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Spin operators and matrices

Spin operators

Spin vectors are usually represented in terms of their Hermitian cartesian component operators
S.
S=1s,
S.
Sometimes, the non-Hermitian ladder operators
S, =8,+iS, S =85,-iS,
are used. The cartesian operators are then given by
1
Some common commutators are
[5 5_\} =18, [x b} —iS, [a 5} —~ i8S,
and

[xs,] =8, [bbﬁ] —-S_ [S‘, .S;] — 28,

Spin matrices - General

For a spin S the cartesian and ladder operators are square matrices of dimension 2S+1. They are always
represented in the Zeeman basis with states | S, m) (m=-S,...,S), in short |7 ), that satisfy

. _— . . 1 ==
(m!|Sclm) = (6, it + Ot 4 1orm )3 VS(S+1)—m'm
NG 1 . - I
(m'|Sy|m) = (dsmtimit — Ot 4 1m )57V S(S+1)—m'm
2
NG Y
(m'|S,|m) = 6,,,.m
NIT- \ . fare
(m'|Sy|m) = i VS(S+1) —m'm
(m'|S_|lm) = b, 1.mVS(S+1)—m'm
~d
y Il = \ . ~7 3 43
(m ‘S ‘mli- = Opm'mS(S+1)

Spin matrices - Explicit matrices

For S=1/2

. L /0 1 . 1 /0 1 ) 1/1 o
S, = — S, =— S, ==
2 (l. u) DT (:1 0 *2\0 —1
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0 1 00
S+ = (() 0) 5= (1 0)

The | + 1/2) state is commonly denoted as «1, the | — 1/2) state as 7.
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For S=1
L [0 10 1 0o 1 0 1 0 0
S.=—1[1 01 Sy=— -1 0 1 S, =0 0 0
v2ilo 1 0 V2Ll g 1 0 00 -1
{010 0o o0 0
S, =+v2l0 0 1 S =11 0 0
000 01 0
For S=3/2
0 V3 0 0 0 V3 0 0
g, — 1LIv3 o0 2 (3 o i V3 0 2 (3_
200 2 0 V3 Yol o 2 0 V3
0 0 V3 0 0 0 -3 0
3/2 0 0 0
0 1/2 0 0
Sz = 0o 0 -1/2 0
0o 0 0 —-3/2
0 v3 0 0 0O 0 0 0
0o 0 2 0 V3 0 0 0
St=1o0 o o V3 S-=1% 2 0 o
0o 0 0 0 0 0 V3 0
For S=2
0o 2 0 0 0 0 2 0 0o 0
20 V6 0 0 [-2 o V6 00
Sx=50 VB0 VB 0 Se=510 6 0 V6o
0 0 V6 0 2 1o 0 —v6 0 2
0o 0 0 2 0 0 0 n -2 0

02 0 0 0 0O 0 0 00
00 V6 0 0 2 0 0 0 0
S,=10 0 0 6 0 S_.=10 V6 0 0 0
0o0 0 0 2 0 0 6 0 0
00 0 0 0 0O 0 0 20

For S=5/2
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