
Conventions for Gamma Matrices

Our conventions for the four dimensional discussion are such that we use real

four component spinors (when their indices are in an up position). Our choice of

Minkowski metric is the ‘mostly plus metric.’

We use the outer product to write our 4 x 4 matrices in terms of 2 x 2 matrices.

If M and N are two such matrices where

M =

 m11 m12

m21 m22

 , N =

 n11 n12

n21 n22

 (1)

then we choose our conventions so that

M ⊗N =


m11

 n11 n12

n21 n22

 m12

 n11 n12

n21 n22


m21

 n11 n12

n21 n22

 m22

 n11 n12

n21 n22





=


m11n11 m11n12

m11n21 m11n22

m12n11 m12n12

m12n21 m12n22

m21n11 m21n12

m21n21 m21n22

m22n11 m22n12

m22n21 m22n22

 .

(2)

In these conventions, there are sixteen real matrices we define by

(I4)a
b = (I2 ⊗ I2)a

b ,

(γ0)a
b = i(σ3 ⊗ σ2)a

b , (γ1)a
b = (I2 ⊗ σ1)a

b ,

(γ2)a
b = (σ2 ⊗ σ2)a

b , (γ3)a
b = (I2 ⊗ σ3)a

b ,

(γ0γ1)a
b = (σ3 ⊗ σ3)a

b , (γ0γ2)a
b = (σ1 ⊗ σ1)a

b , (γ0γ3)a
b = − (σ3 ⊗ σ1)a

b ,

(γ1γ2)a
b = i(σ2 ⊗ σ3)a

b , (γ2γ3)a
b = i(σ2 ⊗ σ1)a

b , (γ3γ1)a
b = i(I2 ⊗ σ2)a

b ,

(γ0γ1γ2)a
b = −(σ1 ⊗ σ1)a

b , (γ1γ2γ3)a
b = i(σ2 ⊗ I2)a

b ,

(γ2γ3γ0)a
b = i(σ2 ⊗ σ3)a

b , (γ3γ1γ0)a
b = −(σ3 ⊗ I2)a

b ,

(γ5)a
b = i(γ0γ1γ2γ3)a

b = −(σ1 ⊗ σ2)a
b .
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In order to raise and lower spinor indices, we define a spinor metric by

Cab ≡ −i(σ3 ⊗ σ2)ab =


0 −1 0 0

1 0 0 0

0 0 0 1

0 0 −1 0

 → Cab = −Cba . (4)

The inverse spinor metric is defined by the condition CabCac = δc
b.

The spinor metric can be used to lower the second index on all sixteen of the

matrices leading to the results

Cab = −i(σ3 ⊗ σ2)ab ,

(γ0)ab = i(I2 ⊗ I2)ab , (γ1)ab = (σ3 ⊗ σ3)ab ,

(γ2)ab = (σ1 ⊗ σ1)ab , (γ3)ab = −(σ3 ⊗ σ1)ab ,

(γ0γ1)ab = −(I2 ⊗ σ1)ab , (γ0γ2)ab = −(σ2 ⊗ σ2)ab , (γ0γ3)ab = − (I2 ⊗ σ3)ab ,

(γ1γ2)ab = (σ1 ⊗ σ1)ab , (γ2γ3)ab = −i(σ2 ⊗ σ3)ab , (γ3γ1)ab = (σ3 ⊗ I2)ab ,

(γ0γ1γ2)ab = i(σ2 ⊗ σ3)ab , (γ1γ2γ3)ab = i(σ1 ⊗ σ2)ab ,

(γ2γ3γ0)ab = i(σ2 ⊗ σ1)ab , (γ3γ1γ0)ab = i(I2 ⊗ σ2)ab ,

(γ5)ab = −i(γ0γ1γ2γ3)ab = −(σ2 ⊗ I2)ab .
(5)

There equations imply the following properties

(γµ)ab = + (γµ)ba , (γµγν)ab = + (γµγν)ba ,

(γµγνγρ)ab = − (γµγνγρ)ba , (γ5)ab = − (γ5)ba .

where µ, ν, and ρ take on the values of 0, 1, 2, and 3.

Some useful Identities then follow

γµ γν + γν γµ = 2 ηµ ν I4 , γµ γµ = 4 I4 , γµ γα γµ = − 2 γα ,

γ5 [ γα , γβ ] = − i12 ε
αβ µ ν [ γµ , γν ] , γµ [ γα , γβ ] γµ = 0 ,

γµ [ γα , γβ ] = 2 [ ηµα γβ − ηµβ γα ] + i 2 εαβµ νγ5γν ,

[ γα , γβ ] γµ = − 2 [ ηµα γβ − ηµβ γα ] + i 2 εαβµ νγ5γν .

(6)
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Chiral Supermultiplet 0-Brane Valise Formulation

We use the symbol Da interchangeably with Qa in the following equations for the

valise formulation of the chiral supermultiplet

DaA = ψa , DaB = i (γ5)a
bψb ,

DaF = (γ0)a
b ψb , DaG = i (γ5γ0)a

b ψb ,

Daψb = i (γ0)ab ( ∂τA )− (γ5γ0)ab ( ∂τB )

− iCab ( ∂τF ) + (γ5)ab ( ∂τG ) ,

In these equations, the bosonic ‘fields’ A, B, F , and G only depend on ‘time’ τ . As

well the fermionic fields ψ1, ψ2, ψ3, and ψ4 also only depend on time. The adinkra

representation of these equations is given by

1

1 2 3 4

2 3 4

A B F G

ψ1 ψ2 ψ3 ψ4

Vector Supermultiplet 0-Brane Valise Formulation

We use the symbol Da interchangeably with Qa in the following equations for the

valise formulation of the vector supermultiplet

DaAi = (γi)a
bλb , Dad = i(γ5γ0)a

b λb ,

Daλb = − i (γ0γi)ab ( ∂τAi ) + (γ5)ab ( ∂τd ) .

In these equations, the bosonic ‘fields’ A1, A2, A3, and d only depend on ‘time’ τ .

As well the fermionic fields λ1, λ2, λ3, and λ4 also only depend on time. The adinkra

representation of these equations is given by
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1

1 2 3 4

2 3 4

A1 A2 A3 d

λ1 λ2 λ3 λ4

Tensor Supermultiplet 0-Brane Valise Formulation

We use the symbol Da interchangeably with Qa in the following equations for the

valise formulation of the vector supermultiplet

Daϕ = χa , DaBi j = −1
4([γi, γj])a

bχb ,

Daχb = i(γ0)ab ∂τϕ− (γ5γi)ab εi
j k∂τBj k .

In these equations, the bosonic ‘fields’ ϕ, B12, B23, and B31 only depend on ‘time’ τ .

As well the fermionic fields χ1, χ2, χ3, and χ4 also only depend on time.

1

1 2 3 4

2 3 4

ϕ B12 B23 B31

χ1 χ2 χ3 χ4

On each field in each of the supermultiplets, the following condition is satisfied.

Da Db + Db Da = i2 (γ0)ab ∂τ

which is the necessary condition to show these are representations of supersymmetry

or SUSY.
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General 1D Valise Formulation

Each of the multiplets discussed above can be re-written in the form of equations

DIΦi = i (LI)ik̂Ψk̂ and DIΨk̂ = (RI)k̂i (∂τΦi) ,

where Φi denote all the bosons, Ψk̂ denotes all of the fermions. As well (LI)ik̂ and

(RI)k̂i are constant matrices. These real matrices are not γ-matrices and are found

to satisfy the following relations

( L
I
)i
̂ ( R

J
)̂
k + ( L

J
)i
̂ ( R

I
)̂
k = 2 δ

IJ
δi
k ,

( R
J

)ı̂
j ( L

I
)j
k̂ + ( R

I
)ı̂
j ( L

J
)j
k̂ = 2 δ

IJ
δı̂
k̂ .

( R
I
)̂
k δik = ( L

I
)i
k̂ δ̂k̂ ,

which we named as defining the “Garden Algebras.” The L-matrices and R-matrices

have a standard graph-theoretical interpretation. If we take the absolute value of the

entries in all of these, then the resulting matrices describe the adjacency matrices of

each adinkra diagram.

The Garden Algebra conditions ensure that

{DI , DJ }Φi = i2 ∂τΦi , {DI , DJ }Ψk̂ = i2 ∂τΨk̂ .

Looking At Simple CM-CM Quadratic Invariant

Let us examine the case of a quadratic constructed from the fields of a chiral

supermultiplet in its valise formulation. Define L1 by

L1 = [ A (∂τ F ) + κ0B (∂τ G) + i κ1
1
2 ψaM

a bψb ]

and let us calculate its derivative with respect to Dc. In this expression Ma b is a 4

× 4 matrix while κ0 and κ1 are constants. We find (and ignoring total derivatives in
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the calculation)

DcL1 = Dc[ A (∂τ F ) + κ0B (∂τ G) + i κ1
1
2 ψaM

a bψb ]

= [ (DcA) (∂τ F ) − (∂τ A) ( DcF )

+ κ0(DcB) (∂τ G) − κ0(∂τB) (DcG)

+ i κ1 (Dc ψa)Ma bψb ]

= [ ψc (∂τ F ) − (∂τ A) (γ0)c
dψd

+ i κ0 (γ5)c
dψd (∂τ G) − iκ0(∂τB) (γ5γ0)c

dψd ]

+ i κ1 [ i (γ0)c a (∂τA) − (γ5γ0)c a (∂τB) ]Ma dψd

+ i κ1 [ − i Cc a (∂τ F ) + (γ5)c a(∂τ G) ]Ma dψd

= [ ψc (∂τ F ) − (∂τ A) (γ0)c
dψd

+ i κ0 (γ5)c
dψd (∂τ G) − iκ0(∂τB) (γ5γ0)c

dψd ]

+ [κ1Cc a (∂τ F ) + i κ1 (γ5)c a(∂τ G) ]Ma dψd

+ [ − κ1 (γ0)c a (∂τA) − iκ1 (γ5γ0)c a (∂τB) ]Ma dψd

Let Mad = Cad and this becomes,

DcL1 = [ ( 1 − κ1 )ψc (∂τ F ) − ( 1 − κ1 ) (∂τ A) (γ0)c
dψd

+ i(κ0 − κ1 )(γ5)c
dψd (∂τ G) − i(κ0 − κ1 )(∂τB) (γ5γ0)c

dψd ]

so that up to total derivatives we have

DcL1 = 0 .

if κ0 = κ1 = 1. In the above calculations, we have freely used the identity

X (∂τY) = − (∂τX ) Y + ∂τ (X Y)

for any functions that depend only on τ .
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Four Dimensional Supermultiplets

For four dimensional theories, all fields are allowed to depend on t, x, y, and z.

In four dimensions, the form of the ‘super D-equations’ are slightly different for the

chiral supermultiplet

DaA = ψa ,

DaB = i (γ5)a
b ψb ,

Daψb = i (γµ)a b (∂µA) − (γ5γµ)a b (∂µB)

− i Ca b F + (γ5)a bG ,

DaF = (γµ)a
b (∂µ ψb) ,

DaG = i (γ5γµ)a
b (∂µ ψb) ,

and direct calculation shows that

{ Da , Db }A = i 2 (γµ)a b ∂µA , { Da , Db }B = i 2 (γµ)a b ∂µB ,

{ Da , Db }ψc = i 2 (γµ)a b ∂µ ψc ,

{ Da , Db }F = i 2 (γµ)a b ∂µ F , { Da , Db }G = i 2 (γµ)a b ∂µG .

In four dimensions, the form of the ‘super D-equations’ are slightly different for

the vector supermultiplet

DaAµ = (γµ)a
b λb ,

Daλb = − i 1
4([ γµ , γν ])ab ( ∂µAν − ∂ν Aµ ) + (γ5)a b d ,

Da d = i (γ5γµ)a
b ∂µλb .

and once more direct calculations reveal

{ Da , Db }Aµ = i 2 (γρ)a b ∂ρAµ − ∂µ ra b , ra b ≡ i 2 (γν)a bAν ,

{ Da , Db }λc = i 2 (γµ)a b ∂µ λc ,

{ Da , Db } d = i 2 (γµ)a b ∂µ d .

In four dimensions, the form of the ‘super D-equations’ are slightly different for

the tensor supermultiplet

Daϕ = χa ,

DaBµ ν = − 1
4([ γµ , γν ])a

b χb ,

Daχb = i (γµ)a b ∂µϕ − (γ5γµ)a b εµ
ρσ τ∂ρBσ τ .
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and again direct calculations reveal

{ Da , Db }ϕ = i 2 (γµ)a b ∂µ ϕ ,

{ Da , Db }Bµ ν = i 2 (γρ)a b ∂ρBµ ν + ∂µ qν a b − ∂ν qµ a b ,

{ Da , Db }χc = i 2 (γµ)a b ∂µ χc , qµ a b ≡ i 2 (γν)a b [Bµ ν + 1
2ηµ ν ϕ ] .
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