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ABSTRACT. We prove a topological stability result for the actions of hyper-
bolic groups on their Bowditch boundaries. More precisely, we show that a
sufficiently small perturbation of the standard boundary action, if assumed
on each parabolic subgroup to be a perturbation by semi-conjugacy, is in fact
always globally semi-conjugate to the standard action. This proves a relative
version of the main result of [MMW?22]. The assumption of control on the
perturbation of parabolics is necessary.

1. INTRODUCTION

The study of stability of boundary actions in the presence of some hyperbolicity
has a long history. Sullivan [Sul85] proved that the action of a Kleinian group on
its limit set is stable in the sense of C'' dynamics, meaning that C'-close actions re-
main conjugate. This was generalized by Kapovich-Kim-Lee [KKL] to the broader
class of what they call “meandering hyperbolic actions” under Lipschitz—close per-
turbations, examples that include the boundary actions of hyperbolic groups and of
uniform lattices. More recent work has treated the more general question of topo-
logical or C° stability. An action py of a group I' on a topological space X is said
to be CY stable if any action p sufficiently close to pp in Hom(I', Homeo(X)) has
po as a topological factor, i.e. there exists a continuous, surjective map h: X — X
such that hp(y) = po(v)h for all v € T'. The map h is called a semi-conjugacy. This
is sometimes strengthened to require that h can be taken arbitrarily close to the
identity map X — X by controlling how close p is to pg.

Topological stability of hyperbolic groups acting on their boundaries was shown
in [BM22, MM23, MMW22]; see also [Gro87|]. The approach from [BM22] was very
recently adapted (with much additional work) to establish topological stability for
actions of uniform lattices on Furstenburg boundaries in [CINS23]. The current
paper treats the case of boundary actions of relatively hyperbolic groups. We prove
the following.

Theorem 1.1 (Stability for relatively hyperbolic groups). Let I' be hyperbolic rel-
ative to P and poy the natural action of T' on the Bowditch boundary O(T, P).

For any neighborhood V of the identity in C(O(T',P)), there exists a neighbor-
hood U of py in Hom(T', Homeo(9(T', P))) and a neighborhood V' of the identity in
C(0(T,P)) such that, if p € U is an action whose restriction to each P € P is
an extension of pg via a semi-conjugacy in V', then p is an extension of py by a
semi-conjugacy in V.

Examples. Control on the restriction of p to each subgroup P € P is necessary. In
fact it is necessary even when I is a lattice in a Lie group G, and the deformed action
p is induced by deforming the inclusion representation in the character variety.
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Example 1.2. Consider a finite-area hyperbolic surface with a single cusp, iso-
metric to a quotient H2/T" for a discrete subgroup I' € PSL(2,R). Then T is a
relatively hyperbolic group, relative to the fundamental group of the cusp, and the
action of this group on its Bowditch boundary is the action of I' on RP' = 9H?2.

(i) Let p : I' = PSL(2,R) be a small deformation of the inclusion representa-
tion pg : I' < PSL(2,R) for which a generator of the cusp group acts by an
elliptic transformation. As elliptic transformations have no fixed points in
OH?2, this deformed action cannot be semi-conjugate to the original bound-
ary action.

(ii) Now let p : I' — PSL(2,R) be a deformation of pg where the cusp group
instead acts by a loxodromic transformation, which fixes a pair of points in
OH? close to the parabolic fixed point for the original cusp group action.
The map OH? — OH? which collapses the small arc A joining this pair of
fixed points is a semi-conjugacy for the p-action of the cusp group, which is
close to the identity. Additionally collapsing all of the arcs in the p(I")-orbit
of A yields a semi-conjugacy for the p-action of the whole group I'. This is
an example of the situation described by Theorem

It is actually possible to generalize both of the examples above to higher dimen-
sions.

Example 1.3. Suppose that M is a finite-volume non-compact hyperbolic n-
manifold, isometric to H"/T for a discrete group I' C Isom(H") ~ PO(n,1); as
in the previous example, I is then relatively hyperbolic, relative to its collection of
cusp subgroups, and the action on its Bowditch boundary is the induced action on
OH" ~ §n—1,

(i) When n = 3, Thurston’s hyperbolic Dehn filling theorem implies that there
are arbitrarily small deformations of the inclusion pg : I' < PO(n,1) for
which the action on H* (and hence the induced action on 9H?) has infinite
kernel. These deformations cannot be semi-conjugate to the original action,
where the kernel is trivial.

(ii) For each n > 2, there are examples of (non-uniform) lattices I' C PO(n, 1)
which have deformations in Hom(T', PGL(n+1,R)) which are discrete, faith-
ful, and preserve a convex open subset 2 C RP", arbitrarily close (but not
equivalent) to the projective model for H"; in some of these examples, the
cusp groups preserve small k-simplices embedded in 09X, for some 1 < k < n
(see [BDLIS|, [BM20], [Bob19]). The induced action of ' on 92 ~ §™~!
then cannot be conjugate to the original action of I' on OH". However, it
follows from [Wei23| Section 5] that (for sufficiently small deformations) the
map collapsing all of the k-simplices is a semi-conjugacy to the standard
action of I on its Bowditch boundary.

We also note that, in the broad context of C° deformations covered by Theo-
rem[I.1] even if the restriction of p to each peripheral subgroup is actually conjugate
to the restriction of pg, the p-action of the full group I' does not need to be conju-
gate to pg. This can occur even when I' is hyperbolic and P = ; for examples see
[BM22, Section 4] and [MMW22], Example 1.4].

Outline. The broad strategy of this work follows that of [MMW22], but much
additional technical work is needed in the presence of parabolic elements. We adapt
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and use tools and ideas from [Wei22] and the geometry of relatively hyperbolic
groups. A reader looking for a gentler introduction to rigidity of boundary actions
may wish to first read the simpler proof in [MMW22].

In Section [2| we review necessary material on relatively hyperbolic groups and set
the stage for the proof. In Section [3| we define an automaton which codes bound-
ary points, adapted to the setting of the desired stability theorem for relatively
hyperbolic groups. Essential properties of this automaton are proved in Section [4]

Section |5| is the technical heart of the paper. The key proposition (Proposition
is a “uniform nesting” condition for sequences of nested sets furnished by the
automaton, which can be translated into a stable condition under perturbation
that allows us to define the desired semi-conjugacy between the standard boundary
action and a sufficiently small perturbation. Section [6] uses all the previous work
to define this semi-conjugacy and conclude the proof.

Acknowledgments. KM was partially supported by NSF grant DMS 1844516
and a Sloan fellowship. JM was partially supported by the Simons Foundation,
grant number 942496. TW was partially supported by NSF grant DMS-2202770.

2. SET-UP

We assume the reader has basic familiarity with the theory of relatively hyper-
bolic groups; general background can be found in [Bow12], or [GMO0S8, Section 2] and
references therein. In this section we set notation and recall the essential properties
that we will use.

Let T' be a relatively hyperbolic group, relative to a finite collection P of infinite
subgroups. Fix a finite, symmetric generating set S for I'.  We let Cay(I') =
Cay(T', S) denote the Cayley graph of I with respect to the generating set S, and
we let dr denote the metric on Cay(T") induced by this generating set. We also
assume the generating set S is compatible with P, i.e. that for every parabolic
subgroup P € P, the intersection PN S is a generating set for P. If T" is hyperbolic
(i.e. P = () then Theorem follows from [MMW?22|, so we assume for the
duration of this work that P # (. We also assume that (I, P) is non-elementary
(meaning that P # {T'} and T is not finite or virtually cyclic), since in these cases
the Bowditch boundary 9(T', P) contains at most two points and the theorem is
trivial.

The Bowditch boundary 9(T', P) can be identified with the Gromov boundary
of a hyperbolic space X = X(I",P,S) which was defined in [GM0Og|] and called a
cusped space for the pair (I',P). The space X is a locally finite metric graph, with
each edge having length 1. We use dx to refer to the metric on X. The group I'
acts properly by isometries on X, and the Cayley graph Cay(T', S) embeds properly
and T'-equivariantly (though not quasi-isometrically) as a subgraph of X.

We will need to use some results on the geometry of horoballs in X and geodesics
near horoballs, especially in Section[5} To this end, define the depth Dx of a vertex
of X to be its distance from the Cayley graph in X and extend linearly across
edges to get a continuous function Dx: X — [0,00). Thus, the Cayley graph in
X is the set D'(0); a horoball is the smallest full subgraph containing the closure
of a component of D;{1 (0,00). For an integer k > 0, we refer to a component of
D'k, 00) as a k—horoball. If H is a horoball, we say that a geodesic v: [a,b] — H
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is reqular if there are a < A < B < b with B— A < 3 and

1 t<A
%onv(t): 0 A<t<B.
-1 t>B
A geodesic in a horoball is wvertical if it is regular and either a = A = B or

A = B = b. We will say a geodesic in X is regular if every intersection with a
horoball is regular. Whenever necessary, we will assume our geodesics are regular.
We also fix an integer § > 1 so that the cusped space X is d—hyperbolic (in the
sense that all geodesic triangles are d—thin).

The following result was proved in [GMOS].

Lemma 2.1. [GM08, Lemmas 3.10, 3.26] For any k > § + 1, the k—horoballs are
convex. Moreover, any geodesic in a horoball is Hausdorff distance at most 4 from
a reqular unit speed geodesic v: [a,b] — X with the same endpoints.

We also need one more lemma about the geometry of geodesics which pass
through horoballs.

Lemma 2.2. Let H be a k-horoball of X for some k > 0, let o: [a,b] = X be
a reqular unit speed geodesic, and let [a’,b'] be a connected component of o~ (H).
Assume that b/ —a’ > (46 + 3). Then for t € [a,a’] we have

() —t)—6 <dx(o(t),H) <d —t.

Proof. Let x be a closest point in H to o(t), and let y = o(a’). Any geodesic from
o(t) to x can be extended by a vertical path to a point 2’ on the k+ 2§-horoball H’
nested inside H. Call this extended geodesic 7. Now consider a geodesic triangle
two of whose sides are 7 and o (¢, a’ +24§). (Regularity of o implies that o(a’ +26) is
on the boundary of H'.) The third side of the triangle has endpoints in H', which
is convex by the first part of Lemma [2.1] In particular the distance from y to this
third side is at least 24, so there is a point ¢’ on o (¢, a 4+ 26) which is within § of y.
Either y' lies between o(t) and x, or on 7 NH at depth at most §. In either case,
we deduce that o/ —t < dx(o(t),x) + 9, as desired. O

The Gromov boundary of the cusped space X is the Bowditch boundary 9(T', P)
of the pair (I',P) (see [Bowl12], [GMOS]). We fix a metric dp on 9(T', P). Metric
notions such as diameter, e-neighborhoods are always with respect to this metric.
We write B,.(x) for the (open) ball about = of radius r, and N,.(Y") for the open
r-neighborhood of a subset Y.

When we need to distinguish the natural action of T' on d(I',P) from another
action of this group on the space, we will use the notation po(g)(z) for the action
of g € I" on z € O(I', P). However, in the first part of this work we use only this
action, and so for convenience shorten this to gz.

Each subgroup in P acts on 9(T', P) with a unique fixed point. We denote the
finite set of fixed points of groups in P by II, and for p € II, we let I', € P denote
the subgroup fixing p. Thus,

P={T,:pell}.
Any T-translate in (T, P) of a point in IT is called a parabolic point.

We now recall some important properties of the action of T' on 9(T', P), which
we use to set up the next construction. First, the group I' acts on 9(I',P) as a
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convergence group (see [Tuk94]), meaning that the induced action on the space of
distinct triples in 9(T", P) is properly discontinuous.

Secondly, I acts cocompactly on pairs of distinct points in the Bowditch bound-
ary O(T, P). Thus, we can set the following separation constant:

Definition 2.3. We fix a constant D > 0 such that for any pair of distinct points
x,y € O(T, P), there is some g € T" such that dy(gz, gy) > D.

Finally, the action of I" on 9(T', P) is geometrically finite in a dynamical sense,
meaning that every non-parabolic point in d(T', P) is a conical limit point, and every
parabolic point is bounded.

We recall that a point z € (I, P) is a conical limit point if there are distinct
points a,b € (T, P) and a sequence (g;);en so that g;z — b and g;x — a uniformly
on compacts in 9(I',P) — {z}. A parabolic point p is bounded if its stabilizer
I', C T acts with compact quotient on the space (I, P) — {p}. Thus, we define
the following.

Definition 2.4. For each parabolic point p € II, we fix a compact set K, C
d(I',P) — {p} such that T, - K, = (T, P) — {p}.

For each p, since K, is compact, the distance dp(z,p) is bounded below by a
positive constant. Further, since we assume I' is non-elementary, 9(T",P) is un-
countable. Since I', is countable, K, must have positive diameter. So, we can also
make the following definition.

Definition 2.5. We fix a constant Dy > 0 so that for each p € II, we have
Dy < diam(Kp) and Dy < da(Kp,p).

3. AUTOMATON

In this section we give a version of the construction in Section 2 of [MMW22]
(see also Sections 5 and 6 of [Wei22]). The former paper shows that every point
in the Gromov boundary of a hyperbolic group has an “expanded neighborhood”
which is well-adapted to the construction of an automaton which codes points. In
the setting of this paper, conical points can be coded in essentially the manner of
IMMW?22]. However, parabolic fixed points need separate treatment, for which we
adapt the approach in [Wei22).

We start with the conical case, adapting Lemma 2.3 in [MMW22] as follows.

Lemma 3.1 (Expanded neighborhoods). For any positive € < % and any conical
limit point z € O(T,P), there exists a, € T and a pair of open neighborhoods
V(z) Cc W(z) of z so that

(1) diam(W(z)) < €;

(2) diam(a;'W(z)) > 4e; and

(3) Nac(aZ'V(2)) C a7 tW(2).

Proof. We choose some € < % where D is the constant from Definition

Let z € 9(T, P) be is a conical limit point. Since z is conical, we can find distinct
points a,b and a sequence of group elements (g;);en so that g;z — b and g,z — a
uniformly for all z # 2. Up to post-composing all g; with a fixed element g as
in Definition if necessary, we may assume dg(a,b) > D. Also, since 9(T', P) is
perfect, there is some point a’ # a with dy(a,a’) = € <e.
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Let W(z) = Bc/2(z), so Property is satisfied. Let K be the complement of
W(z) in (T, P). The set K is compact and does not contain z, so for 4 sufficiently
large, we have ;K C Be/(a) and g,z € Be(b).

Fixing some such i, set a, = g; !, and let V(2) = a,(B.(b)). Note that B.(a)
contains a; 'K = (T, P) — a; W (2). Since Bc(a) is disjoint from B,(b), we have

V(z) = a,(Bb) < 9OI,P)—a,(K)=W,.

The set a; 1W (z) = 9(T, P)—a; ' K contains both b and a’, so diam(a; W (z)) >
dy(b,a’) > D — € > 4e, establishing Property .
Finally, since dp(b, a; 1K) > D — € > 4¢, we have

Na(a; 'V (2)) € Bac(b) € (T, P) — o 'K) = a; ' W(z),
establishing Property . O

To treat parabolic points, we follow an argument given in [Wei22]; compare the
lemma below to [Wei22, Lemma 6.7].

Lemma 3.2 (Parabolic points). For each point p € II, any ¢ < Dn/5, and each
q = gp, there exist open sets V(p) € W(p) C O(T,P), neighborhoods V(q) C W (q)
of ¢ and a finite set Fy, C gI', such that:

(1) diam(W(q)) < ¢
(2) diam(W(p)) > 4e;

(3) N2(V(p)) € W(p);

(4) N (W (p)) does not contain p; )

(5) The set W(q) is equal to {q} U UaegP_Fq aW (p);

(6) The set V(q) is equal to {q} U Uaegpqu aV(p).

Proof. Let ¢ € 9(T', P) be a parabolic point with ¢ = gp for p € II. Let K, be the
compact set from Definition so that I'), - K, = 0(T', P) — {p}, diam(K,) > D,
and dp(z,p) > Dy for every x € K,. We let V(p) = N.(K},), and we let W (p) =
Nac(Kp).

Conditions (2) and (3) above are immediate. Further, since N.(W (p)) C Ns(K,)
and we assume ¢ < Dr;/5, we know that the closed neighborhood N (W (p)) does
not contain p, so Condition holds as well.

The stabilizer of a parabolic point p € 9(I", P) acts properly discontinuously on
O, P) — {p}. So, for any neighborhood U of p in I(T, P), there is a finite set F'

(depending on U) so that for any o € T', — F', we have aW(p) C U. Thus, by

taking U = g_lBe/g(q)7 we see that for F, = gF', we have aW(p) C Be/s(q) for all
a € gl'y, — Fy.

We now define W (q) and V(q) exactly as stated in Conditions (5) and (). Our
choice of Fy ensures that W (q) C Bc/2(q), so we know Condition (1)) holds.

It remains to verify that W(q) and V(g) are open neighborhoods of ¢. For this,
it is enough to show that W (q) and V(gq) each contain an open neighborhood of
q. However, since gT'), - K, = (T, P) — {q}, and V(p) and W (p) both contain K,
we know that V(¢) and W(q) both contain the complement of the set Uﬂqu BK,.
This set is a finite union of compact subsets not containing g, so its complement
contains an open neighborhood of q. [
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3.1. Fixing ¢ and the geometric automaton. The construction of the automa-
ton depends on a pair of nested finite open covers of 9(I", P), coming from the sets
V(z) and W (z) provided by Lemma and Lemma The covers we construct
via these lemmas depend on the target neighborhood of the identity V needed in
Theorem Thus, we suppose now that we have been given some ¥V C C(9(T', P)),
and make the following definition.

Definition 3.3. We fix a constant € > 0 so that ¢ is smaller than min(D/5, Dr1/5),
and additionally such that every continuous self-map 9(T', P) — 9(T', P) e—close to
the identity lies in V.

For each conical limit point z € 9(T", P), choose a pair of open neighborhoods
V(2)* C W(z) of z and an element a(z) as in the statement of Lemma [3.1] for our
chosen e. Later, we will modify the V(2)* slightly, hence the provisional * in the
notation, rather than simply calling the set V(z) as in the Lemma statement.

For each parabolic point p € II choose open sets V(p)* C W(p) as in Lemma
again using the fixed e. In addition, for each parabolic point ¢ € (T, P) with ¢ = gp
for p € II, choose neighborhoods V' (¢)* C W(q) of ¢ and a finite set F; C gI', as in
the same lemma.

Let Z C 9(T', P) be a finite collection so that the sets {V(2)*},cz cover O(T, P).
We streamline notation as follows.

Notation 3.4. For each conical limit point z € Z, we denote o 'V (2)* by V(2)*
and a1 (W(z)) by W(z). These sets will play an important role.
If ¢ = gp for p € 11, we will define V(q)* =V(p)*.

We will set up an automaton with vertex set Z, and edges determined by the
combinatorics of the intersections these sets and labeled by certain elements of I'.
For this we use the following definition.

Definition 3.5. For each point z € Z, let L(z) C I" be defined as follows.
e If z is a conical limit point, then L(z) is the singleton {a,}.

o If z is a parabolic point ¢ = gp for p € II, then we define L(z) := gI'y — Fy,
where F} is the set given by Lemma

Since we ultimately want to use this automaton to prove stability properties of
the action of T" on 9(T', P), we need to make sure that this intersection pattern is
stable. More precisely, we want to modify the sets V(2)* and V(z)* slightly to sets
V(z) and V(z) which satisfy V() NV (y) = 0 if and only if V(z) NV (y) = 0.

For this we use the following lemma.

Lemma 3.6. For any z € Z and any n > 0, there exists r > 0 so that the set

U eV (V)

a€L(z)
is contained in the n-neighborhood of V (z)*.

Proof. When z is a conical limit point, then L(z) is a singleton {a,} and V(z)* =
a.V(z)*. Thus, a.N.(V(2)*) C Ny(a.V(2)*) holds for all sufficiently small r
because I' acts by homeomorphisms. Now assume that z is parabolic point ¢ = gp

for p € II, and L(z) = gT'p, — F.
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Part [4] of Lemma [3.2] ensures that we can choose r small enough so that the

closure of N,.(V(p)*) does not contain p. Then, for a finite subset E, C gI',, every
o € gT, — B, satisfies aN,.(V(p)) C B,(q). As V(q) contains g, this ensures that
Uaegr,— &, N,(V(p)*) is contained in N, (V(q)*).

Since the set £, — F, is finite, we can choose r small enough so that aNT(V(p)*)
is contained in N, (aV (p)*) for every a € E, — F,. Since V(g) contains the union of

sets aV (p)* for o € g, — F,, this guarantees that the desired inclusion holds. [

The following proposition collects the key properties of the combinatorics of an
open cover that we will use to build the automaton.

Proposition 3.7. There exist sets V(z) D V(2)* and V(z) D V(2)* so that for
each z € Z \ 11 we have V(z) = a7 'V (2), and for every z € Z, we have:

(C1) diam(W(z)) <e&;

(C2) diam(W(z)) > 4e;

(C3) Nae(V(2)) € W(z) )

(C4) The set W(z) is equal to {z} UUyer ) aW(2);

(C5) The set V(z) is equal to {z} UU,er ) aV(z) and V(z) € W (z).

(C6) For any pairy,z € Z, we have V(2) NV (y) =0 iff V(2) NV (y) = 0.

Note that {V(2)}.ez is still a cover of I(T', P), and the index set Z, elements

o, and sets W(z), W(z) and L(z) remain unchanged.

Proof. That the sets V(2)* and V(2)* already chosen satisfy conditions
nearly follows from Lemma and For the last part of in the case of
parabolic z we must also use Lemma (3.6

We can replace each of the sets V(z)* with a slightly larger set V(z), and define
V(z) = a.(V(z)) for conical z, and via the expression in for parabolic z.
Lemmatells us that we can do this so that V(z), V(z) are respectively contained
in arbitrarily small neighborhoods of V'(z)* and V(z)*, and property above
holds for V(2), V(z).

By choosing V(z) and V (z) sufficiently close to V (z)*, V(2)*, we can ensure that
all of the properties still hold after we replace V(2)*, V(z)* with V(2),
V(z) (Note that Condition is open, since it is about the closure of NQE(V(z)).
In particular the condition is preserved when V(z) is enlarged slightly.) O

For the rest of the paper, we fix the index set Z, the open cover V(z), as well as
open sets V(z), W(z), W(z), and the sets L(z) for each z € Z, and assume that
these sets satisfy properties [(C1)(C6)| above.

Definition 3.8 (The automaton). Let G be the directed graph with vertex set Z.
For (z,y) € Z x Z, if V(2) N V(y) = 0 there are no directed edges from z to y,
and if V(2) N V(y) # 0, then for each a € L(z) we put a directed edge from z to
y labeled by «. Thus, the set of edges from z to y is either empty or in bijective
correspondence with L(z). See Figure [I| and Figure

Note that there are infinitely many outgoing edges from z € Z if and only if 2
is parabolic. We have constructed our automaton so that it satisfies the following
key property:
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Proposition 3.9. If there is an edge from z to y in G labeled by a group element
«a € L(z), then we have the inclusions

(E1) aN.(W(y)) S aW(2) C W(2).

Proof. If there is an edge from z to y, then V(z) N V(yi is nonempty. By we

have V(y) € W(y), so W(y) NV (z) is nonempty. By we have No.(V(2)) C
W (2) Since diam(W (y)) < & by we have N (W (y)) C W(z). Moreover, since
the diameter of W (y) is at most e, and the diameter of W (z) is at least 4e by
this inclusion is proper. This proves the left-hand inclusion above.

Finally, property implies that if @ € L(z), then aW(z) C W(z), which

gives us the right-hand inclusion as well. [l
/\ (
.
| W
z ay Yy

® > ®

FIGURE 1. If z is conical, and V. meets Vy, then there is an edge
from z to y labeled a,. The group element «, may or may not fix
the point z.

We note the following consequence of Proposition for future use.

Remark 3.10. Consider a parabolic vertex z = gp € Z, where p € II. If there is
an edge from z to another vertex y € Z, by we have we have aN.(W (y)) C
aW (z) € W(z) for all @ € L(z), hence, for all but, finitely many o € gT,. Tt follows
that the closed neighborhood N.(W (y)) does not contain p.

As a consequence, for any given n > 0 and any parabolic vertex z € Z, if there is
an edge from z to y, then the inclusion aN. (W (y)) C B,(z) holds for all but finitely
many « € L(z). In particular, by choosing 7 sufficiently small, we can ensure that

for all but finitely many exceptional a € L(z), we have
Ny(aNe(W (y))) € W(2).

Further, since the edge inclusion condition (E1)) still holds for the finitely many
exceptional «, there is some €, > 0 so that for every a € L(z), we have

(1) Ne.(a(NW(y))) € W(z).
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z a3 Y
>

FIGURE 2. If z is parabolic, and V. meets Vy, then for each oy in
L(z) there is an edge from z to y labeled «;. In general «; may or
may not fix z, meaning that W, Na; W, may or may not be empty.

4. PROPERTIES OF THE pp—AUTOMATON

In this section we explain how to associate points of 9(I', P) to edge paths in G,
called “codings.” While points of (T, P) may have more than one coding, we also
show that any two codings of the same point are geometrically related.

Notation 4.1. We will often need to work with both finite-length and infinite-
length edge paths in the graph G; some of our results will apply to all edge paths,
while others may apply only to infinite paths or only to finite paths.

Whenever we refer to an edge path (or any other sequence) which may be either
finite or infinite, we will let I denote an index set for the sequence, which can be
equal to either N = {1,...} or {1,...,n} for some n, depending on context.

Definition 4.2. A strict conical G—coding is an infinite edge path in G. A strict
parabolic G—coding is a finite edge path terminating in a parabolic point. Note that
it is possible that this edge path has length zero, in which case the coding is just a
single parabolic point z € Z.

We use the notation ¢(e), 7(e), and Lab(e) to denote (respectively) the initial
vertex, terminal vertex, and label of an edge e in a directed graph G. If e =
(ex)ker is an edge path in G, we call (7(er))rer the terminal vertex sequence and
(Lab(eg))ker the label sequence for e. We also define the initial vertex sequence
for e in the same way, except that for convenience we index this sequence starting
from zero (so its kth term is t(eg41)).
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Definition 4.3. For a strict conical coding e = (ep)reny with label sequence
(ak)ken, and terminal vertex sequence (zi)ren = (7(ex))ken, if

e ﬂ ag - apW(zg)
k=0

we say that e is a strict G—coding of (. If G is understood, we may omit it, and
speak of a strict coding of C.

Similarly, a strict parabolic coding with label sequence (ak)ke{l,...,n} is a strict
G—coding of the parabolic point ( if

(=o...0nq,

where ¢ is the terminal point of the last edge. If G is understood, we may speak
simply of a sequence that (strictly) codes (.

Ultimately we want to use G-codings of points in 9(T', P) to understand pertur-
bations of the I'-action on O(I', P), so it is useful to introduce a formalism which
also allows T to act on the set of codings. In [KKT], this kind of idea is referred to
as “Sullivan’s trick.”

Definition 4.4. A generalized G-coding is a pair (go,e), where go is any element
of T, and e is a strict G-coding. The generalized coding (go,e) is conical if e is
conical, and parabolic if e is parabolic.

If e codes a point & € A(I',P), then we say that (go,e) is a G-coding of the
point go&. We refer to the element gy as the initial point of the coding (go,e).
Slightly abusing terminology, we also refer to the terminal vertex sequence of e as
the terminal vertex sequence for (go,e), and similarly for label sequences and initial
vertex sequences.

Note that any strict coding can be viewed as a generalized coding by taking
the initial point gy to be the identity. Occasionally we will refer to generalized
G-codings as “G-codings,” or even just “codings” if G is understood from context.

Lemma 4.5. Every point in O(T',P) has a strict G-coding.

Proof. Fix a point ¢ € 9(T', P). Since the V(z) cover 9(T', P), we can choose zy so
that ¢ € V(zp). If ¢ = 2z and z is parabolic, we stop. The length-zero edge path
consisting of the vertex 2y is a strict parabolic coding of (.

Otherwise, we inductively define a strict G-coding as follows. Assume that we
have already defined a (possibly empty) edge path ey, ... e, starting at the point zq
chosen in the last paragraph, and with 7(ey) = 2, for each k > 0. Set oy, = Lab(ey,)
and make the inductive hypothesis that

Cn = a;l . -~af1§ € Vizp).

This implies that
Ce€ay - a,W(z,).

There are now two possibilities. If z, is not a parabolic point, then we let oy, 1
be the only element in the singleton set L(z,). Then define ;41 = a;ilgn, which
lies in a1V (2,) = V(zn). Since the sets V(z) cover, we can find some z,,; € Z
so that (41 € V(2p+1). Then there is an edge e, 1 between z,, and z,41 because
V(2y) and V(2,41) have nonempty intersection.

If instead z, is a parabolic point, then we may have that { = a3 ...auz,, in
which case we are done and have found a strict parabolic coding of (. Otherwise,
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by propertyof our open covers, there is some a;,+1 € L(z,) so that a;}rl(cn) €
V(zn). Define (41 = Of;j-lgn, as above, pick some 2,11 so that {,+1 € V(zn41)-
There is an edge e,41 between z, and z,41 because V(z,) and V(z,,1) have
nonempty intersection.

Thus, if the inductive procedure terminates at a finite stage, we have produced
a parabolic coding of (. Otherwise, by construction we produce an infinite edge
path with labels aj, such that ¢ € (), a1 --- @, W (z,), as desired. O

It turns out that conical G-codings actually code (unique) conical points in
9d(T', P), although this is not obvious from the lemma above. We will prove this fact
later in Corollary [£.11} We will also eventually show that conical codings determine
sequences in I’ that are well-defined up to some bounded error (Lemma .

To prove these two facts, we first show that codings define sequences of elements
that stay close to geodesic rays in the cusped space X. We use the following basic
fact about hyperbolic metric spaces. The statement is a rephrasing of Lemma 3.2
of [MMW?22], and we refer the reader there for a proof.

Lemma 4.6 (See [MMW22] Lemma 3.2). Let X be a proper d-hyperbolic metric
space, and fix a metric dg on the Gromov boundary 0X and a basepoint xq € X.
For any eg > 0 and any Ry > 0, there exists a constant Ro satisfying the following.

Let 21, 22, 23 be three points in 0X, and for each i, j distinct in {1, 2,3} let [z, z;]
be a geodesic joining z; to zj. If the distance between z; and z; is at least e for
each distinct pair z;, z;, then the intersection

NRl([ZlaZQ]) N NRl([Zlvzl”D

is contained in the Ra-neighborhood of a geodesic ray from xqy to z1.
Now, using the strategy of Lemma 3.4 in [MMW22], we show the following.

Lemma 4.7. There exists a uniform constant R > 0 so that, for any strict coding
e of any point ¢ € I, P), if (ar)ker is the associated label sequence, then the
sequence

gk ‘= Q1 Qg
lies in the R-neighborhood of any geodesic ray in the cusped space X based at the
identity in Cay(I') C X and with endpoint ¢ € 0X = 9(T, P).

Proof. Let ¢y > 0 be small enough so that ¢y < e, and so that for every z € 9(T', P),
there exist points zy,z_ € (T, P) so that

do(z,21) > e, da(z4,2-) > eo.

That such an €g exists follows from an easy geometric argument using the fact that
e < D/5 (recall D is the constant from Definition [2.3)); see Lemma 3.1 in [MMW22]
for a proof. We also choose a constant Ry > 0 so that, for any pair of points
a,b € (T, P) such that dg(a,b) > ¢, any geodesic in X joining a to b passes within
an Rj-neighborhood of the identity.

Now fix ¢ € 9(T", P), and let e be a strict G-coding for ¢, with label sequence
(o )ker and terminal vertex sequence (zi)rer. We define 2z to be the initial vertex
of the coding, and let gi := -+ - ay. For all k € T U {0}, we write W}, for W(zy).
Since e is a coding for ¢ we know ¢ € Wj.

Choose points (4 € I(T, P) so that dg((,(-) > ¢,ds(¢,{4+) > e, and do((—, (+) >
€o. Condition implies that the diameter of Wy is less than ¢, so we know that
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¢+ and (_ both lie in 9(T', P) — Wy. Let [(_,(] be a geodesic in X from (_ to ¢
and [(4, (] a geodesic from (4 to (.

The edge inclusion condition , together with the fact that e is a strict coding
for ¢, implies that g, '¢ € Wy, and g, N.(W},) C W, for every k. Thus g, ' (O(T, P) —
W) is a subset of 9(I', P) — N (Wy), so g;, ' ¢ lies in O(T', P) — N.(W}) and therefore
do(g; ' C~.9;7¢) = .

Thus, by our choice of Ry, the geodesic g, 1[C_, (] enters an R;y-neighborhood of
the identity. Equivalently, g lies in the Rj-neighborhood of the geodesic [(_,(].
The same argument also shows that g lies in an Rj-neighborhood of the geodesic
[¢+,¢]. Now apply Lemma [4.6] with z; = (, 22 = (_, and 23 = (4 to see that there
is a constant Ry (independent of ¢ and e) so that gi lies in the Rs-neighborhood
of some geodesic ray from the identity to (. Setting R = Rs + 29, we conclude that
all gi lie in the R-neighborhood of any such geodesic ray. O

Although the previous lemma only applies directly to strict codings, we can use
it to obtain a statement for generalized codings as well. Here and in what follows,
we use the notation |a|x for dx («, id), where id is the image of the identity element
of I"in Cay(I') C X.

Corollary 4.8. Let R > 0 be the constant from Lemma and let (go,€) be a
generalized G-coding of a point ¢ € (', P), with label sequence (a)rer. Then the
sequence

gk ‘= go - Q- QO

lies in the (R + |go|x + 20)-neighborhood of any geodesic ray in X from id to .

Proof. Lemma immediately implies that the sequence (gi)rerufoy lies within
an R-neighborhood of a geodesic [go, (] in X from go to (. However, this geodesic
lies within distance |go|x + 20 of any geodesic [id, ] in X from id to ¢. To see this,
simply make a long quadrilateral with one side a geodesic segment from id to go,
two sides long subsegments of the rays from id and gg to (, and the fourth side
a short path between these rays far from id. That quadrilaterals are 2§—slim now
implies that [go, ¢] lies within the R+ 24 neighborhood of [id, (], and vice versa. O

The sequence (gx)rerugoy from Lemma and Corollary will make many
appearances, so we make the following definition.

Definition 4.9. If (go,e) is a generalized coding with label sequence (ag)ier,
we call the sequence (gx)reruqoy defined by g := go - a1 - ax the quasi-geodesic
sequence associated to (go,e).

The terminology “quasi-geodesic sequence” comes from the fact that (gx)reruqoy
lies bounded distance from a geodesic in the cusped space X, and behaves like a
quasi-geodesic in the relative Cayley graph for T’ (i.e. the Cayley graph for T
defined with respect to the infinite generating set SU Upen I',). However, note that
(9r)kerugoy may not be a quasi-geodesic in X, since the distances dx (g, gr+1) may
be arbitrarily large.

At this point, we have only shown (via Lemma that the associated quasi-
geodesic sequence (gx)rerufo} stays in a uniform neighborhood of a geodesic ray
in X. To see that the sequence actually follows the ray to infinity, we will use an
argument from Lemma 2.11 in [MMW22):
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Lemma 4.10 (Bounded backtracking I). Let (go,e) be a generalized coding with
terminal vertex sequence (2x)rer and associated quasi-geodesic sequence (k) kerufoy} -
For every k, there is a proper inclusion

G W(zkg1) C gW (2).

Moreover, no element in (gx)rerugo} is repeated more than #Z times.

Proof. The first statement follows directly from Proposition [3.9] Given this, we
now prove the second statement. Suppose for a contradiction that for some g € T’
we have #{k : gr = g} > #Z. Then there are distinct k, k' € N such that
gk = g = g and zp = 2. But then gy W(zx) = g W (zks), which contradicts the
proper inclusion already established. ([

Corollary 4.11. FEvery conical G—coding codes a unique conical limit point.

Proof. The statement for generalized codings follows immediately from the state-
ment for strict codings, so fix a strict conical coding e. That some point ( is coded
by e follows immediately from Definition [£:3] Lemma [£.7] and Lemma [£:10] imply
that the point ( is uniquely determined, because the associated quasi-geodesic se-
quence (gr)ren tends to infinity in I" and stays in a uniform neighborhood of a
geodesic ray in X with ideal endpoint ¢. But this is just another way of saying that
¢ is a conical limit point (see e.g. [BH20, Prop. A.2] for the equivalence). |

Corollary 4.12 (Bounded backtracking II). Let R be the constant from Lemma
. Suppose (go,e) is a generalized conical coding with associated quasi-geodesic
sequence (gx)kerufoy- For any m € N and any n > m, we have dx(id, g,) >
dx(id, gm) — (3R + 2|90|X + 65)

Proof. Let ¢ be the point coded by (go,e), and let o be a ray in X from the identity
to (. By Corollary we have d(gx,0) < R+ |go|x + 20 for all k. Fix indices
m < n, and let z,, be a point along ¢ which is within distance R + |go|x + 20 of
G-

Consider the strict conical coding €' in G given by the edge path (exim)ren-
The label sequence for this coding is the tail of the label sequence for e, so the
associated quasi-geodesic is the sequence (g}, )ken, where g, := g;- grtm. It follows
that e’ codes the point g,.'¢, hence (by Lemma the sequence g, stays within
distance R of a geodesic ray o’ from id to g,,'C.

Let 0" be the sub-ray of o from z,, to (, so that g,,'0” is a ray from g, x,, to
g, Since dx (Tm, gm) = dx (g, 0m, id) < R+ |go|x + 28, the rays o’ and g, 0"
have Hausdorff distance bounded by R+ |go|x + 49 (see the argument in the proof
of Corollary .

Now, let 2/, be a point on the ray ¢’ so that g/, ,, = g,,'g, lies within distance R
of x/,. There is a point 2/, on ¢’ so that dx (g, z!, z!) < R+ |go|x + 46, meaning
dx (G gns g ®0) = dx(gn, 1) < 2R + |go|x + 40. Using the fact that ¢” is a
sub-ray of ¢ based at x,,, we have

‘We have seen that
dx (id, xm) > dx (id, gm) — (R + |go|x + 29)

and
dx (gn, i) < 2R+ |go|x + 40.
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Combining the above inequalities gives the desired bound dx (id, g,) > dx (id, gm)—
(3R + 2|go|x + 66). O

As a consequence of Corollary whenever some edge label «; in a generalized
coding (go,e) satisfies |a;|x > 3R + 2|go|x + 40, the associated quasi-geodesic
sequence makes positive progress along the ray it tracks. This will be important in
the following section.

The final lemma of this section shows that conical codings are “unique up to
bounded distance,” as follows.

Lemma 4.13. For any go,hg € T, there exists a constant Dy > 0 satisfying the
following. Suppose that (go,e), (ho,f) are two generalized codings of a common
conical point (. Then the Hausdorff distance between the sets {gi : k > 0} and
{hi, : k > 0} (with respect to the metric dx ) is at most Dy.

Before proving the lemma, we fix notation for some more data related to the
automaton G which will appear in both the proof below and in several arguments
in the following section.

Definition 4.14. For each parabolic vertex ¢ of our automaton, we choose an
element t, € I so that ¢, 'q € II; we make this choice so that |ty|x is minimized.
Then define the quantity C' by

C =26+ 6+ max ({|t4|x : ¢ € Z parabolic} U {|a;|x : z € Z conical}).
Recall that when z € Z is conical, a, is the unique element in the label set L(z).

Proof of Lemma[{.13 Fix a conical point ¢ € 9(I',P) and a geodesic ray o in X
from id to (, and let gg, ho be arbitrary elements of I". Consider a pair of generalized
codings (go,e) and (ho, f) of . Letting R be the constant from Lemma and
defining

Ry = R+ max{|go|x, |ho|x} + 60,

Corollary implies that the associated quasi-geodesic sequences for both (go, e)
and (hg, f) lie in the set

N, () 1 Cay (D).

Let (gx)rerufoy be the quasi-geodesic sequence associated to (go, e), and let (ex)ren
and (ay)ken be the sequence of edges and labels for e.

Suppose that for some particular k > 0, we have |agx|x > C. Then i(ey) is
parabolic, equal to txpy for some p; € IT and ¢ € I" chosen in Definition We
thus have oy, = tray, for ap € I'y, , and the group elements gi—1t, and g, = gr—1trax
lie on the boundary of a common horoball H in X. We let 73 be a regular H—geodesic
joining gx—1tx to gi.

Let 7/, be the subsegment of 74, contained in the ¢ + 1-horoball nested inside H.
Our assumption on |ay|x ensures that 77 is non-empty. Lemma says that 7 is
an X—geodesic, and the remaining subsegments of 7, are vertical, so they are also
X—geodesics. The endpoints gi_1tx and g of 7 are distance at most Ry + C' from
points s and siy1 on 0. We thus obtain a geodesic hexagon, one of whose sides
is a part of o, with the opposite side equal to 7;,. Any point of 7, — 7/, is at most
Ry + C + ¢+ 1 from either si or sgy1. And any point of 7}, is within 40 of one of
the other five sides of the hexagon, hence within Ry + C' + 55 + 1 of a point of o.
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For each index k such that |ag|x > C, we fix a path 73 as above. Consider the
set

(2) Yo ={id} U{g; : j >0} ULJ{T;C s aklx > Ch.

Since each g; for j > 0 is contained in an Rg-neighborhood of ¢, and each
segment 73 is contained within an (R 4+ C + 56 4+ 1)-neighborhood of o, the whole
set Yo is also contained within an (Ry 4+ C + 5 + 1)-neighborhood of o. We also
know that the set Yg is (C + |go|x )-coarsely connected, since dx (id, go) = |go|x by
definition, and for each k > 0 either dx(gx—1,gx) = |ax|x < C or there is a path
7 in Y with one endpoint equal to g and the other within C of g;_1.

Lemma implies that the set of points {g; : j > 0} has unbounded diameter
in X, which means that there are points of X arbitrarily far along ¢ that lie within
distance Ry + C 4+ 55 + 1 of Y. This means that Y is actually within Hausdorff
distance R’ of o, for a constant R’ depending only on Rg,C,d, and |go|x-

The coding (hg,f) has an associated set Y; defined analogously to the way Ye
was defined above in . The same argument shows that the Hausdorff distance
from o to Y; is at most R”, for a constant R” depending only on Ry, C,d, and
|holx. Thus the Hausdorff distance between Y, and Y is at most R’ + R”.

Now consider some hy, in the associated quasi-geodesic sequence for (hg,f). We
wish to show that hy, lies uniformly close to some point g; in the associated sequence
for (go,e). We know that there is some point p € Y, so that dx(p, hy) < R’ + R".
If p = g; for some j there is nothing left to show. If p = id, then dx(go,hr) <
dx(go,1d) +dx(id, hy) < R'+ R" 4 |go|x. Finally, if p € 7; for some j > 0, we note
that p has depth at most R’ + R”, so it is distance at most R’ + R” + 2 from an
endpoint of 7;, and hence at most R’ + R” + C + 2 from either g;_; or g;. In each
case, we have shown that hy lies in the (R’ + R"” + |go|x + C + 2)—neighborhood of
the associated quasi-geodesic sequence for (go, €); we can then argue symmetrically
to obtain the desired uniform bound on Hausdorff distance. [

5. UNIFORM NESTING

In this section, we prove an analog of [MMW22, Lemma 3.8] (there called the
Uniform Contraction Lemma). More care is needed here because of the presence of
parabolic elements.

We have seen that any two generalized codings of the same conical point have
infinitely many nearby pairs of points along their quasi-geodesic sequences g, and
hi. The next condition says, roughly, that there are two possibilities: either these
pairs of points are eventually uniformly spaced along the quasi-geodesic, or there is
an infinite sequence of large parabolic jumps between them. In either case, one can
control the behavior of a sequence of nested sets determined by one coding in terms
of the other coding, which is what we will need to prove that codings determine a
well-defined semiconjugacy between the standard action and a small perturbation.

Definition 5.1. Let (go,e) and (ho,f) be generalized codings of the same conical
point in 9(T',P). Let g, hi be their associated quasi-geodesic sequences, and let
We(k) = W(r(ex)) and W¥(k) = W(7(fx)). This pair of codings has the c-uniform
nesting property if for any €’ < ¢, there are constants D1 > 0 and Dy = Dy(e') > 0
so that at least one of the following conditions holds.

(1) (Uniform nesting with short words) There exist N, M € N such that for
every term in the sequence of indices ny := k+ M, we have | Lab(e,, )|x <
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Dy, there exists my, such that dx (gn,, hm,) < D1 and
Ini N We(ng + N) C hpp, WE(my).

(2) (Uniform nesting with long parabolics) There are infinite sequences of in-
dices ny, my, such that for every k € N, dx(gn,, hm,) < D1 and
e 7(ey, ) is a parabolic point;
i gnkB?)&'(T(enk)) C hmka(mk);
e Lab(e,,+1)N-(We(ni +1)) C B (7(en,)), where € is as in Definition
0.

Our main goal in this section is to prove:

Proposition 5.2. Given go, hg € G, there exists ¢ > 0 such that if (go,e) and
(ho,f) are generalized codings of the same conical point ¢ € O(I',P), then (go,e)
and (ho,f) have the c-uniform mnesting property. Furthermore, the constant D
depends only on gg, ho, and the constants N and Dy depend only on gg, ho and the
choice of &' < ¢, and not on (, e, or f.

As a first step towards the proof, the following lemma describes the behavior of
codings that involve edges labeled by long words in I". Since codings are close to
geodesics, these long words correspond to parabolics — geometrically, the geodesic
has a long segment through the horosphere based at this parabolic point. The
lemma makes precise the notion that two codings of the same point, being close to
the same geodesic, have long segments in common horospheres.

Lemma 5.3 (Large jumps come from common parabolics). Given go, hg € T', there
are constants D1, J > 0 so the following holds. Let (go,e) and (hg,f) be two gen-
eralized codings of the same conical point ¢, let Lab(e) = oy, Lab(fi) = Bk, and
let (gr)kenufoy, (hr)renugoy be the respective associated quasi-geodesic sequences.
Then for each n with |ay,|x > J there exists m = m(n) such that

(—Z) dX(gnflv hmfl) < Dl and dX(gnv hm) < Dl;

(2) There exists p € Il and g, h € G such that t(ey,) = gp and t(fm) = hp;

(3) gn-19, hm—1h, gn and hy, are all in the same coset of T'.

The rough idea of the proof is as follows. We consider a regular geodesic ray ¢ in
X from id to (, close to the quasi-geodesic sequences associated to both generalized
codings. We first prove that, if the distance in X between two consecutive points
Gn—1,gn 1s large, then a geodesic segment between g,,_1 and g, must spend a large
amount of its lifetime in some horoball H (this will follow from Lemma [5.4] below).
Using the fact that the quasi-geodesic sequence tracks o, we prove that ¢ must
also spend some large amount of time in the same horoball H. If this time is long
enough, we can even conclude that o spends some large time in a horoball H' nested
deeply inside of H.

Then, using the fact that the quasi-geodesic sequence associated to f also tracks
o, we can show that there are points h,,_1, h,, in this sequence on “either side” of
H’. Since these points are far apart, a regular geodesic joining h,,_1 to h,, must
spend a long amount of time in H, which essentially proves the lemma.

To make the above reasoning precise, we first prove two general lemmas about
the geometry of the cusped space X. The first lemma gives us a way to estimate
the length of time a geodesic in X spends inside a horoball H when one of the
endpoints of the geodesic lies on the boundary of H.
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Lemma 5.4. Suppose that o € G lies in a coset gI'y, for some g € I" and p € 11, and
let H C X be the horoball in X based at gI',,. Let T be a reqular geodesic in X from
id to «. Then TN'H contains a subsegment with length at least |a|x — (lg]|x + 126).

Moreover, if H' # H is any other horoball in X, then any component of T NH'
has length at most |g|x + 120.

Proof. Note that the elements g and a both lie on the boundary of the horoball #.
Let H be the 36-horoball nested inside H. (See Section [2| for definitions.) Let a be
the point on dH which is connected by a vertical path to g, and let b be the point
on OH which is connected by a vertical path to a.

Consider a geodesic pentagon whose vertices are (in cyclic order) id, g, a, b, and
a, so that the side connecting id to « is 7. The sides [g, a] and [«, b] are vertical,
and we may suppose that the side [a, ] is regular.

Every point on 7 is within 34 of some point on one of the other sides of this pen-
tagon. At most the initial subsegment of length |g|x + 60 and the final subsegment
of length 6 can be close to some other side than [a, b].

We deduce that a subsegment 7’ of length at least |o|x — (|g|x + 126) is within
30 of [a,b], and hence within 3§ of H. In particular 7/ is completely contained in
‘H, establishing the first part of the lemma.

The last sentence follows since horoballs have disjoint interior. O

The next lemma is essentially a consequence of the quasi-convexity of horoballs
in X.

Lemma 5.5 (Nearby geodesics enter common horoballs). Let H C X be a k-
horoball for some k > 0, and let 71,72 be two regular geodesic segments in X such
that the endpoints of T lie within distance L of the endpoints of 7o. If 1 N'H
contains a segment with length at least T > 4L 4 85 + 3, then 72 NH contains a
segment with length at least T — (4L + 80).

Proof. Let aj,by and ag, be be the endpoints of 71, 75 respectively, so that dx (a1, a2) <
L and dx (b1,bz) < L. We let H be the (k + 28)-horoball nested inside of the k-
horoball H. Then, since 77 is regular, and its intersection with H has length at least
T > 46 + 3, it also intersects H, and in fact the intersection contains a segment
with length at least T — 46. We let x1,y; be the endpoints of such a segment, so
that aq,x1,y1,b1 are arranged on 7 in that order.

The length of 77 is

dx (a1, z1) +dx(z1,y1) +dx (y1,b1) = dx (a1, 21) + (T — 46) + dx (y1,01)
> dx(ay,x1) +dx(y1,b1) +4L +45+3

The geodesic 75 has endpoints at most L from those of 71, so its length is at least
dx(a1,2z1) + dx(y1,b1) + 2L 4+ 46 + 3. In particular, there are points o and ys of
To satisfying

dx(az,2z2) = dx (a1, 1) + L + 26,

dx (ya2,b2) = dx(y1,b1) + L + 20.
Moreover, the points ao, X2, Y2, bs must lie on the segment 7 in that order, since
2(L+ 26) < 2L + 46 + 3.

Consider a geodesic quadrilateral with opposite sides 7,72. The subsegment
[x2,y2] C 7o is contained in a 2§-neighborhood of the other three sides of this
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quadrilateral. In fact, [x2,y2] must be contained in the 2d-neighborhood of [z1,y1],
meaning it is contained in the 2§-neighborhood of H and therefore in 4. Thus, this
segment in 7 N7 has length at least

|T2| — 2L — 46 — dx(al,l'l) — dX(ylabl)-
Then, since |2| > |71| — 2L, by our choice of x1,y; we have
|T1| > dx(al,l‘l) + (T — 4(5) + dX(yhbl),

so we obtain the desired bound. O

Proof of Lemma[5.3. Let C be the constant from Definition which we recall
is (partly) determined by fixing a group element ¢, € I' for each parabolic vertex
q € Z, satisfying tq_lq € II. Letting R be the constant from Lemma we set

R’ = R+ max{|go|x, |ho|x } + 29,

and then let
J > 11R' 4 2C + 500.

Consider two conical codings (go, e) and (hg,f) of a point ¢ € (T, P), and let
(gn)nenugoy and (hm)menutoy be the associated quasi-geodesic sequences. Fix some
n € N such that |ap|x > J. Since J > C the edge labeled by «,, has its initial
vertex at a parabolic point, meaning a, is in some coset t,I', with ¢ = i(e,,) = t4p
and p € II. In particular o, = t;a where a € I',. Let H be the horoball associated
to the coset g,I'y, = gn—1t4l'p, and let 7 be a regular geodesic from g,—1 to gn.
Now, g;ilr is a regular geodesic from id to «,, = g;ilgn, so by Lemma it
contains a segment in g, *;H of length at least J — (C' +126). Thus, 7NH contains
a segment of length at least J — (C + 120).

Let o be a regular geodesic from id to (. For a pair of points a,b € o, let
[a,b] denote the subsegment of ¢ with endpoints a,b. By Corollary we can
find a sequence (z;);eny on o, so that dx(g;,z;) < R’ for all i. Then Lemma
implies that the intersection [z,_1,z,] NH contains a segment with length at least
J—C —4R' — 206.

We now wish to find consecutive h,,_1, h,, in the quasi-geodesic sequence asso-
ciated to (ho,f) so that a regular geodesic between h,,_1 and h,, spends all but
a uniformly bounded amount of its length inside the horoball H. For this, we let
H’ be the R’-horoball nested inside of H. Since R’ > 2§ by definition, Lemma
implies that H' is convex, so the intersection o NH’ is a geodesic segment, which
must have length at least J—C —6R’ —24§ (In particular the length of this segment
is greater than 4R’ + 89 + 3, so we will be able to apply Lemma to it.) Let o1
be the connected component of o \ H’ containing id and let oo be the unbounded
connected component.

Since every element in our sequence h,, lies in T, no h,, can lie in an R’-
neighborhood of the R’-horoball H', and thus each h,, lies within distance R’ of
exactly one of o or g5. We let m be the first index so that h,, is within distance
R’ of og, so h,,_1 lies distance at most R’ from oq. Let v,,_1,¥ym be points on
o which are within distance R’ of h,,_1 and h,, respectively. These points must
lie on either side of the intersection H' N o, so the segment [ym—1,ym] N H' is a
geodesic segment with length at least J — C — 6R’ — 240. Then, if 7/ is a regular
geodesic between h,,,_1 and h,,, Lemma tells us that 7/ NH’ contains a segment
of length at least J — C — 10R’ — 32§ > C.
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In particular, we have dx (hym—1,hm) = |Bm|x = |7/| > C, so the initial vertex
of the edge labeled by f,, is a parabolic point ¢’ = typ’ € Z for some p’ € II
Lemma implies that the horoball based on t,p" is the only horoball which 7/
can intersect in a segment of length longer than C + 12§. Since 7’ meets H in a
segment longer than this, we must have ¢ = ¢’ and p’ = p, establishing the last two
items of the lemma.

It remains to bound dx (gn—1,hm—1) and dx(gn, hm). We first show that 7 and
7' cross H in the same direction. That is, we show:

Claim 1. g,_1 is in the R'-neighborhood of the initial segment o1 of o, and g, 1is
in the R'-neighborhood of the final ray oo.

Proof. The claim essentially follows from the fact that the the distance dx (gn—1, gn)
is large and from the bounded backtracking property of the quasi-geodesic sequence
(gn)nen (Corollary. To be specific, we consider the points x,,_1, z, on ¢ which
are within distance R’ of ¢,,_1, gn respectively. Recall that the regular geodesic 7
between g,,_1 and g, intersects H in a segment of length at least J—C'—126, so TNH’
contains a segment of length at least J — C' — 2R’ — 12§. Then Lemma [5.5] implies
that [z,_1,2,] NH' contains a segment of length at least J — C — 6R’ — 206 > 0.
So, either x,,_1 € o1 and x,, € g3, or vice versa.
However, if z,,_1 € 09 and x,, € o1, then

dx(id, xn—l) = dx(id, mn) +dx (xn—la xn)v
implying that
dx(id,z,) < dx(id,z,—1) — (J — C — 6R' — 246).

Since dx (n—1, gn—1) < R and dx (xn, gn) < R’, this would imply |gn|x < |gn-1|x—
(J—C —8R'—240) < |gn_1|x — (3R’ +26). Since R’ > R+ |go|x +20 by definition,
this contradicts Corollary This proves the claim. O

We now consider the points z,_1,y;,_1 on o1 within distance R’ of g, _1,hpm_1-
Let 21, 29 be the endpoints of o1 and o9 on OH’, respectively.

Since dx (gn_1,H') < C+R and dx (hpm_1,H') < C+R', we have dx (z,_1,H') <
2R’ + C and dx(ym-1,H') < 2R’ + C. Then, we apply Lemma to the subseg-
ment [z,_1, 23] and the R'-horoball #' to deduce that dx (z,_1,9H’) differs by at
most ¢ from dx (z,—1, 21), and similarly for y,,—1. In particular, dx(Tn—1, Ym-1) <
2(2R' + C + 6), hence dx (gn_1,hm_1) < 6R' +2C + 44.

A nearly identical argument applied to the points x,,, y,, (with the roles of o1, 21
interchanged with the roles of o3, 22) shows that dx (gn, h.m) is also at most 6R +
2C + 46, meaning we can set D1 = 6R’ + 2C + 44. O

Proof of Proposition[5.4 Let (go,e) and (ho, f) be generalized codings of the same
conical point ¢, with Lab(e,) = a,, Lab(f,) = B and let (gn)nenugoy and
(hm)menutoy be the associated quasigeodesic sequences.

First, we set the constants ¢ and D;. (The numbers Do, N depends on &’ so
they will be set later.) Choose D; and J so that they are at least as large as the
corresponding constants in Lemma and so that Dy is also at least the Hausdorff
distance bound in Lemma[4.13] Note that these only depend on go and hg, not e, f
or (.
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By Lemma whenever |a,|x > J, there exists a parabolic point p € II, an
index m, and elements g,h € T such that d(g,—1,hm-1) < D1, t(e,) = gp and
t(fm) = hp, and the elements g,,_1¢ and hp,—1h lie in the same coset of T,

Thus, ¢T', = (g;ilhm_l)hfp, and |g;i1hm_1|x < Dy, so g;ilhm_l lies in a
finite set Fy := {f € ' : |f|x < D;1}. Restating the above, we have gp = fhp, for
f € Fy. Since hp € W(hp), we have fhp = gp € fW(hp). Counsider all possible
triples (z,y, f) such that z,y € Z, f € Fy, and z € fW(y). There are finitely many
such, so we may choose some ¢ > 0 such that Bs.(z) C fW(y) holds for every such
triple.

Now fix any ¢’ < ¢, and choose D} = Dj(¢’) > J large enough so that, for each
edge from z to a vertex x where z = gp is parabolic, and each o € L(2), if |a|x > D),
then aN (W (z)) C B.(z). We know such a D) exists because only finitely many
elements of the coset gI', fail this contraction condition: as we observed at the
beginning of Remark [3.10] since the edge inclusion condition

oN.(W(z)) C aW(z) c W(z)

holds for all but finitely many a € gI'p, the closed neighborhood N (W (z)) cannot
contain p and therefore all but finitely many o € gI', take N.(W(x)) into an
arbitrarily small neighborhood of z. We define Dy = Dsy(e’) := D4(e') + 2D;.
Again, this depends on hg, go and &', but not the strict codings e, f or the point .

We now can prove that the generalized codings satisfy uniform nesting. As a
first case, suppose |a,|x > D} for infinitely many n. We will show that, in this
case, we have uniform nesting with long parabolics. Choose an infinite sequence of
indices ny so that |a,,+1|x > D} is always satisfied. Lemma then provides
a sequence of indices my with dx(gn,,hm,) < D1 and dx(gn, +1, bmy+1) < D1,
which satisfies all of the requirements of “uniform nesting with long parabolics” by
our choice of constants D}, e’. This finishes the proof in this case.

On the other hand, if |B,,|x > D2 = D} + 2D, is satisfied for infinitely many
m, then we can use Lemma again to find an an infinite subsequence (o, )ken
so that |ay,, |x > Dj for every k, and we are in the previous case.

If neither of the first two cases hold, then we know that both |, |x and |G |x
are bounded by Dy for all but finitely many n,m, respectively. For this case, we
will create new generalized codings of ¢ by “shifting the indices:” we replace go
and hg with terms further along in the associated quasi-geodesic sequences, and
truncating the first terms of the sequence so that all labels are bounded by Ds.
This will put us in a position to consider a sub-automaton only including edges
with short labels, and then apply Lemma from the Appendix to conclude the
proof.

In more detail: first, choose M large enough so that |a,|x < Do for all n >
M. Lemma tells us that for each n € N, there is some index m(n) so that
dx(gn,Pmmn)) < D1. Lemma implies that m(n) tends to infinity as n tends
to infinity, so increasing M if necessary, we can ensure that |8x|x < Ds for every
k> m(M).

Let €' be the sub-path of e starting with the edge ej; and let f' be sub-path of
f starting with the edge f,(as). Consider the generalized codings (gar—1,€’) and
(hmary—1,1'), and let g, = gnym—1 and hy,, = hpqm(ar)—1 be their associated
quasi-geodesic sequences. By construction, both of these codings are generalized
codings of ¢, and their associated quasi-geodesic sequences are tails of the associated
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quasi-geodesic sequences for (go,e) and (hg,f), respectively. Further, the label
sequences of €' and f’ consist of elements whose length in X is bounded by D-.

Let F be the subgraph of G obtained by deleting all labels of length more than
D5, and then deleting all edges with empty label set. Then F is a finitary point
coder in the sense defined in Appendix [A] and (gas—1,€’) and (A, (ar)—1,f') are
generalized F-codings.

Let F' be the finite subset of I' consisting of elements of length at most D;, and
apply this to Lemmal[A.3] We conclude there is a constant N > 0, so that whenever
dx (9, h,) < D1, we have g}, vW(znin) C hp,W(ym), where 2z = 7(e;,) and
yr = 7(f;,). Translating this statement, for each my such that dx (gn,, hm,) < D1
and ni > M, we have

9o N We(nk + N) C iy WE(my,).

The constant N in the above depends only on the point coder F, which in turn
depends only on D5 and the original automaton G, so this completes the proof. [

Remark 5.6. The containment
It NWe(ng, + N) C ho WE(my)
from uniform nesting with short words is equivalent to
Gy Qg i1 - Oyt NWE(ng + N) C ho, WE (1)
or, multiplying on the left by g;kl,

(1) Qg1 -+ Oy NWe(ng + N) C Q;klhmk Wf(mk)

Since the assumptions of uniform nesting with short words stipulate that |a,, | <
Dy, and |g;, ' hm, |x < R, and since there are only finitely many sets of the form
W (z), the inclusions given by are only finite in number. So these inclusions
correspond to finitely many open conditions, meaning they are stable under small
perturbation. This is essential to our argument in Lemma [6.13

Similarly, the containments g,,, Bae: (t(€n,+1)) C hm, We(my + 1) from the par-
abolic nesting conditions are only finite in number.

6. PROOF OF MAIN THEOREM

Thus far we have suppressed notation for the action of I' on its boundary, simply
writing ¢g(¢) or g¢ for the image of ¢ under g. We will now need to consider other
actions of I' on this space, so we reintroduce the following notation.

Notation 6.1. As in the introduction, let pg : I' = Homeo(9(T', P)) denote the
standard action of I" on its Bowditch boundary. Thus, what was previously written
gW (z1;) now becomes po(g)W (z), for example.

Definition 6.2. Given V C C(9(T',P)), we define Ry C Hom(T', Homeo(9(T', P)))
to be the set of representations p such that, for each parabolic point p € P with
stabilizer P =Ty, there exists ¢, € V such that p|p is an extension of py|p via ¢p.

Remark 6.3. The map ¢, defining a semiconjugacy for the action of P as in
Definition [6.2] is a priori not determined by the representation p € Ry. To get
around this, for the rest of this section, whenever we fix p € Ry for some V C
C(O(T',P)), then for each p € II we implicitly choose a semi-conjugacy ¢, € V
which extends the restriction of py to P =T',.
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Notation 6.4. Assuming that some action p € Ry has been fixed, then for each
parabolic point z = pg(g)p, where p € II, we let ¢, := po(g)Ppp(g)

Observe the definition of ¢, depends only on z and ¢,, and not on the choice of
g € T such that z = po(g)p. To see this, suppose po(g)p = po(h)p. Then

po(9)dpp(9) ™" = po(h)po(h™ g)dpp(h ™ g) ' p(h 7).
Since h=tg € Ty, po(h™19)¢, = dpp(h~1g), which shows

po(9)dpp(9) ™" = po(h)dpp(h) "

as desired.
In addition, note that for fixed z, if p approaches pg, and ¢, tends to the identity,
then ¢, tends to the identity as well. We also record the following.

Lemma 6.5. If z = po(g)p, then for any x € O(T', P) and any a € gT'p, we have
(3) ¢z (p(a)x) = po(e)dp(x).
Proof. Let x be given, and suppose that z = po(g)p and o = gh for h € I';,. Then
¢=(pla)z) = d=(p(gh)x)
= po(9)dp(p(9) " p(gh)z)
= po(9)p(p(h)x)
= po(gh)dp(x) = po(c)Pp(z).

6.1. Specifying the neighborhoods U/ and V'.

Definition 6.6. Given a subset V C C(9(I',P)) and a representation p € Ry, we
define families of sets {V,(2)}.cz and {V,(2)}.cz as follows.

e If z is a conical limit point, then we define

Vo(2) =V(2),  Vp(2) = plaz)Vp(2),
where «, is the unique element in the label set L(z).
o If 2 = po(g)p for some g € T, p € II, we define

Vo(2) = 021 (V(2)),
and define
Vo(2) = ¢, (V(2)).
Definition 6.7. Suppose that V C C(9(T",P)) and p € Ry. We say that p has the
same combinatorics as the standard action pq if the following conditions hold:
(i) The collection {V,(2)}.cz is an open covering of O(T', P).
(ii) For every z € Z, we have V,(z) C W(z).
(iti) For any y,z € Z, we have V,(y) N V,(z) = 0 if and only if V(y) NV (2) = 0.
(iv) If there is an edge from z to y in G labeled by «, then p(a)(W(y)) C W(z).

Lemma 6.8 (Same combinatorics is relatively open). For any sufficiently small
neighborhood V' of the identity in C(O(T,P)) and any sufficiently small neighbor-
hood U of po in Homeo(T', O(I", P)), each p € U N Ry has the same combinatorics

as pg.
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Proof. First, we ensure that Item |(i)| in the definition holds. Let r be a Lebesgue
number for the original open covering {V(z)}.cz, so that every set of diameter
at most r is contained in some V(z). We may choose V' small enough so that
do(¢.(x),x) < r/2 for every parabolic point z € Z and z € 9(T', P).

Then, for any € 9(T', P), the (r/2)-ball about z is contained in some V(z),
where z € O(I', P) is either conical or parabolic. If z is conical then V,(z) = V(2)
and thus x € V,(z). Otherwise, if z is parabolic, then ¢. () lies in B,./5(z) C V(2),
hence z € ¢ 1(V(2)) = V,(2).

Item |(ii)| can be arranged because V (z) C W (z) for each z (see Condition |(C5)).
In particular, there is some minimum distance from any V(z) to 8(T',P) — W (z),
and we can choose V' small enough so that no ¢, moves any point more than that
distance.

For Item we argue similarly. Property from Proposition implies
there is a minimum distance from any V(z) to any disjoint V(y). Shrinking V' if
necessary, we may assume that no ¢, moves any point more than half that distance.
By choosing sufficiently small U, we can ensure that the distance between p(a)
and po(c.) is also at most half that distance. This will ensure that V(2)NV (y) = 0
implies V,(2) N V,(y) = 0. For the converse, observe that there is some positive
radius 7 so that each nonempty intersection V(z) NV (y) contains a ball of radius
7. The sets V,(z) and V,(y) each contain the preimage of this ball by a continuous
map arbitrarily close to the identity, so if V' and U are small enough then these
preimages have nonempty intersection.

We now turn to condition By condition in Proposition we have
po(@)N-(W(y)) € W(z) for every edge from z to y labeled by a. For conical
vertices z, provided p is a small enough perturbation of pg, each of the containments
p(a)(W(y)) € W(z) will hold, since there are only finitely many such edges and
labels. For parabolic vertices, we argue as follows.

Consider the constants e, from Remark and fix ey < minfe, : z €
3.10

Z parabolic}. The inclusion from Remark says if z is connected to y
by an edge labeled «, we have
(4) Newin (po(@) (N-W (y))) € W (2).

We choose our neighborhood V' small enough so that, for each of the finitely
many parabolic vertices z € Z, the semi-conjugacy ¢, satisfies dp(z, d,(x)) <
min{emin, £}. This ensures that for any subset A C 9(T', P) we have ¢,(A) C N.(A)
and ¢, 1(A) C N, (A). In particular, we have ¢, W (y) C N.(W (y)), so our choice

of €min and the containment from above ensures that

p()W(y) C 67 d-p(a)W (y) C Ny, (po(apW (y)) € W (2)
as desired. 0O

Our next step is to define (G, p)-codings, which provide a modified notion of a
G-coding which is compatible with the perturbed action p instead of the standard
action pg. A (G, po)-coding is the same thing as a G-coding, but since our convention
in this section is to make the standard action explicit, we will only refer to these
as (G, po)-codings from this point forward.

Definition 6.9. Let V C C(9(T',P)), and suppose that p € Ry has the same
combinatorics as pg. If € = (e)ren is an infinite edge path in G with Lab(ey) = ay,
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we say e is a (G, p)-coding for ¢ if
¢e [ nlar) - plar)W (zx).
k=1
If e;...e, is a finite edge path giving a (G, po)-coding for a parabolic point
z € O(T,P), we say that it is a (G, p)-coding for ¢ if ¢ € ¢;1(2), or equivalently if
¢eplag--- ozn)d);nl(zn), where z, = 7(e,).

Lemma 6.10. Let V C C(9(T',P)), and suppose that p € Ry has the same combi-
natorics as po. Then every point in O(T, P) has a (G, p)-coding.

Proof. The proof follows the same strategy of Lemma The first part of the
inductive procedure goes through verbatim, replacing the sets V(z) with V,(z),
and elements «; with p(a;). The only modification required occurs at the inductive
step when z, = 7(e,) is a parabolic rather than conical limit point. In this case we
simply need to pay attention to the semi-conjugacies ¢., .

In detail, adopting the notation and setting from the proof of Lemma[4.5] suppose
we are given ¢ € J(I',P), and assume we have found a partial coding so that
¢ € plag -+ an)V,(z,) where z, is a parabolic point. If ¢ € p(ay---on)ds ! (2n),
then we have found a parabolic (G, p)-coding for ¢ and are done. Otherwise, ¢ ¢
p(al o an)¢;n1(zn)~ Let Cn = p(al e an)ilga so that Cn € Vp(Zn) - (25;1 (Zn)
Then ¢, ((n) € V(2n) — {2n} by the definition of V,(z,). So, by property of
the po-automaton, there is some a1 € L(z,) so that po(a;,11)¢s, ((n) € V().

We can then apply Lemma (with z = p(a;, ;1)) to see that

pO(a;}rl)qbzn (Cn) = (bp(p(ar:}rl)Cn)‘
We conclude that ¢,(p(ant1¢n)) € V(z,). So, setting Cuy1 := p(cytq)Cn, we have

Cnt1 € ¢;1(V(Zn)) = Vp(zn)~
Since the V,(z) sets still cover O(I', P), there is some 2,11 with (1 € V,(2n41).

Since p has the same combinatorics as pg, and ¢, lies in Vp(zn) NV,(2n41) there is
an edge in G from z, to z,41, which completes the inductive step. O

Convention 6.11 (Choosing constants). For each pair s, s’ in SU{id}, Proposition
gives a constant c(s, s") such that any generalized codings of a common point of
the form (s,e) and (s',f) satisfy c-uniform nesting. Fiz ¢’ < min{c(s,s’) : s,5" €
Su{id}}.

Proposition now states that, for each pair (s,s'), for this fized €' there erwist
constants N(s,s"), D1(s,s’) and Ds(s,s") so that, for every pair of generalized cod-
ings (s,e) and (s', ) of a common conical point, uniform nesting is satisfied with the
constants N(s,s'),D1(s,s") and Dy(s,s’) and €'. Fiz N, D1 and Dy greater than
the mazimum of all such respective constants ranging over all pairs s,s’ € SU{id}.

We note that these constants also implicitly depended on e, which was specified
in Definition [3.3] using our target neighborhood V, and will reappear in Lemma
0. 19

Lemma 6.12. There exists an open neighborhood U of py in Hom(T', o(T', P)) and
an open neighborhood V' of the identity in C(O(T',P)) such that for any p € UNRy»,
the following hold.

(V1) The representation p has the same combinatorics as po.
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(V2) For any g € T satisfying |g|x < D1+DaN, and anyy, z € Z, if po(g)W(z) C
W (y), then p(g)W(z) C W(y).

(V3) For any q,y € Z with q parabolic, and any g € " satisfying |g|x < D1, if
po(g9)Bser(a) € W(y), then p(g)Bse (q) € W (y).

(V4) For every parabolic vertex q € Z and every edge in G from q to y labeled by
a, if po(@)Ne(W(y)) C Ber(q), then p(a)W (y) C Bser(q).

Proof. Lemma shows that having the same combinatorics is a relatively open
condition, thus we can find I/, V' so that Item holds. Both and
correspond to open conditions on finitely many elements in I'. Thus, we need only
demonstrate that by further shrinking V' and U if needed, we may satisfy
As in the proof of Lemma [5.3] for each parabolic vertex ¢ € Z, we choose some
tq € I' so that ¢ = po(tq)p for some p € II. We choose our neighborhood U of pg
small enough so that for any p € U and every parabolic vertex ¢ € Z, we have

(5) p(tq)po(ty) ™' Baer(q) C Bser(q)-
Choose V' sufficiently small so that for any ¢ € V' and every y € Z, we have
o(W(y)) C No(W(y))

and for every parabolic vertex ¢ € Z, we have

¢~ (po(ty) ™' Ber(q)) C polty) ™ Baer(q)-

Let p € U NRyr. Fix a parabolic vertex ¢ = t;p € Z. Suppose that for some
edge e from ¢ to y labeled by a € L(q) C t,I',, we have po(a)N.(W(y)) C Be/(q).
We may write o = t,a’ for some o’ € T'p, so po(a)N(W (y)) C po(ty) ' Be(q).

From this it follows that

p(a" )W (y) C p(a')¢, ' Ne(W (y))
= ¢, (po(a)N:(W (y)))
C ¢, (polte) ' Ber(a))
C po(ty) ™' Baer (q)-
Putting this together with , we conclude that

p()W (y) = p(tq)p(a' YW (y) C p(ty)po(ty) ™' Baer(q) C Bser(q)
as desired. [l

6.2. Defining the semi-conjugacy. For the rest of the paper, we fix open sets
U C Hom(I',Homeo(9(T', P))) and V' C C(O(I',P)) satisfying the conditions of
Lemma We let p : ' — Homeo(9(T',P)) be a representation in U N Ry».
We recall from Remark that this means that for each P € P, we fix a semi-
conjugacy ¢p € V', such that p|p is an extension of po|p by ¢p. In turn this
determines semi-conjugacies ¢, extending p|r. for each parabolic z € 9(T', P) with
stabilizer I',.

Our goal is to show that p is semi-conjugate to py via some map ¢. We now
set about constructing a map ¢, and will then show that it is indeed a well-defined
semi-conjugacy, and in the neighborhood V of the identity that was fixed in Section
[31] The general strategy is to use codings to assign a well-defined closed subset
®(¢) C (I, P) to each ¢ € I(T', P), then specify that ¢ send ®(¢) to ¢. To ensure
this gives a well-defined continuous map, we need the following lemma.
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Lemma 6.13. Let ¢ be a conical limit point in O(T,P), and s € SU{id}. Suppose
that € = (ex)ken s a strict (G, po)-coding of po(s)C, and £ = (fx)ken is a strict
(G, po)-coding of ¢; equivalently (s, f) is a generalized (G, po)-coding of po(s)C. Then,
for ap, = Lab(ey) and By = Lab(fi), we have

oo

() plaa) - plar) W (r(er)) = p(s) () p(BL) -+~ p(B)W (T(fi))-
k=1

k=1

Proof. For each k € N, write We(k) = W(7(ex)) and WE(k) = W(r(f)). Let g
and hy be the associated quasi-geodesic sequences to the codings e = (id, e) and
(s,f), respectively (so hg = s). Then hj, := s~ 'hy = B1--- B is the associated
quasi-geodesic sequence to the strict coding f.

We will prove the inclusion
(6) () plar)We(k) C p(s) () p(hi)WE (k).

k=1 k=1

Since S is symmetric, the other inclusion then follows immediately.

Since both intersections in @ are given by decreasing sequences of sets, it suffices
to show that we can find arbitrarily large pairs of indices L, R so that

plgr)We(L) € p(s)p(hg)WE(R).

Since both (id,e) and (s,f) are generalized (G, pg)-codings of the point po(s)¢,
Proposition and our choice of constants imply that (id,e) and (s,f) have the
uniform nesting property, with respect to the constants chosen in Convention [6.11
Thus, there exist sequences ny, my satisfying the properties in Definition for
the corresponding pair of quasi-geodesic sequences. Let L be one such choice of ny,
and let R denote my (for the same k). Thus, |h§IgL|X < D;.

If uniform nesting with short words holds, we have:

(7) po(gren)We(L+ N) C po(hr)W'(R)
and |apig|x < Do for all k € N.
Let g(p4+1,04N) = QL1 aLyN, SO that
9L+N = 9L * 9(L+1,L+N)-
Thus,
po((hr) " g9r)po(9(z11,43)We(L+ N) C WH(R).
Since each api has length at most Dy, we know |gi1,z4+n)lx < NDo. By

definition, |h;'gr|x < D1, and therefore |[(hr) ™ gL g(r+1,04+3)|x < D1+ NDs
Thus, by condition |(V2)| of Lemma and our choice of U, we have

plgLen )WL+ ) C plhr) W (R) = pl(s)p(hip) W (R)

which is what we needed to show.
If instead we have uniform nesting with long parabolics, then z;, = 7(er) =
t(er+1) is parabolic, and we have

(8) po(92)Bser (21) C po(hr)WH(R),

9) polar+1)Ne(W(L +1)) C Bor(z1).
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Since |(hr) tgr|x < D1, , together with condition on the neighborhood
U, implies that

p(9r)Bae (21) C p(hr)W*(R).
And, our assumption together with @D, implies that

plar+1)We(L +1) C Bsor(21).
We can then conclude that
plgL1)We(L +1) C p(hr)W'(R).

This means that p(gr12)We(L +2) C p(hr)WEH(R) = p(s)p(hr)WE(R), and we
are done. 0

Definition 6.14. Define a map ® from 9(I', P) to the space of closed subsets of
O(T', P) as follows:
e If p € 9(T',P) is a conical limit point, choose a strict (G, pg)-coding of

p with terminal vertex sequence (zx)ren and label sequence (o )ren, and
define

O(p) = () plon - )W (z).
k=1
e If ¢ € O(I',P) is a parabolic point, then we choose some g € I' so that
q = po(g)p for a point p € II. Then define

®(q) = p(g)d, " (p)-

Taking s = id in Lemma [6.13| shows that the map @ is well-defined on conical
limit points. This lemma also implies that ®(po(s)z) = p(s)®(z) for any s € S and
conical z, which means that ® is equivariant on conical limit points.

To show @ is well-defined on parabolic points, suppose a parabolic point ¢ satis-
fies ¢ = po(h)pi = po(g)p; for ps, p; € Il. Let P; =T, and P; =T, . Then p; = p;
and h € gP;, so p(g)d);il (pi) = p(h)(ﬁfgj1 (p;). The same reasoning shows that in fact
® is equivariant on parabolic points: for any g € I' and parabolic g € 9(T', P), we
have p(g)®(q) = ®(po(g)q). We record this fact for future use.

Lemma 6.15. The map @ is equivariant, in the sense that for any g € I' and
¢ € o, P), we have
P(po(9)¢) = p(g)2(C)-

Our next goal is to show that the sets ®(¢) partition 9(T', P). Towards this, we
first observe that the sets W(z) for z € Z can be used to “approximate” the map
®, in the following sense.

Lemma 6.16. Let ¢ € 9(I',P), and let e be a strict (G, pg)-coding for ¢ whose
first vertex is zg € Z. Then ®(¢) C W (z).

Proof. If  is a conical point, this is immediate from the definition of ® and the
fact that p has the same combinatorics as pg. Otherwise, we consider a finite
(G, po)-coding e for the parabolic point ¢, with label sequence ay, .. ., «, and initial
vertex sequence zp,...,Z2,. Then z, is parabolic and ¢ = po(a; - ay)zy,, so by
equivariance we have ®(¢) = p(ay -+ @) P(2,). We know z, € V(z,) by Property
of our original automaton, so ®(z,) = ¢, '(zn) C V,(2,). Then, because p
has the same combinatorics as pg, we know ®(z,) C W(z,) (from part of the
definition) and therefore ®(¢) C W (zo) (from part [(iv)). O
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The endgame of the proof of Theorem is identical to that in the case without
parabolics, given at the end of Section 4 in [MMW?22]. For convenience, we repeat
it below.

Lemma 6.17. For any distinct a,b € O(T, P), the sets ®(a), D(b) are disjoint.

Proof. Given a # b € 9(I',P), let g € T' be such that dy(po(g)a, po(g)b) > D,
where D is the constant from Definition [2.3] Let zy and yo be the initial vertices
of strict G-codings for po(g)a and po(g)b, respectively. Then po(g)a € W(zp) and
po(9)b € W(yo). Since each set W(z) has diameter strictly less than D/4, and
do(po(g)a, po(g)b) > D, we conclude that W (zg) N W (yo) = 0.

Now Lemma states that ®(po(g9)a) = p(9)®(a) C W(zp), and similarly
p(g)®(b) € W(yo). Since W(zo) N W(yo) = 0, we also have ®(a) N ®(b) =0. O

The fact that every point in (', P) has a strict (G, p)-coding (Lemma [6.10)) en-
sures that the union of the sets ®(z) for z € (', P) is all of (I, P) and Lemmal[6.17]
ensures that this union is in fact a partition. So, the following definition makes sense
and gives a surjective map.

Definition 6.18. Define ¢ : (T, P) — O(T', P) by taking ¢(x) =y if z € ®(y).

We know that ¢ is equivariant by Lemma [6.15 so to prove that it is a semi-
conjugacy lying in our chosen neighborhood V € C(9(T', P)), we just need to prove
that it is a continuous map which is e-close to the identity (see Definition [3.3]).

Lemma 6.19. For every ¢ € (I, P), we have da(¢, ¢(¢)) < e.

Proof. Fix ¢ € 9(I',P) and let & = ¢(¢), so ¢ € ®(¢). Then by Lemma [6.16]
if e is a (Gpo)-coding for & with initial vertex zp, we have both £ € W (%) and
®(&) € W(zp), hence ¢ € W(zp). Since diam(W(zp)) < & by property the
result follows. O

Lemma 6.20. The map ¢ is continuous.

Proof. Fix ¢ € 9(T', P). By the previous lemma we know that dy(¢, #(¢)) < . To
show continuity at ¢ we will use equivariance and the convergence action of I' on
A(T', P). Suppose (, — ¢, but along some subsequence we have ¢((,) — € # ¢({).
By equivariance of ¢, we may assume without loss of generality (after applying
some g € I) that dg (¢, #(¢)) > D, where D is the constant from Definition 2.3} On
the other hand, by the triangle inequality we have

do($(Cn); (C)) < da(d(Cn); Cn) + da(Cns €) + da(C, ¢(C)) < 32

provided that n is sufficiently large. Then do(€, ¢(¢,)) > D — 32 > ¢, which gives
a contradiction. (]

This completes the demonstration that ¢ is a semiconjugacy satisfying the prop-
erties of Theorem and concludes the proof.

APPENDIX A. UNIFORM NESTING FOR AUTOMATA

The purpose of this appendix is to prove a uniform nesting property for finite-
state automata which “code points” with respect to a I'-action on some Hausdorff
space M. Special cases of this result were originally stated as Lemma 3.8 and
Corollary 3.11 in [MMW22]. We use essentially the same proof as in that paper to
show the general statement (Lemma below).
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We start with some general set-up. Let G be any group acting by homeomor-
phisms on a Hausdorff space M. As in Section [4] of this paper, for any edge e in
a directed graph, we let ¢(e) and 7(e) respectively denote the initial and terminal
vertices of e.

Definition A.1. A finitary point coder Q for the action G ~ M consists of

(1) A finite collection W(Q) of open sets of M.

(2) A finite collection F(Q) of elements of G.

(3) A finite directed graph, with each vertex v labeled by an open set W (v) €
W(Q), and each edge e labeled by an element Lab(e) € F(Q), satisfying
the following conditions:

(a) Whenever there is an edge from z; to 2o labeled by «, there is an
inclusion aW(z2) C W(z1).

(b) Whenever e = (ey)ken is an infinite edge path with terminal vertex
sequence T(ex) = z, and edge labels ap = Lab(ey), the sequence
of sets (a1 -+, W(2n)),en i @ system of neighborhoods for a point
p € M. Such an edge path is called a strict Q—coding of the point p.

If e = (ex)ken is a strict Q-coding of p with labels Lab(er) = oy, and terminal
vertices v, = 7(ex), it follows immediately that the intersection

n ay - a,W(vy)

neN
is equal to {p}. If M is metrizable and every set W € W(Q) has compact closure
(which is the case for all of our applications), then the converse also holds: if e =
(ex)ren is an edge path with label sequence (a)ren, and (), cy a1 - -, W(T(€n)) =
{p}, then e is a Q-coding of p.

Definition A.2. Let Q be a finitary point coder. A generalized Q—coding is a pair
(g0, €), where go € G and e is a strict Q-coding. If e is a strict coding of p € M,
then we say that the generalized coding (go,e) codes the point gop € M.

The label sequence and initial /terminal vertex sequences of a generalized coding
(go,€) are defined to be the same as the corresponding sequences for the strict
coding e. If (ay)ren is the label sequence for a generalized coding (go, €), then the
path sequence associated to the coding is the sequence (gx)renugoy in G defined by

gk *=go - Q1 Q.
We prove the following:

Lemma A.3 (Uniform nesting for finitary point coders). For any finite subset
F C G and any finitary point coders Q,Q’, there is a number N = N(Q, Q' F)
satisfying the following. Suppose that (go,c) is a generalized Q' —coding of p with
path sequence (gr)renufoy and terminal verter sequence (zp)ren, and (ho,d) is
a generalized Q-coding of p with path sequence (hy)genufoy and terminal vertex
sequence (yx)ken. Then, for any indices m,n € N satisfying g, *hm € F, we have

(10) gn+NW('zn+N) C th(ym)

Proof. Fix a finite set F' C G and finitary point coders Q, Q'. The proof is by
contradiction, so we therefore assume we have a sequence of natural numbers N
tending to oo so that for each N in the sequence, there is a point p¥ € M, a
generalized Q'—coding (g(()N),c(N)) of p(N) with path sequence (g;gN))keNu{o} and
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terminal vertex sequence (z,(CN))keN, a generalized Q-coding (héN),d(N)) of p¥)
with path sequence (hl(CN))keNU{O} and terminal vertex sequence (y,(CN))keN, and

indices my,ny € N so that (gnN )~ 1th € F, but the inclusion ([10)) fails. That
is, for each N, we have

N N
(1) I N () & RO ()
We immediately pass to a subsequence so that
() (g,(f,\é)) 1p 1\2 is constant, equal to f € F.
We further refine our subsequence so the following three conditions are satisfied.
(z) The sets W(zr(g)JrN) are constant, equal to some W € W(Q').

(v) The sets W(y,(n]\ﬁv)) are constant, equal to some U € W(Q).

(%) The sets (hSéVN)) hSnN)HW(y,(nAQH) are constant, equal to some U’.

The first two are possible because the sets W(Q') and W(Q) are finite; the third also

uses the fact that each dV) is a (strict) Q—coding, so the elements (hﬁ,ﬂv)) 1h§,JLVN)+1
lie in the finite set F(Q). A key property we will use at the end of the proof is that

(12) U cU.
The fact that ¢(N) is a Q'—coding implies that for each k > 1, we have g,iN) =

g,(CNloc for some « chosen from the finite set F’ (Q' ). For N in our subsequence, we

can multiply each side of ( . on the left by (gnN )~! and apply condition @) to
obtain

(13) oM oMW g U,
where oz,(CN) = (gfljjvlrkfl)—lgfl )Jrk is the label of an edge ek in Q.

For each N we consider the infinite edge path 4V) in Q' given by
N) (N
= (M)

We note that (V) is a strict Q'—coding, coding the point (gg;[,))_le.

Passing to a subsequence { N(j)};en one final time, we obtain a sequence of strict
Q'—codings {yMUN},cy so that for all I > j, the initial subsegment of length j of
the Q'-coding vV is independent of I. In particular this subsequence of codings
converges to a strict Q'—coding

> = (e7°,€e5°,...)
with edge labels af°® := Lab(e°). By property of @', this coding determines
a unique point p>= € M.
For our subsequence N(j), the non-containment in takes the form

N(j N
N QDT ¢ fU

We may assume that N(j) > j for all j, so we can rewrite this as

o N NG 75
(af®--af )( §+§J)) : aEV(;;))>W¢fU-

By the nesting property of codings we have

(057 +-0) (X0 alDVIT (o a7) W5
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so we must therefore have
(14) (ag°- --af") W ¢ fu.
Since 7*° is a coding for p>°, the sets on the left hand side of give a nested
basis of neighborhoods of p>° and so we conclude
(15) p> & fU.

On the other hand, for each N, v(N) is a coding for (gsllx))_le. Thus for each
j we have

(gglfxg))))*le(j) EagN(j)) o a§N(j))W;N(j))
=a7 ot WiE.

As before this last sequence of sets is a nested neighborhood basis for p> and thus

Jim (g0 TN = p
We also know that, for any N,

_ 1, (N) 11, (N)
(16) (g PN € (g R W) ),

since d(N) also codes pV. By our assumptions @ and (j+|) on our chosen subsequence,

the right-hand side of is always equal to a constant fU’. But we have just
seen that a subsequence of the left-hand side converges to p>, so we must have
p*> € fU’'. Because of this implies

p> € fU,
contradicting . O
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