
61318Boundaries ofGapEspace
/Lastn/ °CAT(O) groups acts properly discant. & cocompactly on a CAT COS space X

o Neither X ar 2X is well -def"d ( in general)
Sometimes 2X is well - defined .

Ex. let T = IT.(Sg) Sg : = closed surface of genres 22 , T is CATO) :Sg has a hyperbolicre
Eg -

- IH 2

, Sg =
""IT

,
T acts geometrically on Hl

'

Prep :

every CATCH space in which
T acts geometrically has 2 I to 2HE s

'

IWANII property of metric spaces shared by all metric spaces on which afixed grip Agent .
-

Def : X
, y metric spaces , KZI , AZO , f :X →y is a CK,AS -qnasi-isomehiceybdhyit-VX.gl/zE X :

Ykdlfcxihflxz)) - A EdLxi
, xz) E Kdlflx . I , flxz)) t Af- is a Q -I. embedding it its (k, A)
- QI embeddingfor some K, A

↳Not recess. injective or continuous
A QI embedding is aQIsuehy (QI) if its qveusinrjectiue : 7Do s . t.V-yeyitxexs.t.cl ( ftx ), y) <D

↳D - nbhd image is all of yQI is an equivalence relation .

Exempted : -

any banded metric is QI to apt
. all warms an 42d induce QI metrics
a 22 is QI to EZ

Them (Milnor - SchwarzThm) : tf T Ageometrically on a proper geodesic metric space X.then :
←
for a fin . generating set

C) T is fin . generated Cii ) any Cayley graph of T isQI toX
QI invariants of metric spaces are "som

. invariants of grips
A
geometrically>

Impetus ofmetrics / Def : X a geodesic metric space . Atriangle Dcp, q ,
r ) in X is

QImvavimtnotOImuaia# Sm it for some Sso

• boundedness - camp Ng (Ep , y) ) u Ngtf , r))
> Ep , r]

:#I.Eat its /÷÷÷÷Eotr. I
• CAT Lo)

D



Exempted : . Trees I triangles are tripods every side of a triangle is contained in union of
A O-Slim triangles the other sides

• HI
'
: (exercise) (do in UHSpace) ④ ' '

loyh.jp!'tf.a.
EZ is not hyp . :y →#

. Any bounded space is hyperbolic

Irp : HyperbolicHy is a QI invariant : If Y is S - hyp .

.
f :X→y Lk, Al-QISan 's then

X is f '
- hyp . for S' depending only an ki A

Def : A Lt¥guuige is a IK ,Al - QI embedding I→X , where I interval in IR

in IEZ

⇐ '77k¥77: finalize:*: '* DJ
F L =L ( S

,
K, A) s . t . dHaus ( c Ea, b) ,Ex. , xD) EL Not an dlxi , xd

④ ' a

Def" : A hyperbolic gap is a grip whoa Cayley graph is hyperbolic , OR A gum . qnaptyope PIF
Examples : Surface apps are QI to HR Nonexempt : c Id

,
d 22

d
' free apps : Cayley graphs ane trues

Ed . Any gnp containing 22
• IT

,
of non pos . curved mflels

B-Eet-hyp-gn.pkpau
X hyperbolic, 2x -

- { incheo,ggqhp× ) In ,
a - Cz it dusk. take

2X is a bijection Wl classes of rays L X is Lana set) QI invariant :
baud at a fixed point Xo EX

^

X o-a Dco

topologist: Can do same thing as § CATO) spaces : topologiespace of rags c :Eo ,a)
→X baud at xo

using compact -open topology . Take quotient by n
① This QI -invariant : QI 's induce humus ⑦ This agrees with CATLO) 2 it space is CAT (O)

Exempted : 2TH
'

is S
' II Given a hyp . grip ,

can we find a CAT lol space on which it acts?
211T Sg) is S

'
OPEN

2 ( Fd) is CantorSet
↳ free grp on d generators 613/2020 PS -2


