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Introduction

3 C Studies n: COVID-19 Test Kit
@00 [©] O

Why Consider Endogenous Uncertainty (EU)?

In some applications, uncertain parameters of systems depend on decisions made
over time (e.g., rental facilities open sequentially over time).
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(b) Zipcar in Seattle

(a) Zipcar parking lots

A multistage decision making process where each stage is a mixed-integer
program involving

» Binary planning variables, e.g., where to locate facilities.

> Continuous/integer operational variables.
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Introduction

[e] e}

Dynamic Process

» x: € {0,1}': binary state variable
that connects the consecutive two
stages t and t + 1

> y,. € R'*J: continuous/integer
stage variable that only appears at
stage t

observation decision
$ee1~ Py (xe,¥e)

> ¢, €=, C R’ random vector at
stage t

Adversary

» P.(x:_1): ambiguity set at stage t worst-case
( ) Pryq € Pryq(xr)

Stage 1 Stage 2

decision (x1, y1) — worst-case (Pg, € P2(x1)) — parameter (£2) — decision (x2, y2) — - -

— worst-case (Pe; € Pr(x7)) — parameter ({7) — decision (xr,yT)

Stage T
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[ele] J

Multistage Distributionally Robust Optimization
DDDR:

min X1, + max E [ min Xo, 4o
(le.Y1)€X1{g1( ! yl) PrePa(x1) P2 (X27}'2)€X2(X1752)g2( 2 y2)

+ max Ep, {

x ) )
PrePrtar1) grxr YT)] }

min
(x7,y7r)EXT(XT-1,€7)

> g:(x:, yt): objective function in stage t; linear in x; and y;.

> ¢, has a decision independent finite support =, := {¢5}K | with each
realization k € [K] having probability px.
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[ele] J

Multistage Distributionally Robust Optimization
DDDR:

min X1, + max E [ min Xo, 4o
(le.Y1)€X1{g1( ! yl) PeP>(x1) P (X27}'2)€X2(X17§2)g2( 2 y2)

+ max |E [ min XT, ]},
PrePr(xr-1) Pr (XTvyT)GXT(XT717ET)gT( T yT)

> g:(x:, yt): objective function in stage t; linear in x; and y;.

» ¢ has a decision independent finite support =; := {ff},’le with each
realization k € [K] having probability px.
Considered in this talk:
» Decision maker’s risk attitude: risk-neutral v.s. risk-averse
» Support =;: discrete v.s. continuous
> Ambiguity set Py(x;_1):
» Type 1 : decision-dependent bounds on moments

» Type 2 : the mean and covariance matrix exactly matching empirical ones
» Type 3 : general decision-dependent moment set
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Multistage DRO with EU

Ambiguity Sets with Bounded Moment Functions!

Given empirical demand mean [i;, standard deviation &; and tolerance parameters

ej‘f?f , J , define the ambiguity set in stage t + 1 as
K
Poate) = {pe B 13 m -1 (19
k=1
K
pi(xe) = ¢ < pebtiay < pilxe) + ¢, Vi€ [J], (1b)
k=1
K

Si(xe)g < Z Pe(éfins)’ < Si(x0)E, V) € [J]}7 (1)

where for each j € [J],
pi(xe) _ﬁj(l‘*‘z,em J,th) Sj(xt) = (/712 )(1+Z,e[/] lef’)
)\J‘,‘, /\f; € [0, 1]: effects of building a facility at i on the moments of j

IBasciftci, B., Ahmed, S., & Shen, S. (2020). Distributionally robust facility location problem under
decision-dependent stochastic demand. Forthcoming in EJOR, 2020.
https://doi.org/10.1016/j.ejor.2020.11.002
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COVID-19 Test Kit Al

Ambiguity Sets with Bounded Moment Functions?

In general, Type 1 ambiguity set is in the form of

Pialxe) = {P €R" | p(xe) <P < p(xe), 1(xe) <D puf(€rp) < U(Xr)} ;

k=1

Bellman Equation:

_ = i E
Qt(Xt v 5t) (Xt1Yt)Er;(1tl(T<t—1agt) gt(Xt7 yt) + PtArlnea;((Xt) PHI [Qt+1(Xt7 €t+1)]

Theorem 1 (Yu and S. (2020))

If for any feasible x; € X;, the ambiguity set is nonempty, then the Bellman equation can be reformulated as a
mixed-integer nonlinear program (MINLP):

Qi(xt—1,&,) = min ge(xe, y:) — ' l(xt) + ﬁT"(Xt)—ZTB(Xt) + 7" B(x)
B,y Xt Yt

st. (—a+B) F(&1)—7, + Tk = Quulxe, &), Yk € [K],
(Xr,yt) € Xt(xt717£f)7
a, B, v, ¥ =0.

2Luo, F., & Mehrotra, S. (2020). Distributionally robust optimization with decision dependent ambiguity
sets. Optimization Letters, 1-30.
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n: COVID-19 Test Kit

Specific Bellman Equation
Qt(xtfhst) -

min
o, B,xt,y¢

s.t.

gil(xe,y) —on— > oni(lli— €)= D) Mijogxa

j€l] jeliel]

) ~2y S S S;-2 =2
= o +5)g — D> Nie (B + 57 )oyixa

j€l] jelliel]

+ 5+ Z Boj(ij + €') + Z Z Xji i B2 xti nonlinear

Jj€M jelliell
+ D By +5))E + D > XiE (A + 57)Bsixa
Jj€l jelliell]
—a+ B+ Y &+ Ba) + ) (6i) (—ay + By) = @i, Vk € [K]
jel] jel]
(vayt) € Xt(xt—la gt)v
a, 8>0.

k
where Qé(_‘_]_ = Qt+1(xt7£t+1)'

» Bilinear terms: McCormick envelopes, Qfﬂz approximate by linear cuts.
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Multistage DRO with EU

Reformulation of Specific Bellman Equation
Qt(xf—lagt) =
min ge(xe,y,) — a1 — Zazj(lh*f ZZ “J'Zr(;iz

o, B.xt,y

jel] JjeM)iell
- Z"“J B +57)g — ZZ)“S"ES(/"J +357)z5;
Jj€M JjeMiel]
+/81+Z/821(#’}+6 +ZZ :U“J tjr
Jj€M JjeMliel g "
: . Mixed-integer
+ Z Bsi(A; +37)E + Z Zx\ﬂej i+ 372 i Linear Program
Jj€M JjeMliel
s.t. — Q1 + Bl =+ Z fﬁ,ld’(_azj + ,32/) + Z(€:+1,j)2(_a3j + ﬂ3}) Z 91“(7 Vk € [KL
J€l] J€l]

0f > vk, + (mﬂ) xt, Vk € [K], | € [4],

(thyt) € Xf(xf 1, &, )7

(2575 o)y xi) € M2, (27, asj, xi) € M2, Vi€ [l], je[J],
(thi s B2y xii) € M;,Z (ZU, Bsjs xii) € ijﬁ: vielll, jeJ]
o, B>0.
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COVID-19 Test Kit

Ambiguity Set with Exact First and Second Moments

Ambiguity sets defined by exact mean and covariance:

P(xe) == {PERii Zpkzl
k=1
E[€e11] = p(xe)
El(€e1 — p0x)) (€1 — p(x))T] = Z(x) }
Theorem 2 (Yu and S. (2020))

If for any feasible x; € X;, the ambiguity set defined in (2) is nonempty, then the
Bellman equation can be reformulated as Q:(xt—1,&:) =

min gi(xe,yt) + s+ u" pu(xe) + Z(xc)o Y

Xt,yt,5,u,Y

s.t. s+ u' €5 + (&6 — (%)) (€ — p(x))T o Y > Qfy, VK
(xt, ye) € Xe(xe—1, &)

where A e B = trace(A" B).

(22)

(2b)
(2¢)

Yu and S. (UMich) Multistage DDDR
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McCormick Envelopes

If we assume that the elements in u(x;), X(x¢) are affine in x;, i.e.,

1 (xe ujl—i—Z)\ X7

i€l

Xt) = 1 + Z )\COVXt,

i€[l]
where /\J‘-?, AS?Y € [0, 1] are effects of building a facility at i on the moments, then

Z(Xc) oY = ZZiU(l + Z stts)yU

i=1 j=1 sell]

d d
p(xe)(xe)" @ Z Z (14 Z Xisxes) (1 4 Z NjsXes) Vi

sell] s€ll]

Bellman equation = mixed-integer linear program (MILP)
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)®0000

Ambiguity Sets with General Decision-dependent Moments
We extend the general moment-based ambiguity set commonly used in the DRO
literature 3into the Type 3 decision-dependent moment set:

K
Poa(xe) = {P ERN D p=1,
k=1
K T K
<Z prbiin — 1 xt)) >(xe) 7t (Z P — M(n)) <
k=1 k=1
K
> P& — m(xe)) (€1 — p(xe)T =2 ﬂz(xt)}
k=1

where p(x¢), X(x:) are empirical mean vector and covariance matrix:
pi(xe) = L+ > Nixy), Vj € [J],
i€ll]
T(xe) = E(14 D AFx).
ieln

N, A € [0, 1]: effects of building a facility at i on the moments.

3Delage, E., & Ye, Y. (2010). Distributionally robust optimization under moment uncertainty with
application to data-driven problems. Operations Research, 58(3), 595-612.
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Reformulation of Bellman Equations

Theorem 3 (Yu and S. (2020))

Suppose that Slater's constraint qualification conditions are satisfied, i.e., for any feasible
X, there exists a vector p = [p1, p2, - . ., pk] such that Zle px =1,

(Efger1] — p(xe))TE(xe) M (E[€es1] — p(xe)) < e,

E[(&er1 — m(xe))(Eer1 — (xe))T] < m:X(x:). Using the Type 3 ambiguity set, the
Bellman equation can be recast as Q:(x¢—1,&:) =

min gt(xe,yt) + s+ X(x:) @ z1 — 2;1,(xt)T22 + vezz F e X(xe) o Y
X, ¥t,5,Z,Y

s.t. s — 2Z2T€£(+1 + (§f+1 - N(xt))(§f+1 - ﬂ(xt))T oY > Qf+1, Vk
P (le 22) =0
V4 zZ3
Y >0
(xe, ye) € Xe(xe—1,&t)

where A e B = trace(A" B).
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We linearize Y(x;) ® z1, p(x:) 22, L(xt) o Y, pu(xt)pu(x:)" @ Y, and then the
Bellman equation becomes a mixed-integer semidefinite program (MISDP):

Qt(xt—lvgt) = min gt(xt>yt757zy Y,W,U, R)
xt,¥1,5,Z,Y
w,u,R,v

s.t. ft(s7 z? Y7 R7 V7€f+1) 2 Q?ﬁrl? Vk € [K]7
(Xt7.yt7 za Ya w,u, R7 V) € Xt(xf—17€t)7
Z-0,Y>0.

Yu and S. (UMich) Multistage DDDR
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We linearize Y(x;) ® z1, p(x:) 22, L(xt) o Y, pu(xt)pu(x:)" @ Y, and then the
Bellman equation becomes a mixed-integer semidefinite program (MISDP):

Qt(xt—lvgt) = X minz y gt(xhyn S, z: Y7 w,u, R) (33)
PO

st fi(s,Z,Y,R,v,£1) > Q, Yk € [K], (3b)

(Xt7.yt727 Y7 W7U,R7 V) EXt(Xf—17€t)7 (3C)

Z>0, Y0 (3d)

The MISDP itself is difficult to solve directly, and we are dealing with a multistage
stochastic MISDP. Next, we approximate the problem by

> lower bounding (3) via Relaxed Lagrangian Cuts;
> upper bounding (3) via inner approximating MISDP by MILPs.
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0000 @0

Lower bounding via Relaxed Lagrangian Cuts*

We make a copy of the state variable z; = x;_1 and then relax it to get a

Lagrangian function. Specifically, we solve the following problem in the backward

step to get Relaxed Lagrangian Cuts {(v/*, nl)}K_, where vk = Lk(7tF):

Ef(ﬂ't) = min 2y &(xe,y,,5,Z, Y, w,u, R)—wrzt
CAR
st. (s, Z,Y,Rv,E5,) >0, K € [K],
0F > v+ (7) " xe, Yk e [K], €[4,
(Xt’yt7 27 Y7 W7 U, R7 V) S Xt(zt7€t)7
Z>0, Y >0

Proposition

The collection of Relaxed Lagrangian Cuts {(vi*, w!)}X_, is valid because the
true value function is bounded from below by these cuts for all x;:_1, i.e.,
Qe(xe—1,€5) > vk + (w)Tx,_1 for all x,_; € {0,1}'.

4Zou, J., Ahmed, S., & Sun, X. A. (2019). Stochastic dual dynamic integer programming.
Mathematical Programming, 175(1-2), 461-502.
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Multistage DRO with EU

000000

Upper bounding via inner approximating MISDP by MILPs®

Definition
A symmetric matrix A is diagonally dominant if a; > E#i |ajj| for all i.

DD(U) :={M¢c S, | M= U" QU for some dd matrix Q} C P,.

At iteration /, we replace the conditions Z = 0 and Y > 0 by
Z € DD(U), Y € DD(V) for some fixed matrices U, V:

Qt(xt—17£t) = min gt(xtyyt7s7z> Y7 w,u, R)
xt,¥¢,5,Z,Y
w,u,R,v

st. fi(s,Z,Y,R, V,€f+1) > 6t+1(xf7€lt<+l)7 Vk € [K],
(xt,yt,Z, Y7 w,u, R’ V) € )?t(xf—laﬁt)a
Z € DD(U), Y € DD(V).

which gives an upper bound on (3): Q; > Q;.

5Ahmadi, A. A., & Hall, G. (2015). Sum of squares basis pursuit with linear and second order cone
programming. Algebraic and Geometric Methods in Discrete Mathematics, Contemp. Math, 685, 27-53.
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®000000

Facility Location with Endogenous, Stochastic Demand
Parameters:
» Stages 1,..., T, facility sites 1,...,/, demand locations 1,...,J
» cyj: unit transportation cost, R;: unit revenue, hy: capacity of facility i, f;:
building cost of facility 7/, N: total budget for building facilities.

» &: demand of location j in stage t.

Decision Variables:
> x; € {0,1}: x; = 1 if a facility is open at location i in stage t, and 0 o.w.
> y.ij € N: flow from facility i to customer j in stage t.

min Z Z Ctij Ytij — Z R; Z)’tij (4a)

Y icijen jew  iem
Sy < &, Vi€ ], (4b)
=)
t

S v < hi Y xei, Vi€l (4c)
JjeM =1

> filxe — xe-1,i) < N, (4d)
iem

Xti > Xe—1,i, Vi€ [l], (4e)
xi € {0,1}, yuj € Zy, Vi€ [l], j€[J]. (4f)
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Experimental Setup for Type 1 Ambiguity Set

» T = 3 stages, | = 10 facilities, J = 20 customer sites on a 100 x 100 grid.
» ¢; = dist(/,j)/4, fi =100, N =100, h,; = 1000, R; = 100.

> 4 =25 ¢ =01, & =109

>\ = e disth)/25 - \S = 7 dist()/%0 and then are normalized.

> Sample K points from N (fij, 57) where fi; ~ U[20,40] and &; = [i; X p.

100  a A Customer sites ||
H#4 4 | @ Potential facilities

80| . |
#2 .
6
60| #8 2 1
L]
7 #1*
40 |- A ° ‘A
#3 4t 10
20 ® #9 # A
#5 L] A A,
ol a0 4 i
. . . . . .
0 20 40 60 80 100
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[e]e] Je]elele)

Optimal Objective Values under Different p and Demand
Distributions

.10° -10°
T T
—1.64 R
—1.62
—1.65 R
8 8
3 -l64f 1 3
> I —1.66 |- B
2 2
5 5
= S 167} ]
O —1.66 - R o
—1.68 R
—1.68 |- R ~1.69 |- i
! ! ! ! ! ! ! !
0.6 0.7 0.8 0.9 1 0.2 0.3 0.4
Demand variation p Demand variation j

(c) Normal distribution of DDDR (d) Log-normal distribution of DDDR

» obj(DDDR) | as demand variation p 1.
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[e]e]e] Jelele)

Varying Budgets and Fixed Transportation Costs

Budget N DDDR Obj.  DDDR Sol. DIDR Obj.  DIDR Sol.
100 —162,752 2 —145,811 9
300 165,461 [2,4,8] —145,815 [7,8,9]
500  —168,114 [1,2,4,8,10] —145820 [4,5,7,8,10]

Table: Total impact on the first and second moments of each facility

I #1  #2 #3 #4 #5 #6 #7 #8 #9 H#10
e 211 347 108 215 143 169 147 186 209 265

Ay 223 258 148 202 157 180 185 211 206 231

» Facility #2 has the largest total impact on the first and second moments, which is
always chosen by DDDR.

» DIDR always chooses facilities having smaller impacts on the first and second
moments, and thus obj(DIDR) > obj(DDDR).
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[e]e]e]e] lele)

Experimental Setup for Type 3 Ambiguity Set

» T = 3 stages, | = 3 facilities and J = 6 customer sites
» ~ =10, n =100
> ) are the same as before, A\{®" ~ U[0,1] and then are normalized.

> Sample K data points following N(ji;, 57) for each j € [J] and £ is set to the
sample covariance matrix of the K x J data points among all customer sites.

T T

A A Customer sites

80| @ Potential facilities | |
60 |- 1
40l a 1

20 B #2
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0000000
Diverse p and Demand Distributions
-10* -10*
‘ i .
36| ]
S ]
é —-3.8| - ;%
o O 34l |
2| |
6] |

1 1
0.5 0.6 0.7 0.8 0.9 1

Demand variation g

(e) Normal distributions of DDDR

1 1
0.2 0.3 0.4 0.5 0.6 0.7

Demand variation g

(f) Log-normal distributions of DDDR

» Gaps | as demand variation 5 1, and gap(Log-normal) < gap(Normal).
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CPU Time Comparison

. 300 1
M S
8 8 2000} g
P o
£ £
£ 20| 41 =
I3 K]
z 2
S S
k] 5 1000 |
2 100f 12
£ £
5 s
> o
i of
op L L L L L L L T T T I 1 L
10 20 30 40 50 60 70 80 90 100 10 20 30 20 50
Support size K Number of facilities /
T T 8,000
6,000 -[_¢— DDDR-LB b
—=— DIDR-LB
n —e— DDDR-UB 7 6000 i
8 —— DIDR-UB &
o 4,000 49
£ £
& 5
= Z 4000| g
2 2
-2 S
2 2
H 2,000 - B %
£ & 2,000 g
S S
of , ol i
. . . . . . . . L
10 20 30 40 50 3 4 5 6
Support size K Number of facilities /
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Application: COVID-19 Test Kit Allocation
90000

COVID-19 Test Kit Allocation®

Distribution Centers Customers Sites
iel jeJ
sye(@) 20 i shipment from DCs backlog
x =1 .
hy =0 ﬁ Ziel 1je(©) uje(w)

»
=

inventory in inventory out
Ijt (w)
demand
backlog dj+(@)
Ujr—g (@)

Customer
Site j

»
==

We consider a two-stage stochastic mixed-integer linear program (TS-MILP):

» The first-stage involves binary facility-location decisions x; and capacity-design
decisions h;;

» The second-stage involves continuous decision variables s;i:, uj;, li: representing

shipments from DCs, backlog, and inventory at each customer site depending on
the random demand dj¢(w).

6Basciftci, B., Yu, X., & Shen, S., “An optimization approach for location and capacity design of
COVID-19 test kit distribution centers and allocation under uncertain outbreaks,” working paper, 2020.
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s.t.

Studies Application: COVID-19 Test Kit Allocation
[e] Je]e]e]

TS-MILP for Facility Location and Test Kit Distribution

Z i’ xi + Z c,-h|7'|hi

ez i€z
+>p” ( S crsielw)+ > (letljt(w) + q-”tujt(w))>
weN IET jET teT JET teT
Zsm(w) < hx, VieZ teT, we
jeg
Z Sl‘jt(LU) S Bt7 Vvt c T, w € Q
€T jeg

Zs;jt(w) + -1 (w) + wje(w) = die(w) + fe(w) + vje-1(w), V€T, t€T, weQ
iez

x;i € {0,1}, hi, sjr(w), lje(w), up(w) >0, VieZ, jeJ, teT, we,

» h;x;: McCormick envelopes
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Application: COVID-19 Test Kit Allocation

[e]e] Je]e]

DDDR Formulation

min Zc,-"x,- +Zc,»h|’7'|h; +P?357)Ep[g(h’ d)] (5a)
i€l i€
st. hi=> H\, VieT, (5b)
leL
ZA; =x;, Vi €L, (5¢)
lel
x €{0,1}VieZ, A\l e{0,1}VieZ viecL (5d)
where
g(h,d) = min Z CieSije + Z (letljt + cﬁuj-t) (6a)
i€T,jeT teT JET teT
st. > sp<h,VieI teT, (6b)
jeg
> s <Bi, VteT, (6¢)
i€L.jeg
Zsij‘t+ljt—1+ujt=djt+’jt+”jt—17 vieJd, teT, (6d)
i€T
sije, e, 4e 20, VieZ, jeJ, teT. (6e)
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Application: COVID-19 Test Kit Allocation

[e]e]e] o]

Type 2 Ambiguity Set
We assume support information of each demand variable is known, and represented in
set S. We introduce the ambiguity set U(h) in the following form:

U(h) = {1}» eP(s) | /dIP’: 1,
S
Ep[d] = u(h),

Er[(d — pu(h)(d — u(h)) '] = Z(h)},

Theorem (Basciftci, Yu, S. (2020))

Problem (5) can be represented as the following single level problem:

min Z e’ xi + Z T hi + B+ 6" u(h) + X(h)- Y
ez i€z

s.t. (5b) — (5d)
B+06TE + (€ — p(h)(E* — pu(h)" - Y > g(h,€),Vk € S.
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Application: COVID-19 Test Kit Allocation

[e]e]e]e] ]

Future Work

» Compare the solution performance and objective values between TS-MILP,
DRO and DDDR with Type 2 ambiguity set in COVID-19 test kit allocation
problem;

> Consider the effect of decision dependency in DRO models with
distance-based ambiguity sets, such as Wasserstein metric.

- Yu, X., Shen, S., “Multistage Distributionally Robust Mixed-Integer Programming with Decision-Dependent
Moment-based Ambiguity Sets,” forthcoming in Mathematical Programming.
https://doi.org/10.1007/s10107-020-01580-4.

- Beste Basciftci, Shabbir Ahmed, Sigian Shen. “Distributionally robust facility location problem under
decision-dependent stochastic demand,” European Journal of Operational Research, 292(2), 548-561, 2021.

- Basciftci, B., Yu, X., Shen, S., “Resource Distribution Under Spatiotemporal Uncertainty of Disease Spread:
Stochastic versus Robust Approaches,” https://arxiv.org/abs/2103.04266.
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