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We study several higher-rank generalizations of the dynamical behavior of
convex cocompact groups in rank-one Lie groups, in the context of both convex
projective geometry and relatively hyperbolic groups. Our results include a dynam-
ical characterization of a notion of convex cocompact projective structure due to
Danciger-Guéritaud-Kassel. This generalizes a dynamical characterization of Anosov
representations of hyperbolic groups. Using topological dynamics, we also define a
new notion of geometrical finiteness in higher rank which generalizes previous notions
of relative Anosov representation due to Kapovich-Leeb and Zhu. We prove that
these “extended geometrically finite” representations are stable under certain small
relative deformations, and we provide various examples coming from the theory of

convex projective structures.
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Chapter 1

Introduction

1.1 Convex cocompactness in rank one

The classical study of Fuchsian and Kleinian groups has yielded enormously
important results in the field of geometric topology. In fact much of the modern
understanding of manifolds in two and three dimensions rests on deep knowledge of
the behavior of discrete subgroups of SL(2,R) and SL(2,C) and their connection to
hyperbolic geometry. Among such subgroups, the most well-behaved examples are

the convex cocompact groups.

Definition 1.1.1. Let I" be a discrete subgroup of SL(2,R). The group I' is conver
cocompact if there is a nonempty I'-invariant convex subset C' of the hyperbolic plane

H? such that the quotient C'/T" is compact.

This definition generalizes without difficulty for discrete subgroups of SL(2, C)
(replacing the action of I' on H? with an action on H?) or more generally discrete

subgroups of SO(d, 1) (which acts on d-dimensional hyperbolic space H?).

One way to study convex cocompact groups is to use the tools of coarse metric
geometry. A convex subset C' of d-dimensional hyperbolic space is by definition

isometrically embedded. Since H? has constant negative sectional curvature, this
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implies that when C' is viewed as a metric space, it is d-hyperbolic in the sense of

Gromov [Gro87]. Then, an immediate consequence of the Milnor-Schwarz lemma is

Proposition 1.1.2. Let I' C SO(d, 1) be a convex cocompact group. Then T is finitely
generated, and for any point xo € H?, the orbit map v — vy - 1 is a quasi-isometric

embedding. Thus, I' is a word-hyperbolic group.

Proposition 1.1.2 is one reason that convex cocompact groups are a satisfying
object of study from the perspective of geometric group theory. Indeed the theory of
word-hyperbolic groups has both led to greater understanding of convex cocompactness
in general, and has also been enriched by the wide variety of interesting examples
that appear in this context. Worth mentioning in particular are Schottky groups
and the quasifuchsian subgroups of SL(2,C), i.e. deformations of convex cocompact

subgroups of SL(2,R) C SL(2,C).

Beyond the realm of hyperbolic geometry, it is also possible to define a notion
of a convex cocompact subgroup of any semisimple Lie group G with real rank equal
to 1. Any discrete subgroup of G acts properly discontinuously on the Riemannian
symmetric space X = G /K, where K is a maximal compact subgroup of GG, which

leads to the following

Definition 1.1.3. Let I' be a discrete subgroup of a real semisimple Lie group G
with rank one. The group I' is convex cocompact if I' acts cocompactly on a nonempty

convex subset C' of the Riemannian symmetric space X = G/K.

When G = SO(d, 1) this definition agrees exactly with the definition of convex

cocompactness given earlier. When G is a general rank-one Lie group, the Riemannian
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symmetric space G/K still has everywhere (pinched) negative sectional curvature, so

a version of Proposition 1.1.2 also applies in this context.

1.1.1 Convex cocompactness in higher rank

Given that convex cocompact groups in rank-one exhibit a number of desirable
geometric, algebraic, and dynamical properties (many of which will be discussed
throughout this thesis), it is natural to ask if there is a good definition of a convex
cocompact subgroup of a real Lie group G with real rank greater than one—possibly
one that opens a doorway to understanding the (still very mysterious) world of discrete
subgroups of higher-rank Lie groups. Definition 1.1.3 might appear to provide an
immediate way forward: one should simply ask for a discrete subgroup I' C G to act

cocompactly on an invariant convex subset of the Riemannian symmetric space G/ K.

This is a perfectly sensible definition, but one problem is that it is too strong to
give a theory with a rich variety of examples to work with. In particular, Kleiner-Leeb

[KL06] and Quint [Qui05] independently showed the following

Theorem 1.1.4. Let G be a semisimple Lie group with real rank > 2. IfI' C G is a
discrete Zariski-dense subgroup which acts cocompactly on a nonempty convex subset

C C G/K, then T is a uniform lattice in G.

If we want to use our understanding of convex cocompact groups in rank one
to study discrete subgroups of higher rank Lie groups, Theorem 1.1.4 tells us that we
should not try generalizing Definition 1.1.3 directly: we will not find any examples

beyond uniform lattices. To understand more, we should look for a broader class of
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discrete subgroup where our rank-one tools still apply, which leads us to the notion

of an Anosov representation.

1.2 Anosov representations

The idea behind an Anosov representation is the fact that convex cocompact
groups in rank one can be characterized by their dynamical properties. The original
definition of an Anosov subgroup was due to Labourie [Lab06]. He proved that if
m.S is the fundamental group of a hyperbolic surface, and p : 7.5 — SL(d,R) is a
Hitchin representation, then the geodesic flow on the unit tangent bundle 7S induces
an Anosov flow on a certain bundle associated to the representation p. Labourie
called representations with such a flow Anosov representations, and showed two
important results. First, an Anosov representation always has discrete image and
finite kernel. Second, Anosov representations are stable: they form an open subset of

the representation variety Hom(m.S, SL(d, R)).

Later, Guichard-Wienhard [GW12] extended Labourie’s definition to cover
representations of an arbitrary word-hyperbolic group I' into a semisimple Lie group
G. They further introduced a finer notion of P-Anosov representation, where P is a

parabolic subgroup of G, and proved a general version of Labourie’s stability result:

Theorem 1.2.1. Let I' be a word-hyperbolic group, let G be a semisimple Lie group,
and let P C G be a parabolic subgroup. The P-Anosov representations of I' into G

form an open subset of the representation variety Hom(I', G).

When G has real rank one, it turns out that Anosov representations are

15



basically equivalent to convex cocompact groups: in this case, a representation
p: ' = G is Anosov exactly when p has finite kernel and p(I') C G is a convex
cocompact subgroup. And in fact the stability theorems for Anosov representations

recall classical work of Sullivan [Sul85] on the stability of convex cocompact groups.

The original proofs of Theorem 1.2.1 in [Lab06] and [GW12] differ significantly
from Sullivan’s proof of stability in rank-one, since verifying Labourie’s original
definition of Anosov representation involves working closely with the technicalities of

a flow on a particular bundle associated to the representation.

However, there are now many equivalent definitions of an Anosov representa-
tion, and some (though not all) of these characterizations are amenable to proofs of
Theorem 1.2.1 that use more of Sullivan’s original techniques. Definitions have been
given in terms of the asymptotics of Cartan and Jordan projections ([GGKW17],
[Ts020]), the geometry of the Riemannian symmetric space G/K ([KLP14], [KLP17]),
dynamics of hyperbolic group actions on their boundaries ((GGKW17], [KLP17]), con-
vex projective geometry ([DGK17], [Zim21]), growth of singular value gaps ([BPS19]),
and even the algorithmic properties of hyperbolic groups ([BPS19]). We will state

the specific definitions that are most relevant to this thesis in Section 2.4.

We emphasize that in every one of the definitions listed above, an Anosov
representation must be a representation of a word-hyperbolic group. One of the main

aims of this thesis is to consider the following

Question 1.2.2. What generalizations of Anosov representations allow us to under-

stand non-word-hyperbolic discrete subgroups of higher-rank Lie groups?
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Throughout this thesis, we will address this question by considering properties
of many of the definitions of Anosov representation listed above. Our focus, however,
will be on the relationship between two of them in particular. The first is the charac-
terization of Anosov representations in terms of certain convexr cocompact projective
structures, due to Danciger-Guéritaud-Kassel [DGK17] and Zimmer [Zim21]. The
second is the perspective of Kapovich-Leeb-Porti [KLP17] and Guéritaud-Guichard-
Kassel-Wienhard [GGKW17], which says that a representation of a hyperbolic group
[' is P-Anosov when it is equipped with an equivariant embedding of the Gromov

boundary OT of T into the flag variety G/ P, satisfying certain dynamical conditions.

We will explain both of these viewpoints in much greater detail later on. For
now, we comment that the relationship between them illustrates the deep connection
between geometric structures and hyperbolic boundary dynamics discussed for instance
in a recent survey of Kassel [Kasl8]. A central theme of this thesis is that this
connection should persist in a broader context. In particular, a version of this

principle survives even when we leave the world of word-hyperbolic groups.

1.3 Expansion dynamics for projectively convex cocompact
groups

In Chapter 3 of this thesis, we consider one situation in which “Anosov-like”
dynamics emerge from a discrete representation of a non-word-hyperbolic group—

specifically, a representation associated to a convex cocompact projective structure.

Many authors have previously explored the connection between Anosov rep-

resentations and geometric structures. Notably, in [GW12], Guichard-Wienhard
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explained how to construct certain cocompact domains of discontinuity for an Anosov
representation acting on a flag variety G/P, and in [KLP18], Kapovich-Leeb-Porti
gave a systematic procedure for constructing similar domains of discontinuity and

determining whether these domains are cocompact and nonempty.

These results show that many Anosov representations can be viewed as the
holonomy representations of certain (G, X) structures on closed manifolds. However,
the geometric structures in question can be difficult to describe, and indeed under-
standing the topology of these structures in general is currently an active area of

research.

In [DGK17], Danciger-Guéritaud-Kassel introduced a notion of convezr cocom-
pact projective structure (see Definition 3.1.2 for the precise definition). They showed

the following

Theorem 1.3.1 ([DGK17]). Let p: I' - PGL(d,R) be a projectively convex cocom-
pact representation of a word-hyperbolic group I'. Then p is a Py-Anosov representa-

tion.

In fact Danciger-Guéritaud-Kassel’s result is stronger than what we have
stated here, and they prove a partial converse as well. Independently, Zimmer [Zim21]
also showed that a similar notion of convex cocompact projective structure can
be associated to any Anosov representation p : I' — G by composing p with an

appropriate representation of G.

Via Theorem 1.3.1, Danciger-Guéritaud-Kassel aimed to facilitate the study

of Anosov representations by associating them to concrete geometric structures
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whose features closely resemble those of convex cocompact manifolds in hyperbolic
space. This echoes work of Choi-Goldman [Gol90] [CG93], which shows that Hitchin
representations of surface groups into SL(3,R) are parameterized by convex real
projective structures on surfaces. The approach is also closely related to results of
Benoist, who in a series of papers (e.g. [Ben00] [Ben04] [Ben06]) extensively studied
the properties of groups acting cocompactly on properly convex subsets of projective
space; see [Ben08] for a survey of such results. Benoist’s work (and the subsequent
results of Danciger-Guéritaud-Kassel and Zimmer) demonstrates that many of the
ideas used to understand closed hyperbolic manifolds can be adapted to the setting of
projective geometry. This in turn allows for a study of Anosov representations which

more closely aligns with the classical study of convex cocompactness in rank one.

However, convex projective structures also hint at a possible way to under-
stand non-word-hyperbolic groups with “Anosov-like” properties. There are many
fascinating examples of convex projective manifolds with non-hyperbolic fundamental
group, which display an intriguing mix of “hyperbolic” and “nonpositively curved”
behavior: see [Ben06], [BDL15], [CLM20], [DGK™21] for some compact examples,
and see [Bal21] [BM20], [Bob19] for examples with cusps. The compact examples
cited above all also fall under Danciger-Guéritaud-Kassel’s definition of projective

convex Cocompactness.

Our main result in Chapter 3 (Theorem 3.1.9) answers a question originally
asked by Danciger-Guéritaud-Kassel, and says that these examples also have a
dynamical characterization which is closely analogous to a dynamical characterization

of Anosov representations described in [KLP17].
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To be slightly more specific, [KLP17] states that a representation p: I' - G
is P-Anosov if and only if " has an expanding action about its limit set in the flag
manifold G/P (and the limit set also obeys some additional technical requirements).
Our result says that a representation p : I' — PGL(d,R) is projectively convex
cocompact if and only if I' has an expanding action about the faces in its full orbital
limit set. The upshot is that projective convex cocompactness is characterized by the
expansion dynamics of I on a family of Grassmannians Gr(k,d), for multiple values
of k. In other words, we are able to see “Anosov-like” dynamics in the action of an
(a priori arbitrary) finitely generated group by considering expansion dynamics on

several different flag manifolds simultaneously.

1.4 Convex cocompactness and relative hyperbolicity

Using the results of Chapter 3, we are able to draw a further connection
between Anosov representations and projectively convex cocompact groups which
are relatively hyperbolic, relative to a collection of convex cocompact subgroups. We
explore this connection in detail in Chapter 4. (We provide some background on

relatively hyperbolic groups in Section 2.2).

The key idea here is that an Anosov representation of a hyperbolic group I'
is characterized by the existence of a certain equivariant embedding of the Gromov
boundary of I" into a flag variety. When p : I' = PGL(d,R) is a P-Anosov repre-
sentation, this takes the form of a pair of equivariant embeddings of JI' into real

projective space RP~! and the dual projective space (RPd_l)*.

Our main results in Chapter 4 (Theorem 4.1.2 and Theorem 4.1.8) can be
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summarized as follows. We let I" be a relatively hyperbolic group, relative to a
collection H of peripheral subgroups. We suppose that p : I' — PGL(d,R) is a
representation such that the restriction p|y : H — PGL(d, R) is projectively convex
cocompact for each H € H. Together, Theorem 4.1.2 and Theorem 4.1.8 state that p
is projectively convex cocompact if and only if there is an equivariant embedding of
the Bowditch boundary O(I',H) into a certain quotient of projective space. When the
collection of peripheral subgroups H is empty, then I' is a hyperbolic group and this
embedding is precisely the equivariant embedding of the Gromov boundary OI' which

characterizes an Anosov representation.

We note that our results are closely related to independent work of Islam-
Zimmer [1Z20], who previously showed a version of Theorem 4.1.8 when the represented
group [ is isomorphic to the fundamental group of a 3-manifold. In addition, since
our work first appeared, Islam-Zimmer have also adapted some of our techniques to

prove stronger versions of some of these results (see [1722]).

1.4.1 Criterion for relative hyperbolicity

The results of Chapter 4 incidentally allow us to prove more than just a
characterization of convex cocompactness for relatively hyperbolic groups. They
also give us a way to verify that a group is relatively hyperbolic, relative to a given

collection of subgroups.

This is motivated by an observation of Benoist, who showed that convex
projective geometry can be used to give a criterion for hyperbolicity of a group with a

representation p : I' — PGL(d, R). Specifically, Benoist showed
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Theorem 1.4.1 ([Ben04], Theorem 1.1). Let 2 be a properly conver subset of RP4~1,
and suppose that I' C PGL(d,R) is a discrete group acting cocompactly on Q2. Then
I' is word-hyperbolic if and only if ) is strictly convex, i.e. there are no nontrivial

projective segments in OS).

Danciger-Guéritaud-Kassel later proved a more general version of this result for
a group I' with a projectively convex cocompact action (see [DGK17], Theorem 1.4).
We prove a result for relatively hyperbolic groups (also contained in the statement of
Theorem 4.1.8) which has a similar statement in spirit, but a very different proof:
whereas Benoist and Danciger-Guéritaud-Kassel directly use the metric geometry
of convex domains in RP%~! to prove that certain groups are word-hyperbolic, we
instead exploit a result of Yaman [Yam04], which says that relatively hyperbolic
groups can be characterized by the topological dynamics of their actions on their

Bowditch boundaries.

1.5 Extended geometrically finite representations

The last two chapters of this thesis introduce a new generalization of Anosov
representations for relatively hyperbolic groups. We refer to these as extended

geometrically finite (EGF) representations.

1.5.1 Geometrically finite groups in rank one

As the name implies, EGF representations are also a generalization of geo-
metrically finite subgroups of rank-one Lie groups, which in turn generalize convex

cocompact groups. Compare the following definition to Definition 1.1.3:
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Definition 1.5.1. Let I' C G be a finitely generated discrete subgroup of a rank-one
semisimple Lie group G, and let X be the Riemannian symmetric space G/K. We
say that I' is geometrically finite if there is a I'-invariant convex subset C' C X with

nonempty interior such that the quotient C'/T" has finite volume.

Remark 1.5.2. In [Bow93] and [Bow95], Bowditch gave several definitions of a
“geometrically finite” group in SO(d, 1) and a rank-one Lie group G, respectively. He
showed that all of these definitions are equivalent (although in general they differ
from the historical definition of geometrical finiteness, which was stated in terms of

finite-sided polyhedra).

The definition we give here is essentially the same as Bowditch’s definition
F5 in [Bow95]. Note than unlike the analogous definition for convex cocompactness
(Definition 1.1.3), Definition 1.5.1 assumes that the discrete group I' is finitely
generated. This assumption is implied by Bowditch’s other definitions of geometrical
finiteness, but it is included in this one for technical reasons. Indeed Bowditch
observed that the assumption follows automatically when I' is torsion-free (or more
generally, if there is a uniform bound on the orders of finite subgroups of I'). Bowditch
further conjectured that this assumption is unnecessary in general, although to the

author’s knowledge this is still unknown.

In general, a geometrically finite group I' is always relatively hyperbolic,
relative to a collection H of “cusp groups” (i.e. (I',H) is a relatively hyperbolic pair).
And in fact, geometrically finite Kleinian groups were one of the primary motivations

behind Gromov’s original definition [Gro87] of a relatively hyperbolic group. In that
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sense, geometrically finite groups are the relatively hyperbolic analogue of convex

cocompact groups in rank one.

One can make this analogy more explicit by presenting two alternative defini-
tions of convex cocompactness and geometrical finiteness, side-by-side; for simplicity

we restrict to the context of discrete subgroups of SO(d, 1).

We first need another definition:

Definition 1.5.3. Let I" be a discrete subgroup of SO(d,1). The limit set Ar is the

set of accumulation points in 9H? of some (any) -orbit T' - x, for x € HC.

The limit set is always a closed [-invariant subset of the ideal boundary OH?
of hyperbolic space. The result below is attributed to Coornaert [Coo90] and Bourdon
[Bou95] (although it does not appear in either of those papers exactly as it is stated

here).

Proposition 1.5.4. Let I" be a word-hyperbolic discrete subgroup of SO(d,1). Then
' is convex cocompact if and only if there is an equivariant embedding OT — OHY

with tmage Ar.

The analogous statement for geometrically finite groups is essentially due to
Bowditch. It follows from the first definition of relative hyperbolicity in [Bow12] and
the equivalence of definitions GF2 and GF5 in [Bow93].

Proposition 1.5.5. Let (I',’H) be a relatively hyperbolic pair, with I' a discrete sub-
group of SO(d,1). Then I' is geometrically finite if and only if there is an equivariant
embedding O(T, H) — OH® with image Ar.
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When H is empty, then I' is a word-hyperbolic group, the Bowditch boundary
J(I',H) is exactly the Gromov boundary OI', and Proposition 1.5.5 reduces exactly

to Proposition 1.5.4.

1.5.2 Geometrical finiteness in higher rank: existing definitions

The similarity between Proposition 1.5.4 and Proposition 1.5.5 indicates one
possible way to define a higher-rank version of geometrical finiteness—or put another
way, a relatively hyperbolic version of an Anosov representation. Since (in light
of the results of [GGKW17] and [KLP17]) a P-Anosov representation p : I' — G
is a representation equipped with a certain equivariant embedding OI' — G/P, a
“relativized” Anosov representation of a relatively hyperbolic pair (I', H) ought to be
a representation of I' equipped with a certain equivariant embedding of the Bowditch

boundary 9(T', H) into G/P.

In [KL18], Kapovich-Leeb gave several possible definitions of an Anosov
representation of a relatively hyperbolic group, including one (Tyoq-asymptotic-
embeddedness) which follows this idea. And while not all of the definitions of relative
Anosov representation given by Kapovich-Leeb are equivalent, every one of them
is still at least implicitly equipped with an equivariant embedding of the Bowditch

boundary into some flag manifold G/P.

In independent work, Zhu [Zhul9], [Zhu21] also defined a notion of relative
Anosov representation, called a relatively dominated representation. Generalizing
work of Bochi-Potrie-Sambarino [BPS19] in the Anosov setting, Zhu provided several

equivalent characterizations of relatively dominated representations, and further
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showed that they are always relatively asymptotically embedded in the sense of
Kapovich-Leeb. In particular, a relatively dominated representation is always equipped

with an equivariant Bowditch boundary embedding.

The definitions of Kapovich-Leeb and Zhu cover several interesting examples of
relatively hyperbolic discrete groups in higher rank. For instance, Zhu showed that a
type of “geometrically finite” convex projective structure studied by Crampon-Marquis
[CM14] gives rise to a relatively dominated representation. Further, in [CZZ21],
Canary-Zhang-Zimmer showed that cusped Hitchin representations of geometrically
finite Fuchsian groups are also relatively dominated. (Currently, there are no known
examples of representations that are relatively asymptotically embedded but not

relatively dominated.)

1.5.3 Representations without an equivariant boundary embedding

In rank one, the relatively asymptotic embedded representations of Kapovich-
Leeb are exactly the same as geometrically finite representations. However, there are
also many examples of discrete relatively hyperbolic groups in higher rank which are
not relatively asymptotically embedded—but still exhibit a sort of “geometrically
finite” behavior. Such examples often appear in the context of convex projective
structures. For instance, given a geometrically finite group I" in SO(d, 1), there are
sometimes deformations of I" inside of SL(d + 1,R) which do not give rise to an
equivariant embedding of the Bowditch boundary of I'—but are associated to some
convex projective orbifold with a reasonably tame projective structure on its ends,

called a generalized cusp. Cusps of this type were originally studied by Cooper-Long-
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Tillmann [CLT15] [CLT18] and classified by Ballas-Cooper-Leitner [BCL20]; Ballas
[Bal21] and Bobb [Bob19] have constructed many examples of projective manifolds

with these cusps.

Further, there are also many examples of projectively convex cocompact rep-
resentations of relatively hyperbolic groups which are not relatively asymptotically
embedded in the sense of Kapovich-Leeb—and in fact these representations are never
relatively asymptotically embedded unless the peripheral structure is trivial (so the
group is word-hyperbolic and the representation is Anosov). As mentioned previ-
ously, explicit constructions of such groups have been given in [BDL15], [CLM20],
[DGK™*21].

The results of Chapter 4 of this thesis imply, however, that it is still possible
to connect these examples to the dynamics of relatively hyperbolic group actions on
their Bowditch boundaries. This motivates our definition of extended geometrically

finite representations:

Definition 1.5.6. Let (I', H) be a relatively hyperbolic pair, and let P be a symmetric
parabolic subgroup of a semisimple Lie group G. We say that a representation
p: ' = G is extended geometrically finite with respect to P if there exists a closed
p(I')-invariant subset A C G/P and a continuous p-equivariant surjective antipodal

map ¢ : A — O(I', H) which extends the convergence dynamics of I.

We will explain the technical conditions in Definition 1.5.6 fully in Chapter 5.
For now, we note that the key difference between our definition and relative asymptotic

embeddedness is that our associated Bowditch boundary map “goes the other way:”

27



instead of embedding O(I', H) into a flag manifold, we instead look for an invariant
subset of the flag manifold which factors onto the Bowditch boundary via the map ¢.
In the language of this thesis, we say the map ¢ : A — 9(I',’H) is an eztension of the
topological dynamical system (I', 9(I", H)). It is the boundary extension associated to
the EGF representation p. Ultimately, we will find (see Theorem 5.6.2) that EGF
representations are equivalent to relatively asymptotically embedded representations
precisely when the boundary extension is a homeomorphism (so the inverse map is

the associated embedding).

The advantage of defining the map in this “backwards” way is that it is more
flexible with respect to the action of the peripheral subgroups (the “cusp groups”)
of the relatively hyperbolic group I' on the flag manifold G/P. In particular, unlike
relatively asymptotic embedded representations, EGF representations allow for non-
unipotent peripheral subgroups, and peripheral subgroups which are not P-divergent
(see Section 2.3). This flexibility means that if M is a manifold with relatively
hyperbolic fundamental group, convex cocompact projective structures on M, as
well as convex projective structures with generalized cusps, can give rise to EGF
representations. We prove these results (and provide further new examples of EGF

representations) in Chapter 6.

1.5.4 Anosov relativization and stability

Chapter 5 of this thesis proves several properties of EGF representations.
We first show that EGF representations interact well with the theory of Anosov

representations by proving an Anosov relativization theorem (Theorem 5.1.10). This
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result says that if an EGF representation restricts to Anosov representations on its

peripheral subgroups, then it is itself an Anosov representation.

Our main result about EGF representations (Theorem 5.6.2) is that they satisfy
a relative stability property, in analogy to Theorem 1.2.1 for Anosov representations:
we show that if p : I' — G is an EGF representation, then we can define certain
subspaces W of the representation variety Hom(I', G) such that EGF representations
form an open subset of W about p. We call such subspaces peripherally stable,
because their definition depends only on the restriction of a deformed representation
to the peripheral subgroups of I'. Peripheral stability should be thought of as a local
property, giving a criterion which ensures that certain small deformations of p are still
EGF representations. The condition is fairly flexible—in particular, in Section 6.2, we
show that one can find peripherally stable deformation spaces which allow unipotent
peripheral subgroups in PGL(d, R) to deform into diagonalizable subgroups. Explicit

examples of deformations of this type have been found in [BDL15].

It seems desirable to understand the nature of peripherally stable subspaces
in general. We know that deformations of EGF representations which restrict to
conjugacy on the peripheral subgroups are always peripherally stable. And for general
EGF representations, we do not expect Hom(I', G) itself to be peripherally stable
subspace (or in other words, EGF representations are not absolutely stable in general).
This fails already in rank one, since geometrical finiteness is itself an unstable property

(see Remark 5.6.3).

Remark 1.5.7. As a corollary of Theorem 5.6.2 (Corollary 5.6.5), we are able to show

that small deformations of relatively asymptotically embedded representations which
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restrict to conjugacy on the peripherals are still relatively asymptotically embedded.

In [KL1.18], Kapovich-Leeb asserted that a result along these lines holds, but
did not make (or prove) any precise claim. In addition, in [CZZ21], Canary-Zhang-
Zimmer study a notion of Py.-Anosov representations for geometrically finite Fuchsian
groups, and prove that these representations are always relatively dominated in the
sense of Zhu. Canary-Zhang-Zimmer then show that their Py-Anosov representations
are stable in the space of type-preserving deformations, which proves a special case of

our relative stability result.
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Chapter 2

Background and preliminaries

2.1 Convex projective geometry

Essentially all of the motivating examples in this thesis come from convex
projective geometry, i.e. the geometry of properly convexr subsets of real projective
space and the projective transformations which preserve them. In this section we
review the essential features of convex projective geometry, and establish notation
which persists throughout the thesis. For a general reference on this material, see e.g.

[Mar14].

2.1.1 Basic definitions

Notation 2.1.1. We will assume without comment that every real vector space V'

in this thesis is finite-dimensional.

e If V is a real vector space, then P(V') is projective space (V' — {0})/ ~, where

u~uvifu=Tfor A € R.

e For any z € V — {0}, we let [x] denote the image of = under the quotient map

V —{0} = P(V).

e If W is a subset of V, then we let [W] denote the image of W — {0} in P(V).
If W C V is a vector subspace, we will identify P(W') with [W] C P(V).
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When B C P(V), then the span of B, denoted span(B), is the subspace of
V spanned by any lift of B in V. The projective span of B is the subset
prspan(B) C P(V).

If w is any element of the dual projective space P(V*), we let P(w) denote the

image of kerw in P(V'), where @ is any lift of w in V*.

If we P(V*) and v € P(V) satisty v ¢ P(w), then we say w and v are transverse

and write w L v.

We let Fi(V) denote the space of partial flags (V_,V,), where V. C V, CV,
and dim(V_) = codim(V,) = 1. If dim(V') = d + 1, then we say F.(V) is the
space of flags of type (1,d). If V is understood from context we will sometimes

just write Fy = Fo(V).

We let Gr(k, V) denote the Grassmannian of k-dimensional subspaces of V',
and write Gr(k, d) for Gr(k, R?). If W is an element of Gr(k, V'), we write P(WW)
for the image of W — {0} in P(V).

2.1.1.1 Convex cones and convex domains

Definition 2.1.2. A convex cone in a real vector space V is a convex subset of

V' — {0} which is closed under multiplication by positive scalars.

A convex cone is sharp if it does not contain any affine line.

The boundary of a convex cone C' in a real vector space V' is the boundary of

C' viewed as a cone in its linear span span(C') C V; this boundary is homeomorphic
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to a cone over S*~2 where k = dim span(C). We will write OC for the boundary of

C.

Definition 2.1.3. Let Q be a subset of P(V') for a real vector space V. € is conver
if it is the projectivization of some convex cone 2 C V, and it is properly convex if Q
is sharp (equivalently, if Q is a convex subset of some affine chart in P(V)). An open

convex set is a conver domain.

The boundary 9 is the projectivization of Q — {0}. A convex set Q is strictly

convex if 02 does not contain a nontrivial projective segment.

For most of this thesis, we will only consider convex domains 2 C P(V') which
are either open, or else open in their projective span P(span(§2)) C P(V'). In both of

these cases we can write Q = 9 LI Q.

Definition 2.1.4. Let Q be a convex subset of P(V'). A supporting subspace of
is a projective subspace which intersects 0€2 but not €2. In particular, a supporting

hyperplane is a codimension-1 supporting subspace.
Proposition 2.1.5. Let  be a conver subset of P(V). Ewvery point x € 02 is

contained in at least one supporting hyperplane.

Proof. This follows immediately from the fact that every point x # 0 in the boundary
of a convex cone C' in V is contained in a codimension-1 subspace containing x but

not intersecting C'. [

We remark that a convex domain in P(V') has C* boundary precisely when

every point in 02 is contained in exactly one supporting hyperplane.
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2.1.1.2 Projective line segments

When 2 is a properly convex set, and x,y € Q, we use [z,y] to denote the
unique (closed) projective line segment joining x and y which is contained in €.
We similarly use (z,v), [z,y), (z,y] to denote open and half-open projective line

segments.

2.1.1.3 Convex hull and ideal boundary

Definition 2.1.6. If 2 is a properly convex set in P(V') and A C 012, then the convex
hull of A is its convex hull in 2 in any affine chart containing €2. We denote the

convex hull of A by Hullg(A).

The ideal boundary of a set C' in a properly convex set (1 is the set
9:(C) :==C NoA,

where the closure of C' is taken in P(V).

2.1.2 Open faces in 02

Definition 2.1.7. Let € be a properly convex domain. The open face of 052 at a
point x, which we denote Fo(x), is the set of points y € 92 such that x and y lie in

an open segment (a,b) C OS2

The dimension of a face F' is the dimension of a minimal projective subspace

containing F'; such a minimal subspace is called the support of the face and is denoted

supp(F).
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A face is always a convex subset of projective space, open in its support. An

open face is a closed subset of 0 if and only if it is an extreme point of (2.

Remark 2.1.8. Earlier versions of [DGK17] referred to what we call a face as a
“stratum.” Our definition of face agrees with the definition used by Islam and Zimmer.

Notably, our faces are not the same as the facettes of Benoist and Benzecri.

In particular, our definition ensures that every point in the boundary of a

properly convex domain {2 is contained in some face.

2.1.3 The Hilbert metric

Here we recall the definition of the Hilbert metric, a useful tool for under-
standing group actions on properly convex domains. See e.g. [Marl4] for more

background.
Given four distinct points a, b, ¢, d in RP! (or four points in RP?~! lying on a
single projective line), recall that the cross-ratio |a,b; ¢, d] is given by

(d—a)-(c—0)
(c—a)-(d—10)

la,b;c,d] =

where the distances are measured in any identification of RP! with R U {oo}. Our

convention is chosen so that [0,00;1, 2] = z.

The cross-ratio is a projective invariant on 4-tuples, and in fact it parameterizes

the space of PGL(2,R)-orbits of distinct 4-tuples in RP?.

Definition 2.1.9. Let Q C P(V) be a properly convex domain. The Hilbert metric
do(-,-) : 0 — R=°
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is given by the formula
1
da(z,y) = 5 logla, bz, y],

where a, b are the two points in 02 such that a,x,y, b lie on a projective line in that

order.

When the domain €2 is an ellipsoid of dimension d, the Hilbert metric on €2
recovers the familiar Klein model for hyperbolic space H?. More generally we have

the following:

Proposition 2.1.10. Let Q) be a properly convex domain. Then:

1. (2, dgq) is a proper metric space.

2. If x and y are in ), then [x,y] is the image of a geodesic (with respect to dg)

joining x and y.

3. Aut(Q) acts by isometries of dg.

This implies that Aut(€2) always acts properly on 2. In particular, a subgroup

of Aut(2) is discrete in PGL(V) if and only if it acts properly discontinuously on €.

Part (2) of the above Proposition means that (§2,dq) is always a geodesic
metric space. However, in general it need not be uniquely geodesic—this is one of
many ways in which the geometry on a properly convex domain equipped with its

Hilbert metric can differ from hyperbolic geometry.

The point of the Hilbert metric is that it allows us to understand many

aspects of group actions on convex projective domains in terms of metric geometry; in
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particular, we may apply the Svarc-Milnor lemma when we have a convex cocompact

action on a domain.

The Hilbert metric can also be used to characterize open faces in 0€2:

Proposition 2.1.11. Let 2 be a properly convexr domain, let x € 02, and fix points
p1,p2 € Q. For any y € 092, we have y € Fqo(x) if and only if the Hausdorff distance

(with respect to dg) between [p1,x) and [pa,y) is finite.

Since [p1,x) and [pa,y) are the images of geodesic rays in (2, dg), the above
is equivalent to the condition that, if ¢,, ¢, are unit-speed geodesic rays in (€2, dq)

following projective line segments from p;, ps to z,y, respectively, then
do (e (1), c,(1)) < k

for some fixed k independent of ¢t € R=Y.

Each face F' of a properly convex projective domain €2 is itself a properly
convex set. By viewing F' as an open subset of its projective span, one can also define

a Hilbert metric dr on this face.

Proposition 2.1.12. Let Q be a properly convex domain, let F' be a face of ), and

let x,, be a sequence in ) converging to some x, € F.

For any D > 0, if y, € 2 is a sequence satisfying
dQ(xmyn) S D7
then any accumulation point ys of y, lies in F', and

dF(SCOO, yoo) S D.
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2.1.4 Properly embedded simplices

Definition 2.1.13. A projective k-simplex in RP9~! is the projectivization of the

positive linear span of k + 1 linearly independent vectors in R

A projective k-simplex A is an example of a properly convex set in RP41.
If A is the span of standard basis vectors ey, ..., eq4, the group DT C PGL(d,R)
of projectivized diagonal matrices with positive entries (isomorphic to R41) acts
simply transitively on A. Then, any discrete Z¢~! subgroup of D* acts properly
discontinuously and cocompactly on A, so the Svarc-Milnor lemma implies that

(A, dp) is quasi-isometric to Euclidean space E4-1.

Definition 2.1.14. Let € be a properly convex domain. A convex projective simplex

A C Q is properly embedded if A is contained in 0S2.

A properly embedded simplex in €2 gives an isometric embedding
(A, dA) — (Q, dQ),
which in turn gives a quasi-isometric embedding

EF — (Q, dq).

Maximal properly embedded simplices in €2 can be thought of as analogues of
mazimal flats in CAT(0) spaces; see e.g. [Ben06], [IZ19a], [IZ19b], [Bob20]. However,
in general, the metric space (2, dg) is not CAT(0); in fact this occurs if and only if 2
is an ellipsoid [KS58].
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2.1.5 Duality for convex domains

Let V' be a real vector space. Given a convex set {2 C P(V), it is often useful

to consider the dual convex set Q* C P(V*).

Definition 2.1.15. Let C' be a convex cone in a real vector space V. The dual

convex cone C* C V* — {0} is

C*={aeV*:alr)>0foralzecC}

The following is easily verified:

Proposition 2.1.16. Let C' be a convex cone in a real vector space V.

1. C* is a convex cone in V* —{0}.
2. C** = C, under the canonical identification V** =V

3. C* is sharp if and only if C' has nonempty interior.

If Q is the projectivization of a convex cone in P(V'), the dual convex set is
the projectivization Q* of Q*, where Q is any cone over Q. When € is a properly

convex domain in P(V'), Q* is a properly convex domain in P(V*).

In general, 2* need not be projectively equivalent to €2. However, the features
of Q2 affect the features of (2*. For instance, €2 is strictly convex if and only if the
boundary of Q* is C'!' (and vice versa, since Q** is naturally identified with ). We

also note that duality reverses inclusions of convex sets.
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If T is a subgroup of PGL(V') preserving €2, the dual action of I on P(V*)
preserves the dual domain €2*. So we can simultaneously view I' as a subgroup of

Aut(2) and Aut(Q*).

2.1.6 Dynamics of Aut(f2)

When G is a semisimple Lie group, we say that a sequence g, € G is divergent
if it leaves every compact subset of G. A divergent sequence always has a P*-
divergent subsequence for some parabolic PT C G (see Section 2.3). By taking a
further subsequence, we can find P*-limit points (Definition 2.3.5) for g, and g, ! in

the flag manifolds G/P* and G/P~, for P~ opposite to PT.

When G = PGL(V'), we can interpret this in terms of attracting and repelling

subspaces.

Proposition 2.1.17. Let g, € PGL(V) be a divergent sequence. Up to subsequence,

there exist subspaces Ey, E_ in'V such that
dim(E, ) + dim(E_) = dim(V),
and for any open set U C P(V') containing P(Ey) and any compact set K C P(V') —

P(E_), for all sufficiently large n we have

gn - K CU.
Proof. For each k with 1 < k < d, we let P, C PGL(V') be the subgroup preserving
a k-dimensional subspace of V. The maximal parabolic subgroups of PGL(V) are

exactly the subgroups conjugate to some Py. So any divergent sequence in PGL(V)

is Py-divergent for some k, and the result follows. ]
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The subspaces E,, E_ are respectively referred to as attracting and repelling
subspaces. They are uniquely determined once a subsequence of g, is chosen and

their dimensions are specified. They are not necessarily transverse.

The faces of €2 inform the limiting dynamical behavior of divergent sequences
in Aut(€2). The following two results are likely well-known, but for convenience we

provide proofs.

Proposition 2.1.18. Let v, be a divergent sequence in Aut()) for a properly convex
domain ), and suppose that for some x € §, the sequence y,x accumulates on a face
Fy of Q. Then, after extracting a subsequence, there is an attracting subspace E. of

Yn such that P(E,) C supp(Fy).

Proof. Let x, € Fy be an accumulation point of the point of the sequence ~,x.
Using a diagonal argument, we can replace v, with a subsequence so that for every y
in a countable dense subset of Bg(z, 1), the sequence 7, - y has a well-defined limit
in the compact space P(V'). Proposition 2.1.12 then implies that for every point

y € Bq(x,1), the sequence v,y converges to a unique point in Fy.

Let B, be the set of accumulation points of 7, - Ba(x, 1), and let W, be the

subspace span(By,) C V.

Proposition 2.1.12 implies that By, is a subset of the face F' = Fqo(2w), S0
P(W4) is a projective subspace of supp(F’). Let k = dim(W,,). We claim that there

is an open subset U of the Grassmannian Gr(k, V') so that

Yo - U = {W}.
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This implies the desired result by Proposition 2.3.7.

To see the claim, fix k points zy,...,z; € Bg(x,1) so that the limits of
the sequences 7,21, . . . Tn2k span the projective subspace P(W.,). Proposition 2.1.12
implies that for some fixed ¢ > 0, if 2/ lies in Bq(z;, €), then the limits of the sequences
are in general position, and therefore also span P(W).

Then, if U is the open set
{WeGr(k, V) W=u1 ®...0uu; €Bql(z,e)},

we have that 7, U — {W}, as required. O

We also have a closely related lemma:

Lemma 2.1.19. Let Q be a properly convex domain in P(V'), let T' be a subgroup of
Aut(Q), and let A be any closed T'-invariant subset of Q2 with nonempty convexr hull
in §2.

If E. and E_ are attracting and repelling subspaces for some divergent sequence

{w} C T, then P(E}) and P(E_) are supporting subspaces of ) that intersect A

nontrivially.

Proof. 1t suffices to show the claim for E, because a repelling subspace for the

sequence 7, is an attracting subspace for the sequence ~, 1.

Since (2 is open, it is not contained in P(E_). So, for some z € €, the limit of

Y - @ is contained in P(E, ). Since (2 is [-invariant, P(E, ) intersects Q nontrivially.
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Let E% be the subspace of V* consisting of functionals which vanish on E,.
E7 is an attracting subspace for the sequence v, under the dual action of I" on V*.
So, by the previous argument, P(E%) intersects 0* nontrivially, which means P(E.)

cannot intersect €.

This shows that P(E, ) is a supporting subspace of Q (and therefore P(E_) is
as well). To see that P(F, ) intersects A nontrivially, note that since A has nonempty
convex hull in © and P(E_) is a supporting subspace of {2, A is not a subset of
P(E_) N oA So, for some = € A, v, - © accumulates to a point y in P(E, ); since A is

[-invariant and closed, y is in A also. ]

2.2 Relatively hyperbolic groups

In this section we discuss some of the basic theory of relatively hyperbolic
groups, mostly to establish the notation and conventions we will use throughout the
thesis. We refer to [BH99], [Bow12], [DS05] for background on hyperbolic groups and
relatively hyperbolic groups. See also section 3 of [KL18] for an overview (which we

follow in part here).

Notation 2.2.1. Throughout this thesis, if X is a metric space, A is a subset of X,
and r > 0, we let Nx(A,r) denote the open r-neighborhood in X about A. For a

point x € X, we let Bx(x,r) denote the open r-ball about x.

When the metric space X is implied from context, we will often just write

N(A,r) or B(z,r).
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2.2.1 Geometrically finite actions

Recall that a finitely generated group I is hyperbolic (or word-hyperbolic or
d-hyperbolic or Gromouv-hyperbolic) if and only if it acts properly discontinuously and

cocompactly on a d-hyperbolic proper geodesic metric space Y.

A relatively hyperbolic group is also a group with an action by isometries on a
d-hyperbolic proper geodesic metric space Y, but instead of asking for the action to

cocompact, we ask for the action to be in some sense “geometrically finite.”

To be precise, this means that Y has a I'-invariant decomposition into a thick
part Yy, and a countable collection B of horoballs, invariant under the action of I"
on Y. For a horoball B, we let ctr(B) denote the center of B in dY, and we let I,

denote the stabilizer of any p € Y.

Definition 2.2.2. Let I' be a group acting on a hyperbolic metric space Y, and let

B be a countable collection of horoballs in Y. If:
1. The action of I' on the closure of Yy, =Y — pen B 1s cocompact, and

2. for each B € B, the stabilizer of ctr(B) in I' is finitely generated and infinite,

then we say that I' is a relatively hyperbolic group, relative to the collection H = {I', :
p = ctr(B) for B € B}.

Definition 2.2.3. Let I" be a relatively hyperbolic group, relative to a collection of

subgroups H.

e The centers of the horoballs in B are called parabolic points for the I'-action on

0Y . The set of parabolic points in 9Y is denoted 0y, Y .
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e The parabolic point stablizers H = {Stabr(p) : p € OparY } are called peripheral

subgroups. We often write I, for Stabr(p).

A group I' might be hyperbolic relative to different collections H, H' of
peripheral subgroups. The collection H of peripheral subgroups is sometimes called a

peripheral structure for T'.

Definition 2.2.4. Let I' be a finitely generated group, and let H be a collection of
subgroups. We say that (I, H) is a relatively hyperbolic pair if T is hyperbolic relative
to H.

Remark 2.2.5. Whenever (I',H) is a relatively hyperbolic pair, there are always
only finitely many conjuacy classes of groups lying in the collection H. Often, it will
be convenient to consider a finite subset P C H containing exactly one subgroup in

each conjugacy class in H.

In fact, many authors adopt the convention that a relatively hyperbolic group
[' is hyperbolic relative to a finite collection of subgroups P, and work with the
conjugates of P as needed. In this thesis, however, if (I, H) is a relatively hyperbolic
pair, then H is invariant under conjugacy. In particular, H is always either empty or

infinite.

Our convention is somewhat more natural when considering the action of a
relatively hyperbolic group I' on various spaces. However, the tradeoff is that it is
a little more unwieldy when we want to consider the metric geometry of either I'
itself, a Gromov model, or some other associated metric space (e.g. Definition 2.2.17

below).
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2.2.2 The Bowditch boundary

Definition 2.2.6. Let (I',’H) be a relatively hyperbolic pair, so that # is the set
of stabilizers of parabolic points for an action of I' on a metric space Y as in

Definition 2.2.2. We say that Y is a Gromov model for the pair (I', ).

In general there is not a unique choice of Gromov model for a given relatively
hyperbolic pair (I',H), even up to quasi-isometry. There are various “canonical”
constructions for a preferred quasi-isometry class of Gromov model, with certain

desirable metric properties (see e.g. [Bow12], [GMOS]).

Given any two Gromov models Y, Y’ for (I, ), there is always a I'-equivariant
homeomorphism 9Y — 9Y’ [Bowl2]. The I'-space 9Y is the Bowditch boundary
of (I',’H). We will denote it by 9(I', i), or sometimes just 0I' when the collection
of peripheral subgroups is understood from context. Since a Gromov model Y is a

proper hyperbolic metric space, O(I', H) is always compact and metrizable.
Definition 2.2.7. We say a relatively hyperbolic pair (I',H) is elementary if " is

finite or virtually cyclic, or if H = {I'}.

Whenever (I', H) is nonelementary, its Bowditch boundary contains at least
three points. The convergence properties of the action of I' on (I, H) (see below)

imply that in this case, 9(I", H) is perfect (i.e. contains no isolated points).

2.2.2.1 Cocompactness on pairs

Let Y be a Gromov model for a relatively hyperbolic pair (I', H). Since Y

is hyperbolic, proper, and geodesic, for any compact subset K C Y, the space of
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bi-infinite geodesics passing through K is compact.

Given any distinct pair of points u, v € Y, there is a bi-infinite geodesic ¢ in
Y joining u to v. This geodesic must pass through the thick part Yi, of Y, so up to

the action of I' it passes through a fixed compact subset K C Y.
This implies:

Proposition 2.2.8. The action of T on the space of distinct pairs in O(I',H) is

cocompact.

2.2.3 Convergence group actions

If a group I' acts on a proper geodesic hyperbolic metric space Y, we can
characterize the geometrical finiteness of the action entirely in terms of the topological
dynamics of the action on dY. In particular, we can understand geometrical finiteness
by studying properties of convergence group actions. See [Tuk94], [Tuk98], [Bow99]
for further detail on such actions, and justifications for the results stated in this

section.

Definition 2.2.9. Let I' act on a Hausdorff space Z. We say that I' acts as a
convergence group if for every sequence +, of pairwise distinct elements of I', there
exists a subsequence 7, and points a,b € Z such that the restriction of v, to Z—{a}

converges to the constant map b, uniformly on compacts in Z — {a}.

Definition 2.2.10. Let I' act as a convergence group on a topological space Z.

1. A point z € Z is a conical limit point if there exists a sequence v, € I' and

distinct points a,b € Z such that v,z — a and 7,y — b for any y # z.
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2. An infinite subgroup H is a parabolic subgroup if it fixes a point p € Z, and

every infinite-order element of H fixes exactly one point in Z.
3. A point p € Z is a parabolic point if it is the fixed point of a parabolic subgroup.

4. A parabolic point p is bounded if its stabilizer I', acts cocompactly on Z — {p}.

The name “conical limit point” makes more sense in the context of convergence

group actions on boundaries of hyperbolic metric spaces.

Definition 2.2.11. Let Y be a hyperbolic metric space, and let z € 9Y. We say
that a sequence y,, € Y limits conically to z if there is a geodesic ray ¢ : RT — Y

limiting to z and a constant D > 0 such that

dy (Yn, c(t,)) < D

for some sequence t,, — oo.

A bounded neighborhood of a geodesic in a hyperbolic metric space looks like

a “cone,” hence “conical limit.”

Proposition 2.2.12. Let I' act properly discontinuously by isometries on a proper

geodesic hyperbolic metric space Y, and fix a basepoint yo € Y.

I' acts on Y as a convergence group. Moreover, a point z € Y is a conical
limit point (in the dynamical sense of Definition 2.2.10) if and only if there is a

sequence vy, - Yo limiting conically to z (in the geometric sense of Definition 2.2.11).

In this case, there are distinct points a,b € OY such that ;' -z — a and

vtz — b for any 2’ # z in OY.
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If v, - yo limits conically to a point z € 9Y for some (hence any) basepoint

Yo € Y, we just say that v, limits conically to z.

Theorem 2.2.13 ([Bowl2]). Let " be a group acting by isometries on a hyper-
bolic metric space Y. Then T' is a relatively hyperbolic group, acting on Y as in

Definition 2.2.2, if and only if:

e The induced action of I' on Y 1is a convergence group action, and

e Fvery point z € Y 1is either a conical limit point or a bounded parabolic point.

Whenever a group I' acts as a convergence group on a perfect compact
metrizable space Z, and every point in Z is either a conical limit point or a bounded
parabolic point, we say the I'-action on Z is geometrically finite. This is justified by

the following theorem of Yaman:

Theorem 2.2.14 ([Yam04]). Let T' be a non-elementary group, and let H be the
collection of all conjugates of a finite collection of finitely-generated proper subgroups
of I'.

Then T" is hyperbolic relative to H if and only if I" acts on a compact, perfect,
and metrizable space Z as a convergence group, every point in Z is either a conical
limit point or a bounded parabolic point for the I'-action, and the parabolic points in

Z are exactly the fized points of the groups in H.

In this case, the Bowditch boundary O(I', H) is equivariantly homeomorphic to
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Definition 2.2.15. Let (I', H) be a relatively hyperbolic pair. We write
I, H) = Ocon(I', H) U Opar (T', H),
where Ocon(I', H) and 0par (I', H) are respectively the conical limit points and parabolic

points in (T, H).

2.2.3.1 Compactification of I' and divergent sequences

When (', H) is a relatively hyperbolic pair, there is a natural topology on the
set

T=TuUo,H)

making it into a compactification of T' (i.e. T is compact, (', H) and I are both

embedded in T, and T is an open dense subset of T').

Definition 2.2.16. A sequence 7, € I' is divergent if it leaves every bounded subset

of I' (equivalently, if a subsequence of it consists of pairwise distinct elements).

Up to subsequence, a divergent sequence 7, € I' converges to a point z €

A, H).

2.2.4 The coned-off Cayley graph

Fix a finite set P of conjugacy representatives for the groups in H. The set P

corresponds to a finite set II C 0,5, " of parabolic points, such that
P ={T,:pell}l
IT contains exactly one point in each I'-orbit in O, I
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Definition 2.2.17. Let (I', H) be a relatively hyperbolic pair, and fix a finite gener-

ating set S for I' and finite collection of conjugacy representatives P for H.

The coned-off Cayley graph Cay(I',S,P) is a metric space obtained from the
Cayley graph Cay(T",S) as follows: for each coset gF; for P; € P, we add a vertex
v(gP;). Then, we add an edge of length 1 from each h € gP; to v(gP;).

The quasi-isometry class of Cay(I", S, P) is independent of the choice of gener-
ating set S. When (I',’H) is a relatively hyperbolic pair, Cay(T", S, P) is a hyperbolic
metric space. It is not a proper metric space if H is nonempty. The Gromov boundary
of Cay(T', S, P) is equivariantly homeomorphic to the set Jo,I" of conical limit points
in O(I', H).

2.3 Semisimple Lie groups: structure and dynamics

The last two chapters of this thesis are more general than the rest: we will
consider not just discrete subgroups of PGL(V') acting on real projective space P(V),
but discrete subgroups I' of semisimple Lie groups G acting on flag manifolds G/ P,

where P is a parabolic subgroup of G.

In this section, we give an overview of the definitions and notation we will use
to describe the dynamical behavior such actions. We mostly follow the notation of

[GGKW17], but we will also identify the connection to the language of [KLP17].

For the most part, we will avoid using the technical theory of semisimple Lie
groups and their associated Riemannian symmetric spaces. In fact, in many cases, our

approach will be to use a representation of G to reduce to the case G = PGL(n,R).
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The most important part of this section is 2.3.6, which identifies the connection

between P-divergence (or equivalently Ty.q-reqularity) and contracting dynamics in

G.

Standard references for the general theory are [Ebe96], [Hel0O1], and [Kna02].
See also section 3 of [Max21] for a careful discussion of the theory as it relates to

Anosov representations and the work of Kapovich-Leeb-Porti.

2.3.1 Parabolic subgroups

Let K be a maximal compact subgroup of the semisimple Lie group G, and
let X be the Riemannian symmetric space G/K. A subgroup P C G is a parabolic
subgroup if it is the stabilizer of a point in the visual boundary d,,X of X. Two
parabolic subgroups P, () are opposite if there is a bi-infinite geodesic ¢ in X so that

P is the stabilizer of ¢(c0) and @ is the stabilizer of ¢(—00).

The compact homogeneous G-space G/ P is called a flag manifold. If P and
Q) are parabolic subgroups, then we say that two flags { € G/P and £~ € G/Q are
opposite if the stabilizers of £, £~ are opposite parabolic subgroups. (In particular a

conjugate of () must be opposite to P).

2.3.2 Root space decomposition

Let g be the Lie algebra of GG, and let £ be the Lie algebra of the maximal
compact K. We can decompose g as £ @ p, and fix a maximal abelian subalgebra
a C p (the Cartan subalgebra). The restriction of the Killing form B to p is positive

definite, so any Cartan subalgebra a is naturally endowed with a Euclidean structure.
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Since a is abelian, it acts semisimply on g. So we let ¥ C a* denote the set of

roots for this Cartan subalgebra. We have a root space decomposition

g=00% P aa,

where X € a acts on g, by multiplication by «a(X).

We choose a set of simple roots A C ¥ so that each av € ¥ can be uniquely
written as a linear combination of elements of A with coefficients either all nonnegative
or all nonpositive. We let >, denote the positive roots, i.e. roots which are nonnegative

linear combinations of elements of A.

The simple roots A determine a Euclidean Weyl chamber
at ={z€a:alr)>0, foralla € A}.

The kernels of the roots @ € A are the walls of the Euclidean Weyl chamber.

Choosing a maximal compact K, a Cartan subalgebra a, and a Euclidean

Weyl chamber at determines a Cartan projection
G —at,

uniquely determined by the equation g = kexp(u(g))k’, where k, k' € K and u(g) €

at.

53



2.3.3 P-divergence

Fix a subset 6 of the simple roots A. We define a standard parabolic subgroup

P, to be the normalizer of the Lie algebra

P g

aezg

where X is the set of positive roots which are not in the span of A — 6. The opposite

subgroup P~ is the normalizer of

Do

aesy
Every parabolic subgroup P C G is conjugate to a unique standard parabolic
subgroup P,", and every pair of opposite parabolics (P, P7) is simultaneously
conjugate to a unique pair (P,", P;).
For a fixed # C A, the group P, is the stabilizer of the endpoint of a geodesic
ray exp(tZ) - p, where p € X is the image of the identity in G/K, and for any a € A,

the element Z € a™ satisfies
a(Z)=0 <= ac A—-4.

Definition 2.3.1. Let g, be a sequence in G. The sequence g, is P, -divergent if for

every a € 0, we have

a(p(gn)) — oo.

That is, the Cartan projections of the sequence g, drift away from the walls

of a determined by the subset 8 C A.
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For a general parabolic subgroup P C G, we say that g, is P-divergent if g,

is P, -divergent for P, conjugate to P.

2.3.4 Tpoq-regularity

P-divergent sequences are equivalent to the 7,,q-regular sequences discussed
in the work of Kapovich-Leeb-Porti, where 7,04 is the unique face corresponding to

P in a spherical model Weyl chamber. We explain the connection here.

For any point p € X, we let p be the uniquely determined subspace of g such
that g = € @ p, where £ is the Lie algebra of the stabilizer of p in G.

Let z € 0,,X. There is a point p € X, a maximal abelian subalgebra a C p,
a Euclidean Weyl chamber a* C a, and a unit-length Z € a® such that z is the

endpoint of the geodesic ray ¢(t) = exp(tZ) - p.

Up to the action of the stabilizer of z, the point p, the Cartan subalgebra a,
the Euclidean Weyl chamber a*, and the unit vector Z € at are uniquely determined.

In addition, the stabilizer in G of the triple (p, a,a™) acts trivially on a™.

This means that we can identify the space 0., X /G with the set of unit vectors
in any Euclidean Weyl chamber a™. This set has the structure of a spherical simplez.

We let op0q4 denote the model spherical Weyl chamber 0, X/G.

We let 7 : 00X — 0moq be the type map to the model spherical Weyl chamber.

For fixed z € 0,,X, we let P, denote the parabolic subgroup stabilizing z.

After choosing a maximal compact K, a Cartan subalgebra a, and a Euclidean

Weyl chamber a™, the data of a face Tyu0q of the spherical simplex 0,04 is the same
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as the data of a subset of the simple roots of GG: the set of roots identifies a collection
of walls of the Euclidean Weyl chamber a*. The intersection of those walls with the

unit sphere in a is uniquely identified with a face of op,0q.

Definition 2.3.2. Let 7,04 be a face of the model spherical Weyl chamber ,,,,q. We
say that a sequence g, € G is Tmoa-reqular if g, is P,-divergent for some z € 0,0 X

such that 7(2) € Tiod-

For a fixed model face 7,04 C Omod, We let P

Tmod

denote any parabolic subgroup
which is the stabilizer of a point z € 7! (7u0q4). All such parabolic subgroups are

conjugate, so as a G-space the flag manifold G/P,__, depends only on the model face

mod

Tmod-

2.3.5 Affine charts

Definition 2.3.3. Let P*, P~ be opposite parabolic subgroups in G. Given a flag
¢ € G/P~, we define

Opp(&) = {n € G/P* : £ is opposite to n}.
We call a set of the form Opp(&) for some £ € G/P~ an affine chart in G/P*.

An affine chart is the unique open dense orbit of Stabg(§) in G/P*. When
G = PGL(d + 1,R) and P7 is the stabilizer of a line ¢ C R G/PT is identified

with RP? and this notion of affine chart agrees with the usual one in RP<.
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2.3.6 Dynamics in flag manifolds

There is a close connection between P-divergence in the group G and the
topological dynamics of the action of G on the associated flag manifold G/ P. Kapovich-
Leeb-Porti frame this connection in terms of a contraction property for P-divergent

sequences.

Definition 2.3.4 ([KLP17], Definition 4.1). Let g,, be a sequence of group elements
in G. We say that g, is P -contracting if there exist £ € G/P*, {_ € G/P~ such

that g, converges uniformly to £ on compact subsets of Opp(£_).

The flag £ is the uniquely determined limit of the sequence g,,.
Definition 2.3.5. For an arbitrary sequence g, € G, a PT-limit point of g, in G/P*
is the limit point of some PT-contracting subsequence of g,.

The P*-limit set of a group I' C G is the set of P*-limit points of sequences

in I

The importance of contracting sequences is captured by the following:

Proposition 2.3.6 ([KLP17], Proposition 4.15). A sequence g, € G is P*-divergent

if and only if every subsequence of g, has a PT-contracting subsequence.

Proposition 2.3.6 implies in particular that if g, € G is P"-divergent, then up
to subsequence there is an open subset U C G/P* such that g, - U converges to a
singleton in G/PT. Tt turns out that this “weak contraction property” is enough to

characterize P*-divergence.
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Proposition 2.3.7. Let g, be a sequence in G, and suppose that for some nonempty
open subset U C G/P™, we have g,-U — {&} for& € G/P*. Then g, is PT-divergent,

and has a unique P*-limit point £ € G/P™.
We provide a proof of this fact in Section 6.3.

2.3.6.1 Dynamics of inverses of P'-divergent sequences

When g, is a Pt-divergent sequence, the inverse sequence is P~ -divergent.
Kapovich-Leeb-Porti show that this can be framed in terms of the dynamical behavior

of the inverse sequence.

Lemma 2.3.8 ([KLP17], Lemma 4.19). For g, € G and flags . € G/P~,&, €

G/P™, the following are equivalent:

1. g, is PT-contracting and g,|oppe_) = &+ uniformly on compacts.

2. gn is PT-divergent, g, has unique PT-limit point &, and g,' has unique P~ -

limat point &_.

2.4 Anosov representations: working definitions

The notion of an Anosov representation is central to this thesis. In this section
we briefly review several equivalent definitions of Anosov representations. Proofs
of the various equivalences can be found in e.g. [GGKW17] and [KLP17]. For a

comprehensive overview of the topic, see the lecture notes [Can21].
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2.4.1 Definitions in terms of limit maps

Definition 2.4.1. Let G be a semisimple Lie group, let P* be a pair of opposite
parabolic subgroups, and let Z be a topological space. We say that a pair of maps
£+ Z — G/P* are antipodal if for any distinct 2,2, € Z, £7(2;) is opposite to
£ (22).

When P is a symmetric parabolic subgroup (i.e. P is conjugate to some
opposite parabolic P~), then we say a map & : Z — G/P is antipodal if {(z) is

opposite to &(z) for distinct 2y, 20 € Z.

When G is a rank-one semisimple Lie group, then there is only one conjugacy

class of parabolic subgroup, and a map £ : Z — G/ P is antipodal if and only if it is
injective.
Definition 2.4.2. Let I' be a word-hyperbolic group, let G be a semisimple Lie
group, and let P¥ C G be a pair of opposite parabolic subgroups. We say that a
representation p : I' = G is P-Anosov if p(T) is P*-divergent, and there exists a pair
of p-equivariant antipodal embeddings £* : OI' — G/ P* such that the image of £ is
the PT-limit set of p(I") and the image of £~ is the P~-limit set of p(T).

In [KLP17], Kapovich-Leeb-Porti refer to representations satisfying Defini-
tion 2.4.2 as asymptotically embedded, and prove that asymptotic embedded represen-
tations are equivalent to Anosov representations. We will take Definition 2.4.2 as our

primary definition of Anosov representations.

It is immediate from the definition that a representation p : I' — G is P™-

Anosov if and only if it is P~-Anosov, if and only if it is P-Anosov for the symmetric
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parabolic subgroup P = P,y N P_y, where Pyy are the standard parabolic subgroups

conjugate to P™ and P~.

The end of the previous section shows how asymptotic embeddedness can also

be characterized via topological dynamics.

Proposition 2.4.3. Let ' be a word-hyperbolic group, let G be a semisimple Lie group,
and let P* C G be a pair of opposite parabolics. A representation p: I’ — G is P*-
Anosov if and only if there are p-equivariant antipodal embeddings £ : O — G/ P*,

such that for any sequence v, € I such that v — 2% € OI', we have

p(Y)lopp(e- (=) — €7 (27)

uniformly on compacts.

Proof. Suppose p : I' — G is P*-Anosov, and let 7, € T" be a sequence such that
yEL — 2%, Then since p(I') is P*-divergent, for any subsequence of +,, a further
subsequence satisfies p(7,)|opp(r) — Fy for flags Fy in £5(9T'). And, since the
embeddings £+ are p-equivariant and antipodal, p(v,)¢*(2") must converge to £*(zT)

for any 2’ # 27. The only possibility is £7(27) = F, and £ (27) = F_.

Conversely, suppose that p satisfies the hypotheses of the proposition. Any
infinite sequence v, € I" has a subsequence such that 4! — 2%, So, if F'is a P*-limit
point of the sequence p(7,), it is the image of £*(27). Thus, the image of ' is

precisely the P* limit set of I' (and similarly for £7). O
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2.4.2 Expansion dynamics

Kapovich-Leeb-Porti have also shown that Anosov representations can be

understood in terms of asymptotic expansion behavior.

Definition 2.4.4. Let I" be a group acting on a metric space (Z,dz). Fix a constant
C > 1. We say that I' is C'-expanding at a point z € Z if there exists an open subset

U C Z containing z and a group element v € I" such that

dz(yx,vy) > C-dz(x,y)

for all x,y € U. If ' is C-expanding at z for some constant C' > 1, we just say I is

expanding at z.

If A C Z is a closed subset, we say that I' is expanding at A if [ is expanding

at every z € A.

Note that if a group I' is expanding on a compact set A, then an iterative

argument shows that for any constant C' > 1, I is C-expanding at every z € A.

In particular, this means that if I' is expanding at a closed subset A of a
compact smooth manifold Z equipped with some smooth metric, then I' is also
expanding at A with respect to the distance induced by any smooth metric on Z

(because all such metrics are bilipschitz equivalent).

Proposition 2.4.5 ([KLP17]). Let T be discrete subgroup of a semisimple Lie group
G, and let P be a symmetric parabolic subgroup. The inclusion I' — G is P-Anosov
if and only if T is P-divergent, any two distinct points of the P-limit set Ap(I") are

opposite, and T' is expanding at Ap(T") in G/P.
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Remark 2.4.6. We do not need to assume that I' is an abstract word-hyperbolic
group to apply Proposition 2.4.5: part of the statement of the proposition is that

word-hyperbolicity of I' follows from the other assumptions.

2.4.3 Reduction to the projective Anosov case

When G = PGL(d,R), and P = P, is the stabilizer in PGL(d, R) of the line
spanned by the first standard basis vector, then G/P is identified (via the orbit-
stabilizer theorem) with real projective space RP4~!. An opposite parabolic P;_; is
the stabilizer of a hyperplane in RY, so G/P,_; is identified with the dual projective

space (RP41)* thought of as the space of hyperplanes in R?.

In this special case, we can combine Definition 2.4.2 and Proposition 2.4.3 to

give the following definition:

Definition 2.4.7. Let p: I' — PGL(d, R) be a representation of a word-hyperbolic
group I'. The representation p is Pj-Anosov (or projective Anosov) if there exist

equivariant embeddings
£€:00 = RP ¢ .0l — (RPT1)*
such that for any sequence v, € I' with v= — 2% € 9T, we have

P(%)|de*1—§*(z7) — 5(2’+)

uniformly on compacts.

It turns out that understanding P;-Anosov representations into PGL(d, R) is

enough to understand any P-Anosov representation into any semisimple Lie group
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G. Explicitly, we have the following theorem, due to Guéritaud-Guichard-Kassel-

Wienhard:

Theorem 2.4.8 ([GGKW17], Proposition 3.5). Let G be a semisimple Lie group,
and let P be a parabolic subgroup of G. There exists d > 1 and a representation
¢ : G — PGL(d,R) such that a representation p : I' — G is P-Anosov if and only the

composition o p : I' = PGL(d,R) is P,-Anosov.

This theorem is part of the reason that much of this thesis focuses on general-

izing properties of Pj-Anosov representations in particular.
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Chapter 3

Expansion dynamics for projectively convex
cocompact groups

3.1 Projective convex cocompactness

The goal of this chapter is to prove a dynamical characterization of projective
convex cocompactness. Material from this chapter appeared previously in the arXiv

preprint “Dynamical properties of convex cocompact groups in projective space’

[Wei20].

Before stating the theorem, we need to give the precise definition of projective
convex cocompactness. We let V' be a real vector space.
Definition 3.1.1. Let 2 be a properly convex domain in P(V'). Recall that the
automorphism group Aut(€) is the group {y € PGL(V) : v-Q = Q}.

For a subgroup I' C Aut(2), the full orbital limit set Ag(T") is the set of

accumulation points in 02 of sequences of the form =, - z, for x €  and ~, € T".

The hull of T, denoted Hullg(T'), is the convex hull in 2 of the full orbital

limit set.

Using Proposition 2.1.12, one can check that when € is a strictly convex
domain, then the full orbital limit set Aq(T") is the same as the accumulation set of

any D-orbit in Q. In general, however, this is smaller than Aq(T).
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Definition 3.1.2 ([DGK17]). Let Q@ C P(V') be a properly convex domain, and let
[' C Aut(Q2) be discrete. We say that I' acts convex cocompactly on Q if T' acts

cocompactly on Hullg(T"), the convex hull of the full orbital limit set of T

If T is a discrete subgroup of PGL(V') acting convex cocompactly on some
properly convex domain 2 C P(V'), we say that I' acts convex cocompactly in P(V)

or is projectively convex cocompact.

If I' is an abstract group, and p : I' = PGL(V) is a representation with finite
kernel such that p(T") is projectively convex cocompact, we say that p is a projectively

convexr cocompact representation.

In [DGK17], Danciger-Guéritaud-Kassel proved the following theorem, which
shows that projectively convex cocompact representations are closely related to

Anosov representations. Zimmer independently proved a related result in [Zim21].

Theorem 3.1.3 ([DGK17]). Let p : I' — PGL(V) be a representation of a word-
hyperbolic group, and suppose that p(I') preserves some properly convexr domain

QCP(V). Let P, C PGL(V) be the parabolic subgroup preserving a line in V.

Then the representation p is Py-Anosov if and only if p is projectively convex
cocompact. In this case, the image of the Anosov boundary embedding & : O — P(V)

is precisely the full orbital limit set Aq(T") C OS.

Remark 3.1.4. On its face, Theorem 3.1.3 does not give a general characterization
of Anosov representations in terms of convex projective structures: it only applies to

P-Anosov representations which preserve a properly convex domain in RP4~!. In
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light of Theorem 2.4.8, however, any P-Anosov representation p : I' — G can be
viewed as a Pj-Anosov representation in some PGL(V') after composing p with an

appropriate representation ¢ : G — PGL(V).

The composition ¢ o p might still not preserve a properly convex set in P(V).
However, one can further compose ¢ o p with the symmetric square 72 : PGL(V) —
PGL(Sym? V). The image of PGL(V) in PGL(Sym?® V') preserves the projectivization
of the set of positive definite symmetric bilinear forms in Sym? V', which is a properly

convex open subset of P(Sym? V). Altogether, this implies the following:

Corollary 3.1.5. Let G be a semisimple Lie group, and let P be a parabolic subgroup.
There exists d > 1 and a representation 7 : G — PGL(d, R) such that a representation
p: T — G is P-Anosov if and only if the composition T o p : I' — PGL(d,R) is

projectively convex cocompact.

The goal of this chapter of the thesis is to prove a version of Theorem 3.1.3 for
non-word-hyperbolic groups, inspired by the characterization of Anosov representations
in terms of expansion dynamics (see Proposition 2.4.5). To that end, we make the

following

Definition 3.1.6. Let I" be a discrete subgroup of PGL(V') preserving a properly
convex domain €2, and let A be a closed I'-invariant subset of 0f2. Fix a Riemannian
metric d on each Grassmannian Gr(k, V). We say that I" is expanding at the faces
of A if for each x € A, there is a constant C' > 1, an open neighborhood U of

supp(Fq(z)) in the Grassmannian Gr(k, V') and a group element v € I' such that for
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all Wy, Wy € U, we have

di(YW1,7Wa) > C - di (W7, Wy).

If the constant C' can be chosen uniformly for all x € A, then we say that I is

C-expanding or uniformly expanding at the faces of A.
Before we can state our main theorem, we need to define two more technical
conditions on subsets of boundaries of properly convex domains.

Definition 3.1.7. Let A be a subset of a properly convex domain 2. We say that A

contains all of its faces if for each x € A, we have F(x) C A.

We say that A is boundary-convez if any supporting hyperplane of ) intersects
A in a convex set.

The following is a consequence of Lemma 4.1 (1) in [DGK17]:

Lemma 3.1.8. Let € be a properly convex domain, and let I act convex cocompactly
on Q. The full orbital limit set Aq(T") is closed and boundary-convex, and contains

all of its faces.

Theorem 3.1.9. Let Q) be a properly convex domain in P(V'), and let T be a discrete

subgroup of Aut(Q2). The following are equivalent:

1. T acts convexr cocompactly on ).

2. There is a closed, I'-invariant, and boundary-conver subset A C OS2 with
nonempty convexr hull such that A contains all of its faces and I' is uniformly

expanding at the faces of A.

67



As

Figure 3.1: Left: Ay C 092 does not contain all of its faces. Right: Ay C 02 contains
all of its faces, but is not boundary-convex: a line segment joining two points of A,
intersects 02 — A,.

In this case, the set A is the full orbital limit set Aq(T).

Remark 3.1.10. (a) When we prove the implication (2) = (1) of Theorem
3.1.9, we will not actually need to assume that the expansion at the faces of A
is uniform—only that the expansion occurs with respect to a particular choice

of Riemannian metric on Gr(k, V). See Remark 3.2.2.

(b) The uniform expansion we get at the faces of Aq(I") will also allow us to give a
description of the Cartan projection of certain sequences in I'. See Proposition

3.4.14 for an exact statement.

A special case of convex cocompactness is when a discrete group I' C Aut(2)
acts cocompactly on all of €). In this case, we say that €2 is divisible, and the group I’
divides the domain. As 0f2 is always boundary convex and contains all of its faces,

when A = 02, Theorem 3.1.9 can be stated as the following:

Corollary 3.1.11. Let T be a discrete subgroup of PGL(d,R) preserving a properly
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convex domain ). Then T divides 2 if and only if ' is uniformly expanding at the

faces of 0S.

3.1.1 Outline of the chapter

Section 3.2 is devoted to the proof of the implication (2) = (1) in The-
orem 3.1.9, using a modified version of an analogous argument in [DGK17]. In
Section 3.3, we recall the statement of the Benzécri cocompactness theorem for
properly convex domains in RP9~! and prove a version of it relative to a direct sum
decomposition of R¢. Then in Section 3.4, we use the results of Section 3.3 to prove
the implication (1) = (2) of Theorem 3.1.9. We also prove some auxiliary technical
results about certain divergent sequences in convex cocompact groups, which will be

useful later in Chapter 4.

3.2 Expansion implies convex cocompactness

The goal of this section is to prove the implication (2) = (1) of Theorem

3.1.9.

Lemma 3.2.1. Fiz a metric dp on RP? 1. Let x be a point in a convex domain <2,

and let W € Gr(k,d) be a supporting subspace of Q). For every y € P(W), we have

dp(z,y) > dp(z, 00).

We emphasize that we do not need to assume that €2 is properly convex—only

that it is convex in the sense of Definition 2.1.3.
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Proof. Since P(W) is a supporting subspace, we can write
P(W) = (P(W) N o) U (P(W) N (RP —Q)).

If y € 99, then the inequality is immediate. Otherwise, we can choose lifts Q, , § of
Q, x and y to the projective sphere S¢~! so that dg(%,7) = dp(z,y), where dg is the

metric on S?! induced by dp.

We can fix a closed hemisphere H of S?! containing both # and 7. The
intersection Q N H contains (at least) one lift of every point in . Its closure is a

closed ball in H with nonempty interior, whose boundary separates x and y.

Thus, the distance from Z to some point Z lifting z € 02 is smaller than

ds(Z,7) = dp(x,y), implying dp(z, 2) < dp(zx,y). O

Any (Riemannian) metric on RP?~! induces a (Riemannian) metric on each
Gr(k,d), by viewing each W € Gr(k,d) as closed subsets P(W) of RP4™! and taking
Hausdorff distance. From this point forward, we will only work with the angle metric

on projective space, which is induced by a choice of inner product on RY.

Remark 3.2.2. It is possible that a group action could be expanding at the faces of
A with respect to some choice of Riemannian metric on Gr(k, d), but not with respect

to another.

However, if I' is C-expanding with respect to d for a uniform constant C', the
choice of metric does not matter: since Gr(k,d) is compact, all Riemannian metrics

on Gr(k,d) are bilipschitz-equivalent, and when I' is C-expanding at the faces of A,
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one can apply expanding elements iteratively to see that I' is also C’-expanding for

an arbitrary constant C”.

When the set of supports of (k — 1)-dimensional faces of A is compact in
Gr(k, d) for each k, then a I'-action is expanding at faces with respect to some choice
of metric d if and only if it is uniformly expanding at faces with respect to that metric
(and hence to every metric). For instance, this is the case when A is compact and
does not contain any nontrivial segments (so the set of faces is the same as the set of

points).

In our context, however, we will not be able to assume this kind of compactness.
So, when we discuss expansion, we need to either specify the Riemannian metric or

assume that the expansion is uniform.

Lemma 3.2.3. Let v € RPY, and let W € Gr(k,d). There exists V € Gr(k,d) so
that x € P(V') and
dp(x,P(W)) = du(V, W),

where dp 1s the angle metric on projective space, and dy is the metric induced on

Gr(k,d) by Hausdorff distance.

Proof. If x € P(W), then we can just take V' = W, so assume that dp(z, P(W)) > 0.
The definition of Hausdorff distance immediately implies that for any P(V') containing
x, dg(V,W) > dp(xz,P(IW)), so we only need to find some V satisfying the other
bound. The diameter of projective space in the angle metric is /2, which gives an
upper bound on the Hausdorff distance between any two closed subsets of RP?~!. So

we only need to consider the case where dp(z, P(W)) < /2.
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In this case, we let W/ = 2z NW, and then let V = W' @ x. Let z € RP?!
be the orthogonal projection of x onto W, so that dp(x, z) = dp(xz,P(W)). Let Z and

Z be unit vector representatives of z and z, respectively, chosen so that if
A= (Z,2),

then

dp(z,2) = cos T (N).

Let v € V. We want to show that dp([v], P(W)) < cos™!()\), i.e. that for some

we W,

)
]| - |[w]] —

If v € W, then we can choose w = v. Otherwise, we can rescale v in order to

write it as w’ + Z, for w’ € W’. Then let w = w’ 4+ Z. Note that

[lwll =[]l = V1 + [l

Now we just compute:

(v, w) (w+z,0+2) (T,2)+ (W, u)

Tl el = Tl el L+ P
@2) + (& ]

= =\
N [T (% 2)

]

Remark 3.2.4. Lemma 3.2.3 still holds if we replace dp with any metric on projective
space which is an increasing function of the angle metric. In particular, the conclusion
holds for any metric on projective space in which projective lines are geodesics and a

maximal compact in PGL(d, R) acts by isometries.
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Most of the work of proving the implication (2) = (1) in Theorem 3.1.9 is

contained in the following:

Proposition 3.2.5. Let Q be a convex domain preserved by a group I' C PGL(d, R).
Let C' be a I'-invariant subset of €2, closed in 2, with ideal boundary 0;C'. Suppose that
[ is expanding at the faces of 0;C, with respect to the metrics on Gr(k,d) specified in
Lemma 3.2.5.

If either

1. T is discrete and ) is properly convezx, or

2. T is uniformly expanding at the faces of 0;C,
then I' acts cocompactly on C.

Proof. Danciger-Guéritaud-Kassel [DGK17] give a proof of this fact in the case where
0;C contains no segments, which is itself based on an argument of Kapovich, Leeb,
and Porti in [KLP14] inspired by Sullivan [Sul85]. Our proof will be based on similar

ideas.

We let dp denote the angle metric on projective space, and we let dy denote

the metric on Gr(k, d) induced by Hausdorff distance.

For any € > 0, the set
Se ={x € C:dp(x,00) > e}

is compact. So, supposing for a contradiction that the action of I' on C' is not

cocompact, for a sequence g, — 0, there exists z,, so that I" - x,, lies in C' — 5, .
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For any fixed constant E > 1, we can replace each z, with an element in its
orbit so that

dp(yxp, 0Q) < E - dp(xy, Q) (3.1)

for all v € T'. If T" is discrete and 2 is properly convex, then I' - x,, is a discrete subset
of  and we can actually take F = 1. Otherwise, if the expansion at the faces of 0;C

is uniform, we pick E to be less than the uniform expansion constant.

Up to a subsequence, z,, converges in RP4~! to some = € 9;C. Let F be the

open face of 90 at x, and let P(V') be the support of F, for V' € Gr(k, d).

Let U C Gr(k,d) be an expanding neighborhood of V in Gr(k,d), with

expanding element v € I' expanding by a constant E(vy) > F on U.

Since 0;C' is compact and I'-invariant, there is some z,, € 9¢) so that
dp(YZTn, V2n) = dp(yxy, 0N2).
Since x, — z, and the distance from vz, to vz, is at most ¢,, z, converges

to x as well.

Proposition 2.1.5 implies that there is some supporting hyperplane of €2 which
intersects z,. Any such sequence of supporting hyperplanes must subconverge to a
supporting hyperplane of Q at x. This supporting hyperplane contains P(V'), so there
is a sequence V,, € Gr(k, d) with P(V},) supporting €2 at z, and V,, subconverging to
V.

Since we know 7y - 2, realizes the distance from v - z,, to 02, we must have

dp(YTp, 0Q) > dp(yx,, YP(V,,)). (3.2)
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Then, Lemma 3.2.3 implies that we can choose subspaces W,, € Gr(k, d), with

P(W,,) containing z,, so that
dp(2n, YP(Va)) = du (YW, 7 V). (3:3)

Since dp(yxy,YP(V,)) converges to 0, dg(YW,,vV,,) does as well. Since 7 is
fixed, and V,, converges to V', W,, also converges to V. So eventually, both V,, and

W, lie in the E(v)-expanding neighborhood U of V', meaning that we have

The trivial bound on Hausdorff distance implies that
dH(Wnyvn) Z d]P’(xn7]P(Vn))7 (35)
and Lemma 3.2.1 implies that

dip (0, P(V,)) > da (0, D). (3.6)

Putting (3.2), (3.3), (3.4), (3.5), and (3.6) together, we see that
dp(YTp, 0Q) > E - dp(z,, 09),

which contradicts (3.1) above. O

We need one more lemma before we can show the main result of this section.
The statement is closely related to [DGK17, Lemma 6.3], and gives a condition for
when a ['-invariant convex subset of a properly convex domain 2 contains Hullg(T").
(The result in [DGK17] is stated for a cocompact action of a group I' on a convex set

C, but the proof only uses I-invariance.)
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Lemma 3.2.6. Let C' be a nonempty convex set in ) whose ideal boundary contains
all of its faces, and suppose that I' C Aut(Q)) preserves C'. Then 0;C contains Ao (L),

the full orbital limit set of .

In particular, if I' is discrete, and the I' action on C' is cocompact, then the

action of I' on § is convex cocompact and 0;C = Ao (T).

Proof. We follow the proof of Lemma 6.3 in [DGK17].

Let 2o, € Aq(I"), which is by definition the limit of a sequence 7, - z for some
z € () and a sequence 7, € I'. Fix y € C, and consider the sequence ,y. Since
d(Vnz,Yny) = d(z,y) for all n, Proposition 2.1.11 implies that up to a subsequence,
Yz and v,y both converge to points in the same face of ). But any accumulation

point of v,y in 0N lies in 0;C' and 0;C' contains its faces, so z,, € 9;C.

Since 0;C contains Ag(I"), C' must contain Hullg(I"). [DGK17, Lemma 4.10
(3)] then implies that Aq(I') = 0;C is closed in C, which means that Hullg(T") is

closed in C and the action on Hullg(I") is cocompact. O

Proof of (2) = (1) in Theorem 3.1.9. Let  be a properly convex domain, let T’
be a discrete subgroup of Aut(€2), and A be a I'-invariant, closed and boundary-convex
subset of 02 with nonempty convex hull, such that A contains all of its faces and I

is uniformly expanding at the faces of A.

Since A is boundary-convex and has nonempty convex hull, A is exactly the

ideal boundary of Hullg(A). So, Proposition 3.2.5 implies that I" acts cocompactly on
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Hullg(A). Since A also contains its faces, applying Lemma 3.2.6 with C' = Hullg(A)

completes the proof. O

3.3 A relativized Benzécri theorem

In this section we recall the statement of Benzécri’s cocompactness theorem
for convex projective domains, as well as prove a version of it (Proposition 3.3.4) that

applies relative to a direct sum decomposition of RY.

3.3.1 The space of projective domains
Good references for this material include [Gol88] and [Marl4].

Let V be a real vector space. We denote the set of properly convex open

subsets of P(V') by C(V). We topologize C(V') via the metric:
d(Qh 92) = dHauS(Q_l) Q_Q)a

where dygaus(+, +) is the Hausdorff distance induced by any metric on P(V') (the choice

of metric on P(V') does not affect the topology on C(V)).

Definition 3.3.1. A pointed properly conver domain in P(V') is a pair (€2, x), where
Qe C(V) and x € 2. We denote the set of pointed properly convex domains in P(V)
by C.(V'), and topologize C.(V') by viewing it as a subspace of C(V') x P(V).

PGL(V) acts on both C(V) and C.(V) by homeomorphisms. We have the

following important result:

Theorem 3.3.2 (Benzécri, [Ben60]). The action of PGL(V') on C.(V') is proper and

cocompact.
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3.3.2 Benzécri relative to a direct sum

We now let V,, V}, be subspaces of V' so that V, &V, = V. The decomposition
induces natural projection maps my, : V. — V, and my, : V — V4, as well as a
decomposition of the dual V* into V. @ V;*. Here V*, V;* are respectively identified

with the linear functionals on V' which vanish on V,, V,.

When €2 is a convex subset of P(V') which is disjoint from P(V;), we let my, (£2)
be the projectivization of 7y, (Q), where Q is a cone over . A priori this is only a
convex subset of P(V,), although we will see (Proposition 3.3.6) that if  is properly
convex and open, and Q is disjoint from P(V}), then my, (Q) is properly convex and
open in P(V,).
P(V3)

A
P!
v

7 QnP(V,)
P(V,) Ty, (2)

U

Figure 3.2: The domains Q@ NP(V;) and my,(2). In this case, my,(£2) is properly
convex even though  intersects P(V}).

We remark that if Q NP(V}) is nonempty, then 7y, (Q2) is not even well-defined.
On the other hand, if Q NP(V}) is nonempty, but Q NP(V;) is empty, then my, ()

does exist, and may or may not be a properly convex subset of P(V/,).

Definition 3.3.3. Let V =V, @V}, and let K, be a subset of C,(V,). We define the
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subset C,(V,, Vi, K,) by

P(V,) N Q =10,
Co(Va, Vo, Ka) := § () € C(V)) = (AN P(V,), 2) € Ko,
(v, (€2), ) € Ka

The groups GL(V,) and GL(V}) both have a well-defined action on C.(V): we
take g € GL(V,) and h € GL(V}) to act by the projectivizations of g & idy;, idy, & h

respectively, on P(V, & V},).

Since the GL(V})-action on P(V) fixes P(V,) pointwise and commutes with
projection to P(V,), for any K, C C.(V,), GL(V4) acts on the subset C.(V,, V}, Kq).

The main result of this section is the following:

Proposition 3.3.4. Let V,, V, be subspaces of a real vector space V such that
Vo ®V, = V. For any compact subset K, C C.(V,), the action of GL(V;) on

Ci(Va, Vi, Ko) is proper and cocompact.

3.3.3 Convex cones in direct sums

Before proving Proposition 3.3.4, we explore some of the properties of convex

cones in a vector space V which splits as a direct sum V =V, & V.

3.3.3.1 Duality

Suppose that C, is a convex cone in V — {0}, for V.=V, ®V},. The intersection
Cr NV consists of functionals in C which vanish on V;. If we know that C, lies
inside of V, then any functional on V,, which does not vanish anywhere on C, — {0}
can be extended by zero on V, to get an element of C' N'V.*. So in this case, C: N V*

is canonically indentified with the dual of the cone C, viewed as a cone in V,.
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This view allows us to understand projection and intersection as dual operations

on convex cones in V =V, @&V}, in the following sense:

Lemma 3.3.5. Let V be a real vector space with V =V, ® Vs, and let C' be a convex

cone intersecting Vs trivially. Then C* NV C my, (C)* NV and
™ (C) NV C O vy

Moreover, if C' — {0} intersects Vs trivially, then in fact
m (O NV =C" NV,

Proof. First let a € C* N V}*. Let v be any nonzero element of the closure of 7y, (C),
so that v + vy € C for some vy € V5. We know that a(v + 1) # 0 and a(v,) = 0, so

a(v) # 0. This shows that « is in 7y, (C)*.

Now let a € 7y, (C)* N V* — {0}, and let v € C. We can write v = vy + vo for
v € Vi, vy € Vh; since we assume C' does not intersect V5, v is nonzero. Then since

a e Vi, av) =a(v) #0. So, a € C*.

If we further assume that C'N V, = {0}, a similar argument shows that any

a € my, (C)* NV} is nonzero on any v € C — {0}, implying o € C. O

As a consequence of the above, we note:

Proposition 3.3.6. Let C' be a sharp (Definition 2.1.2) open convex cone in a vector
space V = Vi @ Vy. If C — {0} intersects Vy trivially, then the projection my, (C) is

sharp and open in V;.

80



Proof. Openness is immediate since projection is an open map. Since C' is sharp, if
C does not intersect Vs, then there is some a € V* whose kernel contains V, and
does not intersect C, i.e. o € C* N V}*. Since non-intersection with C is an open
condition, C* N V}* is a nonempty open subset of V}*. Then Lemma 3.3.5 implies that

v, (C)* N V}* is nonempty and open in Vi*. So its dual in V;* = V] is sharp. O

3.3.3.2 Convex hulls

If ©Qy, Qy are properly convex subsets of P(V'), we cannot always find a minimal
properly convex subset 2 C P(V) which contains ; U Qy (that is, convex hulls do

not always exist). Here we describe some circumstances under which this is possible.

Definition 3.3.7. Let €y, €y be properly convex sets in P(V). For each W €
Qy N Q5. we let Hully (€21, Qy) denote the convex hull of €y and €5 in the affine chart

P(V) — P(W).

The set Hully (£21, §22) is minimal among all convex subsets of P(V') — P(WV)
containing €y U {)y. However, it is possible that for some other W’ e Qf N 3,
Hully/ (€94, 2) is not contained in P(V') —P(W). So, to guarantee minimality among

all convex subsets of P(V'), we need a little more:

Lemma 3.3.8. If Q1 N Qy is nonempty, then for any W € Qf N, Hully (24, 22)

is the ungive minimal properly convex subset of P(V') containing Q3 U Qs.

Proof. Let A be the affine chart P(V) —P(W), and let H be any properly convex set

containing ; U €)y. Since 1 N €2y is nonempty, €21 U {25 is a connected subset of A,
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so it is contained in a single connected component C' of H N A. This component is a

convex subset of A, so by definition C' (hence H) contains Hully, (21, 22). O

Lemma 3.3.8 allows us to define the convex hull of a pair of properly convex

sets without reference to a particular affine chart.

Definition 3.3.9. When ;, )y are properly convex sets such that ; N €y and
Q5 N Q5 are both nonempty, we let Hull(€2, s) denote the minimal properly convex

set containing €2y U .

3.3.4 Proving Benzécri for direct sums

We can now begin proving Proposition 3.3.4. As a first step, we consider the

case where dimV, = 1, i.e. P(V,) is identified with a single point in P(V).

Lemma 3.3.10. Let V =V, @ = for a point x € P(V). GL(V}) acts cocompactly on

the set of domains
Co(z, V) :={(Q,2) € C.(V) : P(V,) NQ = 0}.

Proof. Let (Q,, ) be a sequence of domains in C.(z, V};). The Benzécri cocompactness
theorem (Theorem 3.3.2) implies that we can find group elements g, € PGL(V') so

that the sequence of pointed domains

(9282, gnx)

subconverges to a pointed domain (2, z"). We want to show that these group elements

can be chosen to preserve the decomposition V, @ x.
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We view V, as a point in QF, so g,V lies in g, for all n, and a subsequence
of g,V, converges to some W € Q*. In particular, P(W) does not contain z’. This

means that we can find a sequence of group elements g, lying in a fixed compact
subset of PGL(V'), so that
9o 9Vo=Vs, g gt =1.

Since the ¢/, lie in a compact subset of PGL(V}), the domains

gizgnQn

must also subconverge to some properly convex domain €', which contains x. So we

can replace g, with ¢/,¢,, to get the desired sequence of group elements. ]

Lemma 3.3.10 gets us partway to proving Proposition 3.3.4. We see that
if Q is any domain in C,(V,, V,, K,), we can always find some h € GL(V}) so that
hQNP(V;, @ x) lies in a fixed compact set of domains in C(V;, @ x). This is almost
enough to ensure that hS2 itself lies in a fixed compact set of domains in C(V'). The

exact condition we’ll need is the following:

Lemma 3.3.11. Let V be a real vector space, and suppose V=W, &V, ® x, for a
point x € P(V).

Let Q,, Y, be properly convex domains in P(W, & x), and let 4, U be properly

convex domains in P(V, ® x), such that

r €N, CQ,

.TEQ{,CQ;.
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There ezist properly conver domains 0y, Qa in P(V) such that any Q € C(V)
disjoint from P(W,) and P(V,) which satisfies:

1. QD Ty, a.(),
2. Q, C QNP(W, @ z),

4. C QNP @ 1),

also satisfies x € 1 and 1 C Q C €.

Figure 3.3: 2 fits between a pair of domains €2; and €2, which depend only on the
intersections and projections between Q2 and P(W, @ z), P(V, & z).

Proof. We know Q, N, = {z}. If necessary, we can slightly shrink €, and €, so that
Q,NP(V,) =0 and Q, NP(V;) = (), which means that P(W, @ V}) can be identified
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with an element of QF N Q. So, the convex hull (Definition 3.3.9) of Q,, (), exists,
and we can take

QO = Hull(Qq, ).

This is a well-defined convex domain containing x. €2y is open because W, @& x and

Vi, ® x span V.

To build €5, we consider the relative dual domains
D(,) = ()" NP(Wa ®2)7), D(@) = ()" NP((Vy & 2)").

D(Q), D(§2;) can also be obtained by taking the duals of {2, and ; viewed as convex
subsets of P(W, & x), P(V, & ). Since €2, and € are properly convex subsets of
P(W,®z) and P(Vy@x), D(S2,) and D() are open in P((W, @ z)*) and P((V, ®x)*).

We also know that z lies in D(Q))* N D(€2})*. So we can define the convex

open set €25 to be the interior of

Hull, (D(€2,), D($%)),
using Definition 3.3.7. The interior of this hull is nonempty because (W, @ z)* and
(Vy @ z)* span V*.

Let €2 be any domain satisfying the hypotheses of the lemma. Since duality
reverses inclusions, we know D(€2)) C my,e.(Q2)* and D(€2)) C my,e.(2)*. Then,
Lemma 3.3.5 implies

D) € mw,ea(Q) NP(W, @ 2)7) € QO NP((W, & 2)"),

D() € Tv,8:(2)* NP((Vs ® 2)*) € Q" NP((V; @ 2)").
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In particular, D(€2,) and D(},) are both contained in Q*. Since Q** = ) contains ,

* is contained in the affine chart P(V*) — P(x). So, Q* contains the closure of
Hullo (D(€2,), D(€%,)),
meaning * contains €25 and €2 is contained in the properly convex set 25 = Q3*. [

Remark 3.3.12. If €, does not intersect P(V;) and Q, does not intersect P(W,), we
can work in the affine chart P(V) — P(W, & V;), and Lemma 3.3.11 is equivalent to
the fact that if a convex subset C' of an affine space has open and bounded projections
to and intersections with a pair of complementary affine subspaces, C' is itself open

and bounded in terms of the size of the projections and intersections.

We do not take this approach because we do not want to assume that €, and

P(V4) are disjoint.

Our next task is to show that we can sometimes replace assumption (3) in

Lemma 3.3.11 with:
(3a) , D QNP(V, ® x).

This will be done in Proposition 3.3.14 below. We start with some Euclidean

geometry.

We endow R? with its standard inner product. For a subspace W C R¢, we
let Ty : R — W denote the orthogonal projection, and for R > 0, let B(R) denote

the open ball around the origin of radius R.
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Lemma 3.3.13. Let Q be a conver subset of RY containing the origin, and let W be

a subspace of RY.

Suppose that there are Ry, Ry > 0 so that:
o B(R)NW+cCcQnwH,

o Ty (2) C B(Ry).

Then there exists a linear map f : R? — R?, depending only on Ry and Ry, so that

mw(Q) C FQNW).

Proof. Let p be any point in my(€2), and let z be some point in €2 so that Ty (z) = p.

We can write z = p 4y for y € my1(Q).

Figure 3.4: Tllustration for the proof of Lemma 3.3.13. The ratio ||p||/||p|] is bounded
in terms of a.

Let ¢ be the line through the origin passing through y. For some a > 0, we

know that ¢ intersects (Q N W) — B(R;) at y' = —ay. Note that

Wi _ R

1
= > .
lyll ~ R
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Since ) is convex and contains N W, it contains the open line segment

{t(—ay) + (1 =)y +p) : 1€ (0, 1)}

_1
14+’

/ 1_ 1
p= 14+ a b-

Since () contains the origin, it also contains

This line segment passes through W when ¢t = meaning that {2 must contain the

point

(1_;> _
1+ Ri/Rs )P T Rt RV

This point lies in Q N W, meaning that p lies in Ry - (Q N W) where

Ri+R
Rg = —1 + 2 .
Ry
So we can take our map f to be the linear rescaling about the origin by Rs. ]

Proposition 3.3.14. Let V=W, & V, @z, forx € P(V).

Let Q,, €2, be properly conver domains in P(W, @& x), and let 2 be a properly

conver domain in P(V, @ x) such that
reQ, CQ, e

If QU does not intersect P(W,), then there exists a properly convexr domain Q in

P(V, ® x) so that any Q € C(V') which satisfies QNP(V,) =0 and

1. QD Ty, e.(),

2. Q, CQNP(W, @ x),
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(3a) S D QNP(V, @ x)
also satisfies

(3) ) D mye.(92).

Proof. Let H = W, @V}, and consider the affine chart A =P(V) — P(H). We can
choose coordinates and a Euclidean metric on this affine chart so that W, & = and
Vi, @ = map to complementary orthogonal subspaces W,, V, of A, meeting at the
origin. In these coordinates, the projectivizations of the projection maps mw,az, Tv, ez

correspond to the orthogonal projections to W, and V}, respectively.

Since P(W,) does not intersect €, the images of 2/ and €2, in A are both

bounded open convex subsets of W,.

Let © be a properly convex domain not intersecting P(V}) and satisfying
assumptions (1), (2), (3a). Since mw,a.(§2) is contained in A, §2 cannot intersect

P(W, @ V), so Q is contained in the affine chart A (although its closure need not be).

In particular, Q NP(V, & z) is contained in the unique connected component
of ) N A which contains z. So, by replacing €2 with this connected component, we

may assume that the image of €} in A is a convex open subset of V.

Lemma 3.3.13 then implies that there is an affine map f : A — A, depending

only on 2, and 2/, so that
Tee($) € F(82).

So, we can take € to be the properly convex domain f(£2}). ]
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We are now ready to prove Proposition 3.3.4.

Proof of Proposition 3.3.4. Properness follows immediately from the standard Benzécri
theorem (Theorem 3.3.2), since the restriction of a proper action of a group G on X

to a closed subgroup H and an H-invariant subset of X is always proper.

We let V,, V,, and K, C C.(V,) be as in the statement of the theorem. Let
(Q,, x,) be a sequence of properly convex domains in C,(V,, V}, K,). We can choose a
subsequence so that x,, — x. Our goal is to find a pair of properly convex domains

Q,Qy (with x € Q) and h,, € GL(V}), so that up to a subsequence,

2y C hy -y, C Q.

This will be sufficient, because z,, € P(V},), so h,z, = x, converges to x and

h,2, subconverges to some properly convex domain {2 containing €2; > x.

y Vi Vi
ho,
—>
Va T W, 7 W,

Figure 3.5: Applying an element h, € GL(V}) “rescales” in P(V, & x) about x; if
the size of the intersection Q N P(V, @ x) is bounded, then the size of the projection
to V4, @ x (with respect to the decomposition V- = W, & V, @ x) is also bounded
(Proposition 3.3.14).

Consider the sequence of domains Q) = Q, NP(V, @ z). We know P(V}) is

disjoint from €, for all n. So, Lemma 3.3.10 implies that we can find h,, € GL(V}) so
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that the domains h,(2, subconverge in C(V, @ x) to some domain €' in P(V, @ z). In
particular, up to a subsequence, we can find fixed domains €, Q) C P(V}, & ) such
that for all n,

r e, Ch,, CQ.

Since the intersections €2, NP(V,) and projections 7y, (£2,) both lie in a fixed
compact set in C(V,), we can also assume that there are domains €,, ), € C(V,) so
that for all n,

Q, C Q. NP(V,), Q) Dmy,(2,).

Since the action of any h,, € GL(V}) fixes V, pointwise and commutes with projection

to V,, this immediately implies that for all n,

Qo ChyQ,NP(V,), QD 7y, (haQy).

Fix a subspace W, C V, so that V, = W, @ z and P(W,) does not intersect
the closure of 2. This allows us to define a projection map 7my,e, : V — V;, ® z,
whose kernel is W,. Proposition 3.3.6 implies that my,g.(h,$2,) is a properly convex
open subset of P(V, @ z), and Proposition 3.3.14 implies that for all n, 7y, a.(h,$2,)
is contained in a properly convex domain 2 C P(V}, @ z), depending only on €, €,
and €. Then we can apply Lemma 3.3.11 to the domains €, 2, %, 2 to finish the

proof. ]

3.4 Cocompactness implies expansion

The main goal of this section is to prove the implication (1) = (2) of

Theorem 3.1.9. In fact we will prove a slightly more general statement:
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Proposition 3.4.1. Let C' be a convex subset of a properly convexr domain €2, and
suppose that I' C Aut(Q) acts cocompactly on C. Then T is uniformly expanding at
the faces of the ideal boundary of C.

Afterwards, we will use some of the ideas arising in the proof to show that a
version of “north-south dynamics” holds for certain sequences of elements in a convex
cocompact group (Proposition 3.4.13). We also describe the behavior of the Cartan

projection of those sequences.

3.4.1 Pseudo-loxodromic elements

Our main inspiration comes from an observation in Sullivan’s study [Sul79] of
conformal densities on H?: if v is any isometry of H¢, and z is any point in H¢, then
v expands a small ball in 9H¢ at the endpoint of the geodesic ray from z to vz,

with expansion constant related to d(z, vy 'x).

This observation relies on the fact that, given distinct points z,y € H¢, there
is a loxodromic isometry taking x to y whose axis is the geodesic joining x and y.
The exact analogue of this fact for properly convex domains does not hold in general,
since there is no reason to expect even the full automorphism group of a properly
convex domain to act transitively on the domain. However, instead of looking for
actual automorphisms of the domain, we can instead look for elements of PGL(d, R)

that don’t perturb the domain “too much.” We make this precise below.

Definition 3.4.2. Let Q C RP?! be a properly convex domain, and let K be a
compact subset of C(R?) containing 2. An element g € PGL(d,R) is a K-pseudo-

automorphism of Q if gQ € K.
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Definition 3.4.3. Let 2 C RP?! be a properly convex domain. For a compact
subset KL C C(R?) containing 2, we say that a K-pseudo-automorphism g € PGL(d, R)

is KC-pseudo-lozodromic if there is a g-invariant direct sum decomposition
Ri=V_ @V, 0V,

where V_, V, are positive eigenspaces of g and supporting subspaces of €2, and

P(V_ @ V,) intersects every €' € K.

The subspaces V_ and V. are referred to as endpoints of g. The projective
subspace P(V_ @ V, ) is the azis of the pseudo-loxodromic, and Vj is the neutral

subspace.

A pseudo-loxodromic element preserves its axis P(V_ & V). When V_ and V.

are points in RP4~!, this axis is an actual projective line.

We do not assume that an individual pseudo-loxodromic element attracts
points on its axis towards either of its endpoints, since we are only interested in the

dynamics of sequences of pseudo-loxodromics.

If g, is a sequence of K-pseudo-loxodromic elements with common endpoints,
then, up to a subsequence, the domains g,2 converge to a domain €2, in C which

intersects the common axis. In fact, we observe:

Proposition 3.4.4. Let g, be a sequence of K-pseudo-loxodromic elements with

common endpoints V.., V_. If g,§2 converges to (., then (1, contains the relative

interior of the convex hull (in ) of V.. N 02 and V_ N OS.
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Proof. This convex hull is invariant under g,, so it is contained in 2., and since €2

intersects the axis P(V, @ V_) the conclusion follows. O

Definition 3.4.5. Let €2 be a properly convex domain, and let g, be a sequence of
KC-pseudo-loxodromic elements with common endpoints V., V_ and common neutral
subspace Vy. We say that V_ is a repelling endpoint of the sequence g, if there is a
sequence

2, €QANPV._ & V)

such that g,z, = x for some z € ), and x,, — z_ € I with

V_ = supp Fo(z_).

3.4.2 Existence of repelling pseudo-loxodromics

We will use pseudo-loxodromics to state an analogue (Lemma 3.4.7) of the
fact that any two points in H? can be joined by the axis of a loxodromic isometry.

First, we need a lemma:

Lemma 3.4.6. Let x,, x_ be a pair of points in the boundary of a properly convex do-
main @ C P(V') such that (x_,x,) C Q. Let P(H,),P(H_) be supporting hyperplanes
of Qatxy, x_. Let V. =supp(Fo(x_)), and let W =V_ D x,.

There exists a subspace Hy C Hy N H_ such that

1. H =Hya®V_, and

2. mw (Q) is properly convex, where my, : V. — W is the projection with kernel Hy.
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Note that while P(H,) does not intersect ), the intersection P(Hp) N Q) may

be nonempty.

Proof. First suppose that V_ = x_. In this case, we take Hy = H, N H_, and my (2)

is exactly the line segment (x_, ).

So now suppose that V_ is not a single point, and consider the properly convex
set Q. =0OQNH_. H.NH_ is a codimension-one projective subspace of H_. Because

(x_,x4) CQ, H. N H_ does not contain V_.

H, N H_ intersects Q_ in a (possibly empty) properly convex set. So, since the
projective subspace V_ has dimension k£ > 1, there exists a codimension-%£ projective
subspace of P(H, N H_) which does not intersect Q_ or V_. Let P(H,) be such a

subspace; since P(Hy) is disjoint from €, we are done by Proposition 3.3.6. O

The following lemma is the main technical result in this section. It implies in
particular that every open face in the boundary of a properly convex domain is the

repelling endpoint of some sequence of K-pseudo-loxodromics.

Lemma 3.4.7. Let Q) be a properly convexr domain, let x_ € OS2, and let L be
a projective line intersecting ), joining xr_ with some x, € 02, x, # x_. Let

F = FQ(;C,)

For any sequence {x,} C L, with x, — x_, up to a subsequence, there exists a
compact set K C C(R?), a subspace Hy C R?, and a sequence of K-pseudo-lozodromic
elements g, in PGL(d,R), with endpoints supp(F_) and z, and neutral subspace Hy,

such that g,x, = v for a fired x € L N.
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Proof. Our strategy is to start with the case that F_ is codimension-one (so the
neutral subspace Hy is trivial), and then use Proposition 3.3.4 to extend to the general

case.

F_ is codimension-one

Let V_ be the support of F_. For each n, we let s, € GL(d,R) be the diagonal
map

Aidy, @idy = [A" idy ]

acting on z, & V_, where \,, — oo is chosen so that s,z, = x for a fixed x € LN .

Figure 3.6: Since s,, attracts towards z, and repels from V_, 5,2 converges to the
convex hull of F_ and z.

The sequence of domains s, - €2, converges to a cone over F_, with a cone
point at z; (see Figure 3.6). Since F_ is a codimension-one face of 2, this cone is a

properly convex domain containing x in its interior.
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Figure 3.7: To build the sequence of pseudo-loxodromic elements g,,, we push z,, away
from z_ with s, € GL(W), ensuring that s, NP(W) and my (s,82) converge, and
then use a “correcting” element h,, € GL(Hj) to keep the domain from degenerating.
Both s, and h,, preserve the decomposition R =z & Hy @ V_.

The general case

Let V_ be the support of F_, and let P(H ), P(H_) be supporting hyperplanes
of Qat z, F.. Let W = V_ @ x,. We choose a projective subspace P(Hy) C
P(Hy)NP(H_) as in Lemma 3.4.6 so that H_ = V_ @& Hy and my () is properly

convex, where my : V' — W is the projection with kernel Hy.

The domains

QNBW), mw(Q)

are both properly convex open subsets of P(IV) containing F_ as a codimension-one
face in their boundaries. Using the argument from the previous case, we can find

group elements s,, € GL(W) so that
Sp- (N PW)), s, -mw(82)

both converge to properly convex domains in P(WW') containing a fixed z = s,z, in Q.

We extend s, linearly to the map s, ®idy, on W & Hy. Consider the sequence
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of properly convex domains
Qn = (Sn D idHo) - Q).

Since s, ®id g, commutes with projection to W and intersection with W, the sequences

of pointed properly convex domains
(Qn ﬂ]P(W),l’), (WW(Qn%x)

both converge in C,(W). In particular, both of these sequences are contained in a

fixed compact KCyy C C.(W), and the pointed domains (2, x) all lie in the subset
C*(VV, H07 ICW)
from Definition 3.3.3.

Then, Proposition 3.3.4 (applied to the decomposition R? = W @& H,) tells
us that there is a sequence of group elements h,, € GL(H,) such that the pointed
properly convex domains

(idw @ hn) - (Qn, )

lie in a fixed compact K in C,(R%).

Then, we can take our sequence of K-pseudo-loxodromic elements g, to be

the projectivizations of (idw @ hy,) - (s, ®idn,) = (S0 S hy). O

Next we examine some of the dynamical behavior of pseudo-loxodromic se-
quences that have a repelling endpoint. Let V' be a normed vector space. For any

g € GL(V), recall that the norm and conorm of g on V' are defined by

lovl]
veV—{0} ||v|]

gU
llgl| = sup llgel] H, m(g) =
veV—{0} ’UH
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Proposition 3.4.8. Let g, be a sequence of K-pseudo-loxodromic elements with
common endpoints V., V_ and common neutral subspace Vy, and suppose that V_ is
a repelling endpoint (Definition 3.4.5) of the sequence g,. Let E, =V, & Vy. The

sequence g, satisfies
m(gn|E+>

— 0. (3.7)
[lgnlv_II

The ratio (3.7) can be computed by fixing a norm on R%, and then choosing a
lift of each g, in GL(d,R). The value of (3.7) does not depend on the choice of lift,

and the asymptotic behavior does not depend on the choice of norm.

Proof. We can fix lifts g, of g, in GL(d, R) which restrict to the identity on V_. Our
goal is then to show that

m(gn’E+) — 00,

or equivalently, that

1G5 &,1] = 0.

Suppose otherwise, so that for a sequence v, € E, with ||v,|| = 1, there is
some € > 0 so that

19" - vall > &.

Let z, € QNP(V, & V_) be a sequence so that g,x, = x for some z € {2 and
x, — x_, where V_ is the support of Fqo(z_). We can choose a subsequence so that
gn§2 converges to some properly convex domain €2,. €, contains x by Proposition

3.4.4, so let U be an open neighborhood of x whose closure is contained in 2,,. We
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can find a lift  of  in R? so that the projectivizations of each vector
T+,

lie in U, and thus in €,, for all sufficiently large n. Since g, restricts to the identity

on V_, the sequence g, % converges to a lift Z_ of z_.

Then, up to a subsequence, the sequence of pairs of vectors
g, (T £ v,)

lies in a lift © of 2, and converges in R? to Z_ £ v,,, where v, € £, has norm at least
e. This pair of points spans a nontrivial projective line segment in {2 whose interior

intersects the face Fo(z_) only at x_, contradicting the definition of Fq(z_). O

Proposition 3.4.8 implies in particular that a sequence of IC-pseudo-loxodromic
elements with repelling subspace V_ attracts generic points in RP4~! to the projective
subspace P(E, ), and repels points away from P(V_). It also implies that the sequence

gn has expansion behavior on the Grassmannian in a neighborhood of V_:

Corollary 3.4.9. Let g, be a sequence of K-pseudo-loxodromic elements with common
endpoints Vi, V_ and common neutral subspace Vy, and suppose that V_ is a repelling

endpoint of the sequence, lying in Gr(k,d).

Then for any Riemannian metric d on Gr(k,d), and any E > 1, there
exists N € N such that if n > N, g, is E-expanding (with respect to dj) on some
neighborhood of V_ in Gr(k,d).
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Proof. This follows from Proposition 3.4.8 via a computation in an appropriate
metric on the Grassmannian, which is explicitly carried out in e.g. [BPS19, Lemma

A.10). O

3.4.3 Expansion
Before we proceed, we fix some additional terminology:

Definition 3.4.10. Given a properly convex domain 2 and a point = € 02, we say
that a sequence z,, € ) limits to x along a line L if x, — = in RP*"!, L is an open

projective line segment (z,2’) C €2, and there exists a constant R > 0 such that
do (ZEn, L) <R
for all n.

If the specific line L is implied (or not relevant), we will just say that z,, limits

to z along a line.

If F is some open face of 0€2, we say that x,, limits to F' along a line L if every

subsequence of x,, has a subsequence limiting to some x € F along L.

Remark 3.4.11. If I' is a group acting on a properly convex domain €2, and there
are 7, € I' so that v,z limits to x along a line for some zy € €1, the point x is often
referred to as a conical limit point for the action of I' on 9Q2. We will avoid this
terminology, since we will need to discuss conical limit points later in a way that is

not exactly equivalent.

Proposition 3.4.12. Let Q be a properly conver domain and let ' C Aut(2). Let

F_ be an open face of N2, and let x,, be a sequence in ) limiting to F_ along a line.
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If there exists v, € I' so that y,x, is relatively compact in €2, then:

(a) There exists a compact set K C PGL(d,R) such that v, = kngn, where k, € K
and g, € PGL(d,R) is a sequence of K-pseudo-loxodromics with repelling

endpoint supp(F-).

(b) For any Riemannian metric dy on Gr(k,d), and any E > 1, for all sufficiently
large n there is a neighborhood U of supp(F-) in Gr(k,d) such that ~, is

E-expanding (with respect to dy) on U.

Proof. Fix a compact C' C 2 so that v,x, € C for all n. We can move each z,, by a
bounded Hilbert distance so that it lies on a fixed line segment L with an endpoint
on F_. So, by enlarging C' if necessary, we can assume that the points x,, actually lie

on the line L.

Let K’ C C.(R%) be the compact set {2} x C. By assumption we know that

for all n, we have

(Q, vnx,) € K.

Using Lemma 3.4.7, we can find a compact subset K C C(R?) and a sequence
gn of K-pseudo-loxodromic elements with repelling endpoint supp(F_) taking z, to
x, for some x € Q2N L. The g, can be chosen so that the axis contains L, implying
that the set

K x {z} c C,(RY

is compact.

102



Each group element k, = 7,9, " takes a pointed domain in the compact set
K x {z} to a pointed domain in the compact set X'. But then, because PGL(d,R)
acts properly on C,(R%), the k, lie in a fixed compact subset of PGL(d,R). This

proves part (a).

Let V_ be the support of F_, and let kK = dim V_. The elements k,, can be
viewed as lying in a compact subset of the diffeomorphisms of the compact manifold
Gr(k,d). So, for any fixed Riemannian metric d on Gr(k,d), there is a constant

M > 0 so that for all n and all Wy, Wy € Gr(k,d),

dk(l{?nWl, knWQ) > M - dk(Wl, WQ)

Fix E > 1. Since g, has repelling endpoint V_, Corollary 3.4.9 implies that
for some sufficiently large n, there is a neighborhood U of V_ in Gr(k,d) so that g,
satisfies

di (g W1, g Wa) > - dp(Wh, Wa)

Sis

for all Wi, W5 € U. But then we have
de (W1, Wa) > E - dp(W1, Wa)

giving us the required expansion. [

Proof of Proposition 3.4.1. Let ' act cocompactly on some convex C' C 2. Fix a

Riemannian metric on Gr(k,d) and a constant F > 1.

For every face F' of 0;,C, there is a sequence x,, in C' limiting to F' along a line.
Then part (b) of Proposition 3.4.12 implies that if v, z, is relatively compact in C' for

Yo € T, v, is E-expanding on a neighborhood of supp(F) for sufficiently large n. [
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Proof of (1) = (2) in Theorem 3.1.9. We apply Proposition 3.4.1 to Hullg(T"),
whose ideal boundary is the full orbital limit set Aq(I'). Lemma 3.1.8 implies
that Aq(I") contains all of its faces and is closed and boundary-convex, so it is the

[-invariant subset required by the theorem. O]

3.4.4 North-south dynamics

In Section 4.3, it will be useful to apply a consequence of part (a) of Proposition
3.4.12. The following can be thought of as a kind of weak version of north-south

dynamics on the limit set of a group acting on a convex projective domain.

Proposition 3.4.13. Let Q be a properly convex domain, let I' C Aut(Q2), and let
A be a closed T'-invariant subset of 0S). Let F' be an open face of A, and let x,, be a

sequence limiting to F along a line.

For any sequence vy, such that vy,x, is relatively compact in §2, there exist

subspaces B, and E_, with EL & E_ = RY, so that:

1. P(EL), P(E_) are supporting subspaces of €2, intersecting A,

2. for every compact K C 0Q — F, a subsequence of v,KX converges uniformly to

a subset of P(E,), and a subsequence of v, F' converges to a subset of P(E_),

3. for every x € F and every z € 0Q — F, the sequence of line seqgments

Tn [$7 z]

subconverges to a line segment intersecting €.
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Proof. Using Proposition 3.4.12, we decompose each 7, as k,g,, for a sequence g, of
KC-pseudo-loxodromic elements with repelling endpoint V_ = supp(F'), and k, lying
in a fixed compact in PGL(d,R). Taking a subsequence, we may assume that k,

converges to k € PGL(d,R), so that

V. = kg Vo = ka Vo — EV_.

Let E_ = kV_. We let V, be the other endpoint of the sequence g,, let Vj be
the neutral subspace, and let E, := k(V, & Vj). Since A is closed and I'-invariant,
both P(E, ) and P(F_) intersect A.

Fix a compact subset K in 02 — F. Proposition 3.4.8 implies that g, K
converges uniformly to a subset of P(V, & Vj). So, k,g,K converges uniformly to a

subset of P(E.).

This shows parts (1) and (2). To see part (3), let L be the line segment |z, z].

By Proposition 2.1.11, we can find R > 0 and z/, € L such that

dao(xn, 2)) < R.

n

We know that v,x, lies in a fixed compact subset C' of Q. So, 7,2/, lies in a closed
and bounded Hilbert neighborhood of C'. This is also a compact subset of €2, so up
to a subsequence, v,z,, converges to some z{, € ).

/

'] is nontrivial, intersects (2, and is a

The limit of the line segment [v,z_, v,z

subsegment of the limit of [y,2z_,7,2], so this implies the desired result. O
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3.4.5 Cartan projections of sequences in I

The decomposition given by part (a) of Proposition 3.4.12 also allows us to
describe the behavior of the Cartan projection of certain sequences in a group I' which

acts convex cocompactly on a properly convex domain.

First we briefly review the definition of the Cartan projection. Recall that

GL(d,R) has a Cartan decomposition
GL(d,R) = K exp(a; ) K,

where K = O(d) and ay C gl(d,R) is the set of diagonal matrices with nonincreasing

entries. That is, each g € GL(d, R) can be uniquely written

g =k - exp(diag(p1(9), - - -, pa(9))) - ¥,

for k, k' € K and p1(g) = pa(g) = ... = pal9)-

pi(g) is the logarithm of the ith singular value of g. The map GL(d,R) — R¢
given by
g = u(g) = (1a(g), - nalg))

is the Cartan projection.

While the map g is not defined on PGL(d, R), the gaps

1i(g) — Hivr(g)

still make sense for any g € PGL(d,R). A sequence g, € PGL(d,R) is divergent (i.e.,

leaves every compact set in PGL(d, R)) if and only if the gaps
#1(9n) = p1a(gn)
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tend to infinity.
Proposition 3.4.14. Let Q) be a properly convex domain, let I' act convexr cocompactly
on §, and let F' be an open face of Aq(I"), dim(F) =k — 1.

Fiz a basepoint xo € Q. For any sequence of group elements 7, € Aut(2) such

that y,z¢ limits to ' along a line, the Cartan projections p; satisfy:

16 (V) = g1 (n) — 0.

2. For a constant D independent of n, we have

1 (vm) — pa () < D.

Proof. Using part (a) of Proposition 3.4.12, we can write

77:1 = kngm

where g, is a sequence of KC-pseudo-loxodromics with repelling endpoint V_ = supp(F).

The singular values of the sequence +,, depend on a choice of inner product on
R?, but changing the inner product only changes the singular values by a bounded
amount. So, we may assume that the endpoints V., V_ and neutral subspace V{ of

the sequence g, are orthogonal to each other.

Proposition 3.4.8 then implies that the smallest k singular values of g, are
identically the eigenvalue of g, on V_, and that g, has an unbounded singular value

gap at index d — k.
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The Cartan projection u : GL(d, R) — R? satisfies the inequality

(gh) — ()| < [lp(h)]

for all g, h € GL(d,R). So, since the group elements k! lie in a fixed compact subset
of PGL(d,R), and v, = g, 'k, we can find lifts ,, g, in GL(d,R) so that the

n n

differences
() — (35|

are bounded. So 7, has an unbounded singular value gap at index k and bounded

singular value gaps at indices 1,...,k — 1. O
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Chapter 4

Projective convex cocompactness and relative
hyperbolicity

4.1 Results in this chapter

In this chapter, we will use the dynamical properties of projective convex
cocompactness studied in Chapter 3 to prove the projectively convex cocompact
representations are characterized by the existence of a certain equivariant Bowditch
boundary embedding into a quotient of the boundary of some projective domain. Ma-
terial from this chapter previously appeared as part of the arXiv preprint “Dynamical

properties of convex cocompact groups in projective space” [Wei20)].

Definition 4.1.1. Let H = {H;} be a collection of subgroups of PGL(d, R), each
acting convex cocompactly on a fixed properly convex domain {2 with pairwise disjoint

full orbital limit sets Aq(H;).

We denote by [092]3 the space obtained from 02 by collapsing all of the full
orbital sets Aq(H;) to points. Similarly, for x € 99, or a subset A C 0f, we use [x]y

and [A]y to denote the images of x and A in [0]y.

When H is a conjugacy-invariant collection of subgroups of a group I' C Aut((2),
the action of I" on 09 descends to an action on [0€2]3. More generally, if A C 092 is

[-invarant, I also acts on [Aly.
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We show the following:

Theorem 4.1.2. Let I' C PGL(d,R) act on a properly convexr domain 2, and suppose
that T is hyperbolic relative to a family of subgroups H = {H;}, such that the H; each

act convexr cocompactly on § with pairwise disjoint full orbital limit sets.

If there is a boundary-convex I'-invariant subset A C 02 containing all of its
faces, and a T'-equivariant embedding O(I', H) — [0Q]y with image [Aly, then T' acts

convex cocompactly on Q and A is the full orbital limit set Aq(T).

Remark 4.1.3. In Theorem 4.1.2, we do not need to assume that I' is discrete
in PGL(d,R): this will also follow from the existence of the equivariant boundary

embedding.

There are two special cases of Theorem 4.1.2 worth considering, which we

state separately as corollaries. The first is when the subset A is the entire boundary

012.

Corollary 4.1.4. Let T',Q, and H be as in Theorem 4.1.2, and suppose that O(I', H)

is equivariantly homeomorphic to [0Q]y. Then T' divides §Q.

The second corollary is when the set of peripheral subgroups is empty, i.e. I’

is hyperbolic.

Corollary 4.1.5. Let I' be a word-hyperbolic group in PGL(d,R) acting on a properly
convexr domain §2, and suppose that the Gromov boundary of I' embeds equivariantly

into OQ) with image A.
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If A is boundary-conver and contains all of its faces, then I' acts convex

cocompactly on Q and A = Aq(T).

When a hyperbolic group acts convex cocompactly on a domain €2, its full
orbital limit set contains no segments. So in this case, A contains all of its faces

whenever no point of A lies in the interior of any segment in 0f).

We also can phrase this corollary in terms of Anosov boundary maps. Recall
that Theorem 3.1.3 (proved as [DGK17, Theorem 1.15]; see also [Zim21, Theorem
1.10]) states that if a word-hyperbolic group I' acts convex cocompactly on some
domain €2, then the inclusion map I' < PGL(d,R) is a P;-Anosov representation
preserving €2, and in this case the full orbital limit set is the image of the Anosov

boundary map OI' — RP4~!. Thus Corollary 4.1.5 implies:

Corollary 4.1.6. Let I' be a word-hyperbolic subgroup of PGL(d,R) preserving a
properly conver domain €2, and suppose that there exists a I'-equivariant embedding
& : 0" = 00 whose image is boundary-convexr and contains all of its faces. Then the

inclusion T' — PGL(d,R) is a P,-Anosov representation with RP4~1 boundary map &.

Note that it is not true in general that the RP?~'-boundary map £ of a P;-
Anosov representation always embeds into the boundary of some properly convex
domain 2 € RP4~!. Moreover even if ¢ does embed into 9 for some €, it does not
necessarily follow that the image of the embedding is boundary-convex. However, as
mentioned in Remark 3.1.4, if p : I' — G is any Anosov representation, there is always

a representation 7 : G — PGL(n,R) for some large n so that the composition 7o p is
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P;-Anosov, and the P; limit map embeds OI" into the boundary of some projective

domain  C RP" ! as a boundary-convex closed subset containing its faces.

During the proof of Theorem 4.1.2, we will see the following (see Proposition

4.2.1):

Proposition 4.1.7. In the setting of Theorem 4.1.2, every nontrivial segment in the

set A is contained in the full orbital limit set of some H; € H.

This leads us to a converse to Theorem 4.1.2.

Theorem 4.1.8. Let I" be a group acting convexr cocompactly on a properly convex
domain €2, and suppose that I has a conjugacy-invariant collection of subgroups
H = {H,;}, such that the groups in H lie in finitely many conjugacy classes and each

H; acts convexr cocompactly on 2.

Then T is hyperbolic relative to H if and only if
(i) the full orbital limit sets Aq(H;), Ao(H;) are disjoint for distinct H;, H; € H,

(i1) every nontrivial segment in Aq(I") is contained in Ag(H;) for some H; € H,

and
(111) each H; € H is its own normalizer in .

Moreover, in this case, (', H) equivariantly embeds into 0]y with image [Aq(I")]%.

Remark 4.1.9. If conditions (i) and (ii) hold for a conjugacy-closed collection
of subgroups H of I', then they also hold for the collection of normalizers, since

9 Mo(H;) = Aa(gHig™") for any H; € H.

112



Moreover, condition (iii) of Theorem 4.1.8 is always true for the peripheral
subgroups of a relatively hyperbolic group, because then each H; € H can be exactly
realized as the stabilizer of its unique fixed point in the Bowditch boundary o(T", H)
(see Theorem 2.2.14).

Work of Islam-Zimmer [IZ19a] [IZ19b] implies that if I' is hyperbolic relative
to H, all of the groups in H are virtually abelian, and p is a projectively convex
cocompact representation, then in fact p automatically restricts to a projectively
convex cocompact representation on each group H € H. In fact, since our results
first appeared, Islam-Zimmer have also shown that this is true even without the

assumption that each H € H is virtually abelian. This implies the following:

Corollary 4.1.10 (See [1Z22], Theorem 1.6). Let Q be a properly convexr domain,
and let (I',H) be a relatively hyperbolic pair. If I' acts convex cocompactly on Q, then

there is an equivariant embedding from O(I', H) to [0y whose image is [Aq(T")]3.

We remark that Islam-Zimmer have also subsequently shown that versions of
Theorem 4.1.8 and Corollary 4.1.10 hold in the more general context of naive convex

cocompact groups.

4.1.1 Outline of the chapter

In Section 4.2, we use Yaman’s dynamical characterization of relative hyper-
bolicity (Theorem 2.2.14), together with some of the results of the previous chapter,

to prove Theorem 4.1.2.
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In Section 4.3, we extend a result of Islam-Zimmer [IZ19b], showing that when
I' is a group acting on a properly convex domain €2, and I' is hyperbolic relative to a
collection of subgroups acting convex cocompactly on €2, conditions (i) and (ii) of
Theorem 4.1.8 hold. Then, we prove the rest of Theorem 4.1.8, again using Yaman’s

dynamical definition of relative hyperbolicity.

4.2 Bowditch boundary embedding implies convex cocom-
pactness
Our goal in this section is to prove Theorem 4.1.2. Our first step is the

following:

Proposition 4.2.1. Let Q be a properly conver domain, and let I' C Aut(Q2) be hy-
perbolic relative to a collection of subgroups H = {H;} each acting convexr cocompactly

on  with disjoint full orbital limit sets Ag(H;).

Suppose A is a I'-invariant subset of OS2 containing all of its faces and con-
taining Nq(H;) for every H;. If [Aly is the image of a T-equivariant embedding
¢: 0, H) — [09Q]3, then the set

Ae=A— | Aa(H)

H;eH

contains only extreme points in OS).

Proof. The equivariant homeomorphism ¢ : 9(I',H) — [A]y means that I' acts on
[A]y as a convergence group as in Theorem 2.2.14. In particular, we can classify the
points of [A]y as either bounded parabolic points or conical limit points, where the

parabolic points are exactly the points corresponding to Aq(H,;).
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So, if x is a point in A, it represents a conical limit point in [A]y. Suppose for
a contradiction that x is not an extreme point, i.e. x lies in the interior of a nontrivial
segment [a,b] C 0N2. Since A contains all of its faces, (a,b) C A, and we can find

w, z € A such that w, z, z are pairwise distinct points lying on (a,b) in that order.

Lemma 3.1.8 tells us that each Aq(H;) contains its faces, so we know that w

and z cannot lie in any Aq(H;). So w, x, and z represent three distinct points in
[Alpe-
This means that there exist group elements v, € I" so that 7,[z]y — a, and

Ynl2)3, Ynlw]y both converge to some b € [A]y, with a, b distinct.

This convergence is only in [A]y. However, since the Bowditch boundary
O(I',H) is always compact, [A]y is as well, and therefore its preimage A in the
compact set 0f) is compact too. So, up to a subsequence, we can assume that

VX — u, and Y,z — V1, YW — vy, With
[uln = a, [vi]u = [va]n = .

The line segment [w, z] must converge to the line segment [v1, v9], which must
contain u. If vy = vy, this is clearly impossible without having u = vy = vy. If v # vy,
then vy, vy both lie in Ag(H;) for some H;. Since each Aq(H;) is boundary-convex

(Lemma 3.1.8 again), u must lie in Aq(H;) as well, a contradiction. O

The above is important partly because of the following proposition, which we

will use repeatedly in the proof of both Theorem 4.1.2 and its converse.

115



Proposition 4.2.2. Let Q2 be a properly conver domain, and let A be a boundary-
convex subset of 0 containing all of its faces. Let H be a collection of subgroups of
Aut(Q) acting convex cocompactly with disjoint full orbital limit sets in €.

If every point in A, = A — UHieH Ao (H;) is an extreme point, then for any

x,y € N with [x]y # [ylu, the segment (x,y) lies in .

Proof. Let x,y be distinct points in A. Boundary-convexity means that if the segment
(x,y) is in 01, it is also in A. Since we know A. only contains extreme points, some
u € (x,y) lies in Aq(H;) for some H; € ‘H. Since H; acts convex cocompactly on €2,

Lemma 3.1.8 implies that [x,y] lies in Aq(H;), which means that [x]y = [y]3. O

The following proposition explains why we do not need to assume that I" is

discrete in the statement of Theorem 4.1.2.

Proposition 4.2.3. If Q, I', A are as in Theorem 4.1.2, and I is non-elementary,

then I' is discrete.

Proof. T acts as a convergence group on [A]y, so it acts properly discontinuously on

the space of distinct triples in [A]y, which we denote T ([A]y).

The map
I'x T([Als) = T([Aln)

given by the ['-action is continuous, so I' is discrete. ]

We are now able to prove Theorem 4.1.2.

116



Proof of Theorem /.1.2. Let 2, I'; A, H be as in the hypotheses for Theorem 4.1.2.
We can assume that H # {I'} and that I is infinite (if not then the theorem is trivial).
This means that J(I", H) contains at least two points, and Proposition 4.2.2 implies

that Hullg(I") is nonempty.

If T is virtually infinite cyclic, the hypotheses of the theorem imply that the
generator 7 of a finite-index cyclic subgroup fixes a pair of points {z,y} in 0Q with
(x,y) C Q; v acts as a translation in the Hilbert metric along the axis (x,y). This
action is properly discontinuous (so I' is discrete) and cocompact. Further, since x

and y are extreme points, ¥z converges to either x or y as n — too for all z € Q,
so Ao(l') = {z, y}.
So we may assume I' is non-elementary. Owing to Theorem 3.1.9, we only

need to show that I' is expanding at the faces of A; in fact we will show directly that

the expansion is uniform.

Since each H; acts convex cocompactly on €2, Theorem 3.1.9 means that I is
expanding in a neighborhood of the support of any face of Aq(H;) for some H;. In
fact, we can assume that the expansion constants are uniform over all H; € H (see
Remark 3.2.2), so we only need to consider the faces in

Ae=A— | Ao(H,).

H,eH

Proposition 4.2.1 implies that each of these faces is actually just a point in 02, whose

support is equal to itself.

Let x be a point in A.. We will build a sequence of points x,, in §2 limiting to

x along a line (Definition 3.4.10), and show that the orbits I - z,, intersect a fixed
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compact set.

Since I' is non-elementary, its Bowditch boundary contains at least three
distinct conical limit points, so we can find y,z € A. so that [z, [y]x, [z]x are

pairwise distinct.

Fix supporting hyperplanes W,V of 2 at x and z, respectively. Proposition
4.2.2 implies that W NV does not contain z,y, or z, and that the line segment (z, 2)
is in Q. The projective hyperplane spanned by W NV and y intersects (x, z) at a

point w € Q.

Since [x]4 is a conical limit point, we can find a sequence v, € T" so that

Yolzl — a
and
Yol 2 Wyl — b

for a,b distinct. As in the proof of Proposition 4.2.1, we can pick subsequences so
that v,z, v,y, and 7,2z all converge to points T, Yoo, 200 i1 A, and v, W and ~,V

converge to supporting hyperplanes W, V, of 0 at z,, and z..

Since Zo, and z,, represent distinct points of [A]y, Proposition 4.2.2 implies
that W,NV,, must not contain z,, or z..; for the same reason ., is also not contained

in W N V.

While [zw]# = [Uoo)n, it is not necessarily true that y., = z.. However, we

do know that the segment (Yoo, o) cannot lie in 9. So, the sequence
Yo - (H N (2,2)) = pw

118



cannot approach .

Propositon 4.2.3 means that we know I' is discrete, and so its action on 2 is
properly discontinuous. Thus 7, w must accumulate to an endpoint of [, 2| —and

therefore to 2.

Figure 4.1: The sequence v,w limits to 24, so the sequence v, 'vg limits to x along a
line.

Let ¢ be the line segment [z, z]. This segment has a well-defined total order,
where a < b if a is closer to « than b. If ¢,, = [v,x, 7,2, then 7, is an order-preserving

isometry from ¢ to /,,, where the metric is the restricted Hilbert metric dg.

Fix a basepoint vy on the line segment (o, = [T, 250, and choose v, € ¢,

converging to vg. Since y,w converges to z,,, we see that v, < y,w and
do(Vp, Ypw) — 00.

Thus we must have v, — z.

But now we can apply part (b) of Proposition 3.4.12 to the sequence v, v, C ¢

to see that 1, is eventually expanding in a neighborhood of x in RP%~1. ]
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4.3 Convex cocompact groups which are relatively hyper-
bolic

The goal of this section is to prove Theorem 4.1.8.

4.3.1 Non-peripheral segments in the boundary

We start by showing that conditions (i) and (ii) of Theorem 4.1.8 are satisfied
whenever I' is a convex cocompact group hyperbolic relative to a collection of convex

cocompact subgroups. That is, we will show:

Proposition 4.3.1. Let I be a group hyperbolic relative to a collection H of subgroups,
and suppose that I' and each H; € H act on a properly conver domain ) convex

cocompactly.

Then:

(i) The full orbital limit sets Aq(H;) are disjoint for distinct H;, H; € H.

(11) Every nontrivial segment in Aq(I") is contained in the full orbital limit set of

some peripheral subgroup H;.

We will closely follow the proof of a similar result of Islam and Zimmer [IZ19b,
Theorem 1.8 (7) |. The main idea is that a nontrivial segment ¢ in the full orbital
limit set Aq(I") of a convex cocompact group I' is accumulated to by segments in
the boundary of some maximal properly embedded simplices in Hullg(I"). When T is
hyperbolic relative to a collection A of virtually abelian subgroups of rank > 2, Islam

and Zimmer show that A is in one-to-one correspondence with the set of maximal
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properly embedded simplices in Hullg(I"), and then use a coset separation property
due to Drutu and Sapir [DS05] to see that these maximal properly embedded simplices
are isolated. This ends up implying that ¢ lies in the boundary of one of the simplices

that accumulate to it.

When we do not assume the peripheral subgroups are virtually abelian, we
need to modify this approach slightly. First, we need to assume that the peripheral
subgroups act convex cocompactly on € ([IZ19b] implies that this assumption is
always satisfied in the virtually abelian case). Second, in our situation, the maximal
properly embedded simplices in Hullg(I") do not need to be isolated. However, it is
true that the convex cores Hullg(H;) of the peripheral subgroups in H are isolated.
So the desired result ends up following from the fact that every maximal properly
embedded k-simplex (k > 2) in Hullg(T") lies in Hullg(H;) for some H; € H; this is

Lemma 4.3.3 below.

4.3.1.1 Cosets and convex cores of peripheral subgroups

Let T" be hyperbolic relative to a collection of subgroups H, and suppose that
I' and each H; € ‘H act convex cocompactly on a fixed properly convex domain (2.

We fix a basepoint x € €2, and fix a finite set P of conjugacy representatives for H.

The Svarc-Milnor lemma implies that T' is finitely generated and that, under
the word metric induced by any finite generating set, I" is equivariantly quasi-isometric
to the convex core Hullg(I') equipped with the restricted Hilbert metric dg. The

quasi-isometry can be taken to be the orbit map v+ ~v - z.

Since each P; also acts convex cocompactly on €2, each P; is also finitely
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generated, and P; is quasi-isometric to Hullg(P;), which isometrically embeds into
Hullg(T"). We may assume that the quasi-isometry constants are uniform over all

P, € P, and fix a finite generating set for I' containing generating sets for each P;.

Since g - Hullg(P;) = Hullg(gP;g ™), if we fix a ['-equivariant quasi-isometry
¢ : Hullo(T') — T,
we know ¢ restricts to a quasi-isometry
Hullo(gPig™") — 9P,

with uniform quasi-isometry constants over all g € I', P, € P.

b

The cosets gP; have a separation property: distinct cosets cannot stay “close’
to each other over sets of large diameter. The precise statement is as follows. For
any metric space X, and any A C X, recall that Nx(A,r) denotes the open r-
neighborhood of A in X with respect to the metric dx, and Bx(z,r) denotes the
open r-ball about x € X. When X = () for a properly convex domain €2, we assume

that € is equipped with the Hilbert metric.

Theorem 4.3.2 ([DS05, Theorem 4.1 (ay)]). Let T' be hyperbolic relative to H, and
let P be a finite set of conjugacy representatives. For every r > 0, there exists R > 0

such that for every distinct pair of left cosets g1 Py, go P, the diameter of the set
Nr(g1Pr,7) N Nr(ga P, 1)

18 at most R.
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In addition, Theorem 1.7 of [DS05] implies that if £ > 2, any quasi-isometrically
embedded k-flat in a relatively hyperbolic group I' is contained in the D-neighborhood

of a coset gP; of some peripheral subgroup P; € P. This allows us to see the following:

Lemma 4.3.3. Suppose I' acts convexr cocompactly on 2, and that I is hyperbolic
relative to a collection of subgroups H also acting convexr cocompactly on 2. Every
properly embedded k-simplex (k > 2) in Q with boundary in Aq(T) is contained in
Hullo(H;) for some H; € H.

Proof. Each such embedded k-simplex A is a quasi-isometrically embedded k-flat in
Hullg(T"), so ¢(A) is a quasi-isometrically embedded k-flat in I". [DS05], Theorem 1.7

implies that ¢(A) is contained in a uniform neighborhood of gP for some P € P.

Applying a quasi-inverse of ¢ tells us that A is in a uniform Hilbert neighbor-
hood of Hullg(gPg™') in €. So the boundary of A is contained in 9;Hullg(gPg™?),
and A itself lies in Hullg(gPg™). O

We now quote:

Lemma 4.3.4 ([IZ19b, Lemma 15.4]). Let (u,v) be a nontrivial line segment in
Ao(T), let m € (u,v) and p € Hullo(I"), and let V' be the span of (u,v) and p.
For any r > 0, ¢ > 0, there exists a neighborhood U of m in P(V') such that if

x € UNHullg(T), then there is a properly embedded simplex S, C Hullg(T') such that

Ba(z,r) NP(V) C Nq(S:,¢).

Now we can prove Proposition 4.3.1. The proof of part (ii) is nearly identical

to the proof of Lemma 15.5 in [IZ19b].
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Proof of Proposition 4.5.1. (1). Let H;, H; be a pair of peripheral subgroups in #,
and suppose that Aq(H;) N Aq(H;) contains a point z € J€2. We can find a pair
of projective-line geodesic rays in Hullg(H;) and Hullg(H;) with one endpoint at z.

Proposition 2.1.11 implies that the images of these rays have finite Hausdorff distance.

Thus, in I', a uniform neighborhood of the coset g;P; corresponding to H;
contains an infinite-diameter subset of the coset g¢;P; corresponding to H;. So

Theorem 4.3.2 implies that H; = H;.

(ii). Consider any nontrivial segment [u,v] in Aq(I"), and fix m € (u,v) and p €
Hullg(T"). Theorem 4.3.2 implies that for some R > 0, there exists r > 0 such that

the diameter of

NQ(HUIIQ(H1)7 7“) N NQ(HUH.Q(HJ)7 7“)
is less than R whenever H; and H; are distinct.

Let V be the span of u, v, and p. Lemma 4.3.4 implies that for some
neighborhood U of m in P(V), for every x € U, there is some properly embedded

simplex S, such that
Ba(x, R)NP(V) C Nq(S.,1).

Lemma 4.3.3 means that the simplex S, is contained in the convex hull Hullo(H,) of
some peripheral subgroup H,, and part (i) implies that this peripheral subgroup is

unique.

We can shrink U so that it is convex, and claim that in this case H, = H, for

all x,y € U N Hullg(T"). By convexity, it suffices to show this when dq(z,y) < R/2.
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Then
Bq(z,R/2)NP(V) C Ba(y, R)NP(V) C No(Sy,r)
so the diameter of
No(Hullo(H,), ) N No(Hullg(H,),r)
is at least the diameter of Bg(x, R/2) = R. Thus H, = H,,.
Fix H = H, for some x € U N Hullg(T"). Then, if z,, is a sequence in Hullg(T")

approaching m, there is a sequence z/, € Hullg(H) such that

dQ(xna ZE, ) S ka

n

for k independent of n. Up to a subsequence, z! converges to some 2z’ € Aqg(H).

Proposition 2.1.11 implies that
Fola!) = Fa(m) 2 (u,0),

Aq(H) contains z’. It is also closed and contains all of its faces (Lemma 3.1.8). So

[u,v] C Aq(H).

4.3.2 Convex cocompact and no relative segment implies relatively hy-
perbolic

We now turn to the rest of Theorem 4.1.8. As in our proof of Theorem 4.1.2,
the main tool will be Yaman’s dynamical characterization of relative hyperbolicity
(Theorem 2.2.14). If I' is virtually cyclic, Yaman’s theorem does not apply, but in

this case I' is hyperbolic and the result follows from [DGK17].
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Throughout the rest of this section, we assume (as in the hypotheses to
Theorem 4.1.8) that  is a properly convex domain preserved by a discrete non-
elementary group I' acting convex cocompactly with full orbital limit set Aq(T"), and
‘H is a conjugacy-invariant set of subgroups of I' lying in finitely many conjugacy
classes, with each H; € H acting convex cocompactly on 2. We also assume H # {I'},

since the result is trivial in this case.

We will prove the following:

Proposition 4.3.5. Suppose that conditions (i), (ii), and (iii) of Theorem 4.1.8 hold

for the collection of subgroups H. Then:

1. T acts as a convergence group on [Aq(T)]4x,
2. [A(T)]3 is compact, metrizable, and perfect,

3. the groups H; are parabolic subgroups, and their fived points are bounded

parabolic,

4. every point in

[Aa(D)lx = {[Aa(H)lw : Hi € H}

is a conical limit point for the T'-action on [Aq(T')]|y.

Since convex cocompact groups are always finitely generated, Theorem 4.1.8

is a direct consequence of Proposition 4.3.5, Proposition 4.3.1, and Theorem 2.2.14.
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4.3.2.1 Dynamics of the I'-action on Aqg(I)

We start by proving part (1) of Proposition 4.3.5, using the theory of attracting

and repelling subspaces of sequences in I' discussed at the end of Section 2.1.

Proposition 4.3.6. ' acts as a convergence group on [Aq(T)]3.

Proof. Let 7, be an infinite sequence in I'. Since I' is discrete, -, is divergent, and
there is a subsequence of 7, and projective subspaces F,, F_ so that for any compact

K Cc RP! — E_ ~, - K converges to a subset of F .

Lemma 2.1.19 implies that £y and E_ are both supporting subspaces of {2 and
both intersect Aq(I") nontrivially. The intersections E, N Aq(I") and E_ N Aq(T") are
respectively the closures of subsets of a pair of faces Fy, F. C Aq(T"). By assumption,
every face in Ag(I") containing a nontrivial projective segment lies in some Ag(H;),

so each face in Aq(I") represents a single point of [Aq(I")]. So we have
[E, N AQ(F)]’H = a, [E+ N AQ(F)]'H =b
for (not necessarily distinct) points a,b € [Aq(I)]%.

Let [K]y be a compact subset of [Aq(T")]y — {a}, where K is the preimage of
[K]3 in Aq(T). K is compact since Aq(T") is compact. Moreover, K cannot intersect

E_. So, 7, - K converges to a subset of £y N Aq(T"), and ~,, - [K]3 converges to b. [

4.3.2.2 Topological properties of [Aq(I")]x

Next, we will check that [Aq(I")]4 satisfies each of the properties in part (2)

of Proposition 4.3.5. The first, compactness, is immediate from the compactness of

Ao(DD).
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Showing that [Aq(I")]3 is metrizable is equivalent to showing that it is Haus-

dorff, since it is a quotient of a compact metrizable space.

Let
Ty Aa(l) = [Ao(D)]n

be the quotient map. We will show that if a is a point in [Aq(I")]y, then we can
find arbitrarily small open neighborhoods of 7' (a) in Aq(T") which are of the form
Ty (U) for U C [Aa(T)]x

Our first step is the following:
Lemma 4.3.7. Fix any metric dp on projective space. Let a € [Aq(T)]y.
For any € > 0, there exists a subset W (a,e) C Aq(I") satisfying:
1. W(a,e) =y (V) for some V C [Aq(D)]4,
2. W(a,e) contains an open neighborhood of w3, (a) in A(T'), and
3. For every z € W(a,¢), we have
dp(z, 75, (a)) < e.

Proof. Let X, = ;' (a). For any open set U in Aq(T") containing X,, we let W (U)
be the set
7o ([Uly) = U U {x € Aq(H,) : Ag(H;) N U # B}.

W(U) is a subset of Aq(I") satisfying conditions (1) and (2). We claim that for any

given € > 0, W (U) also satisfies condition (3) as long as U is sufficiently small.
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We proceed by contradiction. Suppose otherwise, so that there is some £ > 0
so that for a shrinking sequence of open neighborhoods U, of X,, there is some
H, € H such that

Ao(H,) N U, # 0,
and Aq(H,) contains a point z, such that dp(z,, X,) > .
We write A,, = Aq(H,,). We can choose a subsequence so that in the topology

on nonempty closed subsets of projective space, A,, converges to some closed subset of

Aq(T), which we denote A, and z, converges to zo, € Ay such that dp(z, X4) > €.

A intersects every open subset of Ag(I') containing X,, and since X, is a
closed subset of a metrizable space, this means A, intersects X,. We will get a

contradiction by showing that in fact z,, € X,.

We consider two cases:

Case 1: Hullg(A) is nonempty. Since the groups in H lie in only finitely many
conjugacy classes, up to a subsequence, the H,, are all conjugate to each other, and

we may assume that A,, = v, for a sequence v, € I'.

We can find a sequence z,, € Hullg(A,,) converging to some z., € Hullg(A).
Since the action of Hy on Hullg(Ag) is cocompact, there is some fixed R > 0 so that
every Hy-orbit in Hullg(Ap) intersects the Hilbert ball of radius R about z,. Since
H,, is a conjugate of Hy by an isometry of the Hilbert metric on €2, the same is true

(with the same R) for every z,, H,, and A,.

So, we can find a sequence

Pn € Van%:1
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so that p,v, - xo lies in the Hilbert ball of radius R about z,. Since x,, converges to
Too € €1, and T" acts properly discontinuously on 2, this means that a subsequence
of 1,7, is eventually constant. Because u,v,Ao = 7,\o, this means we can assume

there is some fixed v € I' so that
Ao = 70o = Aa(vHoy ™).

But then since the limit sets Aq(H;) are disjoint, we must have X, = A, which

means 2., € X,.

Case 2: Hullg(A) is empty. In this case, A, lies in the closure F of some face F of
02; without loss of generality we can assume that F' intersects Ay. Aq(L") contains

its faces, so it contains all of F.

If F' is a single point, we must have Ay, = {25}, 50 24 lies in X,. If F'is not
a single point, it contains a nontrivial segment. By assumption, this segment lies
in Aq(H;) for some Hj; since Aq(H;) is closed and contains its faces, all of F lies in
Aq(H;) as well. But then Aq(H;) intersects both X, and 2z, so X, = Aq(H;) = [20)n

and z., € X, in this case as well.

Proposition 4.3.8. [Aq(T")]y is Hausdorff.

Proof. Let a,a’ be distinct points in [Aq(T")]3, and let X,, X! be the preimages of a
and a' in Aq(T).
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Since X, and X/ are closed disjoint subsets of the metrizable space Aq(T'),

there is some € > 0 such that for any x € X, 2’ € X/,

d(z,x") > 2e.

For each n € N, we define a sequence of sets U,, containing X, as follows. We
let Uy = X,. Then, for each n > 0, we take U,, to be the set
U we2m,
bE[UnfﬂfH
where W (b, e/2") is the set given by Lemma 4.3.7. Note that each U, is a set of the

form 75, (V) for some V' C [Aq(T)]3; moreover, if z € U,, then

d(z,U,—1) < e/2".

Consider the set U = |, . Un. U is the preimage of some V' C [Aq(I")]3, and

neN
it must be contained in an e-neighborhood of X,. In addition, U is open in Ag(I"):
if z is in U,, then U, contains W ([z]y, e/2"!), which in turn contains an open

neighborhood of z.

This means that [Uly is an open set in [Aq(I')]y containing a. We can
similarly construct an open set [U']y containing @’ such that U’ is contained in an
e-neighborhood of X!. U and U., are disjoint, so [U]y and [U'ly separate a and
a. O

Next we show that the space [Aq(T")]y is perfect, i.e. [Aq(T")]3 contains no

isolated points.
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Proposition 4.3.9. [Aq(T")]y is perfect.

Proof. Fix a € [Aq(I")]» and a representative z of a. Let F' = F(x).

Let x, be a sequence of points in Hullg(T') converging to = in RP4~!. Convex

cocompactness means that for some v, € T', v, 1z, € C for a fixed compact C' C Q.

This means that (up to a subsequence) for fixed g € €2, v,z converges to a
point in F'. And since 7, acts by Hilbert isometries, Proposition 2.1.11 implies that
if B is any open ball with finite Hilbert radius about x¢, 7, B converges uniformly to

a subset of F'.

Y is divergent in PGL(d,R), so let E, and F_ be a pair of attracting and
repelling projective subspaces for the sequence v,,. We know that £, and F_ are

supporting subspaces of 2, and that
[E- N Ao(D)]w,  [Ex N Aa(D)]n

are single points in [Aq(I")]3. Moreover, since an open subset of projective space
converges under 7, to F, E, intersects F, and [Ey N Aq(I')]y = a. Let b =
[E_ N Aq(T)]3.

Since we assume H # {I'}, [Aq(T")]3 cannot be a single point, and since I'
is non-elementary, [Aq(I")] contains at least three points. So, we can find a pair
of points ¢, ¢3 € [Aq(I")]x such that {b, ¢, co} are pairwise distinct. Both ¢; and ¢y
have a representative which does not lie in E_, so both 7, - ¢; and 7, - c2 converge to

a; since ¢; # ¢o, a cannot be isolated. ]
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4.3.2.3 Parabolic points in [Aq(I)]y

Our next task is to verify part (3) of Proposition 4.3.5—that is, to show that

points stabilized by our candidate peripheral subgroups are bounded parabolic points.

Proposition 4.3.10. Fach point [Aq(H;)|y in [Aq(T)]y is a parabolic point for the

action of I', with stabilizer H;.

Proof. The fact that H; is self-normalizing implies that H; is exactly the stabilizer of
[Aq(H;)] in I': for general g € Aut((2),

g-No(H;) = Aa(gHig7"),

and since we assume that the full orbital limit sets of distinct groups in H are disjoint,

g € I preserves Aq(H;) if and only if g normalizes H;.

So we just need to check that the groups H; are parabolic. Let v € H; be an
infinite-order element, so that " is a divergent sequence in PGL(d, R). We want to

show that v does not fix any point in [Aq(I")]y other than [Aq(H;)|3.

Let F, and E_ be attracting and repelling subspaces for the sequence ".
Lemma 2.1.19 implies that both E, and E_ support 2 and intersect Aq(H;) nontriv-

ially.

Let b € [Aq(T)]3 — {[Aa(H))|u}, let y € Aq(H;) N E_, and let x € Ag(T") be a
representative of b. Proposition 4.2.2 implies that z cannot lie in £, so 4™z converges
to a point in Ag(T") N E. Then 7"b converges to [Aq(H;)]x, and in particular v does
not fix b. ]
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We still need to show that the parabolic points [Aq(H;)]# are bounded parabolic

points, i.e. that H; acts cocompactly on

[Aa(D)]y — {[Aa(H;)]n}-

Our strategy is to show that the set

is a closed subset of the interior of some convex open set 2y,, such that the ideal
boundary of A; in Qy, is exactly Aq(H;). Then, we can use the fact that H; is
uniformly expanding in supports at Aq(H;) to see that the action of H; on A; is

cocompact.

If H; is irreducible (or more generally, if we know that H; contains a prozimal
element), then as a consequence of [Ben00, Proposition 3.1] (or [DGK17, Proposition
4.5]), we can simply take g, to be the unique H;-invariant mazimal properly convex
domain Q. in RPY"!. Since we do not know if H; contains a proximal element in
general, we do not know if such a maximal domain exists. So, we will construct €2,

directly.

To do so, we consider the dual full orbital limit set Ag«(I") of a group I' acting
on a properly convex domain €. i.e. the full orbital limit set in Q* of I' viewed as a
subgroup of Aut(£2*). Each element w € Ag-(I") is an element of 0Q*, so P(w) is a

supporting hyperplane of €.

Proposition 4.3.11. Let I be any subgroup of Aut(92).
1. For every x € Aq(T") there exists w € Ag«(I") such that w(x) = 0.
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2. For every w € Ag«(I") there exists x € Aq(T") such that w(zx) = 0.

The statement follows from e.g. Proposition 5.6 in [[Z19a]; we provide an

alternative proof for convenience.

Proof. The two statements are dual to each other, so we only need to prove (1).

Given a point z € €2, and W € Q*, we consider a quantity
59(1' ) W)
defined in [DGK17] as follows:

do(z, W) = Zei&%){min{”az, x;b,, 2]|, |[bs, x; as, 2|},

where a, and b, are the points in 02 such that a,,z,b., 2z lie on a projective line.
da(x, W) can be thought of as an Aut(Q2)-invariant measure of how “close” z is to
012, relative to the projective hyperplane W: it takes on nonzero values for x € €2,

W e QF, and for fixed W € Q* and x,, converging to 052, dq(z,, W) converges to 0.

We now take z € Aq(I'), and choose v, € T', zp € Q so that v, - zg — z.
Fix some W, € Q*, and consider the sequence =, - Wy. Up to a subsequence, this

converges to some W € A§(T).

Since 0g(x, W) is ['-invariant, for any sequence
Yn € Yu - P(Wo),
both of the cross-ratios
[aynv Y * 20; by, Yn), [by'rﬂ Tn * 205 aynvyn]
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Yn

Figure 4.2: If ~, 2y approaches the boundary of Q, and g (7,20, 7,Wo) is bounded
away from 0, v, Wy must limit to a hyperplane containing the limit of =, 2.

remain bounded away from 0 as n — oo. But since 7, - 29 approaches z € 0f), we
can choose ¥y, so that exactly one of q,,, b,, also approaches z. Thus, v, approaches

z as well, and so P(W) contains z. O

Next, we consider the dual convex core for the I'-action on €.

Definition 4.3.12. Let Q C RP?"! be a properly convex domain, and let I' C Aut ().

The dual convex hull Hullg,(T") is the convex set
Equivalently, Hull;,(T") is the unique connected component of

RP - ) W

WEAQ* (F)

which contains €.
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Figure 4.3: Part of the limit set and dual limit set for a group I' acting convex
compactly on the projective model for H? (the interior of the white circle). Hullg(T)
is the light region, and Hullg,(I") is the dark region.

As long as Ag«(I") contains at least two points, Hullf,(I") does not contain all
of RP4~!. It can be viewed as an intersection of convex subspaces, so it is convex in

the sense of Definition 2.1.3, but in general it is not properly convex.

We can use the dual convex core to finish proving part (3) of Proposition 4.3.5.

Proposition 4.3.13. The stabilizer of [Aq(H;)|y acts cocompactly on

Ay = [Aa(D)] — {[Aa(Hi)ln -

Proof. Let Qp, = Hulli,(H;) be the dual convex hull of H; in €. Proposition 4.3.11

implies that Aq(H;) lies in the boundary of Q..

Moreover, the set Aq(I') — Aq(H;) lies in the interior of Qy,—for, every point

in the boundary of {2y, is contained a projective hyperplane P(W) for W € Aq«(H;),
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and each such hyperplane supports some x € Aqg(H;). Since P(W) is also a supporting

hyperplane of €, Proposition 4.2.2 implies that no y € Aq(I") — Aq(H;) lies in P(W).

Aq(T) is thus a closed subset of Qp, whose ideal boundary in 2y, is contained
in Aq(H;). Since H; acts convex cocompactly on €, it is uniformly expanding in
supports at Aq(H;) by Theorem 3.1.9. Then Proposition 3.2.5 (applied to the convex
domain Qy,) implies that the action of H; on Aq(T") — Aq(H;) is cocompact—which
means that the H;-action on the quotient [Aq(I")]y — {[Aq(H;)]x} is cocompact as
well. O

4.3.2.4 Conical limit points in [Aq(I")]y

Finally we check part (4) of Proposition 4.3.5—that the remaining points in
our candidate Bowditch boundary are indeed conical limit points. We will do this in

two steps.
Lemma 4.3.14. Let H; € H, let
Ty € AQ(F) — AQ(Hl)

be a sequence approaching x € Aq(H;), and let F' = Fqo(x). If h, is a sequence such

that hy[x,)y is relatively compact in

[Aa(D)]y — {[Aa(Hi)ln},

then for any compact

KcoQ-F,

hy subconverges on [K|y to the constant map [Aq(H;)|y.
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Proof. Any such sequence h,, must be divergent, so using Proposition 2.1.17, we
can find nontrivial projective subspaces E,, F_ so that if K is any compact subset
of RP¥~! — E_. h, - K subconverges uniformly to a subset of F,. F, and E_ are
supporting subspaces of Q, and E, N0 and E_ N JS2 are both subsets of Aq(H;).

E_ must contain x, since otherwise h,z, would subconverge to a point in
E.NnoQ C Ag(H;).
But then E_ N 0N is a subset of F and the desired condition holds. O

Proposition 4.3.15. Fvery element of the set
[Aa(D)] — {[Aa(Hi)]y : Hi € H}
is a conical limit point for the action of I' on Aq(T).

Proof. By assumption, any point in this set has a unique representative € Aq(I")
which is an extreme point in 0f2. Fix a sequence z,, € Q) limiting to x along a line,

and let 7, € I' be group elements taking x,, back to some fixed compact in 2.

Proposition 3.4.13 implies that there is a supporting subspace E of €1, inter-
secting Aq(T"), so that v,z limits to some 2’ € Aq(T") not intersecting F, and if K is
any compact subset of Aqg(I") — z, a subsequence of v, K converges uniformly to a

subset of Ey N Aq(T"). In particular, v, converges uniformly on compacts in
(A — {[z]s}
to the constant map [E} N Aq(D)]y.
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If [']y # [E+ N Aq(])]y, then we are done. However, it is also possible that z’
and F N Aq(T") both lie in the same full orbital limit set of some convex cocompact

subgroup H;.

In this case, we use the fact that [Aq(H;)|3 is a bounded parabolic fixed point
(Proposition 4.3.13) to find a sequence h,, € H; such that h, - [y,x]y lies in a fixed

compact set C' in
[Aa(D)]3 — {[Aa(H:)]x},
and consider the sequence of group elements h,,,.

Fix a compact subset [K]y of

[Aa(D)]a = [z},

where K is the (compact) preimage of [K|y in Aq(T") — {z}.

After taking a subsequence, 7,K must converge to a compact subset of
E.NAq(T), which does not intersect ’. In fact, part (3) of Proposition 3.4.13 implies
that v, K converges to a compact subset of Aq(I') — F’, where F' = Fq(z'). So there
is a fixed compact

K' C Aq(T) — F/

so that for sufficiently large n, v, K C K’'. Then Lemma 4.3.14 implies that
o[ K31 © [ K3
subconverges to [Aq(H;)]x. But on the other hand,
[ yn) - 0}y € C
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subconverges to some b # [Aq(H;)]#, so h,y, gives us the sequence of group elements

we need. O
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Chapter 5

EGF representations

Material from this chapter and the next previously appeared in the arXiv
preprint “An extended definition of Anosov representation for relatively hyperbolic

groups” [Wei22].

In this chapter, we introduce another generalization of Anosov dynamics for
non-hyperbolic groups: eztended geometrically finite (EGF) representations. EGF
representations generalize the topological dynamical behavior of Anosov representa-
tions, so their definition is based on the convergence dynamics definition of Anosov

representations (Proposition 2.4.3).

Definition 5.0.1. Let (I',H) be a relatively hyperbolic pair, with I" acting on a
connected compact metrizable space M by homeomorphisms. Let A C M be a closed

T-invariant set.

We say that an equivariant surjective map ¢ : A — (I, H) extends the
convergence dynamics of I' if for each z € O(I', H), there exists an open set C, C M

containing A — ¢~1(2), satisfying the following:

If 7, is a sequence in T with v! — 2z for 2z € 9(T', H), then for any compact
set K C C,_ and any open set U containing ¢~!(z, ), for sufficiently large n, v, - K

lies in U.
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EGF representations are defined with respect to a parabolic subgroup P of a
semisimple Lie group G. For convenience, when working with EGF representations,
we will always assume that P is a symmetric parabolic subgroup—i.e. P is conjugate

to a subgroup P~ which is opposite to P.

When P = P7* is symmetric, we can identify G/P* with G/P~, so that it

makes sense to say that two flags &;,& € G/ P are opposite.

Definition 5.0.2. Let P be symmetric, and let A, B be two subsets of G/P. We say

that A and B are opposite if every £ € A is opposite to every v € B.

Definition 5.0.3. Let (I',’H) be a relatively hyperbolic pair, and let A C G/P. We
say that a continuous surjective map ¢ : A — O(I', H) is antipodal if for every pair of

distinct points z1, 20 € (T, H), ¢~ '(21) is opposite to ¢~1(29).

The main definition of this chapter is:

Definition 1.5.6. Let (I', H) be a relatively hyperbolic pair, and let P be a symmetric
parabolic subgroup of a semisimple Lie group G. We say that a representation
p: T — G is extended geometrically finite with respect to P if there exists a closed
p(I')-invariant subset A C G/P and a continuous p-equivariant surjective antipodal

map ¢ : A — 9(T', H) which extends the convergence dynamics of T.

Remark 5.0.4. Unfortunately, the boundary set A C G/ P is not necessarily uniquely
determined by the representation p. In many contexts, we will be able to make a

natural choice, but we do not give a procedure for doing so in general.
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The main result of this chapter (Theorem 5.6.2) is that EGF representations
satisfy a relative stability property, similar to the stability property for Anosov

representations.

5.0.1 Outline of the chapter

In Section 5.1, we explain the precise relationship between EGF representations
and the relatively asymptotically embedded representations defined by Kapovich-Leeb
in [KL18]. In the same section, we also prove an Anosov relativization theorem, which

says (roughly) that “EGF relative to Anosov is Anosov.”

The results in Section 5.1 rely on some facts about EGF representations which
are only proved later in the chapter. In Section 5.2 and Section 5.3, we introduce the
main technical tools needed to prove these results: a relative quasigeodesic automaton
associated to the action of any non-elementary relatively hyperbolic group on its
Bowditch boundary. In Section 5.4, we relate relative quasigeodesic automata to
the action of a relatively hyperbolic group on a flag manifold. We use these tools to
develop an alternative characterization of EGF representations in Section 5.5, and

finally prove our main theorem in Section 5.6.

5.0.2 Proof strategy

The general approach to our proof of Theorem 5.6.2 is loosely inspired by
Sullivan’s proof of stability for convex cocompact groups in rank-one [Sul85]. Sullivan
shows that a discrete group I' C PO(d, 1) is convex cocompact if and only if the

action of I on its limit set A in OH satisfies an expansion property. Then, he uses
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this expansion property to give a symbolic coding for infinite quasigeodesic rays in I'.
This coding gives a way to see that the correspondence between geodesic rays in I'
and points in A is stable under small perturbations of the representation. Notably, in
[KKL19], Kapovich-Kim-Lee follow Sullivan’s basic procedure to provide a detailed
proof of his result in a much more general setting, in particular showing stability
properties of uniform lattices in higher-rank Lie groups. The ideas in that paper

guide some of our approach below.

In [BPS19], Bochi-Potrie-Sambarino use a related technique to prove that
Py-Anosov representations of hyperbolic groups into PGL(d 4+ 1,R) are stable. They
consider the geodesic automaton for a hyperbolic group I'. This is a finite directed
graph G whose edges are labelled with generators of I'. Bochi-Potrie-Sambarino show
that a representation p : I' = PGL(d + 1,R) is P;-Anosov if and only if there is a
way to assign an open subset U, of RP? to each vertex v of G so that each edge (a, b)

of G corresponds to an inclusion

p(Yap) - Uy C Ul (5.1)
This shows that it is possible to verify if a small deformation of an Anosov represen-
tation is Anosov by checking a finite set of open conditions.

In a sense, this approach can be thought of as a kind of generalized ping-pong
argument for non-free groups. Indeed, when I' is actually a free group, the inclusions

in (5.1) are exactly the inclusions of sets needed to set up ping-pong.

We take a somewhat similar approach to prove our relative stability theorem.

Given an extended geometrically finite representation p, we construct a relative
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quasigeodesic automaton G, and open subsets U, C G/P for each vertex v of G,
satisfying certain inclusions corresponding to the edges of G. We show that if such a
system of open subsets also exists for a nearby representation p’, then p’ must also

be extended geometrically finite.

It is helpful to keep an important special case in mind. If A, B are finitely
generated groups, then A x B is hyperbolic relative to the collection of conjugates of
A and B. In this case, the inclusions of sets determined by a relative quasigeodesic
automaton are nothing more than the inclusions of sets required to set up a ping-pong

argument proving that a representation of A x B is discrete and faithful.

For a general relatively hyperbolic group I', we essentially use the convergence
dynamics of T" to encode points in J(I', H) using infinite paths in the graph G. This is
closely related to the idea of describing the geodesic flow of the group with symbolic

dynamics; see for instance [Ser81].

Our approach only yields a relative stability result because, unlike in the
non-relative case, some of the edges of the relative automaton G correspond to an
infinite number of inclusions of open sets. The proof shows that if p is EGF, any
deformation p” which respects the conditions imposed by these “parabolic edges” must

also be EGF.

5.1 Basic properties

In this section we cover some basic properties of EGF representations. We then

show that they generalize a notion of relative Anosov representation due to Kapovich-
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Leeb (Theorem 5.1.7), and prove an Anosov relativization theorem (Theorem 5.1.10).

5.1.1 Discreteness and finite kernel

We first observe that EGF representations are always discrete with finite kernel.
When p : I' = G is an EGF representation, the action of p(I') on the boundary
set A is by definition an extension of the topological dynamical system (T, 0(T', H)).
Convergence dynamics imply that the homomorphism I' — Homeo(9(I", #)) has finite
kernel and discrete image. So the map I' — Homeo(A) must also have discrete image

and finite kernel, and therefore so does the representation p: I' — G.

5.1.2 Shrinking the sets C,

Let p: I' = G be an EGF representation with boundary map ¢ : A — 0(I', H).
By assumption, we know there exists an open subset C, C G/P for each z € O(I', H),
satisfying the extended convergence dynamics conditions (Definition 5.0.1). In general,
there is not a canonical choice for the set C,. We are able to make some assumptions

about the properties of the C,, however.

Proposition 5.1.1. Let p: I' = G be an EGF representation with boundary extension

¢. For any z € O(I',H), we can choose the set C, to be a subset of
Opp(¢~1(2)) := {&€ € G/P : € is opposite to v for every v € ¢~ *(2)}.

Proof. Since ¢~1(z) is closed, Opp(¢~'(2)) is an open subset of G/P. And, transver-
sality of ¢ implies that Opp(¢~'(2)) contains A — ¢~'(z). So the intersection

C. N Opp(¢~1(2)) is open and nonempty, meaning we can replace C, with this
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Iintersection. ]

5.1.3 An equivalent characterization of EGF representations

Let p: I' — G be a representation of a relatively hyperbolic group. It turns
out than in order to check that p is an EGF representation, it suffices to look at the
dynamics of the p(I')-action along conical limit sequences and sequences lying entirely

in peripheral subgroups of I'.

Proposition 5.1.2. Let p: I' — G be a representation of a relatively hyperbolic group,
and let A C G/ P be a closed p(T")-invariant set, where P C G is a symmetric parabolic

subgroup. Suppose that ¢ : A — O(I',’H) is a surjective p-equivariant antipodal map.

Then p is an EGF representation if and only if for each z € O(I',’H), there
exists C, C G/P, with C, C Opp(¢~1(2)) and A — ¢~ (z) C C,, such that:

1. For any sequence v, € T limiting conically to z (with v,;' — z_), any compact
K c C._, and any neighborhood U containing ¢~'(z), we have p(y,) - K C U

for all sufficiently large n.

2. For any parabolic point p, any compact K C C,, and any open set U containing

¢ 1(p), for all but finitely many v € T, we have p(y) - K C U.

In practice, Proposition 5.1.2 gives a criterion for extended geometrical finite-
ness which is much easier to check than the full definition, so we will use it throughout
this chapter and the next. However, the proof requires the technical machinery of

relative quasigeodesic automata, so we defer it to Section 5.5.
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5.1.4 Properties of A

Proposition 5.1.3. Let (I',’H) be a relatively hyperbolic pair, and let p: T' — G be a
representation which is EGF with respect to a symmetric parabolic P, with boundary

extension ¢ : A — O(I',H). Then A contains the P-limit set of p(T').

Proof. Let £ € G/P be aflag in the P-limit set of p(T"). Then there is a P-contracting
sequence p(v,) for 7, € I' and a flag £ € G/ P such that p(v,)n converges to £ for
any 1 in Opp(£_). Up to subsequence v:-! converges to 2z € O(I',H), so for any flag
n € C,_, the sequence p(7,)n subconverges to a point in ¢~!(z,). But since Opp(£_)

is open and dense, for some n € C,_ we have p(7,)n — € and hence € € ¢~ (z,). O

In particular, Proposition 5.1.3 implies that the EGF boundary set A C G/P
of an EGF representation p : I' — G must always contain the P-prozimal limit set
of p(I"). (Recall that g € G is P-prozimal if it has a unique attracting fixed point
in G/P; the P-prozimal limit set of a subgroup of G is the closure of the set of

attracting fixed points of P-proximal elements).

We will see that most of the power of EGF representations lies in the fact
that their associated boundary extensions ¢ : A — 9(I',’H) do not have to be
homeomorphisms (so the Bowditch boundary of I" does not need to be equivariantly
embedded in any flag manifold). However, it turns out that it is always possible to
choose the boundary extension ¢ so that it has a well-defined inverse on conical limit
points in O(I', H). In fact, we can even get a somewhat precise description of all the

fibers of ¢. Concretely, we have the following:
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Proposition 5.1.4. Let p : I' — G be an EGF representation, with boundary
extension ¢ : A — O(I',H). There is a p(I')-invariant closed subset N' C G/P and a

p-equivariant map ¢' : ' — O(T', H) such that:

1. ¢ : N — O(',H) is also a boundary extension for p,
2. for every z € Oeon(T, H), ¢'~1(2) is a singleton, and

3. for every p € Opar(T,H), ¢/~1(p) is the closure of the set of all accumulation

points of orbits y, - x for 7, a sequence of distinct elements in I') and x € C,,.

We will prove Proposition 5.1.4 at the end of Section 5.6, where it will follow
as a consequence of the proof of the relative stability theorem for EGF representations

(Theorem 5.6.2)—see Remark 5.6.20.

We will rely on both Proposition 5.1.2 and Proposition 5.1.4 to prove the rest

of the results in this section (which are not needed anywhere else in this chapter).

5.1.5 Relatively asymptotically embedded representations

EGF representations give a strict generalization of the relatively asymptotically

embedded representations of Kapovich and Leeb. We recall the definition here.

Definition 5.1.5 ([KL18], Definition 7.1). Let I" be a subgroup of G and suppose

(I',H) is a relatively hyperbolic pair. Let P, C G be a symmetric parabolic

Tmod

subgroup.

The subgroup I' is relatively Tmoq-asymptotically embedded if it is Py

mod

divergent, and there is a I-equivariant antipodal embedding O(I',’H) — A,__, C G/P,
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where A,

mod

is the P, _ -limit set of I'.

Here, we say an embedding ¢ : 9(I', H) — G/ P is antipodal if for every distinct
€1,6 in (T, H), ¥(&) and (&) are opposite flags.

Remark 5.1.6. When IT" is a hyperbolic group (and the collection of peripheral
subgroups H is empty), then the Bowditch boundary J(I", H) is identified with the
Gromov boundary OI'. In this case, a relatively asymptotically embedded representa-
tion is just called an asymptotically embedded representation. T0q-asymptotically
embedded representations are exactly the same as P, -Anosov representations (see

[KLP17], Theorem 1.1).

In general, it is possible to define P-Anosov representations for a non-symmetric
parabolic subgroup P. However, there is no loss of generality in assuming that P is
symmetric: a representation p : I' — G is P-Anosov if and only if it is P’-Anosov for

a symmetric parabolic subgroup P’ C G depending only on P.

The relationship between EGF representations and asymptotically embedded

representations is given by the following

Theorem 5.1.7. Let (I',H) be a relatively hyperbolic pair. A representation p: ' —

G s relatively Tyoq-asymptotically embedded if and only if p 1s EGF with respect to
P

Tmod

and has a boundary extension ¢ : A — O(I',’H) which is a homeomorphism.

To prove this theorem, the main thing we need to show is:

Proposition 5.1.8. Let p: I' = G be an EGF representation with respect to Py

od’

and suppose that the boundary extension ¢ : A — O(I', H) is a homeomorphism. Then:
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1. p(I') is Py, -divergent, and A is the Py, -limit set of p(I).

2. The sets C, for z € O(I',H) can be taken to be
Opp(¢~1(2)) = {v € G/P : v is opposite to ¢ *(2)}.

Proof. (1). Let =, be any infinite sequence of elements in I'. After extracting a
subsequence, we have 7! — 24, and since ¢ is a homeomorphism, p(v,) converges to
the point ¢ (2, ) uniformly on compacts in the open set C,_. Then Proposition 2.3.7
-limit point ¢~1(2,) € A.

-divergent, with unique P,

mod

implies that p(v,) is P,

Tmod

(2). The fact that ¢ is antipodal is exactly the statement that the sets
Opp(¢~1(z)) contain A — ¢~!(z) for every z € O(T', H), so we just need to see that
the appropriate dynamics hold for these sets. Let 7, be an infinite sequence in I with

VEL — 2y for 2o € O(T, H).

We know that for open subsets Uy C G/P, we have p(v,) - Uy — ¢ '(24)
and p(y, 1 )U_ — ¢ '(2_), uniformly on compacts. Proposition 2.3.7 implies that
p(vn) and p(, 1) are both P-divergent with unique P-limit points ¢~1(2,), ¢~ (z_).
So in fact by Lemma 2.3.8 p(7,) converges to ¢'(z,) uniformly on compacts in

Opp(¢~"(2-)). [

Proof of Theorem 5.1.7. Proposition 5.1.8 ensures that if p is an EGF representation,

and the boundary extension ¢ is a homeomorphism, then p is P, -divergent and

mod

¢~! is an antipodal embedding whose image is the P, -limit set.
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On the other hand, if p is relatively m,.q-asymptotically embedded, with
boundary embedding ¢ : 9(I', H) — A, for each z € (', H), we can take

C. = Opp(¥(2)).

Antipodality means that C, contains A —(z), and P,

mod

-divergence and Lemma 2.3.8

imply that p(I") has the approriate convergence dynamics. ]

When T is a hyperbolic group (i.e. if I is relatively hyperbolic relative to
an empty collection of peripheral subgroups), then the Bowditch boundary of T" is
identified with its Gromov boundary, and relative Tyoq-asymptotic embeddedness
is the same as the notion of 7.q-asymptotic embeddedness defined in [KLP17].
A representation p : I' — G is Tyeq-asymptotically embedded if and only if it is
P

Tmod

-Anosov (see [KLP17], Theorem 1.1).
In particular, Theorem 5.1.7 implies:

Corollary 5.1.9. Let p : I' — G be a representation of a hyperbolic group. Then,
when T is equipped with the trivial peripheral structure H =0, p is EGF with respect

to P if and only if p is P-Anosov.

5.1.6 Relativization

We now turn to the situation where we have an EGF representation of a
hyperbolic group I' with a nonempty collection of peripheral subgroups. That is, for
some invariant set A C G/P, we have an EGF boundary extension ¢ : A — 0(I', H),

where O(I', H) is the Bowditch boundary of I' with peripheral structure H.

We want to prove the following theorem:
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Theorem 5.1.10. Let I' be a hyperbolic relative to a collection of subgroups H, and

suppose that each H € H 1is hyperbolic.

If p: T' = G is an EGF representation with respect to P for the peripheral
structure H, and p restricts to a P-Anosov representation on each H € ‘H, then p is

a P-Anosov representation of T'.

For the rest of this section, we assume that I' is a hyperbolic group, and H is
a collection of subgroups of I' so that the pair (I', H) is relatively hyperbolic. We let
p:I' = G be an EGF representation for the pair (I',’H) with respect to a symmetric
parabolic subgroup P C G, and we assume that for each H € H, p|y : H — G is

P-Anosov, with Anosov limit map ¢y : 0H — G/P.

The main step in the proof is to observe that it is always possible to choose
the boundary extension ¢ : A — 9(I', H) so that A is equivariantly homeomorphic to

the Gromov boundary of I' (which we here denote OI').

Whenever I is a hyperbolic group and H is a collection of subgroups so that
(', H) is a relatively hyperbolic pair, there is an explicit description of the Bowditch
boundary O(I', H) in terms of the Gromov boundary OI" of I'—see [Ger12], [GP13],

or [Tral3]. Specifically, we can say:

Proposition 5.1.11. There is an equivariant surjective map ¢r : OU — O(T', H) such
that for each conical limit point z in (T, H), ¢r'(2) is a singleton, and for each
parabolic point p € O(T, H) with H = Stabr(p), ¢p'(p) is an embedded copy of OH in
or.
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In our situation, we can see that the boundary extension ¢ : A — J(I", H)

satisfies similar properties.

Lemma 5.1.12. There is a closed p(T')-invariant subset N’ C G/P and an EGF
boundary extension ¢' : N — O(I',’H) such that:

1. For each comical limit point = € (T, H), ¢'~1(2) is a singleton.

2. For each parabolic point p € (T, H), with H = Stabr(p), we have ¢'~*(p) =
Yy (OH).

Proof. We choose A’ as in Proposition 5.1.4. The only thing we need to check is that for
H = Stabr(p), the set 1y (0H) is exactly the closure of the set of accumulation points
of p(H)-orbits in C,. But since we may assume C,, is contained in Opp(¢y(0H)),
this follows immediately from the fact that p(H) is P-divergent and the closed set

Yy (0OH) is the P-limit set of p(H).

[

Next we need a lemma which will allow us to characterize the Gromov boundary
of I" as an extension of the Bowditch boundary O(I', ). First recall that if I" acts as
a convergence group on a space Z, the limit set of I' is the set of points z € Z such

that for some y € Z and some sequence v, € I', we have

%|Z—{y} — Z

uniformly on compacts.
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Lemma 5.1.13. Let I' act on compact metrizable spaces X and Y, and let px : X —
I, H), ¢y : Y — O(L,H) be equivariant surjective maps such that for every conical
limit point z € (T, H), ¢5'(2) and ¢y (2) are both singletons, and for every parabolic
point p € O(I',’H), H = Stabr(p) acts as a convergence group on X and Y, with limit

sets 9% (p), ¢y (p) equivariantly homeomorphic to OH.

Then for any sequences zy, zl, € Ocon(I', H), we have

: —1 1 —1/
Tim ¢ (2,) = lim é(2,)

if and only if

: -1 1 -1/
lim ¢y (z) = lim ¢y (2,).

Proof. We proceed by contradiction, and suppose that for a pair of sequences z,, 2/, €
Ocon(I", H), we have

. -1 T —1 0N
Jim ¢ (2,) = lim dy (2,) = =,

but

Tim ¢! (z) # lim ¢y (z7).

After taking a subsequence we may assume z, converges to z € J(I', H), and that
Yn = ¢y (2,) converges to y and ¢/, = ¢y (z]) converges to ' for y # y'. By
continuity, we have

oy (y) = oy (y) = ox(x) = 2.

Since ¢x and ¢y are bijective on ¢3! (eon (T, H)) and ¢y (eon (T, H)) respec-

tively, we must have z = p for a parabolic point p € Opar(I', H). Let H = Stabr(p).
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Since p is a bounded parabolic point, we can find sequences of group elements

hn, h!, € H so that for a fixed compact subset K C 9(T',H) — {p}, we have
hnzn € K, hl,z, € K. (5.2)

This implies that no subsequence of h,y, or h!y! converges to a point in ¢{,1 (p).

Then, since H acts as a convergence group on Y with limit set gb;l(p), up to
subsequence there are points u,u’ € ¢3! (p) so that h, converges to a point in ¢y (p)
uniformly on compacts in Y — {u}, and A/, converges to a point in ¢;'(p) uniformly

on compacts in Y — {u’}. So, we must have u =y and v’ = y/'.

This means that the sequences h ! and /! have distinct limits in the com-
pactification H = H U OH. So, there are distinct points v,v" € ¢'(p) so that (again
up to subsequence) h, converges to a point in gzﬁ)}l (p) uniformly on compacts in
X — {v}, and h/, converges to a point in ¢, (p) uniformly on compacts in X — {v'}.

Without loss of generality, we can assume x # v.

But then ¢3'(z,) lies in a compact subset of X — {v}, so h,¢%'(2,) converges

to a point in ¢'(p) and h,z, converges to p. But this contradicts (5.2) above. [

Proposition 5.1.14. If the set A satisfies the conclusions of Lemma 5.1.12, then A

s equivariantly homeomorphic to the Gromov boundary of I'.

Proof. Let ¢r : OI' — O(I', H) denote the quotient map identifying the limit set of
each H € H to the parabolic point p with H = Stabr(p). For each conical limit point

z € O(T,H), the fiber ¢r.'(2) is a singleton. So, there is an equivariant bijection f
from ¢ (Oeon(I', 1)) t0 ¢~ (Oeon (I, H)).-
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Moreover, since ¢p'(Oeon (L', H)) is T-invariant, and the action of T' on its
Gromov boundary I is minimal, ¢ (9eon(I', H)) is dense in OT. We claim that f
extends to a continuous injective map 0I' — A by defining f(z) = lim f(x,) for any

sequence T, — .

To see this, we can apply Lemma 5.1.13, taking 0I' = X and A =Y. We
know that I" always acts on its own Gromov boundary as a convergence group (so in
particular each H € H acts on OI" as a convergence group with limit set 0H). And,
since p restricts to a P-Anosov representation on each H € H, for any infinite sequence
h, € H, up to subsequence there are u,u_ € ¥y(0H) so that p(h,) converges to u
uniformly on compacts in Opp(u_). Antipodality of ¢ implies that p(h,,) converges
to u uniformly on compacts in A — ¢y (0H). The other hypotheses of Lemma 5.1.13

follow from Proposition 5.1.11 and Lemma 5.1.12.

We still need to check that f is actually surjective. We know that f restricts to
a bijection on ¢r!(Oeon(T', H)), and that f takes ¢r'(p) to ¢~1(p) for each parabolic
point p in (T, H). So we just need to check that for every H € H, f restricts to a
surjective map 0H — 1y (0H). If H is non-elementary, this must be the case because
the action of H on 0H is minimal and f maps OH into ¥y (0H) as an invariant closed
subset. Otherwise, H is virtually cyclic and 0H, ¥y (0H) both contain exactly two

points. Then injectivity of f implies surjectivity.

So we conclude that there is a continuous bijection f : OI' — A, and since OI'

is compact and A is metrizable, f is a homeomorphism. O

We let f : A — OI' denote the equivariant homeomorphism from Proposi-
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tion 5.1.14. The final step in the proof of Theorem 5.1.10 is the following:

Proposition 5.1.15. The equivariant homeomorphism f : A — OI' extends the

convergence dynamics of I' on its Gromov boundary OI .

Proof. By Proposition 5.1.2, we just need to show that if v, € I' is a conical limit
sequence with v — 2, for zo € 9T, then p(v,) converges to ¢~ !(z,) uniformly on

compacts in Opp(¢p~t(z_)).

We consider two cases:

Case 1: ¢ o f(zy) is a parabolic point p in O(I',H). In this case, v, lies along a
quasigeodesic ray in I' limiting to some z, € 0H. This means that for a bounded
sequence b, € I', we have v,b, € H. Since p restricts to a P-Anosov representation
on H, this means that p(v,b,) is P-divergent with unique P-limit point ¢y (z,). But

then p(v,) is also P-divergent with unique P-limit point ¢y (zy).

Since p is a parabolic point (in particular, not a conical limit point), and 7,
limits to p, the sequence 7, ' must also limit to p. So we apply the same reasoning to
see that p(7, 1) is also P-divergent with unique P-limit point ¢ g (z_). Then we are

done by Lemma 2.3.8.

Case 2: ¢ o f(zy) is a conical limit point in O(I';,H). In this case, subsequences

I are conical limit sequences for the action of T on 9(T',H). So,

of both v, and ~,;
¢o f(z_) is also a conical limit point in O(I", H). So the desired result follows directly

from the fact that p is an EGF representation.
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Proof of Theorem 5.1.10. Let T" be hyperbolic, let H be a collection of subgroups
such that (I',H) is a relatively hyperbolic pair, and let p : ' — G be an EGF

representation with respect to P, for the peripheral structure .

Suppose that p restricts to a P-Anosov representation on each H € H. Propo-
sition 5.1.15 implies that p is also an EGF representation of I for its empty peripheral
structure, whose boundary extension can be chosen to be a homeomorphism. Then
Theorem 5.1.7 says that p is relatively asymptotically embedded (again for the empty

peripheral structure on I'). Then we apply Corollary 5.1.9 to complete the proof. [J

5.2 Relative quasigeodesic automata

In the next three sections, we develop the technical tools needed to prove
the main results of the chapter: namely, a relative quasigeodesic automaton for a
relatively hyperbolic group I' acting on a flag manifold G/P, and a system of open
sets in G/ P which is in some sense compatible with both the relative quasigeodesic

automaton and the action of I' on G/P.

The basic idea is motivated by the computational theory of hyperbolic groups.
Given a hyperbolic group I with finite generating set S, it is always possible to find
a finite directed graph G, with edges labeled by elements of S, so that directed paths
on G starting at a fixed vertex viq € G are in one-to-one correspondence with geodesic

words in I'. The graph G is called a geodesic automaton for T

Geodesic automata are really a manifestation of the local-to-global principle

for geodesics in hyperbolic metric spaces: the fact that the automaton exists means
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that it is possible to recognize a geodesic path in a hyperbolic group just by looking

at bounded-length subpaths.

In this section, we consider a relative version of a geodesic automaton. This is
a finite directed graph G which encodes the behavior of quasigeodesics in the coned-off
Cayley graph of a relatively hyperbolic group I'. Eventually, our goal is to build such
an automaton by looking at the dynamics of the action of I' on its Bowditch boundary
O(T,H). The main result of this section is Proposition 5.2.13, which says that we
can construct such a relative quasigeodesic automaton for a relatively hyperbolic
pair (I', H) using an open covering of the Bowditch boundary O(I", ) which satisfies

certain technical conditions.

In this section and the next, we will work in the general context of a relatively
hyperbolic group I' acting by homeomorphisms on a connected compact metrizable
space M, before returning to the case where M is a flag manifold G /P for the rest of

the chapter.

Throughout the rest of this section, we fix a non-elementary relatively hyper-
bolic pair (I', H), and let II C Opar(I', H) be a finite set, containing exactly one point
from each I'-orbit in O,. (I, H). We also fix a finite generating set S for I', which
allows us to refer to the coned-off Cayley graph Cay(T', S, P) (Definition 2.2.17).

Definition 5.2.1. A I'-graph is a finite directed graph G where each vertex v is

labelled with a subset T, C I', which is either:
e A singleton {7}, with v # id, or

e A cofinite subset of a coset gI', for some p € II, g € T".
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A sequence {a,,} C I'is a G-path if o, € T,,, for a vertex path {v,} in G.

Remark 5.2.2. We will often refer to “the” vertex path {v,} corresponding to a
G-path {«, }, although we will never actually verify that such a vertex path is uniquely

determined by the sequence of group elements {c,} in T

A vertex of a I'-graph which is labeled by a cofinite subset of a (necessarily
unique) coset ¢gI', is a parabolic vertex. If v is a parabolic vertex, we let p, = ¢ -p

denote the corresponding parabolic point in Op,, (I, H).

Remark 5.2.3. It will be convenient to allow parabolic vertices to be labeled by
cofinite subsets of peripheral cosets (instead of just the entire coset) when we construct

[-graphs using the convergence dynamics of the I'-action on 9(T', H).
Definition 5.2.4. Let z € (I, H). We say that a G-path {«,} limits to z if either:
o 2 € Ocon(I',H), {a,} is infinite, and the sequence
{m =0}l
limits to z in the compactification T' = T' U d(T", H), or

o 2 € Opar(I',H), {a,} is a finite G-path whose corresponding vertex path {v,}

ends at a parabolic vertex vy, and
Z=01 N1 Pyy -
Definition 5.2.5. Let G be a '-graph. The endpoint of a finite G-path {a, })_; is
Q- ay.
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Definition 5.2.6. A I'-graph G is a relative quasigeodesic automaton if:

1. There is a constant D > 0 so that for any infinite G-path «,,, the sequence
{Ywn=a1---a,} CT

lies Hausdorff distance at most D from a geodesic ray in Cay(I', S, P), based at

the identity.

2. For every z € 9(T', H), there exists a G-path limiting to z.

One way to think of a relative quasigeodesic automaton is that it gives us a
system for finding quasigeodesic representatives of every element in the group. More

concretely, we have the following:

Lemma 5.2.7. Let G be a relative quasigeodesic automaton. There is a constant

R > 0 so that set of endpoints of G-paths is R-dense in I.

Proof. 1f T is hyperbolic and H is empty, then this is a consequence of the Morse
lemma and the fact that the union of the images of all infinite geodesic rays based at

the identity in I" is coarsely dense in I" (see [Bog97]).

If ‘H is nonempty, there is some R > 0 so that the union of all of the cosets
g -1, for p € I is R-dense in I'. So it suffices to show that for each p € II, there
is some R > 0 so that all but R elements in any coset g - I', are the endpoints of a

G-path.

163



For any such coset g - I', we can find a finite G-path {a, }2—' limiting to the

vertex ¢ - p. That is,
g-p=01 - ON_1Dyy-

By definition p,, = ¢’ - p with T, a cofinite subset of the coset ¢'I', That is,
g-I'y=ag--- OCNflglrzw

so for all but finitely many v € g - I', (depending only on the size of the complement

of T, in ¢ - T'y), we can find ay € ¢'T'y, with
al...aN :’y
UJ

Remark 5.2.8. In general, we do not require the set of elements in I' labelling the
vertices of a relative quasigeodesic automaton G to generate the group I' (although

the proposition above implies that they at least generate a finite-index subgroup).

5.2.1 Compatible systems of open sets

A relative quasigeodesic automaton always exists for any relatively hyperbolic
group (although we will not prove this fact in full generality). We will give a way to
construct a relative quasigeodesic automaton using the convergence group dynamics

of a group acting on its Bowditch boundary.

Definition 5.2.9. Suppose that I' acts on a metrizable space M by homeomorphisms,

and let G be a I'-graph. A G-compatible system of open sets for the action of I' on M
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is an assignment of an open subset U, C M to each vertex v of G such that for each

edge e = (v,w) in G, for some € > 0, we have
a- Ny (Uy,e) C U, (5.3)
for all o € T,.

Remark 5.2.10. If G has no parabolic vertices (so each set T, contains a single
group element a,, € T'), then (5.3) is equivalent to requiring a, - U,, C U, for every
edge (v,w) in G. When G has parabolic vertices (so T, may be infinite), (5.3) is in

general a stronger condition.

Proposition 5.2.11. Let G be a I'-graph, and let {U, : v vertex of G} be a G-
compatible system of subsets of O(I',H) for the action of T' on O(I', H).

There is a constant D > 0 satisfying the following: let {a,} be an infinite G-
path, corresponding to a vertex path {v,}, and suppose the sequence {~v, = ay - a,}

is divergent in I'. Then for any point z in the intersection
Uoo - ﬂ Q- anUvn+1u
n=1

the sequence 7, lies within Hausdorff distance D of a geodesic ray in Cay (L', S, P)

tending towards z.

Proof. Fix a point z € Uy, and write z = z, and U,, = U,, . We first claim that there

is a uniform ¢ > 0 and a point z_ € 9(I", H) such that

d(y, 2, vt e) > € (5.4)

n
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for all n > 0.

To prove the claim, choose a uniform € > 0 so that for every vertex v in G, we
have N(U,,¢) # O(I', H), and for every edge (v,w) in G and every o € T,, we have

a - N(Uy,e) C U,. Then we choose some z_ € O(I', H) — N(Uy,¢).

By the G-compatibility condition, we know that for any n, v,U,.1 C ... C

v Uy C Uy, so we know that d(z,,z_) > e.

Then, for any n > 1, we have
Vo 2y € Ungr.
Moreover since v, N(U,11,¢) C Uy, we also have
vtz € O(D,H) — N(Upyt, ).

So for all n we have d(v,'zy,7,'2_) > €, which establishes that (5.4) holds for all n.

Now, consider a bi-infinite geodesic ¢ in a Gromov model Y for I' joining
z; and z_. The sequence of geodesics v, ! - ¢ has endpoints in Y = 9(T', H) lying
distance at least £ apart, so each geodesic in the sequence passes within a uniformly
bounded neighborhood of a fixed basepoint yy € Y. Therefore v, -1, lies in a uniformly

bounded neighbood of the geodesic c.

Since 7, is divergent, v,y can only accumulate at either z, or z_. But in fact
Ynyo can only accumulate at z,—for in the construction of ¢ above, we could have

chosen any z_ in the nonempty open set (I',H) — N(Uy,¢), and since O(I', H) is

perfect there is at least one such 2’ # z_.
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This implies that ~, is a conical limit sequence in I'; limiting to z,. Since
the distance between =, and 7,1 is bounded in Cay(I", S, P), the desired conclusion
follows. O

Definition 5.2.12. Let G be a I'-graph. An infinite G-path {«,} is divergent if the

sequence {7, = aj -+ - a,} leaves every bounded subset of T".

We say that a I'-graph G is divergent if every infinite G-path is divergent.

Whenever {U,} is a G-compatible system of open sets for a I'-graph G, one

can think of a G-path {a,} as giving a symbolic coding of a point in the intersection
[0S anUn+l~

The following proposition gives a way to construct such a coding for a given point
z € O(T',’H), given an appropriate pair of open coverings of the Bowditch boundary
J(I';’H) compatible with a I'-graph G.

Proposition 5.2.13. Let G be a divergent I'-graph. Suppose that for each vertex
a € G, there exist open subsets V,, W, of O(I',’H) such that the following conditions
hold:

1. The sets {W,} give a G-compatible system of sets for the action of T' on O(I', H).
2. For all vertices a, we have V, C W, and W, # (T, H).
3. The sets V,, give an open covering of (I, H).

4. For every z € O(I',H) and every non-parabolic vertex a such that z € V,, there

is an edge (a,b) in G such that a;' -z € Vy for {a,} = T,.
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5. For every z € O(I',H) and every parabolic vertex a such that z € V, — {p,},

there is an edge (a,b) in G and o € T, such that a™ - 2 € Vj,.

Then G is a relative quasigeodesic automaton for I.

W, W

An+1
Oy,
Qp Qp41
® > ®

Figure 5.1: Illustration for the proof of Proposition 5.2.13. The group element «,,
nests an e-neighborhood of W, ., inside of W,, whenever o, - V,, ., intersects V.

n+1

W() I/Vl W2
= oy (&%)

0

V S V S
o
aj
a2

Qo

Figure 5.2: By iterating the nesting procedure backwards, we produce an infinite
G-path and a sequence of subsets intersecting in the initial point z = zj.

Proof. Proposition 5.2.11 implies that any infinite G-path lies finite Hausdorff distance
from a geodesic ray in Cay(I', S, P). So, we just need to show that every z € O(I', H)

is the limit of a G-path.
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The idea behind the proof is to use the fact that the sets V,, cover 9(I', H) to
show that we can keep “expanding” a neighborhood of z in 9(I", H) to construct a
path in G limiting to z. The {V,} covering tells us how to find the next edge in the
path, and the {W,} cover gives us the G-compatible system we need to show that

the path is a geodesic.

We let A denote the vertex set of G. When a € A is not a parabolic vertex,

we write T, = {7, }.

Case 1: z is a conical limit point. Fix a € A so that z € V,. We take zg = 2, a9 = a,

and define sequences {2,}°° 4 C eonl’, {an}22, C A, and {, }22, C T as follows:

e If a,, is not a parabolic vertex, then we choose o, 11 = 7,,. Let 2,41 = 047:41-1 “ Zn.
Since conical limit points are invariant under the action of I', 2,1 is a conical
with

limit point. By condition 4, there is a vertex a,; satisfying z,.1 € V,, .,

(an,any1) an edge in G.

e If a, is a parabolic vertex, then since z, is a conical limit point, z, # p for
P = Pg,- Then condition 5 implies that there exists some ;11 € T}, so that
a;}rl - 2p € Vg, for an edge (an, an41) in G. Again, 2,41 = a;}rl -z, must be a

conical limit point since O.o,I" is I'-invariant.
The sequence {«, } necessarily gives a G-path. By assumption the sequence

f)/nzal"'an

is divergent. And by construction z = ~,z, lies in ~,W,,_ for all n. So, Proposi-

tion 5.2.11 implies that v, is a conical limit sequence, limiting to z. See Figure 5.2.
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Case 2: z is a parabolic point. As before fix a € A so that z € V,, and take zy = z,
ao = a. We inductively define sequences z,, a,, «, as before, but we claim that for
some finite N, ay is a parabolic vertex with 2y = p,,. For if not, we can build an
infinite G-path (as in the previous case) limiting to z. But then, Proposition 5.2.11

would imply that z is actually a conical limit point. So, we must have

Z=79YNaN = 071 QNaAN

as required.

]

Remark 5.2.14. In a typical application of Proposition 5.2.13, it will not be possible
to construct the open coverings {V,} and {W,} so that V, = W, for all vertices a. In

particular we expect this to be impossible whenever O(T', H) is connected.

To conclude this section, we make one more observation about systems of

G-compatible sets as in Proposition 5.2.13.

Lemma 5.2.15. Let I' be a relatively hyperbolic group, let G be a I'-graph, and let
{Vo}, {W,} be an assignment of open subsets of O(T', H) to vertices of G satisfying

the hypotheses of Proposition 5.2.13.

Fix z € Oconl’ and N € N. There exists 6 > 0 so that if d(z,2') < §, then there

are G-paths {a, },{Bn} limiting to z, 2" respectively, with o; = B; for all i < N.

Proof. Let {a,} be a G-path limiting to z coming from the construction in Propo-

sition 5.2.13, passing through vertices v,. We choose § > 0 small enough so that if
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d(z,2") < 9, then 2’ lies in the set

Un+1-°

Then for every ¢ < N, we have

-1 -1 -1/
Oéz Oéi_l"’Oél z E ‘/:Ui-‘rl'

As in Proposition 5.2.13, we can then extend {a,})~' to a G-path limiting to z’. [

5.3 Extended convergence dynamics

Let I" be a relatively hyperbolic group acting on a connected compact metrizable
space M. In this section, we will show that if the action of I' on M extends the
convergence dynamics of I' (Definition 5.0.1), then we can construct a relative
quasigeodesic automaton G and a G-compatible system of open subsets of M which

are in some sense reasonably well-behaved with respect to the group action.

To give the precise statement, we let A C M be a closed I'-invariant subset,
and let ¢ : A — O(I", H) be an equivariant, surjective, and continuous map satisfying
the following: for each z € 9(T', H), there is an open set C, C M containing A —¢~!(2)

such that:

1. For any sequence v, € I' limiting conically to z, with 7,1 — z_, any open set
U containing ¢~'(z), and any compact K C C,_, we have v, - K C U for all

sufficiently large n.

2. For any parabolic point p, any compact K C (), and any open set U containing

¢»~'(p), for all but finitely many v € T',, we have v- K C U.
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Note that in particular, any map extending convergence dynamics satisfies
these conditions. For the rest of this section, however, we only assume that (1) and

(2) both hold for our map ¢. In this context, we will show:

Proposition 5.3.1. For any € > 0, there is a relative quasigeodesic automaton G
for ', a G-compatible system of open sets {U,} for the action of I' on M, and a
G-compatible system of open sets {W,} for the action of T" on O(I', H) such that:

1. For every vertex v, there is some z € W, so that

¢ (W,) C U, C Np(o7(2),€).

2. For every p € 11, there is a parabolic vertex a with p, = p. Moreover, for every
parabolic vertex w with p, = g - p, (a,b) is an edge of G if and only if (w,b) is
an edge of G.

3. If q=g-p for p €11, a is a parabolic vertex with p, = q, and (a,b) is an edge
of G, then ¢ € W,, U, C C, and gI', - Wy, contains (', H) — {q}.

Remark 5.3.2. By equivariance of ¢, for each p € 0,,,I', we can replace C,, with

I, - C, and assume that C), is I'p-invariant (and that if ¢ = ¢ - p, then C, = g - C,).

The proof of Proposition 5.3.1 involves some technicalities, so we first outline

the general approach:

1. For each z € 9(I', H), we construct a pair V,, W, of small open neighborhoods

of z and a subset T, C I so that for each a € T, a~! is “expanding” about
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some point in V,. When z is a conical limit point, then we can choose a single
element a, € I' which expands about every point in V,. When z is a parabolic

point, we may use a different element of I' to “expand” about each u € V, — {z}.

We choose V., W,, and T. so that if o~ ! is “expanding” about u € V,, and

a~tu € V,, then a™'W, D W,,. See Figure 5.3.

w. Wy

Figure 5.3: The group element o' is “expanding” about u € V,. We will construct

V., W, and V,, W, so that if o u lies in V,, then o'W, contains ,. Equivalently,
we get the containment oWV, C W, illustrated earlier in Figure 5.1.

2. Using compactness of O(I', H), we pick a finite set of points a € (', H) so that
the sets {V,} give an open covering of 9(I", H). These points in J(I", H) are
identified with the vertices of a I'-graph G. We define the edges of G in such
a way so that if, for some a € T, a~! expands about u € V, and a~'u € V},
then there is an edge from a to b. This ensures that {W,} is a G-compatible

system of open subsets of I(T", H).

3. Simultaneously, we construct a G-compatible system {U,} of open sets in M

by taking U, to be a small neighborhood of ¢~'(a). The idea is to use the

1

extended convergence dynamics to ensure that if, for some a € T, =" “expands”
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about some u € V, and the point o 'u lies in V,, then U, contains U,. See

Figure 5.6 below.

4. Finally, we use Proposition 5.2.13 to prove that G is actually a relative quasi-
geodesic automaton. The open sets V,, W, are constructed exactly to satisfy
the conditions of the proposition, so the main thing to check in this step is that

the graph G is actually divergent (using the action of I" on M).

Throughout the rest of the section, we will work with fixed metrics on both
O(T",H) and M. Critically, none of our “expansion” arguments will depend sensitively
on the precise choice of metric. That is, in the sketch above, when we say that some
group element o € I' “expands” on a small open subset U of a metric space X, we
just mean that aU is quantifiably “bigger” than U, and not that for any z,y € U,
we have d(a -z, -y) > C - d(x,y) for some expansion constant C. Lemma 5.3.5 and
Lemma 5.3.7 below describe precisely what we mean by “bigger.” The general idea is

captured by the following example.

Example 5.3.3. We consider the group PGL(2,Z). While PGL(2,Z) is virtually a

free group (and therefore word-hyperbolic), it is also relatively hyperbolic, relative to

0 1
Since PGL(2,Z) acts with finite covolume on the hyperbolic plane H?, the

the collection H of conjugates of the parabolic subgroup { (il t) 't e Z}.

Bowditch boundary of the pair (PGL(2,7Z),H) is equivariantly identified with OH?,
the visual boundary of H?. Given a non-parabolic point w € 9H?, we can find an
element of PGL(2,Z) which “expands” a neighborhood of w. There are two distinct

possibilities:
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1. Suppose w is in a small neighborhood V. of a conical limit point z € OH2. Then
choose some loxodromic element v € PGL(2,Z) whose attracting fixed point is
close to z. Then, if W, is a slightly larger neighborhood of z, v~ - W, is large

1

enough to contain a uniformly large neighborhood of v~ - w. See Figure 5.4.

2. On the other hand, suppose w is in a small neighborhood V, of a parabolic fixed
point ¢ € OH?, but w # q. We can find some element v € T, = Stabr(q) so
that 7! takes w into a fundamental domain for the action of I'; on 9H? — {¢}.
Then, if W, is a slightly larger neighborhood of ¢, v~*- W, is again large enough

1

to contain a uniformly large neighborhood of v~ - w. See Figure 5.5.

There is a slight issue with this approach: in the second case above (when w is close to
a parabolic point ¢), it is actually not quite good enough to “expand” a neighborhood
of w by using I'; to push w into a fundamental domain for T'; on 0H? — {¢q}. The
reason is that there might be no such fundamental domain which is actually far away
from OH? — {q}. We resolve this issue by instead choosing 7 to lie in a coset gT',,
where ¢ = gp for some p € II. Then 77! - w lies in a fundamental domain for T,
on OH? — {p}, which allows us to get uniform control on the size of the expanded

neighborhood ~1W,.

The two technical lemmas below (Lemma 5.3.5 and Lemma 5.3.7) essentially
say that one can set up this kind of expansion simultaneously on the Bowditch
boundary of our relatively hyperbolic group I' and in a neighborhood of the I'-
invariant set A C M. The precise formulation of the expansion condition found in

these two lemmas is best motivated by the proof of Proposition 5.3.10 below, which
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Figure 5.4: For any point w in a sufficiently small neighborhood V, (pink) of z, the
expanded neighborhood v~ 'W, (red) contains a uniform neighborhood of v~ w.

shows that the “expanding” open sets we construct give rise to a G-compatible system

of open sets on a I'-graph G.

Lemma 5.3.4. There ezists € > 0 (depending on ¢ and D) so that for any a,b €
AT, H) with d(a,b) > D, the e-neighborhood of ¢~'(a) in M is contained in Cy.

Proof. Since ¢~1(z) is closed in M, such an € > 0 exists for any fixed pair of distinct
(a,b) € (T, H)?. Then the result follows, since the space of pairs (a,b) € (9(T', H))?

satisfying d(a,b) > D is compact. ]

Lemma 5.3.5. There exists €con > 0, 0con > 0 satisfying the following: for any e > 0,

0 > 0 with € < con, 0 < deon, and every conical limit point z, we can find:

o A group element v, € I’

e Open subsets W,,V, C O(T',H) with z € V, C W,
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Figure 5.5: For any point w # ¢ in a neighborhood V, (pink) of the parabolic point g,
we find some v € T, so that v~ 'w lies in K, (dark gray), a fundamental domain for
the action of I', on OH? — {q}. The expanded neighborhood v~ 'W, (red) contains a
uniform neighborhood of K, so v~'W, contains a uniform neighborhood of v~ !w.

such that:

1. diam(W,) < 9,

2. In O(I',H), we have
Nor(7; 'V, 8) C ' W,

3. In M we have
Ny (72 roH(W2), 26) C v ' Nu(o7'(2),€).

Remark 5.3.6. Conditions (1) and (2) together imply that for any y, z € Oconl’, if
v, 'V, intersects V,, then v, W, C W,. Later, we will see that condition (3) implies
that if 'V, intersects V,, then also 7, Ny (¢ (y),2e) C Ny(¢71(2),¢) (giving us

the inclusion indicated by Figure 5.3).
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Figure 5.6: The group element ! is “expanding” about V, C 9(I', H): while W, has
diameter < §, v, !W, contains a d-neighborhood of v V.. At the same time, v, *
enlarges an e-neighborhood of ¢~1(z) in M, so that it contains a 2e-neighborhood of

'Vzilgbil(WZ)-

Proof. For a conical limit point z, we choose a sequence 7, so that for distinct
a,b € O(T',H), we have 7,12 — a and ~, 'w — b for any w # z. That is, v, limits
conically to z in T, and ;! limits conically to b. Since the I'-action on distinct pairs
in (', H) is cocompact (Proposition 2.2.8), we may assume that d(a,b) > D for a

uniform constant D > 0.

We choose €con > 0 from Lemma 5.3.4 so that if a,b € O(I',H) satisfy
d(a,b) > D/2, then a 2e.,,-neighborhood of ¢~!(a) is contained in Cy. Let € > 0

satisfy € < econ, and let 0 satisfy § < deon := D /4.

By the triangle inequality, we have d(c,b) > D/2 for all ¢ € Byr(a,20), so the

closed 2e-neighborhood of ¢~(Bgr(a,2d)) is contained in Cj. This means that we
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can choose n large enough so that
Yo - Nu(67'(B(a, 20)), 2¢)
is contained in Ny (¢~'(2),¢) and
Y+ Bar(a, 20)

is contained in Byr(z,0/2). We let ~y, =, for this large n, and take

W. = 7. - Bar(a, 26)
and

V. =17.- Bar(a,9).

]

The next lemma is a version of Lemma 5.3.5 for parabolic points. As before, we
want to show that for a point ¢ in the Bowditch boundary, we can find a neighborhood
W, of ¢ in O(I', ) with uniformly bounded diameter §, and group elements v € I' so
that y~! enlarges W, enough to contain a 2d-neighborhood of vz, for some z close
to ¢. Simultaneously we want to choose v so that y~1 enlarges an e-neighborhood of
¢ '(q) in a similar manner. This case is more complicated, because we need to allow
7 to depend on the point z € W, if ¢ is a parabolic point in J(I', /), then in general
there is not a single group element in I' which expands distances in a neighborhood

of q.

Lemma 5.3.7. For each point p € 11, there exist constants €, > 0, 6, > 0 such that

foranyq=g-pel -p, any e <¢,, and any d < 9,, we can find:
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o A cofinite subset T, of the coset gI'y,
e Open neighborhoods V,, W, of O(I', H), with ¢ € V, C W,

e Open neighborhoods ‘7,1, Wq of (T, H) with V, C W,
such that:

1. diam(W,) < 6, and ¢~ (W,) C N(¢7(q),¢).

2. in O(I',H), we have

~ A

Nar(vq, 5) C Wq.

~

3. For every z € V, — {q}, there exists v € T, with vy~ -z € V.

4. For every v € T,, we have

Nur(¢7 ' (Wy),28) € v " Nar(o(q), €)

and

Wq Cy W,

5. Ny(¢~"(W,), 2¢) is contained in C, and gT', -V, contains O(T,H) — {q}.

Remark 5.3.8. If z € V, — {¢} and y~'z € V, for some v € T}, we think of ' as

“expanding” about z. Conditions (1) and (2) imply that if y~*

z €V, for some v € T,
then Wq contains W, and by condition (4), v~'W, contains W,,. Here V,, W, are the

sets from either Lemma 5.3.5 or Lemma 5.3.7.
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Figure 5.7: The behavior of sets in 9(I', /) described by Lemma 5.3.7. Given z € V,
we pick an element v € gI', so that a uniformly large neighborhood of vz is
contained in y~'WW,. We cannot pick 77! to expand the metric everywhere close to
g—some points in V;, get contracted close to p.

Proof. Pick a compact set K C O(I',’H) — {p} so that I',, - K covers o(I',’H) — {p}.
Choose 9, small enough so that the closure of Nyp(K,26,) does not contain p. Then,

for any 0 < 9,, we can pick
V, = Nor(K,0), W, = Nap(K,26).
We can choose ¢, sufficiently small so that a 2¢,-neighborhood of ¢~ (Nar (K, 26,))

is contained in C,. Now, fix ¢ < ¢,. We claim that for a cofinite subset T, C g - I',,

for any ~ € 1y, we have

v-W,C  Bar(q,0/2) (5.5)
v Nar(¢™(W,),2e) € Nar(é7Y(q),¢) (5.6)

To see that this claim holds, it suffices to verify that for any infinite sequence ~,, of

distinct group elements in gI',, (5.5) and (5.6) both hold for all sufficiently large n.

We write v, = g -7, for v, € I',. Then ], converges uniformly to p on

compact subsets of I(I', H) — {p}, so 7, converges uniformly to ¢ on compact subsets
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of O(I',H) — {p}, implying that (5.5) eventually holds. And by our assumptions, we

know that
Yo Nar(67' (Wy),26) € g7' - Nu(67'(a), )
for sufficiently large n, implying that (5.6) also eventually holds.

So we can take W, to be the set

veTy

and V, to be the set

{BulJr Ve

Y€y
To see that W, and V, are open we just need to verify that they each contain a
neighborhood of ¢. Since V, and W, each contain K, and T, - K covers d(I', H) — {p},
Vg and W, each contain the set

oar.H)y— |J K

vEGLp—T4

Since T, is cofinite in ¢gI', this is an open set containing g. ]

5.3.1 Construction of the relative automaton

We will construct the relative automaton G satisfying the conditions of Proposi-
tion 5.3.1 by choosing a suitable open covering of J(I", ), and then using compactness

to take a finite subcover. The subsets of this subcover will be the vertices of G.

We choose constants € > 0, § > 0 so that € < gcon, § < deon (Where con, deon
are the constants coming from Lemma 5.3.5) and € < ¢,, 6 < 6, for each p € II

where ¢, 0, are the constants coming from Lemma 5.3.7).
p» Yp g
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Then:

e For each z € O, we define W,, V., ~, as in Lemma 5.3.5, with parameters ¢,

J.

e For each ¢ € 0,51, we define V,, W, f/q, Wq, and T;, as in Lemma 5.3.7, again

with parameters ¢, §.

The collections of sets {V, : z € Oconl'} and {V; : ¢ € Opar['} together give an open
covering of the Bowditch boundary 9(I', H). So we choose a finite subcover V, which

we can write as

V={V,:a€ A}

where A is a finite subset of (I, H). We can in particular ensure that A contains

the finite set II.

We identify the vertices of our I'-graph G with A. For each a € A, the set T,
is either {v,} (if a is a conical limit point) or 7, (if a = ¢ for a parabolic point ¢).

Then, for each a € A, we define the open sets U, by
Ua = NM(Qb_l(a)a 8)'
The edges of the I'-graph G are defined as follows:

e For a,b € A with a € O.onl, there is an edge from a to b if (y;1-V,) NV, is

nonempty.

o If a,b € A with a € Op,, I, there is an edge from a to b if V,NV,is nonempty.
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Since V is an open covering of (I", H), and the sets V., and v, 'V, are nonempty,
every vertex of G has at least one outgoing edge. Moreover, for any parabolic point a,
the set V, depends only on the orbit of a in (T, H), so G must satisfy condition (2)

in Proposition 5.3.1.

Proposition 5.3.9. For each a € A, we have

¢ (W,) C U,.

Proof. When a is not a parabolic vertex, Part (3) of Lemma 5.3.5 implies:

¢ (Wa) =% 67 (Wa) C 9N (7, "¢ (Wa),26) € Nu(¢™'(a),€) = Ua.

When a is a parabolic vertex, then the claim follows directly from Part (1) of

Lemma 5.3.7. O

Next we verify:

Proposition 5.3.10. The collection of sets {W,} and {U,} are both G-compatible

systems of open sets for the I'-graph G.

Proof. First fix an edge (a,b) with a € 9.onl. Since (v, 'V,) NV} is nonempty, part
2 of Lemma 5.3.5 implies that ;! - W, contains the d-neighborhood of some point
z € V,. Since diam(W;,) < § and V, C W,, we can find a small ¢ > 0 so that

YaNor (Wp, €") C W,.

In particular, v, ! - W, contains b, which means that Ny (v, ¢~ (W,), 2¢)
contains Ny (¢~1(b),2¢), which contains Ny (Uy,e). Then, part 3 of Lemma 5.3.5

implies that 7y, - Nas(Uy, €) is contained in Ny (¢~ (a),e) = U,.
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Next fix an edge (g,b) with g € Opa,['. From part 2 of Lemma 5.3.7, we know
that Wq contains the d-neighborhood of a point z € \ZJ N V4. Since diam(W,) < ¢ and
Vi, € Wy, this means that Wq contains an &’-neighborhood of W, for some small & > 0.

So part 4 of Lemma 5.3.7 implies that for any v € T, we have v - N(Wy, ') C W,,.

In particular W, contains b, so Ny (¢~ (W,),2¢) contains Ny (¢~ '(b), 2¢),

which contains Ny (Uy, €). Then, part 4 of Lemma 5.3.7 implies that
YNu(Us,€) € Nu(67'(q),€) = U,

for any v € Tj. ]

We observe:

Proposition 5.3.11. The G-compatible systems of open subsets {U,} and {W,}
satisfy (1) - (3) in Proposition 5.3.1.

Proof. Part (1) follows directly from Proposition 5.3.9, and the fact that we defined
each U, to be the e-neighborhood of ¢~*(a). Part (2) is true by the construction of
the open covering V and the graph G. Part (3) follows by construction and from part
5 of Lemma 5.3.7. O

To finish the proof of Proposition 5.3.1, we now just need to show:

Proposition 5.3.12. G is a relative quasigeodesic automaton for the pair (I',H).

Proof. We apply Proposition 5.2.13, using the G-compatible system {W,} and the

sets {V,} we defined in the construction of G.
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The first three conditions of Proposition 5.2.13 are satisfied by construction.
To see that conditions 4 and 5 hold, first observe that if z € V, for a non-parabolic
vertex a, then v, ! - 2 lies in some V; and (a,b) is an edge in G. And if 2 € V, — {p,}
for a parabolic vertex a, then part (3) of Lemma 5.3.7 says that there is some v € T,

such that v~ - z € V,. If V; contains v~! - z, the edge (a,b) must be in G.

It only remains to check that G is a divergent I'-graph. Let {a,} be an infinite
G-path, following a vertex path {v,}. The G-compatibility condition implies that
'ynUvn ., 1s a subset of v,_,U,, for every n. Since M is connected and each U, is a

proper subset of M, this inclusion must be proper. This implies that in the sequence

Yn, NO element can appear more than #A times and therefore ~, is divergent. O

Remark 5.3.13. This last step is the only part of the proof of Proposition 5.3.1 which
uses the connectedness of M. This hypothesis is likely unnecessary, but omitting it
would involve introducing additional technicalities in the construction of the sets V,

W,—and as stated, the proposition is strong enough for our purposes.

Note that with this hypothesis removed, Proposition 5.3.1 would imply that any
non-elementary relatively hyperbolic group has a relative quasigeodesic automaton (by
taking M = O(I', H)). As stated, the proposition only shows that such an automaton

exists when O(I', H) is connected.

We conclude this section by observing that one can slightly refine the con-
struction in Proposition 5.3.1 as follows:
Proposition 5.3.14. Fiz a compact subset Z of the Bowditch boundary O(I',H).

Then, for any open set U C M containing ¢~ (Z), there is a relative quasigeodesic
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automaton G and a pair of G-compatible systems of open sets {U,}, {W,} as in
Proposition 5.5.1, additionally satisfying the following: any z € Z is the limit of a
G-path {a,} (with corresponding vertex path {v,}) such that U, C U.

Proof. We choose € > 0 so that U contains Ny (¢~(Z),e). We then construct our
relative quasigeodesic automaton G as in the proof of Proposition 5.3.1, but we also
choose a finite subset Ay C Z so that the sets V, for a € Az give a finite open

covering of Z. We can ensure that the vertex set A of G contains A.

Then, for any z € Z, by the construction in Proposition 5.2.13, we can find a
G-path limiting to z whose first vertex is some a € Az. The corresponding open set

for this vertex is U, = Ny(¢'(a),e) C U. O

5.4 Contracting paths in flag manifolds

Let I' C G be a discrete relatively hyperbolic group, and let G be a I'-graph.
Fix a pair of opposite parabolic subgroups P, P~. Our goal in this section is to
show that under certain conditions, if {U,} is a G-compatible system of open subsets
of G/P* for the action of I' on G/P*, then the sequence of group elements lying

along an infinite G-path is PT-divergent.

5.4.1 Contracting paths in ['-graphs

Definition 5.4.1. Let I' be a discrete subgroup of G, let G be a I'-graph, and let

{Us}vev(g) be a G-compatible system of open subsets of G/P*. We say that a G-path
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{an }nen is contracting if the decreasing intersection

ﬂ ap-cay Uy, (5.7)
n=1
is a singleton in G/PT.

Definition 5.4.2. We say that an open set Q@ C G/P™ is a proper domain if the
closure of € lies in an affine chart Opp(¢) C G/P* for some £ € G/P~.

Here is the main result in this section:

Proposition 5.4.3. Let G be a I'-graph for (I',H), and let {U, }vev(g) be G-compatible

system of open subsets of G/P™.

If the set U, is a proper domain for each vertex v of the automaton, then every

infinite G-path is contracting.

5.4.2 A metric property for bounded domains in flag manifolds

To prove Proposition 5.4.3, we consider a metric Cq, defined by Zimmer [Zim18§]
on any proper domain Q@ C G/P*. Cq is defined so that it is invariant under the
action of G on G/P*: for any x,y in some proper domain 2 C G/P™, and any g € G,

we have

Ca(z,y) = Cyalgz, gy). (5.8)

In general, Cq, is not a complete metric. However, C induces the standard
topology on €2 as an open subset of G/P. We will show that for a G-path {a,,}, the
diameter of

Q- anUanrl
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with respect to Cy, tends to zero as n — oo.

Zimmer’s construction of Cq depends on an irreducible representation ( :
G — PGL(V) for some real vector space V. This is provided by a theorem of
Guéritaud-Guichard-Kassel-Wienhard.

Theorem 5.4.4 ([GGKW17], see also [Zim18], Theorem 4.6). There exists a real
vector space V', an irreducible representation  : G — PGL(V), a line £ C V', and a

hyperplane H C V' such that:

1.{+H=V.
2. The stabilizer of { in G is Pt and the stabilizer of H in G is P~.
3. gPtg™ and hP~h™! are opposite if and only if ((g)¢ and {(h)H are transverse.
The representation ¢ determines a pair of embeddings ¢ : G/P* — P(V) and
:G/PT — P(V*) by
UgP™) =g, (gP7) = ((9)H.

In this section, we will identify P(V*) with the space of projective hyperplanes in P(V),
by identifying the projectivization of a functional w € V* with the projectivization

of its kernel.

Definition 5.4.5. Let © be an open subset of G/P*. The dual domain Q* C G/P~
is
Q" = {v € G/P~ : v is opposite to & for every £ € Q}.

Note that 2* is open if and only if €2 is a proper domain.
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Definition 5.4.6. Let wy,wy € P(V*), and let 21,29 € P(V). The cross-ratio
[w1, wa; 21, 20 is defined by

w1 (Z2)wa(21)

W (Z1) w2 (%)
where w;, Z; are respectively lifts of w; and z; in V* and V.
Remark 5.4.7. When V is two-dimensional, we can identify the projective line
P(V*) with P(V) by identifying each [w] € P(V*) with [ker(w)] € P(V). In that case,
the cross-ratio defined above agrees with the standard four-point cross-ratio on RP!,

given by
(d—a)(c—Db)

la,b;c,d] = c—a)d=b)

(5.9)

The differences in (5.9) can be measured in any affine chart in RP! containing
a,b, c,d. Our convention is chosen so that if we identify RP! with R U {oo}, we have

[0,00;1, 2] = z.

Definition 5.4.8. Let Q@ C G/P™T be a proper domain. We define the function
Cqo:QxQ—Rby

Ca(z,y) = S log |[¢"(&1), ¢"(&2); (), e(y)]].

For any g € G and any proper domain Q C G/P™T, we have (¢Q)* = (¢Q2*).

So Cq must satisfy the G-invariance condition (5.8).

If Q is a properly convex subset of P(V'), and (, ¢, ¢* are the identity maps on
PGL(V), P(V), and P(V*) respectively, then Cq, agrees with the Hilbert metric on 2

(see Definition 2.1.9). More generally we have:
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Theorem 5.4.9 ([Zim18], Theorem 5.2). If 2 is open and bounded in an affine chart,
then Cq 1s a metric on €2 which induces the standard topology on €2 as an open subset

of G/PT.

Remark 5.4.10. This particular result in [Zim18] is stated only for noncompact
simple Lie groups, but the proof only assumes that G is semisimple with no compact

factor.

Since taking duals of proper domains reverses inclusions, it follows that if

) C Qq, then Cq, > Cq,. Our goal now is to sharpen this inequality, and show:

Proposition 5.4.11. Let Q, Qy be proper domains in G /P*, such that Q, C €.
There exists a constant X\ > 1 (depending on Q; and Q) so that for all

T,y € Ql,
CQl(x7y> > A 092($,y)-

A consequence is the following, which in particular implies Proposition 5.4.3.

Corollary 5.4.12. Let G be a I'-graph for a relatively hyperbolic group T", and let
{U,} be a G-compatible system of open subsets of G/P*. If each U, is a proper
domain, then there are constants A\, Ay > 0 so that for any G-path {a,} in the
I'-graph G, the diameter of

Q1 Qe Uanrl

with respect to Cy, 1is at most
A1 - exp(—Ag - n).
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Proof. For any open set U C G/P* and A C U, we let diam(A) denote the diameter
of A with respect to the metric Cy;. We choose a uniform € > 0 so that in some fixed

metric on G/ P, every edge (v,w) in G, and every a € T,, we have
aN(Uy,¢e) C U,.

Then for each vertex set U, we write US = N(U,, ¢).

We take
A1 = max{diamy: (U,)}.

Proposition 5.4.11 implies that there exists A, > 0 such that for all x,y € U,,, we have
Cu,(z,y) > exp(\y) - Cuz(,y).
Take Ay = min,{\,}. We claim that for all n > 1, we have
diamys (a1 - - a,Us,) < Apexp(—Az - (n —1)).

We prove the claim via induction on the length of the G-path {«,}. For n =1, the

claim is true because o;U,, C U,,. For n > 1, we can assume
Avexp(—As(n — 2)) > diamyg (a2« -+ ap - Uy, )-
Then we have

diamU52 (ag--ap - U

vn+1) = diamalU;fz (Qp - - Uvn+1>

> diamy, (a1 - Uy, )

> exp(A2) - diamyg (o - a - Uy, )
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Finally, the claim implies the corollary because we know that

diamy, (ay - - - @ Upy1) < diamg,ps (o - - - @, Ungr)
= diamUQs (042 ce oannH)

< Arexp(Aa(n — 2)).
So, we can replace A\; with A\; exp(—2X\;) to get the desired result. ]

We now proceed with the proof of Proposition 5.4.11. We first observe that
in the special case where €2, {5 are properly convex subsets of real projective space,

one can show the desired result essentially via the following:

Proposition 5.4.13. Let a,b,c,d be points in RP!, arranged so that a < b < ¢ <
d < a in a cyclic ordering on RP'. Then there exists a constant X > 1, depending

only on the cross-ratio |a,b;c,d], so that for all distinct x,y € (b, c), we have

|log[b, ¢; , y]| > A - |log[a, d; z, y]|.

Proposition 5.4.13 is a standard fact in real projective geometry and can be
verified by a computation. Note that we allow the degenerate case a = d: in this
situation the right-hand side is identically zero for distinct x,y € (b, ¢). We allow no

other equalities among a, b, ¢, d, so the cross-ratio [a, b; ¢, d] lies in R — {1}.

To apply Proposition 5.4.13 to our situation, we need to get some control on
the behavior of the embeddings ¢ : G/Pt — P(V) and * : G/P~ — P(V*). We do

so in the next three lemmas below.
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Lemma 5.4.14. Let x,y be distinct points in G/P*. There exists a one-parameter
subgroup g; C G such that ((g;) fizes t(z) and (y), and acts nontrivially on the

projective line L, spanned by i(x) and 1(y).

Proof. We can write z = gP* for some g € G. Let a denote a Cartan subalgebra of
the Lie algebra g of G. There is a conjugate a’ of a such that the action of exp(a’)
on G/PT fixes both x and y (see [Ebe96], Proposition 2.21.14). So, up to the action
of G on G/P*, we can assume that z is fixed by a standard parabolic subgroup P,

conjugate to Pt and that z,y are both fixed by the Cartan subgroup exp(a).

We choose Z € a' so that a(Z) # 0 for all @ € §. Then g; = exp(tZ) is a
l-parameter subgroup of G fixing z. As t — +oo, g; is P, -divergent, with unique

attracting fixed point x.

Then [GGKW17], Lemma 3.7 implies that ((g;) is P;-divergent, where P; is
the stabilizer of a line in V| and «(x) is the unique one-dimensional eigenspace of
((g:) whose eigenvalue has largest modulus. And, since ((g;) fixes ¢(x) and ¢(y), ((g:)
preserves L,,, and acts nontrivially since the eigenvalues of ((g:) on ¢(z) and ¢(y)

must be distinct. O]

Lemma 5.4.15. Let L be any projective line in P(V') tangent to the image of the
embedding v : G/PT — P(V) at a point 1(x) for v € G/PT. There exists a one-
parameter subgroup g, of G so that ((g;) acts nontrivially on L with unique fized

point 1(x).

Proof. Fix a sequence y, € G/P*' such that y, # z and the projective line L,

194



spanned by «(z) and ¢(y,) converges to L. By Lemma 5.4.14, there exists Z,, € g so

that ((exp(tZ,)) acts nontrivially on L,,, with fixed points ¢(z) and ¢(y,).

In the projectivization P(g), [Z,] converges to some [Z]. Since ¢ : G — PGL(V)

has finite kernel, there is an induced map ¢ : P(g) — P(sl(V)), which satisfies

¢([Zn]) = C([2]).

A continuity argument shows that the one-parameter subgroup ((exp(tZ)) acts

nontrivially on the line L, and has unique fixed point at ¢(z). ]

Lemma 5.4.16. Let Q C G/P™ be a proper domain, and let L be a projective line
in P(V') which is either spanned by two points in 1(2), or is tangent to 1(G/PT) at a

point (x) for x € Q. Then
Wp={velL:v=0()NL for e}

is a nonempty open subset of L.

Proof. Wy, is nonempty since 2* is nonempty. So let v € W, and choose £ € 2* so
that ¢*(§) N L = v. We need to show that an open interval I C L containing v is

contained in W7y,

If L is spanned by z,y € ¢(Q2), then Lemma 5.4.14 implies that we can find a
one-parameter subgroup g; € G such that ((g;) fixes = and y, and acts nontrivially
on L. Since Q* is open, we can find € > 0 so that g, - £ € Q* for ¢t € (—¢,¢). Since z
and y are in ¢(£2), ¢*(§) is transverse to both = and y, so we have v # z, v # y. Then

as t varies from —¢ to ¢,

g )N L=C(ge) v
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gives an open interval in W, containing v.

A similar argument using Lemma 5.4.15 shows that the claim also holds if L

is tangent to ¢(€2). O

We can now prove a slightly weaker version of Proposition 5.4.11, which we

will then use to show the stronger version.

Lemma 5.4.17. Let Q1,Qy be proper domains in G/P*, with Q; C Q,, and let

K C Qy be compact. There exists a constant A > 1 such that for all z,y € K,
CQI (LE, y) > A CQQ(SL',y).

Proof. Since K is compact, it suffices to show that for fixed x € €2y, the ratio

OQl (l’, y)
CQQ (CC, y)

is bounded below by some A > 1 as y varies in K — {z}.

Let y € K — {z}, and let L,, denote the projective line spanned by ¢(z) and
t(y). Choose &1 € € so that

Ca,(2,y) = log [ (§), " (n); (), e(y)]]-

That is, if v = ¢*(§) N Lyy, w = ¢*(n) N Ly, we have

v = )] - |w = ()]
v = u(2)] - [w = ()]

Ca,(z,y) = log [[v,w; (x), L(y)]| = log

Y

where the distances are measured in any identification of L, with RP! = R U {c0}.
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We can choose an identification of L,, with RU{oco} so that either v < (z) <

t(y) <worv<i(r) <w < i(y). In either case, for any v € (v, v(z)) C Ly, we have
log [V, w; e(x), (y)]] > log|[v, w; e(x), e(y)]l-

We know that Q3 C QF, so &, 7 lie in Qf. Then Lemma 5.4.16 implies that

there exists £ € Qf so that v/ = ¢*(¢') N Ly, lies in the interval (v, (x)) C Ly, See

V(&
V(&)
~ 1()
v(n

Figure 5.8: We can always find £’ € QF close to € so that the absolute value of the
cross-ratio [t*(§),t*(v); t(z), t(y)] increases when we replace £ with ¢. In particular
this is possible even when the sets ¢(€;), ¢(€s) fail to be convex (left) or even
connected (right).

Figure 5.8.

Then, we have

Ca, (x,y) > log [[e*(&), " (n); (), L(y)]]
= log |[v/, w; 1(z),1(y)]
> log |[v, w; (), 1(y)]
= Cq,(z,y).
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This shows that % > 1 forall y € K — {z}. We still need to find some uniform
2 2

gz;gz; > A for all y € K — {z}. To see this, suppose for the sake of a

A > 1 so that

contradiction that for a sequence y,, € K — {x}, we have

C191 (ZE, yn)

— 1. 5.10
CQ2(x7yn) ( )

Since K is compact, y, must converge to x. Up to subsequence, the sequence of
projective lines L,, spanned by ¢(z) and ¢(y,,) converges to a line L tangent to «(G/P™)

at ().

For each y,, choose &,, 0, € Q5 so that

Ca,(z, yn) = log |[L*(§n)7 vt (%); L(I)7 L(yn)”

Let v, = (&) N Ly, w, = ¢*(n,) N L,. Then up to subsequence &, converges to
¢ € Q5, n, converges to n € Q3, and v,, w, respectively converge to v = 1*(£) N L,
w = *(n) N L.

Since x is in Qy, (*(£) and ¢*(n) are both transverse to ¢(x)—so in particular

x # w and x # v (although a priori we could have v = w).

Since ¢ € Q5 C Qf, Lemma 5.4.16 implies that there exist &, 7' € 0 so that

for some identification of L with R U {oo}, we have
v<E)NL<uz) < ()N L < w.

Note that this is possible even if v = w, because then we can just identify both v and
w with co. Let v, = *(¢') N L, and let w!, = «*(') N L,,. Respectively, v/, and w/,

converge to v' = (*(&)N L and w' = *(n') N L.
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This means that the cross-ratios [v,, v);w!, w,] converge to [v,v;w' w] €

R — {1}, and in particular are bounded away from both oo and 1 for all n.

We choose identifications of L, with R U {oco} so that v, < v, < (z) < w), <
wy,. Since y, converges to x, for all sufficiently large n, we have v}, < 1(y,) < w,.
Then, Proposition 5.4.13 implies that for all n, we have
1Og Hv;m L(ZL’), L(yn)7 w;L” > A 1Og |[Un7 L(CL’), L(Qﬂ)? wn”

for some A > 1 independent of n. But then since

Cay (7, yn) 2 log|[e"(§), 0" (n); (), vy,

we have Cq, (z,y,)/Ca,(x,y,) > X for all n, contradicting (5.10) above. O

Proof of Proposition 5.4.11. We fix an open set {2 5 such that QL C Q5 and Q5 C
Q. Since Cq, (x,y) > Cq, ,(x,y) for all z,y € Qy, we just need to see that there is

some A > 1 so that
CQl.s(x’y) >\

Cﬂz (ZE,y) N
for all z,y € €. This follows from Lemma 5.4.17. ]

5.4.3 Contracting paths are P'-divergent

Proposition 5.4.18. Let G be a I'-graph for a group I' C G, and let {U,} be a

G-compatible system of open sets of G/P* with each U, a proper domain.

If o, 1s a contracting G-path, then the sequence
Tn = Q1 -+ Oy

is PT-divergent with unique limit point €, where {€} = (" _; YaUn+1-
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Proof. Consider the sequence of open sets

'Yn : U’Un+1 .

Up to subsequence, U, ., is a fixed open set U C G/P*. By assumption {«,}

n+1
is a contracting path, so v, - U,,,, converges to a singleton {{}. So, we apply

Proposition 2.3.7. O]

5.5 A weaker criterion for EGF representations

We have now developed enough tools to be able to prove our weaker charac-

terization of EGF representations, which we restate here:

Proposition 5.1.2. Let p: I' = G be a representation of a relatively hyperbolic group,
and let A C G/ P be a closed p(I')-invariant set, where P C G is a symmetric parabolic

subgroup. Suppose that ¢ : A — (', H) is a surjective p-equivariant antipodal map.

Then p is an EGF representation if and only if for each z € O(I',H), there
ezists C, C G/P, with C, C Opp(¢~"(2)) and A — ¢~*(z) C C,, such that:

1. For any sequence 7, € T limiting conically to z (with v, ' — z_), any compact
K c C._, and any neighborhood U containing ¢~ (z), we have p(y,) - K C U

for all sufficiently large n.

2. For any parabolic point p, any compact K C C,, and any open set U containing

¢ 1(p), for all but finitely many v € T, we have p(y) - K C U.

Proof. The “only if” part is immediate from the definition of EGF representations
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and Proposition 5.1.1, so assume that we have a map ¢ : A — O(I", H) satisfying the

conditions given.

Let 7, be an infinite sequence in I', and suppose that in the compactification
I =TuUo(,H), we have ,, — 2z, and ;' — z_ for zy € O(I',H). It suffices to show
that for any subsequence of v, any compact K C C,_, and any open U containing
¢ (z,), we can find a further subsequence such that v, K C U. So, we can freely

extract subsequences throughout this proof.

We consider two cases:

Case 1: 7y, is unbounded in the coned-off Cayley graph Cay(T', S, P). Our assumptions
imply that we can construct a relative quasigeodesic automaton G, together with
a G-compatible system of open sets {U,} for the action of I' on G/P satisfying the
conditions of Proposition 5.3.1. Since the map ¢ : A — 9(I',’H) is antipodal, and
antipodality is an open condition, the first condition of Proposition 5.3.1 means we
can ensure that each U, is a proper domain in G/P.

By Lemma 5.2.7, we may assume that for a bounded sequence b, € I', 7,0,

Mp

is the endpoint of a finite G-path {aq(ff) me1- Up to subsequence b, is a constant b,

independent of n.

Let {v]’} be the vertex path associated to {afﬁ)}. Up to subsequence vy, .,

is a fixed vertex v, and o} is a fixed vertex v'. Let U} be an e-neighborhood of U,.

Since the sequence M, is unbounded, Corollary 5.4.12 implies that the diameter
of

p(3ab) - Uy = p(ef™) - plaly) U,



with respect to the metric CU{? tends to zero, exponentially in n. Since this sequence
of sets lies in the compact set U, C US, up to subsequence it must converge to a
singleton {¢} in G/P. In fact & must lie in A, because A is compact and ¢ is the
limit of a sequence of points in the sequence of nonempty closed sets (p(7,,b) - U,) NA.
Then, since p(7,) - p(b)U, converges to {{}, Proposition 2.3.7 implies that p(7,) is

P-divergent with unique P-limit £. The exact same agument applied to v, ' implies

that p(y, 1) is also P-divergent, with unique P-limit £_ € A.

Then, Lemma 2.3.8 implies that p(7,) converges to £ uniformly on compacts in
Opp(&-). But, since v, converges to z; uniformly on compacts in (I, H) —{z_}, and
¢ is equivariant and surjective, the only possibility is £ € ¢71(2,) and £_ € ¢~ 1(2).

Then we are done, since by assumption C,_ is contained in Opp(_).

Case 2: 7, is bounded in Cay(I', S, P). We can write v, as an alternating product
Yo =gt "h" - g g,

where gl-(n) is bounded in I', and hl(-n) lies in T'yp for a parabolic point pi € II. Without
loss of generality, the h§”’ are unbounded in I' as n — oo. Up to subsequence we can

(n)

assume that g;"’ = g; and p!' = p; (independent of n). Since II contains exactly one
representative of each parabolic orbit, we can also assume that g;,1p; 11 # p; for any
i

We claim that =, converges to zy = gip1, v, ' converges to z_ = g,;ilpk, and
for any compact K C C,_ and open U containing ¢—'(z,), for large n, we have

Yo+ K CU.
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Fix such a compact K and open U. We will prove the claim by inducting on &.
When k = 1, then p = p; = pg, and v, = g1hngs for h, € I'y and g1, go € T fixed. The
distance between h, g, and h,, is bounded in any word metric on I'; so h, g, converges
to p in I and g1h,gs converges to ¢ip = z,.. We also know that K C C,_ = C’g;lp,

80 h,g2 K eventually lies in a small neighborhood of ¢! (p) by condition (2) of our

hypotheses. Then gh, g2 K lies in any small neighborhood of ¢~ (g1p) = ¢~ (2,).
When £ > 1, we consider the sequence

/ p—

Tn thgn) o 'gkhgcn)ngrl-

Inductively we can assume that for large n, 7/, — gaps and p(7,,) - K is a subset of an
arbitrarily small neighborhood of ¢~!(gaps). Then since p; # gops, for large enough

n, p(v;,) - K is a compact subset of C},,. So our hypotheses imply that for large n,

plom) - K = p(gh)p(rL) - K C U.

5.6 Relative stability

In this section we prove the main relative stability property for EGF represen-

tations (Theorem 5.6.2).

5.6.1 Deformations of EGF representations

In general, the set of EGF representations is not an open subset of Hom(I", GG).

However, it is relatively open in a subspace of Hom(I', G) where we restrict the

203



deformations of the peripheral subgroups appropriately. Roughly speaking, we
want to consider subspaces W C Hom(I', G) where the dynamical behavior of the
peripheral subgroups changes continuously under deformation. That is, if p; is a
small deformation of a representation pg, where po(I',) attracts points towards A, at a
particular “speed,” then we want p;(I',) to attract points towards a small deformation

of A, at a similar “speed.”

The precise condition is the following:

Definition 5.6.1. Let py : ' — G be an EGF representation with boundary extension
¢: A — O(',H), and let W C Hom(I', G) contain py.

We say that W is peripherally stable at (po, @) if for every p € II, every open
set U containing ¢~*(p), every compact set K C C,, and every cofinite set 7' C T,
such that

there is an open set YW C W containing pg, such that for every p’ € W', we have

p(T)-K CU.

The following is the main result of this section.

Theorem 5.6.2. Let p: ' — G be EGF with respect to P, let ¢ : A — (L', H) be a
boundary extension, and let W C Hom(I', G) be peripherally stable at (p, ¢). For any
compact subset Z of (', H) and any open set V C G/P containing ¢~ (Z), there is
an open subset W' C W containing p such that each p' € W' is EGF with respect to
P, and has an EGF boundary extension ¢' satisfying ¢'~1(Z) C V.
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Remark 5.6.3. In [Bow98|, Bowditch explored the deformation spaces of geomet-
rically finite groups I' C PO(d, 1), and gave an explicit discription of semialgebraic
subspaces of Hom(I', PO(d, 1)) in which small deformations of T" are still geometrically

finite.

Bowditch’s deformation spaces are peripherally stable, so it seems desirable to

find a general algebraic description of peripherally stable subspaces.

Even in PO(d, 1), the question is subtle, however. Bowditch also gives examples
of geometrically finite representations p : I' — PO(d, 1) (for d > 4) and deformations
pr of p in Hom(I', PO(d, 1)) such that the restriction of p; to each cusp group in I is
discrete, faithful, and parabolic, but p; is not even discrete; further examples exist

where the deformation is discrete, but not geometrically finite.

The simplest examples of peripherally stable deformations are cusp-preserving

deformations.

Definition 5.6.4. Let (I', H) be a relatively hyperbolic pair, and let p : ' — G be a

representation. The space of cusp-preserving representations
Hom,(I', G, H, p)

is the set of representations p’ : I' — G such that for each peripheral subgroup H € H,
we have
pla=g- plu-g"

for some g € G (which may depend on H).
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It is immediate from the definition that if p = py is EGF, and p, : ' = G is a
continuous family of representations such that p;(I',) = g:po(I',)g; ' for a path g; € G
with go = id, then the set {p;} is peripherally stable at py. So one consequence of

Theorem 5.6.2 is the following:

Corollary 5.6.5. Let p : I' — G be an EGF representation. Then there is a

netghborhood of p in
Hom,(I', G, H, p)

consisting of EGF representations.

There are also often examples of peripherally stable deformations which are

not cusp-preserving.

Example 5.6.6. Let B € SL(d,R) be a d-dimensional Jordan block with eigenvalue
1 and eigenvector v, and let A € SL(d + 2, R) be the block matrix (B L >

Although [v] is not quite an attracting fixed point of A, it is still an “attracting
subspace” in the sense that if K is any compact subset of RP“*! which does not
intersect a fixed hyperplane of A, then A™- K converges to {[v]} (see Proposition 2.1.17).
Via a ping-pong argument, one can use this “attracting” behavior to show that for
some k > 1 and some M € SL(d + 2,R), the group I' generated by a = A* and
B = MAFM~! is a discrete free group with free generators o, 3. The group I is
hyperbolic relative to the subgroups («), (), and the inclusion I" < SL(d + 2, R) is

EGF with respect to P 411 (the stabilizer of a line in a hyperplane in R%™2).

Here, there are peripherally stable deformations of I' which change the Jordan

block decomposition of A. For instance, consider a continuous path A; : [0,1] —

206



SL(d+2,R) given by A, = <Bt L >, where By = B and B; is a diagonalizable matrix
in SL(d,R). For small values of ¢, the group I'; generated by a; = A¥ and § is still
discrete and freely generated by «a; and f—since the “attracting” fixed points of
A, deform continuously with ¢, the same exact ping-pong setup works for all small
t > 0. And indeed the path in Hom(I", SL(d 4 2, R)) determined by the path A; is a

peripherally stable subspace.

On the other hand, consider the path A} = (B et - ), and let o) = A, In
this case the corresponding subspace of Hom(I', SL(d + 2,R)) is not peripherally
stable: while the group generated by «; is still discrete, the attracting fixed points of
A} do not deform continuously in ¢t. So, there is no way to use the ping-pong setup

for T" to ensure that I', = («f, ) is a discrete group.

Example 5.6.7. Here is a somewhat more interesting example of a non-peripherally
stable deformation. Let M be a finite-volume noncompact hyperbolic 3-manifold,
with holonomy representation p : myM — PSL(2,C) (so there is an identification
M =H3/p(71M)). Then m M is hyperbolic relative to the collection C of conjugates
of cusp groups (each of which is isomorphic to Z?), and the representation p is

geometrically finite (in particular, EGF).

In this case, for any sufficiently small nontrivial deformation p’ of p in the
character variety Hom(m; M, PSL(2,C))/ PSL(2, C), the restriction of p’ to some cusp
group C' € C either fails to be discrete or has infinite kernel. So Hom(m M, PSL(2, C))
is not peripherally stable, because any sufficiently small deformation of p inside of a

peripherally stable subspace must have discrete image and finite kernel on each C' € C.
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This is true despite the fact that arbitrarily small deformations of p are associated to

complete hyperbolic structures on Dehn fillings of M.

The main ingredient in the proof of Theorem 5.6.2 is the relative quasigeodesic
automaton G and the associated G-compatible system of open sets {U, } we constructed
in Proposition 5.3.1. The following proposition is immediate from the definition of

peripheral stability:

Proposition 5.6.8. Let p : I' — G be an EGF representation with boundary extension

¢, and let YW C Hom(I', G) be a subspace which is peripherally stable at (p, ).

If G is a relative quasigeodesic automaton for I, and {U,} is a G-compatible
system of open subsets of G/P for p(I'), then there is an open subset W' C W

containing p such that for every p' € W', {U,} is also a G-compatible system of open

sets for p'(T).

Theorem 5.6.2 then follows from a kind of converse to Proposition 5.3.1: we
will show that we can reconstruct a map extending the convergence dynamics of I'

from the G-compatible system {U, }.

5.6.2 An equivariant map on conical limit points

For the rest of this section, we let p : [' = G be a representation which is EGF
with respect to a symmetric parabolic subgroup P C G. We let ¢ : A — O(I', H) be a
boundary extension for p, and assume that YW C Hom(I', G) is peripherally stable at
(p, ). We also let Z be a compact subset of (', H), and let V' C G/P be an open
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subset containing ¢~'(Z). We again fix a finite subset IT C 9pa (T, H), containing

one point from every I-orbit in Opar (I, H).

Using Proposition 5.3.1, we can find a relative quasigeodesic automaton G and
G-compatible system {U,} of open subsets of G/P for p(I'). Using Proposition 5.3.14,
we can ensure that for any z € Z, there is a G-path {a,,} limiting to z (with vertex

path {v,}) so that U,, is contained in V.

Antipodality of the map ¢ implies that for each z € O(T', H), each fiber ¢p(2)
is a closed subset of some affine chart in G/P. So, we can also assume that U, is a
proper domain for each vertex v of G. In fact, by way of the following lemma, we can

assuine even more.

Lemma 5.6.9. Let p be an EGF representation with boundary map ¢ : A — O(I', H).

For any 6 > 0, we can find a relative quasigeodesic automaton G with G-
compatible system {U,} of open sets in G/P as in Proposition 5.3.1, so that for any
x,y € O, H) with d(z,y) > 0, if p~*(z) C U, and ¢ (y) C Uy, then U, and U,

are opposite.

Proof. We choose € > 0 so that if d(v, w) > §/2 for v,w € O(I', i), then the closed

e-neighborhoods of

are opposite. This is possible for a fixed pair v, w € 9(I', H) since antipodality is an
open condition, and ¢~!(v), ¢! (w) are opposite compact sets. Then we can pick a
uniform ¢ for all pairs since the the subset {(u,v) € (O(T',H))? : d(u,v) > 6/2} is

compact.
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Consider G-compatible systems of open subsets {U,} and {W,} for the action
of I'on G/P and O(I', H), coming from Proposition 5.3.1. We can ensure that for
each vertex a, the diameter of W, is at most /4, and U, C N(¢~(w),¢e) for some

w e W,.
If x,y € O(I',H) satisfy d(z,y) > d, and x € W,, y € W}, we have
d(v,w) > 0/2
for all v € Wy, w € W,
Then, if ¢~'(x) C U, and ¢~ '(y) C U, we have
Uy CN(@7H(v),e), Uy CN(¢}(w),e)

for v € W,, w € W, with d(v,w) > §/2. By our choice of ¢, the closures of

N(¢~Hw),e) and N(¢~'(v),e) are opposite. O

Using cocompactness of the action of I" on the space of distinct pairs in 9(I', H),
we know that there exists some fixed § > 0 such that for any distinct zq, 2o € O(I', H),
we can find some v € I' such that d(yz1,7v22) > d. Then, in light of Lemma 5.6.9, we

can make the following assumption:

Assumption 5.6.10. For any z;, 2, € (', H) satisfying d(z1, z) > 6, if ¢71(21) C

U, and ¢~ '(23) C U, for v, w vertices of G, then U, and U, are opposite.

With our relative quasigeodesic automaton G and compatible system of open

sets {U,} fixed, we now choose an open subset W' C W so that for any p/ € W,
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{U,} is also a G-compatible system for the action of p'(I') on G/P. Our main goal
for the rest of this section is to show that any p’ € W is an EGF representation. So,

we fix some p' € W'.
Let Path(G) denote the set of infinite G-paths. Proposition 5.4.3 implies that
every path in Path(G) is contracting for the p’-action, so we have a map
Yy : Path(G) — G/P,

where the path {a,} maps to the unique element of

m pllan) - p(an)Up,,y-
n=1

Lemma 5.6.11. The map v, : Path(G) — G/ P induces an equivariant map

wp’ : aconl“ — G/P

Proof. We first need to see that 1, is well-defined, i.e. that if z is a conical limit
point and {a,}, {8,} are G-paths limiting to z, then ¥y ({an}) = ¥y ({Bn})-
Let
Y = Q- - - Qi nm:ﬂl"'ﬂm‘
We can use Proposition 5.2.11 to see that v, and 7, lie within bounded Hausdorff
distance of a geodesic in Cay(I', .S, P) limiting to z, so there is a fixed D so that for
m, n tending to infinity,
d(Yn, 1) < D

in the Cayley graph of I". Proposition 5.4.18 implies that p'(v,) and p/(n,,) are

both P-divergent sequences and each have a unique P-limit point in G/P, given
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by ¥y ({on}), ¥y ({Bm}), respectively. Then, Lemma 4.23 in [KLP17] implies that

because p'(vn) = p'(Mm)gn for a bounded sequence g, € G, the P-limit points of p'(v,)
and p'(n,) must agree and therefore ¢, ({,}) = ¥ ({5 }).

Next we observe that 1, is equivariant. Fix a finite generating set .S for I'. It

suffices to show that ¢, (s - z) = p'(s) - ¢y (2) for all s € S.

Let {a,} be a G-path limiting to some z € J., I, and consider the sequence

/
Vp = SO Q.

Again, Proposition 5.2.11 implies that +/ lies bounded Hausdorff distance from
a geodesic in Cay(T', S, P), which must limit to s-z. So if we fix a G-path £, limiting

to s - 2z, the same argument as above shows that ¢, ({5,}) = p'(s) - ¥y ({an}). O

It will turn out that ¢, is also both continuous and injective. However, we do

not prove this directly.

5.6.3 Extending ¢, to parabolic points

We want to extend the map ¢, : Oonl' — G/P to the entire Bowditch
boundary O(I', H). To do so, we need to view 1, as a map to the set of closed subsets

of G/P.

The first step is to define v, on the finite set IT C Op,I'. For any vertex v in

G, we consider the set

B,= |J U,

(v,y) edge in G
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Then, for each p € II, we pick a parabolic vertex w so that p,, = p. We define A}, to
be the closure of the set of accumulation points of sequences of the form p/(v,) - z,
for x € B,, and ~, distinct elements of I',. Part (3) of Proposition 5.3.1 guarantees
that B,, C C,, and G-compatiblity of the system {U,} for the p'(I')-action on G/P

implies that A, C U,. By construction, A} is invariant under the action of p(I').

Next, given a parabolic point ¢ € Opa, ', we write ¢ = ¢ - p for p € II, and then
define

Since A, is I'p-invariant and T', is exactly the stabilizer of p, this does not depend on

the choice of coset representative in gI',. Moreover 1,/ is still p’-equivariant.

In addition, if v is any parabolic vertex with parabolic point p, = g - p for
p € 11, part (2) of Proposition 5.3.1 ensures that B, = B,, for any parabolic vertex w
with p, = p. So, p'(g) - A, is exactly the closure of the set of accumulation points of
the form p'(gy,) - = for sequences v,, € I'y and x € B,. Then G-compatibility implies
that 1, (py) = p(g)A;, is a subset of U,.

Remark 5.6.12. There is a natural topology on the space of closed subsets of G/P,
induced by the Hausdorff distance arising from some (any) choice of metric on G/P.
We emphasize that the map 1, is not necessarily continuous with respect to this

topology.

Ultimately we want to use v, to define a map extending the convergence

dynamics of T, so we will need to also define the sets C’ for each z € (', H). For
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now, we only define C}, for p € II: this will be the set

We can immediately observe:

Proposition 5.6.13. C, is p'(I',)-invariant. Moreover, for any infinite sequence
Yn € Ty, any compact K C C}, and any open U C G /P containing A, for sufficiently

large n, p'(y,) - K lies in U.

Proof. T',-invariance follows directly from the definition.

Fix a compact K C ), and an open U C G/ P containing A},. K is contained
in finitely many sets p'(y)B,, for v € I',, so any accumulation point of p'(v, )z for
z € K and v, € T, lies in A, In particular, for sufficiently large n, v, lies in U, and

since K is compact we can pick n large enough so that v,z € U for all x € K. [

We next want to use 1,y to define an antipodal extension from a subset of

G/P to O(I','H).

Lemma 5.6.14. For any z € O(I',H), if {an,} is a G-path limiting to z with corre-

sponding vertex path {v,}, then ¢$~1(2) and 1, (z) are both subsets of U,, .

Proof. 1f z is a conical limit point, then this follows immediately from Proposi-
tion 5.2.11 and the definition of ¥,,. On the other hand, if z is a parabolic point,

then z = ay -+ - ayp,, where v is a parabolic vertex at the end of the vertex path
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{v,}. By part (3) of Proposition 5.3.1, we have p, € W, and thus ¢~'(p,) C U,. By
p-equivariance of ¢ we have

¢ (2) = play---an)d™ (p),

so by G-compatibility we have ¢~!(z) C U,,. On the other hand, we have constructed
Y, so that ¢, (p,) C U, so p/-equivariance of 1, and G-compatibility also show that
@Dp/(z) c U,. (]

Lemma 5.6.15. For any two distinct points zy, ze in O(I', H), the sets

p(21),  p(z2)

are opposite (in particular disjoint).

Proof. We know that for any distinct 21,29 > 0, we can find v € I' so that
d(yz1,722) > 6. So, since 1, is p-equivariant, we just need to show that if
21,20 € O(I', H) satisfy d(z1,22) > 6, then ¢, (21) is opposite to 1, (22).

Let {a,}, {8.} be G-paths respectively limiting to points z1, zo € (', H) with
d(z1,z9) > ¢, with corresponding vertex paths {v,,} and {w,}. By Lemma 5.6.14, we
must have ¢~(21) C U,, and ¢~ !(z3) C U,,, so under Assumption 5.6.10, we know
that U,, and U, are opposite. But then we are done since Lemma 5.6.14 also implies

that 1, (21) C Uy, and ¢y (22) C U,,. O

5.6.4 The boundary set of the deformed representation

We define our candidate boundary set A’ C G/P by

N= U .
)

z€0(I'/H
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We then have an equivariant map
¢ N — oI, H),

where ¢'(x) = z if € ¥,(2). Lemma 5.6.15 implies that ¢’ is well-defined and
antipodal. It is necessarily both surjective and p’-equivariant, and its fibers are either

singletons or translates of the sets A} for p € IL.

Lemma 5.6.16. For any z € Z, we have ¢/~*(z) C V.

Proof. Recall that we used Proposition 5.3.14 to construct our automaton so that for
any z € Z, there is a G-path limiting to z with vertex path {v,} such that U,, C V.
Then Lemma 5.6.14 implies ¢/~'(2) C V. O

Lemma 5.6.17. A’ is compact.

Proof. Fix a sequence y,, € A’, and let z,, = ¢'(y,). Since (I, H) is compact, up to
subsequence x,, — . We want to see that a subsequence of y, converges to some

y € N'. We consider two possibilities:

Case 1: x is a parabolic point. We can write x = g - p, where p € II. Let w be a

parabolic vertex with p,, = p.

Choose an edge (w,v) in G. Part (3) of Proposition 5.3.1 implies that we can
find a compact subset K C W, such that I', - K = 9(I', H) — {p}. So, we can find
Yn € I'p so that

Zn = g e, € K.
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Then, since ¢ (W,) C U,, by definition C; contains ¢'~'(K), and in particular

C,, contains ¢’ ~1(2,) for infinitely many z,.

Then using Proposition 5.6.13, we know that up to subsequence,

P ()0 (zn) = P (7))@ (0 ' )

converges to a compact subset of A, which means that

Yn € P/ (9)P' (1) (99 )
subconverges to a point in p'(g)A;,.

Case 2: x is a conical limit point. We want to show that any sequence in ¢'~!(z,,)
limits to ¢/~1(x), so fix any € > 0. Using Corollary 5.4.12, we can choose N so that
if {cv,} is any G-path limiting to x, with corresponding vertex path {v,,}, then the
diameter of

p,(Oél T aN)UUN+1

is less than € with respect to a metric on U,,. We fix such a G-path {a,,}. Then, we
use Lemma 5.2.15 to see that for sufficiently large n, there is a G-path {3} limiting
to x, with 8; = a; for i < N. Thus the Hausdorff distance (with respect to Cy, )
between ¢'~*(z,,) and ¢'~!(x) is at most . Since ¢'~'(z,,) and ¢'~!(x) both lie in the

compact set p/(ay)U,, C U,,, this proves the claim.

Lemma 5.6.18. ¢ is continuous and proper.
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Proof. Since A’ is compact, we just need to show continuity. Fix y € A’ and a

sequence ¥y, € A" approaching y. We want to show that ¢'(y,) approaches ¢'(y) = z.

Suppose otherwise. Since J(I', H) is compact, up to a subsequence z, = ¢'(y,)
approaches z # x. Using the equivariance of ¢’, and cocompactness of the I™-action on
distinct pairs in (I', H), we may assume that d(x, z) > §. For sufficiently large n, we
have d(x, z,) > 6 as well. Then, as in the proof of Lemma 5.6.15, by Assumption 5.6.10
we know that for any vertices v, w in G such that U, contains ¢, (z) and U, contains

Y (2,), the intersection U, N U, is empty.
But by definition of ¢, we have
y€Yp(r) CUs  yn € thp(zn) C Uy

for vertices v, w in G. This contradicts the fact that y, — y. ]

5.6.5 Dynamics on the deformation

To complete the proof of Theorem 5.6.2, we just need to show:

Proposition 5.6.19. ¢’ extends the convergence dynamics of T'.

Proof. We will apply Proposition 5.1.2, and show separately that the required dy-

namics hold for conical limit sequences and sequences in peripheral subgroups.

For each conical limit point z, we define C. = Opp(¢’~*(z)). Antipodality of

¢ implies that C” contains A" — ¢/~1(z) for all z € Oonl.

First suppose that 7, is a sequence limiting conically to a point z € (I, H),

and that ! limits conically to some z_ € (', H).
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Up to subsequence, v, lies a bounded distance away from the image of a
G-path {a,} limiting to z. Proposition 5.4.18 implies that p/(~,) is P-divergent,
with unique P-limit ¢'~!(2). Similarly, p/(v;, ') is P-divergent, with unique P-limit
¢#'~'(2_). Then Lemma 2.3.8 implies that p/(7,) converges uniformly to ¢'~!(z) on

compacts in C? .

For each parabolic point ¢, we write ¢ = g - p for p € II, and then take
Ci = p'(g) - C,. Proposition 5.6.13 says that for any p € II, any compact K C C,,
and any open U C G/P containing A}, if 7, is an infinite sequence in I',, then
¢ (1) - K C U for sufficiently large n. Then, since I', = gT',¢g ', the same is true for
any parabolic point q.

So, we just need to check that for each p € II, C contains A" — A7, As in the
proof of Lemma 5.6.17, we can find a compact subset K C 9(I', H) — {p} so that
I',K =0(I',1) — {p} and Cj, contains ¢'~'(K). But then since Cj is p/(I',)-invariant
(by Proposition 5.6.13), we have

p(Ty) - oK) = ¢, H) - {p}) C C,.
O
Remark 5.6.20. The definition of the set A" and the map ¢’ immediately imply
that the fibers of the deformed boundary extension ¢ : A" — 9(I", H) satisfy the
conclusions of Proposition 5.1.4: the fiber over each conical limit point is a singleton,
and the fiber over each parabolic point p is the closure of the accumulation sets of

['p-orbits in C}. So, we obtain Proposition 5.1.4 by taking W to be the singleton {p},

and following the proof of Theorem 5.6.2 (using C;, for €}, throughout).
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Chapter 6

Examples of EGF representations

The last chapter of the thesis is devoted to examples of EGF representations.
All of the examples we provide ultimately derive from convez real projective structures

on manifolds.

We provide three families of examples in this chapter. First, in Section 6.1, we
prove that convexr cocompact projective structures give rise to EGF representations.

To be precise, we prove:

Theorem 6.0.1. Let (I',’H) be a relatively hyperbolic pair, and let p : I' — SL(d+1,R)
be a group acting convex cocompactly on a properly convexr domain € C RP?. Suppose

that each peripheral subgroup H € H also acts convex cocompactly on €.

Then p is EGF with respect to Py 4, where Py 4 is the stabilizer of a flag of
type (1,d) in R+,

In Section 6.2, we show that convex projective manifolds with generalized

cusps also give rise to EGF representations.

Finally, in Section 6.3, we provide new examples of EGF representations by
taking symmetric powers of certain projectively convex cocompact representations.

We also show that for these examples, the entire space Hom(T', G) is peripherally
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stable. The main theorem of the previous chapter then implies that any sufficiently

small deformation of one of these representations is still EGF.

6.1 Projective convex cocompact representations

Our first goal is to prove the following theorem, which shows that the relatively
hyperbolic projectively convex cocompact groups explored in Chapter 4 fit into the

framework of EGF representations.

Theorem 6.1.1. Let (I', H) be a relatively hyperbolic pair, and let p : T' — SL(d+1,R)
be a group acting convex cocompactly on a properly convex domain Q C RPY. Then p

is EGF with respect to Py 4, where Py 4 is the stabilizer of a flag of type (1,d) in R,

The idea behind Theorem 6.1.1 is that the quotient map Aq(I") — [Aq(T)]y ~
(T, H) discussed in Section 4.3 should induce an EGF boundary extension. Since
EGF representations are defined for symmetric parabolic subgroups, we need to

augment this quotient map, and define it on an appropriate space of flags.
Definition 6.1.2. Let I' C Aut(Q2).
1. The dual full orbital limit set A§(I") is the full orbital limit set of I'* in 0Q*.

2. The flag-valued full orbital limit set Ag(T) is the set

~

Aq(T) :={(z,w) € FL(V) :x € Ag(T"),w € AH(T)}.

3. The mazimal domain Q. (') is the unique connected component of



containing 2. Equivalently, Q.<(I") is the dual of the convex hull of A§(T") in
Q.

We emphasize that Q,.x(I") is not necessarily a properly convex set, which
means that we cannot always define a Hilbert metric on it (so we do not have a
guarantee that I" acts properly discontinuously in general). However, when I" acts
convex cocompactly on €2, we do get a properly discontinuous action, thanks to the

following argument suggested by Jeff Danciger and Fanny Kassel:

Proposition 6.1.3. Let I' act convex cocompactly on a properly convexr comain ).
For any x© € Quax(T), every accumulation point of T - x lies in Aq(T"). In particular,

[ acts properly discontinuously on Qpax(I).

Proof. When Q,,.<(I') is a properly convex domain, this follows immediately from
Proposition 4.18 in [DGK17], which says that whenever I" acts convex cocompactly
on some domain §2, and ' is any I'-invariant properly convex domain containing €2,

then I' acts convex cocompactly on Q' and Ag(I") = Ag/(T).

So, we consider the case where Q.. (I") is not properly convex. We may
assume our domain 2 is chosen so that I' acts convex cocompactly on both 2 and
QF C P(V*). Since Quax(I") is not properly convex, its dual Q. (I')* (given by the
convex hull of AG(T") in %) has empty interior (i.e. it spans a proper projective

subspace of P(V*)).

Given any € > 0, we let 2 be the uniform e-neighborhood of Q. (I')*, with
respect to the Hilbert metric on Q. We let 2. C P(V') denote the dual of 2. Note

that €2, is a [-invariant properly convex subset of Q,.x(I"), containing €.
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Since duality reverses inclusions, and the intersection
Mo
e—0
is exactly the set Quax(I')*, the union

Ue.

e—0
is the set Qupax(I). So, if we fix € Qpax (L), for some € > 0 we have x € Q.. Then
we apply Proposition 4.18 in [DGK17] to the properly convex domain 2. to see that

I' - z must accumulate in the set Ag(T). O

We are almost ready to prove Theorem 6.1.1. We first observe that, using a
theorem of Danciger-Guéritaud-Kassel ([DGK17], Theorem 1.18), one can slightly

strengthen Theorem 4.1.8 to obtain the following:

Corollary 6.1.4. Let (I',;H) be a relatively hyperbolic pair, and suppose that p :
I' = PGL(V) is a projectively convex cocompact representation, with p|y projectively

convex cocompact for each H € H.

Then there is a properly convex p(I')-invariant domain Q C P(V'), with p(T")
acting convexr cocompactly on €, such that every nontrivial projective segment in OS2

is contained in Aq(H) for some H € H.

We also observe:

Proposition 6.1.5. Let ¢ : O(I', H) — [Aq(I')]w be the equivariant homeomorphism

coming from Corollary /.1.10.
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If z € (', H) is a conical limit point, and 7, is a sequence limiting to z in

T =TUa(l,H), then (z) € P(V) is the unique attracting limit point for =y, in P(V).

Proof. Tt suffices to show that any subsequence of v, has a further subsequence whose
unique attracting limit point is ¢ (z). So, using the convergence group property, we
can take a subsequence and assume that there is some point y € (I, H) so that -,
converges to z on every point in the set (', H) — {y}. We can further assume that

the pair (I', ) is not elementary, so (', ) contains infinitely many points.

So, by Corollary 6.1.4, we can find distinct points u,v € Ag(I") so that the
projective line segment (u,v) lies in €, and p(v,)u, p(7,)v both converge to 1(z).
Lemma 4.1 in [DGK17] implies that F(¢(z)) C Aq(I'), and then Corollary 6.1.4
implies that Fqo(¢(2)) = {¢(2)}.

Then for any x € (u,v), p(y,)x converges to ¥(z), and we are done by

Proposition 2.1.18. O]

Proof of Theorem 6.1.1. Fix a (d + 1)-dimensional real vector space V', let (I',H) be
a relatively hyperbolic pair, and let p: I' = PGL(V) be a representation such that
p(T") acts convex cocompactly on a properly convex domain 2. This implies (see

[1722]) that each H € H also acts convex cocompactly on €.

The first step in the proof is to define our boundary extension é ‘A= oI, H),
where A is the flag-valued full orbital limit set ]\Q(F) We use the equivariant
homeomorphism ¢ : 9(I',H) — [A]y coming from Corollary 4.1.10 to define an
equivariant surjection ¢ : A — O(I', H), where the preimage of each parabolic point p

in O(I', H) is exactly Aq(H) for H = Stabr(p).
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Similarly, if A* is the dual full orbital limit set, we can find an equivariant
surjection ¢* : A* — (I, H), where ¢*~!(2) is a single hyperplane if z is a conical

limit point, and the dual full orbital limit set of Stabr(z) if z is a parabolic point.

Each element of A* is a supporting hyperplane of the domain €. Corollary 6.1.4
implies that for every point (z,w) in the flag-valued full orbital limit set A= /A\Q(F),

either:
1. z = ¢ (z) and w = ¢* ' (2) for a conical limit point z € (', H), or
2. x € Ay and w € A}, for a peripheral subgroup H € H.

This allows us to combine ¢ and ¢* to get a well-defined equivariant surjection
¢:A— I, H).
The next step is to define the open subsets C, C Fy for each z € (', H). If

z € O(T',’H) is a conical limit point, we define the set C, by

C. ={v € Fi : v is opposite to ¢~ *(2)}.

Otherwise, if z is a parabolic point, we consider the maximal domain Q.. (H) C

P(V) for H = Stabr(z). Dually, we can define QF_ (H) C P(V*), viewing Aq(H) as

max

the dual full orbital limit set of H* acting on 2.

Then, we define

C. = {(z,w) € Fo(V) : 2 € Quan(H),w € O, (H)}.

max

For every z € O(T', H), C, is open, and Corollary 6.1.4 implies that C, contains
¢~1(2) for every 2’ # z in O(T, H).
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The last step is to check that the map 45 actually extends convergence dynamics,
using the sets C,. Because of Proposition 5.1.2, it suffices to verify that gg has the
right dynamical behavior for conical limit sequences and sequences in peripheral

subgroups.

Fix a conical limit point z € 9(I',H), and let -, € I" be a sequence limiting

conically to z, with ! limiting conically to some point z_.

Proposition 6.1.5 implies that ¢~1(z) is the unique attracting subspace for p(7,)
in P(V), and ¢~!(z_) is the unique attracting subspace for p(v,') in P(V'). Dually,
(¢*)7'(2_) is the unique attracting subspace for p(7, ') in P(V*), and (¢*)~*(z) is the
unique attracting subspace for p(v,) in P(V*). Then Lemma 2.3.8 ensures that p(7,)

converges to ¢~!(z) uniformly on compacts in C,_.

On the other hand, if z is a parabolic point and -, is an infinite sequence in
Stabr(z), Proposition 6.1.3 implies that for any compact K C C,, the set p(v,) - K

eventually lies in any given neighborhood of ¢~1(2), as required. ]

6.2 Generalized cusps

In [CLT18], Cooper-Long-Tillmann studied relative stability properties for the
holonomy of certain noncompact convex projective orbifolds—those with generalized
cusps. They consider the situation of a convex projective manifold M (with strictly
convex boundary) which is a union of a compact piece and finitely many ends
homeomorphic to N x [0, 00), where N is a compact manifold with virtually abelian

fundamental group. The ends of such a manifold are called generalized cusps.
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In [BCL20], Ballas-Cooper-Leitner classified generalized cusps in RP? into
d+ 1 different cusp types. A type 0 cusp is projectively equivalent to a cusp in H¢ and
has virtually unipotent holonomy, while a type d cusp has virtually diagonalizable

holonomy. The remaining cusp types “interpolate” between these two.

If M =Q/T is a finite-volume convex projective d-manifold, and Q C RP is
a strictly convex domain, then work of Crampon-Marquis [CM14] (see also Cooper-
Long-Tillmann [CLT15]) shows that M decomposes into a union of a compact piece
and finitely many type 0 cusps, and m M is hyperbolic relative to the collection of
cusp groups

C ={mC;:C;acuspin M}.

Corollary 6.2.5 implies that the holonomy p : m M — SL(d+1, R) of such a manifold is
an EGF representation, and Theorem 5.6.2 says that peripherally stable deformations
of p are also EGF.

In this situation, we can give an explicit example of a subspace of Hom(m M, SL(d+

1)) which is peripherally stable. Following Cooper-Long-Tillman, we let VFG(d + 1)
denote the set of virtual flag groups: discrete subgroups of SL(d + 1,R) which have a

finite-index subgroup which is conjugate to a group of upper-triangular matrices.

Definition 6.2.1. Let (I, H) be a relatively hyperbolic pair. We let
Repype (I, H)
denote the space
{p € Hom(T',SL(d + 1,R)) : VH; € H,p(H;) € VFG(d + 1)}.

227



Let p : mM — SL(d + 1,R) be the holonomy of the manifold M. [CLT18,
Theorem 0.1] says that the image of the holonomy of each cusp of M lies in VFG(d+1)—
i.e. p € Repypg(mM,C). And, if p/ is any small deformation of p in Repypq(m M, C),

then p is the holonomy of a nearby convex projective structure on M.

Our goal in this section is to prove that these nearby representations are also

EGF:

Theorem 6.2.2. Let M = Q/T" be a finite-volume convex projective manifold, and
suppose that § is strictly convex (so the holonomy p : miM — SL(d + 1,R) is EGF

with boundary extension ¢).

Then the space Repype(m1M,C) is peripherally stable at (p, ¢). In particular,
due to Theorem 5.6.2, an open subset of Repypa(mM,C) containing p consists of

EGF representations.

In [Bob19], Bobb produced examples of convex projective d-manifolds with
cusps of any non-diagonalizable type for all dimensions d. These examples are all
small deformations of finite-volume hyperbolic d-manifolds. So, a consequence of

Theorem 6.2.2 is the following:

Corollary 6.2.3. In every dimension d and for every 0 < t < d, there exists a convex

projective manifold with a type t generalized cusp and EGF holonomy.

Remark 6.2.4. We expect that a version of Theorem 6.2.2 also holds with weaker
assumptions on M, which are more in line with the original assumptions in the

Cooper-Long-Tillmann stability result. For instance, we conjecture that whenever M

228



is a convex projective manifold with strictly convex boundary, each end of M is a
generalized cusp, and 7y M is relatively hyperbolic (relative to a collection of subgroups
), then the holonomy of M is an EGF representation, and Repypq(mi M, H) is a

peripherally stable subspace.

6.2.0.1 Geometrically finite strictly convex projective manifolds

In [CM14], Crampon-Marquis define a notion of geometrical finiteness for
groups acting on strictly convex domains in projective space. Zhu [Zhul9] showed
that these groups are always relatively dominated, a stronger condition than rel-
ative asymptotic embeddedness. So an immediate corollary of Zhu’s result and

Theorem 5.1.7 is:

Corollary 6.2.5. Let Q C RP? be a strictly convex domain, and suppose that

' C Aut(Q2) acts on Q2 geometrically finitely in the sense of Crampon-Marquis.

Then the inclusion I' — SL(d + 1,R) is EGF.

It is worth noting that unlike generalized cusps, the cusps in the geometrically
finite convex projective manifolds of Crampon-Marquis do not need to have compact
cross-section. It seems possible that there is a general theory of cusped convex
projective manifolds which incorporates both the examples of Crampon-Marquis and
the generalized cusps classified by Ballas-Cooper-Leitner discussed below. It would
be interesting to explore when such cusped convex projective manifolds have EGF

holonomy representation.
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6.2.1 Generalized cusps: definitions

Definition 6.2.6. Let Q C RPY be a properly convex set with nonempty interior.

In general, 2 might not be either open or closed.

e The frontier of Q is Fr(Q) = Q — int(Q).
e The nonideal boundary of Q is 9,0 = Fr(2) N Q.

e The ideal boundary of Q is 9;Q2 = Fr(2) — 0,0.

Some authors (e.g. [CLT18, BCL20]) just refer to the nonideal boundary of
as the boundary 0€2. We avoid this since it conflicts with the notation used in the
previous section (where we use 0f) to denote the ideal boundary of a properly convex

domain ).

If M = Q/T" is a convex projective manifold with boundary, then OM is
identified with 9,€2/I". When 0,2 contains no nontrivial projective segments, then

we say that the manifold M has strictly convex boundary.

Definition 6.2.7. Let 2 C RP? be a properly convex set with nonempty interior,
and let I' C Aut(§2) be discrete. A manifold C' = Q/T" is a generalized cusp if C
has compact and strictly convex boundary, I' ~ 7, C is virtually abelian, and C' is

homeomorphic to dC x [0, 00).

Recall that VFG(d + 1) is the set of virtual flag groups in PGL(d + 1,R),
i.e. the discrete groups which have a finite-index subgroup conjugate to a group of

upper-triangular matrices.
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Definition 6.2.8. Let C' be a generalized cusp. We let
VFG(C) = {p: mC — PGL(d + 1,R) : p(mC) € VFG}.

Theorem 6.2.9 ([CLT18], Theorem 6.25). Let C' be a generalized cusp, and let U
be the set of holonomies of convex projective structures on C with strictly convex

boundary. Then U is an open subset of VFG(C).

6.2.2 Generalized horospheres

In [CLT18], Cooper-Long-Tillmann show that if C'is a generalized cusp with
holonomy p : mC — PGL(d + 1,R), there is a finite-index subgroup I'y C mC
(depending only on mC and d) so that p(I';) is a lattice in a syndetic hull of p(T'y):
a uniquely determined connected Lie group T'(p) C PGL(d + 1,R), conjugate into
the group of upper triangular matrices. This group is called the translation group of

the cusp.

We may assume that I'; is free abelian, so it is a lattice in I'; ®z R ~ R,
The restriction

plr, : Ty — PGL(d + 1, R)

extends uniquely to an embedding of Lie groups
L R — PGL(d + 1,R)

with image T'(p).

We observe the following:
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Proposition 6.2.10. Let C be a generalized cusp. The embedding
1, R — PGL(d + 1,R)

varies continuously with p € VEG(C) in the compact-open topology on maps from

R4 into PGL(d + 1, R).

Proof. The Lie algebra of PGL(d + 1,R) is identified with sl(d + 1, R). Fix a finite
set S of generators for I'y. The subspace s, C sl(d+ 1, R) spanned by log(p(S)) varies

smoothly with p, and the induced map
R — sl(d + 1,R)

with image s, varies continuously in the compact-open topology. The embedding ¢,

is given by composition with the exponential map. O

When C' = Q/I' is projectively equivalent to a cusp in some hyperbolic
manifold, we can assume that  is a closed horoball in H?. The nonideal boundary
0,82 is a horosphere preserved by I', which carries a ['-invariant Euclidean metric. In

this case the translation group is the group of Euclidean translations on 0,(2.

When C'is a generalized cusp, we can always find some orbit of the translation
group T'(p) in RP? which is a strictly convex hypersurface (see Proposition 6.22 in
[CLT18]). This hypersurface is called a generalized horosphere. Its convex hull in
RP? is a generalized horoball. We can always choose this horoball so that its quotient

by I' is contained in the generalized cusp C.
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Now consider a convex projective manifold M = Q/I" with strictly convex
boundary which can be written as a union of a compact piece and finitely many
generalized cusps. It is always possible to choose the cusps so that each cusp C' C M
is a quotient C' = Q¢ /T, where Q¢ C 2 is a convex subset whose nonideal boundary
is a generalized horosphere, and I'c = mC' is the cusp group. The boundary 9,{2¢ is

homogeneous: the translation group T'(I'¢) acts simply transitively on 9,¢.

6.2.3 The ideal boundary

The Ballas-Cooper-Leitner classification of generalized cusps allows us to get
a more explicit description of the ideal boundary of €2. Given a generalized cusp
C =Q/I', we let Q¢ denote the “standard” I'-invariant domain with homogeneous

nonideal boundary, alluded to above.

Proposition 6.2.11 (Lemmas 1.24 and 1.25 in [BCL20]). Let C' = Q¢/I be a
generalized cusp. The ideal boundary of Q¢ is a projective k-simplex Ac. There is a

unique supporting hyperplane Ho of Q¢ containing Ac, and the affine chart
Ac=RP?— Hc
is the unique affine chart containing Qo as a closed subset.

The vertices of A¢ must be preserved by I', and in fact they are all eigenvectors

for the translation group 7'(T).

Each generalized horosphere S for C' is a strictly convex hypersurface con-
tained in the affine chart Ac. The closure of this hypersurface in RP? is either

Sc UJA¢ (if Cis a “type d” cusp) or S¢ U A¢ (if C' is any other type of cusp).
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6.2.4 Deformations of convex hypersurfaces

The main ingredient in the proof of Theorem 6.2.2 is the following:

Lemma 6.2.12. Let C' be a hyperbolic cusp with holonomy p. Let pc be the cusp

point, and let He be the unique supporting hyperplane of Q¢ at pe.

Let x € Ac = RP? — He, let U C RPY be an open subset containing pc, and

let FF'C mC be a cofinite subset such that p(F) -z C U.

There exists a neighborhood W of p in VFG(C') so that for any p' € W, we
have

P (F)-zCU.

Proof. [CLT18], Theorem 6.25 implies that we can choose a neighborhood W of p
in VFG(C) consisting of holonomies of generalized cusps. For any p' € W, we let
() denote a “standard” properly convex set preserved by p'(mC), whose non-ideal

boundary is a generalized horosphere.

Since pc and H¢ are respectively the unique eigenvector and fixed hyperplane
of p(m C'), we can choose our neighborhood W so that for any p’ € W, any eigenvectors

and fixed hyperplanes of p'(mC) are close to pc, He.

In particular, we can choose W so that the ideal boundary of ' is a k-simplex
A’ contained in U. And, by applying a small conjugation in PGL(d 4+ 1,R), we can

assume that Ho is the unique supporting hyperplane of €2’ containing A'.

Let T'(p) be the translation group of p. The orbit T'(p) - x is a paraboloid in

Ac. We can write Ac = R9™! x R, and then view this paraboloid as the graph of a
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function

fo :RTT= R

The function f, is determined by the condition

(u, fp(u)) = ty(u) - .
Here ¢, : R — PGL(d + 1, R) restricts to p on a finite-index subgroup I'1 C mC,
with Ty identified with Z?~! c R4~

If T(p') is the translation group of p/, then Lemma 6.24 in [CLT18] implies
that T'(p') - x is a strictly convex hypersurface S’ C Ac. The hypersurface S’ is the

graph of a map f, : R — R, satisfying

<u7fp’<u>) = Lp'(U) - I.

Proposition 6.2.10 implies that f, varies continuously (in the compact-open topology

on continuous maps R4t — R) as p/ varies in W.

We fix a norm || || on R, There is a constant D so that for any (u,v) € A¢,

if ||u|| > 1 and |v|/||u|| > D, then (u,v) is contained in the neighborhood U of pc.

fr is a strictly convex function, which we can assume is nonnegative and
uniquely minimized at the origin. So, if f,(u)/||u|| > D on {u € R : |ju|]| = M}

for some constant M, then fy(u)/||u|| > D for all u with ||u|| > M.

So, as long as W is sufficiently small, there is a fixed ball B C R?! so that if
u € R — B, then

(u, fr(u) €U
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for any p' € W.

The ball B contains at most finitely many elements of ['y — F'. So we can in
fact choose VW small enough so that for any p’ € W, every element of p'(I'y — F) - x
lies in U. Then since |I'y : mC| < oo we can shrink W even further to guarantee that
for any p/ € W,
p(mC—F)- x

lies in U as well. O]

6.2.5 Peripheral stability

Proof of Theorem 6.2.2. Let p: m M — PGL(d + 1,R) be the holonomy of a finite-
volume convex projective manifold M, and let €2 be a p-invariant strictly convex
domain such that M = Q/p(m M). Write I' = m; M, and let H be the collection of
cusp groups, so (I',’H) is a relatively hyperbolic pair, and for each H € H, p|y is the

holonomy of a hyperbolic cusp.

Since  is strictly convex, [CLT15], Theorem 11.6 also implies that 2 has C*
boundary. So there is a p-equivariant homeomorphism 02 — 9€)* assigning the point

z € 02 to the unique supporting hyperplane of {2 at z. We let 9} denote the space

{(z,w) € Fy : x € 0Q,w € 0N*}.

There is an equivariant homeomorphism v : (', H) — 02, with the parabolic
points in (I', H) corresponding to the fixed flags of the cusp groups. The inverse

map ¢ : 9 — O(T, H) extends the convergence dynamics of I'. For each parabolic
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point p € (', H), the open set C,, is
Opp(¥(p)) = {€ € Fx : € is opposite to ¥ (p)}.

Let 7 : F+ — RP? be the canonical projection map. It suffices to show that
for any compact set K C 7(C),), any open neighborhood U of m(¢(p)) in RP?, and

any cofinite subset F' C I', = Stabr(p) such that
p(F) - K CU,

we can find a neighborhood W C VFG(I',) containing p such that
P(F)-KcCcU

for any p/ € W. (The same argument applied dually will show that we can upgrade

K to a compact subset of C}, C Fy and U to an open subset in Fy).

For any z in such a compact set K C w(C,), Lemma 6.2.12 implies that there
is an open neighborhood W C VFG(I',), containing the restriction p|r , so that for
any p' € W, we have

P (F)-xcCU.

But then by compactness of K, we can find a single neighborhood W C VFG(I',,) so
that p/(F') - K C U, as required. O

6.3 Symmetric powers of convex cocompact groups

In this section, we construct new examples of extended geometrically finite

representations by taking symmetric powers of convex cocompact representations of
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groups which are hyperbolic relative to virtually abelian subgroups. We also prove

an absolute stability result for these representations.

6.3.1 Symmetric powers

Let V be a finite-dimensional real vector space. We let 7,,, denote the symmetric
representation

SL(V) — SL(Sym™(V)).

Throughout this section, we will view Sym™ (V') as a quotient of the space of homo-
geneous degree-m polynomials in elements of V. We will always leave this quotient
implicit. That is, if v1,...,vx € V, and rq,...,r, € NU{0} with > r; = m, we will

view the monomial vi* - - - v;* as an element of Sym™ (V).

There is a 7,,-equivariant embedding
t:P(V) — P(Sym™(V))
given by [v] — [v™]. There is also a corresponding dual embedding
PV — P(Sym™(V)Y),

using the canonical identification Sym™(V*) ~ Sym™(V')*. We observe that v € P(V)
and w € P(V*) are transverse if and only if their respective images under ¢ and ¢* are
also transverse. This means that the maps ¢ and * also give rise to a 7,,,-equivariant
map

i Fie(V) = Fra(Sym™(V))
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given by i(v,w) = (¢(v),*(w)). Here, d + 1 is the dimension of V' and d’ + 1 is the
dimension of Sym™ (V). In this section we will mostly use will use F(Sym™ V') to

denote Fy o (Sym™ V).

6.3.1.1 Dynamics in symmetric powers

The dynamics of divergent sequences in SL(V') on P(V') and P(V*) are respected

in P(Sym™ V'), in the following sense:

Proposition 6.3.1. Let {g,} be an infinite sequence in SL(V') such that for some
w e P(V*), x € P(V), we have gn|oppw) — & uniformly on compacts.
Then

Tm (gn) |Opp(b*(w)) - L<m)

uniformly on compacts.

6.3.2 Symmetric powers of relatively hyperbolic convex cocompact groups

Suppose that p: I' — PGL(V) is a convex cocompact representation, so that
there is a properly convex domain 2 C P(V') with p(I") acting convex cocompactly
on ). As mentioned in the introduction to this paper, we can always replace I" with
a finite-index subgroup so that p lifts to a representation p : I' — SL(V') with finite
kernel and discrete image. In this situation, we also say that p: I' — SL(V) is convez

cocompact in P(V).

Let (I';H) be a relatively hyperbolic pair such that each group in H is

virtually abelian, and let p : I' — SL(V) be a convex cocompact representation.
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Representations of this form have been studied extensively by Islam-Zimmer [IZ19b],
[1Z19a], who proved a number of strong structural results. In particular, Islam-Zimmer
showed that in this situation, for each H € H, the image p(H) acts cocompactly
on a properly embedded k-simplex Ay C Q, with k = rank(H). (A simplex A C 2
is properly embedded if 0A C 0f2.) Conversely, every properly embedded maximal
k-simplex in the convex hull of Ag(T") always has a cocompact action by some H € H

with rank k.

We let
p™ ' = SL(Sym™ V)

denote the composition 7, o p. We have two main goals in this section. The first is

to prove the following:

Theorem 6.3.2. The representation p™ is EGF, with respect to the parabolic subgroup

P C SL(Sym™ V) stabilizing a line in a hyperplane in Sym™ V.

Note that Theorem 6.3.2 does not follow directly from the fact that convex
cocompact representations in P(V') are EGF (Theorem 6.1.1), because we do not
know that the representations p™ are convex cocompact in P(Sym™ V). In fact, Jeff
Danciger and Fanny Kassel have indicated in personal communication to the author
that p™ should never be convex cocompact in P(Sym™ V') unless the collection H
is empty: while p™(I") does preserve a properly convex domain in P(Sym™ V'), the
convex hull of the full orbital limit set in any such domain seems “too big” for p™(T")

to act cocompactly.

Our second goal is to show:
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Theorem 6.3.3. There is an open subset of p™ in
Hom(T", SL(Sym™V))
consisting of EGF representations.

We will prove Theorem 6.3.3 by proving that the entire space Hom(I", SL(Sym™ V'))
is peripherally stable about p™, and applying Theorem 5.6.2. In particular this shows
that small perturbations of p™ still have finite kernel and discrete image, giving new

examples of discrete subgroups of higher-rank Lie groups which are stable (as discrete

groups).

6.3.2.1 Proof strategy
6.3.2.2 Proof strategy

To show that p™ is EGF, we will give an explicit description of the boundary set
Ay, € F(Sym™ V). The naive choice is to just take A, to be i(Ag(T)), where Ag(T)
is the flag-valued full orbital limit set giving the EGF boundary set for p : I' — SL(V)
(see Section 6.1). While there is a equivariant surjective map from this set to (L', H),
it turns out that we will have to enlarge it in order to ensure that the relevant

dynamics hold.

The idea is the following: for each parabolic point p € 9(T', H), with stabilizer
H, we take the fiber over p in A, to be the space of flags in the boundary of a simplex
Sy C P(Sym™ V), constructed using the simplex Ay C Q on which H = Stabr(p)
acts cocompactly. The simplex Sy is chosen so that if 7, is a sequence in I" converging

to p, then a face of Sy spans a minimal attracting subspace of p™(v,). We also want
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to ensure that the simplex Sy is stable, i.e. if p}* is a small deformation of p™ in
Hom(T', SL(Sym™ V)), then pJ"(H) preserves a simplex S% close to Sy. We verify
that Sy has these properties by analyzing the relationship between the weights of p

and p™ on the virtually abelian group H.

The other main steps in the proof involve checking that the boundary set A
we construct is actually a compact space surjecting continuously onto 9(I', H), and
constructing the open sets é’p also required by the definition of an EGF representation.
For the latter, we make heavy use of the fact that the dual action of p(I") on P(V*)
is also projectively convex cocompact, which allows us to construct a stable dual
simplex S} for each H € H. The vertices of S}, are thought of as hyperplanes in
P(Sym™(V)), cutting out a region C,, of P(Sym™(V')) on which p™(H) attracts points

towards Sp.

6.3.2.3 Example: symmetric squares of convex projective 3-manifold
groups

We illustrate the general idea of our approach with a specific example. Let
Q) C RP? be a properly convex domain, and let I' C Aut(Q) be a discrete group acting
cocompactly on . In [Ben06], Benoist produced examples of such groups which
are hyperbolic relative to a nonempty collection H of virtually abelian subgroups
of rank 2. Further examples were constructed by Ballas-Danciger-Lee in [BDL15].
Up to finite index, each H € H acts diagonalizably on RP3, preserving a projective
tetrahedron Ty C RP? and acting cocompactly on a properly embedded triangle

Ay C Q. Each edge of Ay is contained in a unique supporting hyperplane of 2. The
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common intersection of these hyperplanes is the fourth vertex of Ty.

More explicitly, up to finite index, each H acts diagonally on R* in the basis
{v1,v9,v3,v4}, where the v; are the vertices of Ty, and vy, ve, v3 are the vertices of

Ay. We can consider the situation where (in this basis) H is the discrete group

2(1/
{( 2bzc ):a,b,cEZ,a—i—b—i—c:O}.
1

The dual of H preserves the corresponding dual basis {v},v3, v, vi}, and
acts cocompactly on a projective triangle A% C (RP?)* with vertices v, v}, v5. The
kernels P(v}) for i = 1,2,3 give three supporting hyperplanes of 2 which cut out a
region Ry of projective space containing 2. In fact, Ry also contains 02 — 0Ay.

Now let p? : I' — SL(Sym?*(R*)) ~ SL(10,R) be the composition of the
inclusion I' < SL(4,R) with the symmetric square 7, : SL(4,R) — SL(Sym?(R%)).

In this case, the induced map ¢ : RP? — RP? is the Veronese embedding.

For each H € H, p?(H) preserves a 9-simplex in RP?, with vertices

2 2 2 9
{UpU2771377)4,1)1272,1}11}3,U1U4yvzv3,1}27}4,U3U4}~

In particular p?(H) also preserves the 5-simplex Sy with vertices
{v?, 03, v3, V103, Vavs, V13 }.

Any divergent sequence in p?(H) always has an attracting subspace spanned by a
face of Sy, since the eigenvalues of elements of H on v, are always dominated by

some eigenvalue of that element on either vy, vy, or v3. For instance, if we consider
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the sequence

22n
— 2—n
a?’l - ( 2—n )’
1

then p?(a,) attracts towards the subspace spanned by {v?}. On the other hand, if a,

27l
on
( 2—2'IL > 9
1

then p?(a,) attracts towards the subspace spanned by {v, vZ vjv,}.

is the sequence

Moreover, the subspaces spanned by faces of Sy are transverse to ¢(0Q—0Ag),
so large elements of H attract points in ¢(0f2) that are “far from” dSy towards 0Sp.
In fact, this dynamical behavior extends to an entire open subset of RP?: namely, a
region cut out by the hyperplanes corresponding to the vertices of the dual 5-simplex

S¥ C (RP?)* with vertices
{(01)? (v3)?, (v3)?, vivs, V303, vvs .

So, the simplex Sy serves as the “parabolic point” for the action of the peripheral
subgroup H on RP?—and moreover, this behavior is stable under perturbations of
p?(H) in Hom(T, SL(Sym? V)). This means that we can construct our candidate

boundary set for the representation p™ by taking
iAoM) u | J 094,

where 95y € F (Sym?R*) is a closed subset of the space of flags projecting to the

boundary of the simplex Sp.
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6.3.3 Generalized weight spaces

To carry out the general construction of the simplex Sy identified in the
previous example, we need some description of attracting subspaces for the groups
p"(H) C SL(Sym™ V). We obtain this description by recalling some of the properties

of weights of representations of free abelian groups.

Definition 6.3.4. Let p: H — GL(V') be a representation of a free abelian group
H, and let pc : H — GL(V ® C) be the complexification of p.

A complex weight of p is a homomorphism uc : H — C such that the weight
space

Ve = ker(pc(h) — exp(uc(h))I)

is nontrivial for some (any) h € H. A generalized complex weight is similarly a

homomorphism pc : H — C such that the generalized weight space

dim V'

Vie = | ker(pe(h) — exp(pc(h)1)"

is nontrivial.

For any generalized weight pc, the nilpotence degree of uc is the minimal

¢ € N such that V,,. = ker(pc(h) — exp(uc(h))I)*.

Given a representation p : H — GL(V), the generalized complex weight spaces
of pc give a pc-invariant decomposition of V' ® C. This in turn gives a p-invariant
decomposition of V', since when uc is a weight which takes on complex values, the

direct sum V. @ Vi is a p-invariant real subspace of V. By a slight abuse of
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terminology we refer to this as the generalized weight space decomposition for the
representation p. The associated real weights of the representation are homomorphisms
p: H — R of the form log | exp uc|, where uc is a (generalized) complex weight. For
the rest of the section, unless otherwise indicated, when we refer to (generalized)
weights of a representation into SL(V'), we will mean the (generalized) real weights,

and similarly for weight spaces.
Generalized weight spaces of p are stable under deformations of p. To be

precise, we observe the following;:

Proposition 6.3.5. Let p: I' — GL(V) be a representation of a free abelian group,
and let

0 0
Ve .oV

be the generalized weight space decomposition of V' for p. Let p; be a continuous family

of representations in Hom(I', GL(V")), with p = py.

For all sufficiently small t, there is a pi-invariant decomposition
Vie...oV!

such that V' is a sum of generalized weight spaces for p,, with V' varying continuously

with t, and each of the weights associated to V' also varying continuously with t.

Proof. The weights vary continously as a set with multiplicity, because the roots of
the characteristic polynomial of p(vy) vary continuously in p for fixed v € I'. And, if

i is a complex weight with multiplicity k, then for small ¢ there are complex weights
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why ..., uk of py (possibly with repeats) close to p such that the sum of the kernels

ker(pc(v) — exp(pt(7))1)¥™V is close to ker(pe(7y) — exp(u(y)))4™=V. 0

Definition 6.3.6. Let p : H — SL(V) be a representation of a free abelian group H,
and let ® be the set of generalized weights of p. For any subset § C ®, we let V) C V
denote the span of the generalized weight spaces V), for p € 0, and we let V;** C V

denote the span of the generalized weight spaces V,, for ' € & — 6.

6.3.3.1 Faces in the convex hull of the weights

Whenever p : H — SL(V) is a representation of a free abelian group with
rank k, we can extend any real (generalized) weight p: H — R to a homomorphism

p: H®R — R, and view it as an element of (RF)* ~ R¥,

Definition 6.3.7. Let p : H — SL(V') be a representation of a free abelian group,
and let ® be the set of generalized weights of p. We denote the closed convex hull of
® in (H @ R)* ~ (R*)* by C(p); since ® is a finite subset of (R¥)*, C(p) is a convex

polytope in (R)*.

The convex polytope C(p) is important for our purposes because it tells us
how to find attracting subspaces for p(H). In particular, there is a correspondence

between the faces of C(p) and attracting subspaces of p(H).

Definition 6.3.8. Let p: H — SL(V) be a represention of a free abelian group with
generalized weight set ®. Let F' be a closed face of C(p). We let ®(F) denote the set

of generalized weights of p lying in F.

For a face F of C(p), we write Vp and V' for Vg (r) and ng’}’), respectively.
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Proposition 6.3.9. Let p: H — SL(V) be a representation of a free abelian group.
For any divergent sequence h,, € H, there is a face F of C(p) such that Vi and V2P

are respectively attracting and repelling subspaces for p(hy,).

Conversely, for any face F of C(p), Vr is an attracting subspace for some

sequence p(h,) with h, € H divergent.

To prove Proposition 6.3.9, we first establish some estimates which will later
help us show that the convergence to the spaces V is uniform and stable. To make
our estimates explicit, we choose an inner product on V', which induces a norm || - ||
on V and a smooth metric dp on P(V'). Specifically, for any transverse subspaces
W, W' C V, we define

L(W,W') = Vivnf{ } Z(w,w'),
weW —{0},
w'eW’—{0}

and then take dp([u], [v]) = sin(Z£([u], [v])). We also choose a norm |- | on H @R ~ RF.

Lemma 6.3.10. Given a representation p: H — SL(V') of a free abelian group H,
there exists a constant D = D(p) > 0 (varying continuously with p) satisfying the
following: for any generalized weight o of p with nilpotence degree £, any h € H @ R,

and any v in V,, we have

%(eXp(u(h))llvH < Ilo(h)v]] < (exp(u(h)) - DIR[H)][v]].

Proof. For any h € H®R, we let I+ N,(h) be the unipotent part of the (multiplicative)

Jordan-Chevalley decomposition of pc(h). That is, if we fix a generalized weight u,
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and let pc be an associated complex weight, we can write

pc(h)v = exp(uc(h)) (I + Ny(h))v
for any v € V.. Moreover, for any v € V,,., we have Np(h)zv = 0, where ¢ is the
nilpotence degree of pc.

By considering pc(t - h), we see that for any fixed h € H ® R, N,(t-h) is
a polynomial in ¢ of degree at most dim V', with coefficients varying continuously
with p and h, and a root at t = 0. Moreover, the restriction of N,(¢-h) to V. is a

polynomial in ¢ with degree ¢ — 1.

Then, since P(H ® R) is compact, we can find D = D(p) (varying continuously
with p) so that for any h € H ® R and any v € V,, ® C,

1 —
Sl < 1T+ Np(h)oll < D - [b o],
where || - || is the norm on V' ® C induced by our norm on V.

Then, for any v € V,,, we have

[lp(h)oll = [lpc(h)ol] = [l exp(ue(h)(I + Ny(h))vl|
< [exp(uc(h))| - DIR|*7[[v]]

= exp(u(h)) - DI Jo]].
The left-hand inequality follows similarly. ]

The lemma below gives us a uniform estimate for the amount a group element

p(h) “attracts” towards a direct sum of weight spaces of p, in terms of the weights of

p.
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Lemma 6.3.11. Fiz a constant M >0, and let p: H — SL(V') be a representation
of a free abelian group H. Let D = D(p) be the constant coming from Lemma 6.3.10,
and for any subset 0 of the generalized weights ® of p, let £ = ¢(0) be the mazimum
nilpotence degree of any weight in ® — 0. Then, if h € H ® R satisfies

p(h) =y (h) = M]h]

for any p € 0 and pu°*? € ® — 6, we have

de(p(h)e, PYV) _ DB de(x, (V™))"
de(p(h)a. B(V;™)) = exp(MIA])  sin® Z(Vi, V™)

for any x € P(V) — P(V,*").

Proof. Fix a representation p : H — SL(V) and a subset € of the generalized
weights of p, giving us a pair of complementary subspaces Vp, V;®* C V. Let
r = [v] € P(V) — P(V,*"). We can uniquely write v = vy + vp"" for vy € Vj and

vg™ € VPP with vg # 0. Then we have

o™ 1l . opp [lvg™ ]
Slnl(‘/ba ‘/9 ) < d]p(ﬂ?,]P’(‘/g)) < )
[[l] [[]]
where || - || is the norm on V' induced by our choice of inner product. Similarly we
have
||U6|| Sin4<%,‘/90pp) S dp(ﬁ,P(‘/eOpp)) < ||Ut9||
[[o]] [|]]
So in particular, we have
PRI dp(x, PV, 1 PP
Sin(l(‘/g,ve()pp))Hve || < ]p(ZL’, ( 9)) < . ||UO || (61)

loall = dp(x, P(Vy™)) = sin Z(Vo, Vy™")  lval| -
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Now let h € H ® R satisfy p(h) — p°PP(h) > M|h| for all 4 € 0 and p°** € & — 6.

Since Vy and V;*P are p(H)-invariant, we have

de(p(h)z, P(Vy)) _ 1 e ™|
dp(p(h)x, P(VE™")) — sin Z(Vo, Vi™)  lp(h)vel| -

(6.2)

Since vp and vy are respectively linear combinations of elements of V,, for € 6 and
Vyerr for PP € & — 0, we can apply Lemma 6.3.10 to ||p(h)vg|| and [|p(h)vy"™|| to
see that

delp(h)o, P(V))) _ D?|hl‘ ]

dp(p(h)x, P(V5™")) — exp(MIh]) sin Z(Vp, V5™) |lvgl| -
Then, applying the left-hand inequality in (6.1) and using the fact that dp(z, P(Vj)) <

1, we see that

de(p(h)x,P(Vp)) _ D?[h[™"  dp(x, P(V5™)) ™
dp(p(h)x, P(V5™")) ~ exp(M|h])  sin® Z(Vy, V5™) -

as required. O

Proof of Proposition 6.3.9. Let p: H — SL(V') be a representation of a free abelian
group, let ® be the set of generalized weights, and let h,, be a divergent sequence in
H. Up to subsequence, the sequence h,/|h,| converges to some h,, € H ® R with
|heo!| = 1.

We can view hy, as a linear functional on the space (H ® R)*. Since C(p) C
(H ® R)* is a convex polytope, this means there is a face F' of C so that for any
p € ®(F) and any u°PP € @ — &(F'), we have pu(hs) > 11°PP(hs). Then for sufficiently
large n we also have p(hy,/|h,|) > p°PP(hyp/|hy|). In fact, since @ is finite, there is a
constant M > 0 such that p(h,) — p°®?(hy,) > M|h,| for every p € ®(F) and every
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p°PP € & — &(F). Applying Lemma 6.3.11 we see that for any « € P(V) — P(VZP),

the distance

de(plla). P(V))
e BV = G o, BV

tends to 0 as n — 00, so Vi and VPP must respectively be attracting and repelling

subspaces for p(hy,).

Conversely, if F' is any face of C(p), we can choose h € H ® R so that u(h) > 0
and p(h) > pPP(h) for any p € ®(F) and p°** € & — &(F). Then if h, € H is
any divergent sequence with [h,] — [h] in the projectivization P(H ® R), another

application of Lemma 6.3.11 shows that Vr is an attracting subspace for h,,. ]

6.3.4 Weights of peripheral subgroups in convex cocompact groups

For the rest of this section, we fix a relatively hyperbolic pair (I, H), where
each H € H is virtually abelian with rank at least 2. We also fix a representation
p: T'— SL(V) which is convex cocompact in P(V'), and let 2 C P(V) be a properly

convex domain where p(I") acts convex cocompactly.

Our goal now is to describe the convex polytope in (H ® R)* associated to

the restriction of p to each H € H, which we can use to understand the dynamics of

both p(H) and p™(H).

Definition 6.3.12. For each H € H, we let Vi C P(V') denote the set of vertices of
Ay.

Proposition 6.3.13. Let H € H be a peripheral subgroup of rank k > 2, and let

Hy C H be a finite-index free abelian subgroup. Consider the restriction py = plu,.
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Then, the convex polytope C(py) is a k-simplex in (Hy @ R)*, and each vertex of C(pg)

is a weight p whose associated weight space is a vertex of Ag.

Moreover, every weight of po which is not a vertex of C(po) lies in the interior

of C(po).

Proof. Each vertex v € Vg lies in a weight space of py, with an associated weight fi,.
Let ® denote the weights of pg, and let ®(Vg) C ® be the set of weights of the form
oy for v € Vg, We claim that for any p € & — ®(Vy) and any h € Hy ® R, there is a
vertex v € Vg such that

fo(h) > p(h).

Suppose for a contradiction that the claim does not hold, i.e. there exists h € Hy ® R
and p € ® — ®(Vy) such that u(h) > u,(h) for all v € Vy. Let Wy = span(Ay),
and let V' be the po-invariant subspace V), @ Wyx. Then p, induces a representation

pb : Hy — SL(V').

Each vertex v € Vy is an eigenspace for pg, so the nilpotence degree of p,
(viewed as a weight of p) is 1. Then, we can apply Lemma 6.3.11 to pj (with 6 = {u})
to see that for any divergent sequence h,, € H with [h,] — [h] in P(Hy ® R), and any
fixed z € P(V') — P(Wpg), the ratio

dp(p(hn)z, P(V,))
(p(hn Z, (WH)>

does not tend to infinity as n — oo. In particular this is true for some x € €2, since
P(V") N Q is relatively open and nonempty. But since Ay C P(Wy), this contradicts

the fact that Ay is the full orbital limit set of p(Hy) in €.
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We have now proved our claim, which implies that any extreme point of
the convex polytope C(pg) is a weight u, for v € Vy. On the other hand, by
Corollary 6.1.4, we may assume that each vertex v € Vy is an extreme point in 052,
and by Proposition 2.1.18, this means that for each v € Vg, there is a sequence h,, € Hy
such that v is an attracting subspace for pg(h,). Since po(Hy) acts diagonalizably
on Wy, this implies that p, is an extreme point of C(pg). The last assertion of the

proposition follows directly from the claim. O

Proposition 6.3.13 tells us that we can combinatorially identify the k-simplex

Ay and the k-simplex C(pg) for py = p|n,. We write this identification explicitly:

Definition 6.3.14. Let H € H, and let Hj be a finite-index free abelian subgroup.
For each face F of Ay with vertices V(F), we let F denote the face of C(py) whose

vertices are the weights p, for v € V(F).

6.3.5 Invariant simplices in the symmetric power

Our next step is to describe the simplices Sy C P(Sym™ V') which give rise to

the fibers in A, over parabolic points, for our EGF boundary extension A,, — 9(T', H).

Let H € H have rank k, and let Hy C H be a finite-index free abelian subgroup.
We let po, p* respectively denote the restrictions of p, p™ to Hy, and let &, ®™ denote

the sets of weights of py and pj*. We observe the following:

Lemma 6.3.15. The convez polytope C(pi') is the k-simplex mC(py). Moreover,

for every face F of C(po), the weights in ®™ N mF are exactly the vertices of the
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mth barycentric subdivision of mF, and each such weight has a one-dimensional

generalized weight space.

Proof. The weights of pf’ are exactly the set of homomorphisms of the form

S o

pned
where a,, € NU{0} and )" a, = m. In particular, the set of rescaled weights =&
consists entirely of convex combinations of weights of py, and contains every weight

in ®. This (together with Proposition 6.3.13) implies that C(pf") is a k-simplex.

Further, every (rescaled) weight in the boundary of the rescaled simplex
LC(pg) must be a convex combination of weights lying in a single face of the simplex
C(po). But Proposition 6.3.13 says that every weight in ® N9C(py) is a vertex of C(py).
So, if F is a face of the simplex Ay with vertices V(F), the weights in F' N %CIDW are

exactly the convex combinations of the form
— ale/'L'U) 6.3

where a, € NU {0} and > a, = m. These are exactly the vertices in the mth
barycentric subdivision of F, and in fact each such vertex has unique expression of
the form (6.3). Since each weight pu, for v € V(F') has a one-dimensional generalized

weight space, it follows that the weights in @™ N'mF do as well. ]

6.3.5.1 The simplices Sy C P(Sym™ V)

Using Lemma 6.3.15, we can define the vertices of the simplex Sy: they are

exactly the weight spaces for the weights p lying in ®™ N 9C(pg").
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To define Sy as a subset of P(Sym™ V'), we choose lifts in Sym™ V' of each
vertex of Sy, and then take convex combinations. Our lifts are chosen as follows: we
first pick a lift v € V' of each vertex v € Vy, so that Ay is the projectivization of
the convex hull in V of {0 : v € Vy}. The weight space of p for each p € 9C(py) is

spanned by a unique vector in Sym™ V' of the form

vEVH
where a, € NU{0} and > a, = m. Then we can define Sy to be the projectivization

of the convex hull in Sym™ V' of the 7,’s.

6.3.5.2 Dynamics on the simplices Sy

By definition, the vertices of Sy are exactly the weight spaces for the weights
in the boundary of the simplex C(p{') C (Ho®R)*. So, Proposition 6.3.9 immediately

implies the following:

Corollary 6.3.16. Let H € H. For every divergent sequence h,, € H, there is a face

F of Sy which spans an attracting subspace for the sequence p™(hy,).

6.3.6 Dual simplices in symmetric powers

As discussed in Section 6.1, [DGK17], Proposition 5.6 says that since I' —
SL(V) is convex cocompact in P(V'), the dual representation I' — SL(V*) is convex
cocompact in P(V*), and in fact there is a domain 2 C P(V') so that I" acts convex
cocompactly on both 2 and the dual domain ©2*. By the work of Islam-Zimmer

[1Z19b], each virtually abelian subgroup H € H must act cocompactly on a properly
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embedded dual simplex A} C Q*. And, for each vertex w of A}, the projective

hyperplane P(w) is a supporting hyperplane of Q at 0Ay.

6.3.6.1 The simplices S;; C P(Sym™ V*)

For each H € H, we can define an H-invariant dual simplex S}, C P(Sym™ V*),
by carrying out the construction we used to find Sy (but this time for the dual
representation p* : I' — SL(V*)). We can describe the relationship between the
simplices Sy and S}, a little more explicitly. For a finite-index free abelian subgroup
Hy C H, we let pj : Hy — SL(V*) be the dual of the restriction of p to Hy, and
similarly define (pi)* : Hy — SL(V*). Then the weights of p{ are the negative weights

of po, and the weights of (pj*)* are the negative weights of p'.

Suppose p is a weight of pf’ with a one-dimensional generalized weight space
v™. Then, the negative weight —u™ also has a one-dimensional generalized weight
space w™ € P(Sym™ V*), and P(w™) is the hyperplane spanned by the weight spaces
of the weights in ®™ — {g™}. In particular, we can consider the case where p™ is a
weight lying in the boundary of C(py"). In this case, v™ is a vertex of Sy, w™ is a

vertex of S, and P(w™) is a hyperplane intersecting Sy in a codimension-1 face of

Sh.

This allows us to define a simultaneous lift of the boundaries of the simplices

S, Sy in the space of flags F(Sym™ V).
Definition 6.3.17. For a peripheral subgroup H € H, we let dSy denote the set

0Sy = {(v,w) € F(Sym™(V)) : v € 0Sy,w € IS} }.
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The discussion above shows that 0S5y is a nonempty closed invariant subset of
F(Sym™ V), projecting to Sy and 0S5}, under the canonical maps F(Sym™ V) —
P(Sym™ V) and F(Sym™ V*) — P(V*).

6.3.7 Defining the boundary set

Using the sets dSy, we can define our candidate for the EGF boundary set
Ap C F(Sym™ V) as follows. We let ¢ : Ag(I') — 9(I', ) denote the boundary
extension for the EGF representation p coming from Theorem 6.1.1. For each
2 € 9(I, M), we define the set 1, (z) C F(Sym™(V)) by:

do(e) = LOTHE), 2 € 0n(TL )
" B aSH, S apa,r(]:‘??-[)‘

We define

~

and observe that i(Aq(T)) C Ay,.

The set A,, is p™(I')-invariant, since 7 is 7,,-equivariant and the construction
of the set 8Sy is invariant. Ultimately we want to see that A, is compact, and
that there is a well-defined antipodal map ¢y, : A, — (I, H) giving us our EGF

boundary extension.

6.3.8 Defining the boundary extension
Our next immediate goal is to show:

Proposition 6.3.18. For distinct z1, 2o € O(',H), the sets

~ ~

Vm(21),  VYm(22)
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are opposite (in particular, disjoint). Consequently, the map b+ A — o, H)
given by

~

om(€) =2 = £ € Pn(2)

1s well-defined, equivariant, surjective, and antipodal.

Lemma 6.3.19. Let X be a closed subset of Aq(T'), and let Hx C H be the set
{HeH :0AyNX #0}.

Then the set
Xu=XU |J Ax

HeH x

18 closed.

Proof. Let x,, be a sequence in X4. By compactness of Aq(I"), we can choose a
subsequence so that z, — = € Ag(I"). We wish to show that z € X3. Since X is
closed and X C Xy, we may assume that for each n, we have z,, € Ay, for some

H, € Hx.

Up to subsequence, the sets 0Ay, converge to a closed set A, which is a
connected finite union of (possibly degenerate) projective simplices. We must have
r € 0As C Aq(I'). By definition, 0Ap, intersects X nontrivially, and since X is

closed we must also have A, N X # 0.

Suppose for a contradiction that = ¢ X3. Then in particular ¢ X. Since
0A intersects X, it must contain at least two points, which means that every point
in 0A, lies in a nontrivial closed projective segment (since 0A,, is a connected

finite union of projective simplices). But then by Corollary 6.1.4, 0A., C 0Ay for
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some H € H, and since 0A, N X # () we have H € Hx and therefore z € X4,

contradiction. [

Proposition 6.3.20. For each H € ‘H, there is a connected component Cy of
Opp(0Sy) = {x € P(Sym™ V) : x L w for every w € S}, }

such that for every closed subset X C Aq(I") — Ay, Cy contains the closure of

xyu J Sw.

H'eHx

where Hx = {H € H : 0Ag N X # 0}.

Proof. Let Vg, V;j; denote the vertex sets of Ay and Aj,, respectively. Using the
convexity of {2, we can find lifts w € V* for each vertex w € Vj;, a continuous lift

ACVof Aq(T'), and a continuous lift Ay C V of Ay so that
w(A—Ag) >0 (6.4)

for every w € Vj;.

The lifts @ induce lifts @™ € (Sym™ V)* of each vertex w™ of Sj;. We take

the set C'y to be the projectivization of
{v e Sym™V : @™ (v) > 0 for all vertices w™ of Sj;}.

Every point in 057} is the projectivization of a convex combination of the lifts w™.

So, Cy is a connected component of P(Sym™ V') — Uwea(s}k{) P(w).
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Now let X C Aq(I') — Ap be closed and let Y be the set

We wish to show that Y € Cy. Let X4 be the set
Xu=XxU |J A
H'eHx
By Lemma 6.3.19, we can find a compact lift X3 of Xy in V so that w(z) > 0 for
every ¥ € Xy and every w € Vj;. We consider the set
Sym™ Xy = {#™ € Sym™V : ™ = H%z for &; € Xy }.
i=1
This set is the image of the m-fold Cartesian product ()N(H)m under the continuous map
V™ — Sym™ V given by (v1,...,0m) = U1+ Uy, SO it is compact. Moreover, since
Sym™ Xy, contains a lift of every vertex of every Sy for H' € H.x, the projectivization

of the convex hull of Sym™ X3 contains Y, hence Y.

But from (6.4), we know that @™(Z™) > 0 for every vertex w™ of S}, and
every 2™ € X, so we see that Cy contains the projectivization of the convex hull of

Sym™ Xy. O

Proof of Proposition 6.3.18. Let 21,2z € O(I',H) be distinct. If both z; and z, are
conical limit points, the proposition follows from the antipodality of the EGF boundary
extension ¢ : Aq(I') — A(I',H) and the fact that i preserves transversality. On the
other hand, if z; is a parabolic point, this follows from Proposition 6.3.20 (and the

equivalent dual statement). ]
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6.3.9 Dynamics on Sy

~

We have now defined an equivariant antipodal surjective map ggm A, —
J(T',H), but we do not yet know that the set A, is compact, or even that ngSm is
continuous. However, it turns out that it is easier to verify these two facts after

proving that (ﬁm has certain dynamical properties.

Lemma 6.3.21. For each H € H, there exists an open set Cy C F(Sym™V)
containing A — 85'H, such that for any infinite sequence h, € H and £ € éH, we

have

p" (hy)€ — 0Sg.

Proof. For each H € H, we let Cy C P(Sym™ V') be the set coming from Propo-
sition 6.3.20. Let h, be a divergent sequence in some H € H, and let Hy be a
finite-index free abelian subgroup. Corollary 6.3.16 says that some face F' of Sy
spans an attracting subspace for p™(h,). The corresponding repelling subspace is a
direct sum of weight spaces for the restriction p™|g,, so it is contained in P(w™) for a
vertex w™ of the dual simplex S3;. So, for any z € Cy, any subsequence of p™(h,)x
subconverges to a point in [span(F)]. In fact, p™(h,)z subconverges to a point in

F C 0Sy, since Cy is p™(H)-invariant and Cy N supp(F) = F.

Then, we can dually define a set Cj; C P(Sym™ V*), and take

Cu ={(z,w) € F(Sym™ V) : z € Cy,w € C}.
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6.3.10 Continuity and compactness

Lemma 6.3.22. The set Am 18 closed.

Proof. Let (x,,w,) be a sequence in A, and let 2, = ggm(:cn, wy,). Up to subsequence,

2z, converges to z € (I, H).

If 2 is a conical limit point, let v,, be a sequence limiting conically to z, chosen

so that for any 2’ # z, we have v, 12’ — b and lim~, 'z, = a # b.

Then ¢ (7 z,) converges to ¢(a), and thus ¢—(y;'z,) lies in a fixed
compact subset X of Opp(¢~' (b)) N Ag(T'). By definition, this means that for every

n, -1(y-1z,) lies in the set

Arguing as in Proposition 6.3.20, we see that this set is compact. So by antipodality
of G, the sets of flags ¢-1(y:2z,) lie in a fixed compact subset of Opp(¢L(b)) =
Opp(i(¢~1(b))) and by Proposition 6.3.1,

(T, wn) € P ()bt (40 2n)

converges to i(¢1(2)).

If z is a parabolic point, we let H = Stabr(z), and choose h, € H so that
hlz, € K for a fixed compact K — {z}. By Proposition 6.3.20, we know that for all

n, gz@;zl(h; 12,) lies in a fixed compact subset of Cy. Then, Lemma 6.3.21 implies that

(Tn, wn) € pm(hn)ﬁgr_nl(h;lzn)

subconverges to a point in 95y. ]
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Proposition 6.3.23. The map (ﬁm 18 continuous.

Proof. Let (x,,w,) be a sequence in A,,, converging to (z,w) (which we know lies in
A, by the previous proposition). Let z, = (]Bm(xn, wy,), and suppose for a contradiction

that up to subsequence z, — z for z # ¢2m(3:, w).

Proposition 6.3.20 then implies that z, lies in a compact subset K C 9(I", H)
so that the closure of ¢ !(K) is opposite to (z,w). This contradicts the fact that

(2, w,) converges to (x,w). O

At this point, we have shown that ¢n,, : A, — 9(I,H) is a continuous
equivariant surjective antipodal map, and that A,, is a compact subset of F (Sym™ V).

So, we can finish the proof of Theorem 6.3.2 by showing:

Proposition 6.3.24. The map (%m A,y — O(I', H) extends the convergence dynamics
of T.

Proof. We will use Proposition 5.1.2, and show that ngﬁm has the required dynamics

on conical limit sequences and sequences in peripheral subgroups.

For each conical limit point z € (T, H), we define C, C F(Sym™ V) to be

the affine chart
C. = {¢ e F(Sym™V) : £ is opposite to ¢ (2)}.

If 7, is a sequence limiting conically to z, and ! limits conically to z_, then ¢~1(z),

¢~1(2_) are respectively attracting flags for p(v,), p(v;1). It follows that (¢ (2)),
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i(¢~1(z_)) are respectively attracting flags for p™(v,) and p™(y1), so the required

dynamics for the sequence are a consequence of Lemma 2.3.8.

On the other hand, for each parabolic point p, we take C’p to be the open set
Cy considered in Lemma 6.3.21, for H = Stabr(p). Lemma 6.3.21 implies that C’p
contains A,, — (57_”1 (p) and that for any (z,w) € C’p and any infinite sequence h,, € H,

p" (h,)€ subconverges to a point in dSy. O

6.3.11 Stability

We have now shown that the representations p™ are all extended geometrically
finite. Theorem 5.6.2 says that small peripherally stable deformations of p™ are also

extended geometrically finite. So we want to show the following:

Proposition 6.3.25. The space Hom(I', SL(Sym™ V")) is peripherally stable at (p™, ém)

The main step in the proof is the following:

Lemma 6.3.26. Let Hy be a finite-index free abelian subgroup of some H € H, with
H = Stabr(p). For any open set U C P(Sym™ V') containing Sy and any x € C,,
there exists a cofinite subset T C Hy and an open set W C Hom(I', SL(Sym™ V'))

containing p™ such that for any o € W, we have o(h) -z € U for any h € T.

Proof. We proceed by contradiction, and suppose that there exists a sequence of

distinct group elements h,, € H, and a sequence of representations o, : I' —
SL(Sym™ V') such that o, — p™ and o, (h,)z ¢ U. We let ®™ denote the set of

generalized weights of p™|g,, and we let ®" denote the generalized weights of o, |,
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We choose a norm | - | on Hy ® R. Then up to subsequence h,,/|h,| converges

t0 hoo € Hy ® R with |ha| = 1.

Since ®™ is finite, there is a face F of the k-simplex C(p™|z,) and a constant
M > 0, such that for every weight p € ®"(F) = ®™ N F, and every weight
poPP € O™ — O(F'), we have

pilhoo) = 1P (hoo) > M.

We let V¥ € Sym™ V' denote the span of the weight spaces of the weights in ®™(F);

by definition P(V) is the projective span of a face of Sy.

Proposition 6.3.5 implies that as a set with multiplicity, the weights @
converge to the weights ®™. So, for each n, there is a subset #,, C ®" such that 6,
converges to ®™ N IC(p™|y,), and a subset 0, (F) C 6, such that 0, (F) converges to
O™ (F'). Proposition 6.3.5 also implies that for sufficiently large n, all of the weights
in #,, must have one-dimensional generalized weight spaces, converging to the vertices

of SH

This means that for each n, there are simplices S}, and (S})*, invariant under
the action of o,(H), such that S}, — Sy and (S¥)* — Sj. So, we can find a
sequence of group elements g, € SL(V'), with g, converging to the identity, so that
0! = gnong, ! preserves the simplices Sy and Sj;. Moreover, the vertices of Sy are
the weight spaces V), of o], for i € 6,,, and the space V" is spanned by weight spaces

Ve of ol for p(F) € 0,(F).

Now, since 6,,(F') converges to ®™(F'), for sufficiently large n we must have
pin(hoo) = 113" (hoo) > M
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for every u, € 0,(F) and every uo** € & — ¢, (F). This also means that for

sufficiently large n we have
fn () = 1137 (hy) > M|hy.

Then Lemma 6.3.11 implies that for sufficiently large n, o/ (h,)z lies in a small neigh-
borhood of P(Vr) (here we use the fact that the constant D = D(p) in Lemma 6.3.11
varies continuously with p, and that the nilpotence degree ¢ of any weight of o/, is
bounded by dim Sym™ V'). Moreover, we know that the set C, is o),(H)-invariant,
since the simplex S} is o/, (H)-invariant. Since z lies in C,,, o}, (h,)z lies in an arbi-
trarily small neighborhood of P(Vr) N C,. By definition this intersection is a face of
Sy, so for large enough n, o, (h,)r must lie in an arbitrarily small neighborhood of

this face, giving a contradiction. ]

Proof of Proposition 6.3.25. We want to show that if H = Stabr(p) for a parabolic
point p, K is a compact subset of C'p, U is a neighborhood of S*H, and T'C H is a

cofinite subset such that

p™M(T)-K C U, (6.5)

then we can find a neighborhood W of p™|y in Hom(H, SL(Sym™ V')) so that for any
oceW,
o(T)-K CU. (6.6)

For simplicity, we will not work in the space of flags F(Sym™ V). Instead we
will just show that that if (6.5) holds for a compact K C C, C P(Sym™ V') and an
open neighborhood U of Sy in P(Sym™ V'), then (6.6) holds also.
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Fix a finite-index free abelian subgroup Hy C H. It suffices to show that we

can choose an open W C Hom(I', SL(Sym™ V')) so that
o(T'NHy) -KCU

for all 0 € W. Using Lemma 6.3.26, we can find a cofinite set 7" C Hy and an open

set W C Hom(T', SL(Sym™ V)) so that for all o € W', we have
o(T")- K CU.

But then since (7'M Hy) — 71" is finite, we can just shrink W to get the desired

result. O]
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Appendix

Let V' be a real vector space, and let A,, be a sequence of matrices in PGL(V').
It is sometimes possible to determine the global dynamical behavior of A, on P(V)
by considering the action of A, on a small open subset of P(V): if there is an open
subset U C P(V') such that A, - U converges to a point in P(V'), then in fact there
is a dense open subset U_ C P(V') (the complement of a hyperplane) on which A,

converges to the same point, uniformly on compacts.

A similar statement holds for the action of A, on Grassmannians Gr(k, V).
These claims can be proved by considering the behavior of the singular value gaps of

A, as n — oo.

In this appendix we give a general result along these lines, where we take
sequences of group elements g, € G for a semisimple Lie group G with no compact
factor and trivial center, and consider the limiting behavior of g, on open subsets of

some flag manifold G/P*, where P* is a parabolic subgroup.

Proposition 2.3.7. Let g, be a sequence in G, and suppose that for some nonempty
open subset U C G/P™, we have g,-U — {&} for& € G/P*. Then g, is P -divergent,

and has a unique P*-limit point £ € G/P™.
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We will prove Proposition 2.3.7 by reducing it to the case where G = PGL(d, R)
and PT = P is the stabilizer of [e;] € RP4~! ~ G/P,. In this situation, P*-divergence

can be understood in terms of the behavior of the singular value gaps of the sequence

Gn-

Proposition 0.0.27. Suppose that G = PGL(d,R), and let PT = P, C G be the

stabilizer of a line in RY. A sequence g, € G is P,-divergent if and only if

where 0;(gn) 1s the ith-largest singular value of g, .

For convenience, we give a proof of Proposition 2.3.7 in this special case.

Lemma 0.0.28. Let g, be a sequence in PGL(d,R), and suppose that for a nonempty

open subset U C RPY™1, g,U converges to a point in RP?~1. Then, the singular value

gap

tends to oo as n — 0.

Proof. 1t suffices to show that any subsequence of g, has a subsequence which satisfies

the property. Using the Cartan decomposition of PGL(d, R), we can write
Gn = knank;7

for k,, k!, € K = PO(d) and a,, a diagonal matrix whose diagonal entries are o1, . .., 0g.

Up to subsequence k,, and k], converge respectively to k, k" € K. For sufficiently large
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n, kLU N K'U is nonempty, so by replacing U with £'U we can assume that k/, = id
for all n. Furthermore, if k,a,U converges to a point z € RP?"!  then a,U converges

to k~1z.

So, a,U converges to a point, and since a,, is a diagonal matrix, the gap between

the moduli of its largest and second-largest eigenvalues must be unbounded. O

To prove the general case of Proposition 2.3.7, we take an irreducible repre-
sentation ¢ : G — PGL(V) coming from Theorem 5.4.4, so that P™ maps to the
stabilizer of a point p in P(V'), P~ maps to the stabilizer of a dual point ¢ € P(V*),
and gPTg™', hP~h~! are opposite if and only if ((g)p, ((h)q are transverse. As in
section 5.4, this determines embeddings ¢ : G/P — P(V) and * : G/P~ — P(V*) by

WgP*) =<Clg)p,  (gP7) =<C(9)q

The representation ¢ additionally has the property that for any sequence

gn € G, the singular value gaps

01 (C(gn»/OQ(C(gn))

are unbounded if and only if g, is PT-divergent (see [GGKW17], Lemma 3.7).

Proof of Proposition 2.3.7. By [Zim18], Lemma 4.7, there exist flags &,...,&{p € U
so that lifts of ¢(&;) give a basis of V. Since g, - U converges to a point in G/P, the

set
{C(gn) - 1(&) : 1 <i < D}

converges to a single point in P(V').
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This means that we can fix lifts L(%l) € V so that, up to a subsequence, ((g,)

takes the projective (D — 1)-simplex

D
[Z Ait(&) A >0
=1

to a point. This simplex is an open subset of P(V'). Now we can apply Lemma 0.0.28

C P(V)

to see that the sequence g, is PT-divergent.

We now just need to check that £ is the unique P*-limit point of g,. Choose
any subsequence of g,. Then any P'-contracting subsequence g, of this subsequence

satisfies
gm|0pp(§7) - §,

uniformly on compacts for some £ € G/P~ and ¢ € G/P*. But since Opp(£_) is

open and dense, it intersects U nontrivially and thus £ = &. [
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