ¢ > 0, we
call v an e-approximate eigenvector of G if there exists z € C (an e-approximate
eigenvalue) such that [|Gv — zv|2 < e. Then the conclusion of Theorem [1.1| can be
extended for fixed € > 0 as follows. All e-approximate eigenvectors v of G satisfy
€ Ct3/2 logg/2 n
) ol

<
|wm_gmbw+ v

6.1. Deduction of Corollary Using a standard truncation argument, we will
now deduce Corollary for general exponential tail decay. We will first prove the
following relaxation of Proposition [6.2

Proposition 6.5. Let G' be an n x n real random matriz whose entries G;; are
independent random variables satisfying EG;; = 0, EG’?J- > 1 and ||Gijllg, < M.
Let z€ C,0<w<1—1, and t > 2. Set W = Clt?log” n, and consider the event
Ly, defined as in for the matrizr A = G — zI,. Then

P{Lw.w} < 4n®exp(—cl/logn) +n~".
Here B,v,C,c > 0 depend only on o and M.

Proof (sketch). Set K := (Ctlogn)'/®, and let G be the matrix with entries G;; =
Gijlig, <k Since EG;; = 0, the bound on ||Gyj|y, yields |EGij| < exp(—cK®).
Hence
IEG| < | EG|lus < nexp(—cK®) < n~%/2,

Then the event Ly, for the matrix A = G — zI,, implies the event Ly 41 for the
matrix A := G —EG — zI,,. It remains to bound the probability of the latter event.
If the constant C' in the definition of K is sufficiently large, then with probability
at least 1 — n~t we have G = G and thus A = G — EG — zI,,. Conditioned on this
likely event, the entries G — EG are independent, bounded by K, have zero means
and variances at least 1/2. Therefore, we can apply Proposition for the matrix
A and thus bound the probability of Lw,w+1 for A, as required. (|

Corollary follows from Proposition [6.5] in the same way as Corollary fol-
lowed from Proposition [6.2] The only minor difference is that one would put a
coarser bound the norm of G. For example, one can use that |G| < ||G|lus <
n-max; j<n |Gij| < n-Ms with probability at least 1 —2n? exp(—cs®), for any s > 0.
This, however, would only affect the bound on the covering number N in Corollary
6.3, changing the estimate in this Corollary to

P{Ly} < C(Ms)*nS exp(—cl/logn).
We omit the details. 0

APPENDIX A. INVERTIBILITY OF RANDOM MATRICES

Our delocalization method relied on estimates of the smallest singular values of
rectangular random matrices. The method works well provided one has access to
estimates that are polynomial in the dimension of the matrix (which sometimes was
of order n, and other times of order I ~ log?n), and provided the probability of
having these estimates is, say, at least 1 —n =10,
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In the recent years, significantly sharper bounds were proved than those required
in our delocalization method, see survey [24]. We chose to include weaker bounds in
this appendix for two reasons. First, they hold in somewhat more generality than
those recorded in the literature, and also their proofs are significantly simpler.

Theorem A.1 (Rectangular matrices). Let N > n, and let A= D + G where D is

an arbitrary N xn fized matriz and G is an N X n random matrix with independent

entries satisfying Assumption[2.1. Then

N-—n
n

P {sn(A) <c

Here ¢ = ¢(K) > 0.

} < 2nexp(—c(N —n)). (A1)

Proof. Using the negative second moment identity (see [28] Lemma A.4]), we have
sn(A)72 < si(A)72 =) d(Ai, E) (A.2)
i=1 i=1

where A; = D; + G; denote the columns of A and E; = span(A;);<y, j£;. For fixed
i, note that d(A;, E;) = ||Pp1 Aill2. Since A; is independent of Ej;, we can apply the
small ball probability bound, Theorem (ii). Using that || Pg.|%g = dim(Ei) >
N —n and |[|[Pg.| =1, we obtain

P {d(A,Ei) < C\/ﬂ} < 2exp(—c(N —n)).

Union bound yields that with probability at least 1 —2n exp(—c(N —n)), we have
d(A;, E;) > ¢/ N —n for all © < n. Plugging this into (A.2), we conclude that with
the same probability, s,(A4)~2 < ¢~2n/(N — n). This completes the proof. O

Corollary A.2 (Intermediate singular values). Let A = D + G where D is an
arbitrary N x M fixzed matriz and G is an N x M random matrix with independent

entries satisfying Assumption |2.1. Then all singular values sp(A) for 1 < n <
min(N, M) satisfy the estimate (A.1) with ¢ = c¢(K) > 0.

Proof. Recall that s,(A) > s,(Ag) where Ay is formed by the first n columns of A.
The conclusion follows from Theorem applied to Ag. O

Theorem A.3 (Products of random and deterministic matrices). Let k,m,n € N,
m < min(k,n). Let P be a fited m x n matriz such that PPT = I,,,, and G be an
n x k random matriz with independent entries that satisfy Assumption[2.1. Then
m} < 2kexp(—c(k —m)).

P {sm(PG) <c

Here ¢ = ¢(K).

Let us explain the idea of the proof of Theorem We need a lower bound for
k

I(PG) |5 =Y (PG, x)?,

i=1
where G; denote the columns of G. The bound has to be uniform over z € ™1,
Let m = (1 — 0)k and set mg = (1 — p)m for a suitably chosen p < §.
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First, we claim that if x € span(PG;)i<m, =: E then >0 (PG;,z)?* > ||z|)3.
This is equivalent to controlling the smallest singular value of the m x mg random
matrix with independent columns PG;, i = 1,...,mg. Since m > myg, this can
be achieved with a minor variant of Theorem The same argument works for
general x € C™ provided x is not almost orthogonal onto F.

The vectors z that lie near the subspace E-, which has dimension m —mg = pm,
can be controlled by the remaining & — mg vectors PG;, since k — mg > m — my.
Indeed, this is equivalent to controlling the smallest singular value of a (m — mg) X
(k — mg) random matrix whose columns are QG;, where @ projects onto E+. This
is a version of Theorem for very fat matrices, and it can be proved in a standard
way by using e-nets.

Now we proceed to the formal argument.

Lemma A.4 (Slightly fat matrices). Let mg < m. Consider the m x mo matriz Tp
formed by the first mg columns of matriz T = PG. Then

m — mg

P {melT) < < b < 2moexp(—cm o).

mg
This is a minor variant of Theorem[A T} its proof is very similar and is omitted. [
Lemma A.5 (Very tall matrices). There exist C = C(K), ¢ = ¢(K) > 0 such that

the following holds. Consider the same situation as in Theorem[A.3, except that we
assume that k > Cm. Then

P {sm(PG) < C\/E} < exp(—ck).

Lemma is a minor variation of [31, Theorem 5.39] for k¥ > C'm independent
sub-gaussian columns, and it can be proved in a similar way (using a standard
concentration and covering argument). O

Proof of Theorem[A.3 Denote T := PG; our goal is to bound below the quantity
sm(T) = sm(T*) = inf ||T*z|3.
zesSm—1

Let €,p € (0,1/2) be parameters, and set my = (1 — p)m. We decompose

T = [Ty T)

where Tj is the m x mg matrix that consists of the first mq columns of T', and T is
the (k—mg) x m matrix that consists of the last k—mg columns of T'. Let z € S™~1.
Then

IT*2l3 = I T5 I3 + 17" ]13.
Denote
E =1Im(Ty) = span(PG;)i<my-

Assume that sp,,(7p) > 0 (which will be seen to be a likely event), so dim(E) = my.
The argument now splits according to the position of x relative to E. Assume
first that || Pgz||2 > e. Since rank(Tp) = my, using Lemma [2.2)(i) we have

[T7x]l2 = |Tozll2 = smo (15) | PExll2 = smo (To)e.
We will later apply Lemma to bound s, (Tp) below.



20 MARK RUDELSON AND ROMAN VERSHYNIN

Consider now the opposite case, where ||Pgz|s < . There exists y € E+ such
that ||z — y|j2 < e, and in particular ||y[j2 > ||z]]2 —e > 1 —& > 1/2. Thus

1T zll2 > [|T*%[l2 > [|T*y]l2 — |- (A.3)
We represent T' = PG, where G is the n x (k —mg) matrix that contains the last

k — mg columns of G. Consider an m x (m — myg) matrix @* which is an isometric
embedding of £5'~™° into ¢, and such that Im(Q*) = E+. Then there exists

z € C™™™0 guch that y = Q*z, ||z|l2 = llyll2 > 1/2.

Therefore

[T"yllz = [|G*P*Q" 2 |2.
Since both @Q* : C"™™ "0 — C™ and P* : C™ — C" are isometric embeddings,
R* := P*Q* : C™~"™0 — C" is an isometric embedding, too. Thus Ris a (m—mg)xn
matrix which satisfies RR* = I,;,_,,. Hence

| T*y||2 = || B*#||2, where B := RG

is an (m—mg) x (k—mg) matrix. Since [|z[2 > 1/2, we have |T*yl2 > L 5pm—m,(B),
which together with (A.3)) yields

* 1 D T

1Tz ]l2 2 5 8m—mo(B) — I Te.

A bit later, we will use Lemma to bound s,,;,_,, (B) below.
Putting the two cases together, we have shown that

. « . 1 = =
Sm(T) > Din | |T*z||2 > min {SmO(T())E, §sm_m0(B) - ||TH5} (A.4)
reSm—

It remains to estimate s,,,(Ty), Sm—m,(B) and || T
Since mgp = (1 — p)m and p € (0,1/2), Lemma yields that with probability
at least 1 — 2mexp(—cpm), we have
Smo(To) > cv/p.

Next, we use Lemma for the (m — mg) x (k — mp) matrix B = RG. Let
5 € (0,1) be such that m = (1—9)k. Since my = (1—p)m, by choosing p = ¢od with
a suitable ¢y > 0 we can achieve that k —mg > C(m — my) to satisfy the dimension
requirement in Lemma Then, with probability at least 1 —2exp(—cdk) we have

Sm—mo(B) > ¢V k.
Further, by Theorem with probability at least 1 — 2 exp(—k) we have
Tl < 1T < CVE.
Putting all these estimates in (A.4)), we find that with probability at least 1 —
2mexp(—cpm) — 2 exp(—cdk) — 2exp(—k), one has
1
$m(T') > min {c pe, Sev 0k — C\/Ee}.

Now we choose ¢ = ¢1V/d with a suitable ¢; > 0, and recall that we have chosen
p = cpd. We conclude that s,,(T) > cmin{d, Vdk} = ¢d. Since m = (1 — J)k, the
proof of Theorem is complete. O
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