
6/1/28Boundaries of tGapsIpaas
Mepaced : o always complete

!Usually pepe :

every cloud ball of fin . radius is compact
usually geodesic : if x. y E X have dlx,y)=L , 7 a path of
length L in X jour-ng x , y
↳ NIT : uniquely geodesic

III How do we measure the length of a path in a metric space?
↳ IAI : carrier rectifiable paths : take the sum oftheytakethe surf ourlengths of these

•

path components,
a" such sums

(ATI Spaces : X
,
a metric space

Def
"
:
a tangle Dcp , q , r) , p , q , r EX, is a union of 3 geodesic segments ,Ep , q), Ef , ✓3, Ep , r]

Deft : a Euclideanpain triangle ICE , I in , p ,a ,rex is a triangle in E
'

whose sides have lengths dlp , q), dLar) , dcp, r) (Unique up to Isom CET
↳ vertices are pig , T

Dfe? Given a triangle Dlp , y , r) in X , x c- Ep, f) , a coinpangaat frx is I ELF , I) S -
t
.

d L I , f) = dcx, p)

g

. .

i Def:X ::¥¥.it#;::pcm-irsinx .
↳ d x (x, y ) E die. ( Ey)

⇐⇒ruse :¥::*:÷÷÷:::: . !:*!
.

"In Ex::¥:
a ± I tf X is a Riemannian mfld , this agrees with E

between tangent vectors
pointing from x lo p and f

Prep : X is CAT lo) ⇒ for every Dcp, y, r) in X , de la , r) Idf tg , it



IREM : a nonpositively curved Riemannian wfld is locally CATO) [every pt has an open-

hbhd which is (nonpos - cruel) - CATLO)

• products of CATO) spaces are CATLO)]

NONExamples : ° Spheres , graphs with nontrivial loops

ans : cnn.spausna.nnimg.ae...
4¥
"

!
""

Cartan-Hadamahm " X is locally CATLO) ( complete , proper, geodesic) , Ko EX
I

×,
= { reparametric local

geodesics c : to, i]→ X

" %""} length of shortest
w/ metric dlc, c

' Ii sup de chef , cut,
path in Ix. is

d between endpointstEto, D K
X

×.

→ X is a universal earring ; I × o w/ path metric coming from d is (globally) CAT(O)
c→ cis

g-
⇒ CATCO) spaces are contractible

I
when is the path metric not the same as the one from the space ?

Ia : Oisinyexs
"

g:
"

:
'

⇒⇒
② ""

y
°

Boundaries of catspaw -1 -1
X ↳ E

X metric space , I a compactification (is openedina) , 2X = I - X

IX -
- { infinite geodesic rays c

: to,a)→ X 31 - , c .
- Cz it images have finite Hausdorff

distance ( Iwas ( c , .cz) Ca)
In IE d

'

: d
has (c , , Cz) H iff they're parallel and point is same direction

2Ed in bijection with Sd
- I

Prep : tf z e 2X
,
X E X

,
then F unique ray C

: Eo, O)→X s. t.CC] -- Z (CCD) --z) and Cco) -- X

Z
Fix t

'

so
. alt) goes to 0 uniformly in t' as t→a.

Fix s
, take us)

-

- Ling, ofCS) i converges to a geodesic,"

,

,

WI Haus. dist . btwn a awe c
' is at most dcxo, x)

c
'

co)
-

- Z 2X in bijection wi rays baud at some fixed ballpoint xo

X is homeomorphic to eventually constant geodesics : c : Eo
, d)↳X St. for Samet , t t ST ,

CLE) = CLT) , Cleo
,Ty

is geodesic

X in bijection wi eventually constant geodesics startingat a fixed basepoint , ending at x EX
↳ topology : compact -open topology, uniform can. an compact sets

X is X V 2x is a set of geodesic rays c
:to,o) '→X , topology ulcmpot open; I carpet, X EMINE ,I#txampes : ' X is a simply connected , ncnpos . Conrad

Riem
- unfree 2X IS d *

° 2tree is a Cantor set ° 2(X
, xxz) -- join of 2X,

* 2×2
(infinite)

61112020 pg -

2


