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Symbolic Powers

For p € SpecR, p(" = p"R,NR

Theorem (Ein-Lazarsfeld-Smith 01, Hochseter-Huneke ’02)
Let R be a regular d-dimensional ring in characteristic 0. Then for
all n and for all p € Spec R

p(nd) C pn

The ELS proof uses multiplier ideals _# (R, a)

Hara '05 runs through the same argument using test ideals 7(R, a)



Test ideals

Method of proof:

n

b ¢ R, | R <7

Subadditivity is the second inequality. Only holds for regular rings!

Question: What can we say for more general R?
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€
r-Fex = F£rP x.



Char p preliminaries

R Noetherian, characteristic p
FF.RLERE ...ER

Let FER be the R-algebra given by restriction of scalars:
r-Fex = Ffrpex.
Kunz '69: Study F£R to study the singularities of R.

R-linear maps ¢ : FER — R



Char p preliminaries

R Noetherian, characteristic p
FF.RLERE ...ER

Let FER be the R-algebra given by restriction of scalars:

r-Féx = F&rP'x.
Kunz '69: Study F£R to study the singularities of R.

R-linear maps ¢ : FER — R < group homomorphisms
¢ : R — R satisfying
p(rP"x) = ro(x)
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Char p preliminaries (Test ideals)

Definition (Hochster-Huneke '90, Hara-Takagi '04, Schwede '10):
7(R) = unique smallest nonzero ideal satisfying ¢(F£J) C J
for all e, ¢ € Homg(F£R, R)

(It exists!)
Small 7(R) < bad singularities

Analogous to multiplier ideals in char 0
(Z(R) mod p = 7(R mod p) for p>>0)

Pairs setting (Hara-Yoshida '03/Hara-Takagi '04): For a; C R,
tie R, 7(R, [, af") is smallest nonzero J satisfying

o (FeTTal4) c

@ o ¢ . .
(a; is just suggestive notation)



Subadditivity

If R is a regular k-algebra, then
7(R,a°b") C 7(R,a®)7(R, b")

Proof.
Kinneth formula:

T(R®k R,a®k R- R®k b) = 7(R,a) ® 7(R, b)



Subadditivity

If R is a regular k-algebra, then
7(R,a°b") C 7(R,a®)7(R, b")

Proof.
Kinneth formula:

T(R®k R,a®k R- R®k b) = 7(R,a) ® 7(R, b)

Restriction formula: if x € R a regular element, then
T(R/x,(aR/x)°) C 7(R,a®)R/x



Subadditivity

If R is a regular k-algebra, then

7(R,a®b") C 7(R,a®)7(R, b")

Proof.
Let 1 : R® R — R be multiplication, x ® y — xy. Let A = ker .

Then A is generated by a regular sequence since R is regular

Putting it together:
7(a®6") =7 (R® R)/A,a ®k R° - R ®, b* mod A)
C7(a®k R R®kb) mod A = 7(a®)7(b")



Subadditivity

Restriction formula only works for regular rings! Possible
workarounds:

e Abandon old proof (Takagi '07):
Jac(R)T(R,a’b") C 7(R, a®)7(R, b")
e Use cartier algebras

Cartier algebra: C = @, Ce € P, Homp(FER, R)
T(R,a°,C) =smallest J st ¢ (Ffa“"esW J) C Jforall p € Ce



My cartier algebra

® € Ccompat if:
F¢ (R ®k R) >R ®k R

a lu

FER—— >R
Then we get this inclusion for free:
T(Rv asbtaccompat) g T(R & R, (Cl ® R)S(R & b)t) mod A

So we have subadditivity:

7(R,a°b’, (R— R (N (o bY)



For this to be a useful formula, we must answer two questions:
e Is it stronger than Takagi's formula? (Work in progress)
Jac(R)7(R,a°b") C7(R,a°)7(R,b")

VS.

7(R, a°b", Compat) CT(R, a®)7(R, b%)



For this to be a useful formula, we must answer two questions:
e Is it stronger than Takagi's formula? (Work in progress)
Jac(R)7(R,a°b") C7(R,a°)7(R,b")

VS.

7(R, a°b", Compat) CT(R, a®)7(R, b%)

e How do we compute 7(R, a°b*,C compat)? l.e. how do we

compute C compat ?



Toric examples

Normal subalgebras of k[x] = k[xi, ..., x,] generated by monomials
Correspondence: k[x,...,x"], a; € Z" < cone in R" generated
by a1,...,am

Monomials in the ring < lattice points in the cone

e o 3¢ L] °
. 2¢ . °

. 1¢ . °

- -

-2 -1 1 2

. . -l¢ . .

Figure 1: R = k[x 1y, x] 1



Toric examples

Translate cone C to get cone P. Points in #Z M P correspond to
maps FER — R. These maps generate Hom(F£R, R) as k-vector

space.

Y

Figure 2: Figure 3: Figure 4:
R=7/3[x"1y,x] Hom(F!R, R) Hom(F2R, R)
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Computing Ceompat

Lemma

Let d € P. The map corresponding to d is a generator of Compat if
and only if PN (d — P) contains a representative of each
equivalence class of %Z/ Z
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E.g: R=17/5[x,y,2]/(xy — %) = Z/5]y, xy, x*y]

Figure 5: The cone P. Lattice points < maps F1R — R
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E.g: R=k[x,y,z]/(xy — 22) = kly, xy, x?y]

Figure 6: PN ((0,0) — P) contains a representative of each equivalence
class of $Z/Z
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E.g: R=k[x,y,z]/(xy — 22) = kly, xy, x?y]

Figure 7: Lattice points corresponding to maps that don't lift

ii5)



Test ideal comparison

o R=kK[x,y,z]/(xy — 2%) = k[y, xy, x?y]
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Test ideal comparison

* R=kKlx,y,2]/(xy — 2%) = Ky, xy, x*y]
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Test ideal comparison

R = klx,y,2]/(xy — 2°) = kly, xy, x*]

Here, Jac(R)T(R,a°) C 7(R, a®, Ccompat) (usually strict)
Eg 7(R, (1)) =7(R, (1)}, Ceompat) = R

Thus Jac(R)7(R, (1)1) =(x,y,z) € 7(R, (1)1,Ccompat)
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