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Optimal fiber path configurations that minimize the sum of the coefficients of thermal expansion (CTE)
values along the principal material directions for a class of laminates are presented. Previous studies sug-
gest that balanced, symmetric, angle ply laminates exhibit negative CTE values along the principal direc-
tions. Using the sum of the CTE values along the principal material directions as an effective measure of
the coefficient of thermal expansion (CTE.y), we have shown and provided a proof that the smallest value
of CTE.y is rendered by straight fiber path configurations. The laminates considered are sufficiently thin
so as to neglect the thermal stresses induced through the thickness of the laminate. It is found that the
minimal CTE.g values occur for [+45/—45],, lay-ups. This result is supported by numerical studies that
consider curvilinear fiber paths. The possibility of obtaining zero CTE values along both principal material
directions and the conditions that render this situation are also examined.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Failure by thermal fatigue can be mitigated by minimizing the
coefficient of thermal expansion (CTE) of composite laminates o
and o, along the principal material directions. Early work on char-
acterization of CTE values in fiber reinforced composites was due
to Craft and Christensen [1], Marom and Weinberg [2], Ishikawa
and Chou [3], Bowles and Tompkins [4], Sleight [5], Lommens
et al. [6], and references therein. More recent studies have focused
on laminates with straight fiber configurations [7-10]. Amongst
these, those which are balanced, symmetric, angle ply ([+0/—0]ns)
lay-ups have been found to exhibit anomalous mechanical
response. Analysis of these laminates have shown the existence
of negative CTE (o, otf) for certain range of ply orientations [7,9].
Zhu and Sun [10], showed that the ratio of shear modulus G, to
the Young’s modulus E; is an important parameter that determines
the sign and magnitude of the CTE in the composite laminate.
However, negative CTE values along both principal material direc-
tions (x, y) of the composite laminate were not obtained simulta-
neously for any ply angle 0. In this study, we relax the
requirement of fibers having straight configurations and seek the
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optimum fiber path that yields the least value of CTE.g maintain-
ing the assumption of a balanced, symmetric, angle ply laminate.
In the analysis to follow, the possibility of obtaining a zero value
for CTE.y is investigated and conditions for obtaining such a CTE
are derived.

2. Model description

Consider curvilinear fiber configurations in the x-y plane which
are symmetric about the z-axis (Fig. 1) in the Representative Unit
Cell (RUC) of in-plane dimensions A x B. The fibers are stacked par-
allel to the y-axis. Obliquely stacked configurations of the fibers are
not considered since it reduces to the case under consideration as
can be seen from Fig. 2. This would imply that for any infinitesi-
mally small portion of the fiber curve with an orientation 0, there
exists an infinitesimally small complementary fiber element with
orientation —0 (Fig. 3). For every fiber at angle +0 at z = +z*, there
is another fiber of same orientation at z = —z*. Also, for every fiber
at an angle —0 at z=+z", there is another fiber at z=—z** with
the same orientation. Hence, this configuration acts as a balanced
symmetric laminate for which the moment resultants due to ther-
mal stresses cancel out (see [11]), i.e. M, = 0,M, = 0 and M,, = 0.
Here, we use standard composite laminate nomenclature as given
in [11]. Similarly, the effective shear force resultants due to thermal
expansion also cancel out, i.e. N,, = 0. Therefore, the only non-zero
stress resultants present are normal stresses along the principal
directions (N; and N;) in the plane of the laminate. The


http://dx.doi.org/10.1016/j.compscitech.2011.03.016
mailto:aswathr@umich.edu
mailto:rjdmello@umich.edu
mailto:veeras@umich.edu
mailto:dcw@umich.edu
http://dx.doi.org/10.1016/j.compscitech.2011.03.016
http://www.sciencedirect.com/science/journal/02663538
http://www.elsevier.com/locate/compscitech

1106 A. Rangarajan et al. / Composites Science and Technology 71 (2011) 1105-1109

Y A

Fig. 1. Profile of fibers in the Representative Unit Cell (RUC) of dimensions A x B. The RUC has many overlaid symmetric fibers which renders the RUC to have a structure

similar to that of a balanced, symmetric, angle ply laminate.
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Fig. 2. Schematic showing the equivalence of the fiber stacking along the horizontal and oblique directions.

curvilinear fiber format in the RUC is invariant along the y-direc-
tion. Hence, the compliance matrix of an infinitesimal strip of width
dx is a function of x alone. The continuity of fiber slopes across adja-
cent RUCs is ensured by the equality of slope at RUC boundaries.

3. Mathematical formulation
3.1. Straight Fibers

For a straight fiber, balanced, angle ply laminate, if the fiber is
oriented at an angle 0 with respect to x-direction [7,10], we have

. S .
ok = oy 052 0 + ot sin® 0+ 228 (o, — o14) sin 20 (1)
66
o = oy sin® 0 + oy cos? 0 + 526 (0t — 01) sin20 (2)

66

where

Si6 = {2(S11 — S12) — Ses} cos 0sin 0
+{2(S12 — S22) + Ses } cOs Osin’® 0

Sas = {2(S11 — S12) — Ses} cos 0sin® 0
4 {2(S12 — S22) + Ses } cos® 0'sin 0

Se6 = 2{2(S11 + S22 — 2513) — Ses} cos? Osin’ 0
+ Ses{cos* 0 + sin” 0}

&)

For no thermal expansion, we should have o = 0 and o, = 0 simul-
taneously. This leads to (o — o) = 0.

(o — ocz){cos 20— (gmg;gz(;) sin 20} =0 (4)

66
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Fig. 3. Profile of a pair of complementary fibers in the Representative Unit Cell
(RUC) of dimensions A x B with fiber curve (red) modeled as a function
y =f(x),x € [0, A]. The complementary fiber curve (green) is also shown. The figure
shows the definition of the angle 0 for an infinitesimal element of the fiber. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

In the above expression, o; # o,. We inspect the term in the paren-
thesis which is expanded as

()

COSZ@{] B sin? 0(S11 + S22 — 2512 — Ses) } _

(S11 + S22 — 2812) sin® 20 + Se6 COS2 20

By inspection, 6 = /4 is a solution to Eq. (5). Adding Eqs. (1) and (2)
we get

ok + ol = (o4 +oc2)+(oczoc1)<5165+526> sin20 = 0 (6)
66

Setting 0 = /4, the above expression is written as

Si1—S» }
S11+ 52 — 251,

o 0y { 7)

0617062_

Writing the compliance quantities in terms of elastic constants, we
have Si1= 1/E1, Sy = 1/E2, and S12 =7V]2/E1. Therefore,

1_ 1
=" 8)
{++2}

Since E; > E5, right hand side (RHS) <0 = (a1 — 03) <0 = 0oy < oto.
Next, assuming (oq + 03) >0

o + V]Z
ai =— {E; <0 (9)
av)
? (&+ E)
A similar result has also been presented in Zhu and Sun [10]. Using

Egs. (8) and (9),

o <0< o (10)

0 + 0
o — 0y

3.2. Curved fibers

Now, consider a single curvilinear fiber path in the x-y plane
and represent it by a function y = f{x). If 0 is the angle made by
any infinitesimally small segment of the curve with the x-axis,
the sine and cosine terms for this segment can be written in terms
of the slope of the curve y' = % = tan .

)/
cos():;:c, sing——3 s (11)
1+ () 1+ ()

The compliance matrix [S] terms are obtained from

;‘('/(JAf(x)dx)z < /()A(f(x))zdx

S — 1Y [ Si6dxdy S — 12 4 Ssedxdy S — 12 2 Sesdxdy
AB ’ AB ’ AB
(12)
Since the fibers are stacked along the y-direction in the RUC, there is
no variation of S, S»6 and Ses along the y-direction. Thus, we make
the assumption of constant strain along the x-axis of the RUC.
Hence, the compliance matrix [S] terms reduce to

A Ac Ac
N Sigdx  ~ Ssdx = Sesdx
Si6= —fo As , S = —fo 26 , Ses = —fo ;;6 (13)

where the compliance terms of the infinitesimal segment are given
by

§16 = {2(511 — 512) — SGG}CBS + {2(512 — 522) +SGG}CS3

S = {2(511 = S12) — 566}C53 +{2(512 — S22) +566}C3S (14)
Se6 = 2{2(S11 + S22 — 2512) — Ses } 25?4 See{c* + s*}

The CTE in the principal material directions of the laminate are
obtained as [21],

66

oy =1 [ (012 + 0p8?)dx — {?BZ { 2 2¢s (o —ocz)dx}

0
(15)
A Saedx A
oy =1 % (08?4 opc?)dx — ﬁ{ Jo 2¢s(o — ocz)dx}
Define a scaled measure of CTE.y, G = A(olk + o).
2
(f(’)‘ csdx)
G =A(0n + ) +4(Sp — S11) 3 ——5 (o1 — ) (16)
<f0 565dx)

From Eq. (16),
G=A{(on +a2) + Ka(og — 02)} (17)
As S11=1/Eq, S»5 = 1/E; and Sy, =—v1»/E;, we get

= 1 1 2V12)j| 2.0 1 ) 212
Ses =22 +—+—=)|cs"+=—(c"—-5)" >0 18
° { <E1 E, E G1z( ) (18)
Also,
1 1
(So2 —S11) = (E2 El) > 0. (19)
We write G in the manner G = A(a, + o) + Ky A(o; — o), where
A 2
Syy — Si (fo csdx)
Ky = 4= — (20)
(fO Sﬁsdx)
From Egs. (18) and (19) it follows that
Ky, >0 (21)

3.2.1. Inspecting the behavior of K>
We inspect if K; <1 or K, > 1. Suppose K> > 1, then

) A !
4( “a H) </ CSd") - 4/ (St1 + S22 — 2S12)(cs)?dx
A 0 0
/ Ses(C )2dx > 0 (22)

Invoke an integral inequality, which is obtained as a special case of
the Cauchy-Schwarz inequality,

f(x)=cs (23)

Hence,
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4(S22 —Sn)</ (cs) dx) / 4(511 4+ Sn — 2512)(cs) dx
/ Sss(c

A A
/ (—8S11 + 8512)(cs)2dx / Ses(c?
0 0

)2dx > 0 (24)

s2)%dx > 0 (25)

Substituting the compliance terms with material constants, we get,

V12 + 1) /
-8 2d
/ < CS X — Glz

Now, assuming (v, + 1) > 0, Eq. (26) presents a contradiction as
the terms on the left hand side (LHS) are negative. Hence by reduc-
tio ad absurdum, K, < 1.

From Eq. 17 we can see that G is an increasing function of «; and
o, and dG > 4G dG . Hence, G is minimum when K, is maximum and
0y > 0y, or when K5 is minimum and o > op.

For zero thermal expansion, o = ot =0= G=0,

)dx > 0 (26)

(01 + 02) + Ko (oty — 02) = O (27)
MAR_ k<0 0<K,<1) (28)
0 — 0y
=0 < 0 (29)
o Ky—1
i< (30)
= <0< (31)

4. Optimal fiber configurations
4.1. Straight fiber

We start with an assumption oy > o;. The value of CTE.y is min-
imum when K, is maximum.
4(522 — 511 )C252
(4(5]1 + 522 — 2512)C2$2 —+ 555(C2
S22 —Sni

K; =

=5)))

= 32
(St1 + S22 — 251) + SesCO220 (32)

K5 is maximum when 0 = Z
I(Maximum _ S22 - 511 (33)

" (S11+ S22 — 2512)

Now, considering o > o4, the value of CTEy is minimum when
K> is minimum. We have already shown the lower bound for K, to
be 0 (Eq. (21)). It can be seen that when 0 = 0, the minimum value
of K, occurs.

4.2. Curved fiber

We again start with the same assumption as in the previous
section , i.e., oy > o1. The value of CTE.y is minimum when K, is
maximum.

2
K 4(S11 — 522)(%; Cde) a4
" A JT{ASH + Sz — 2512)(c5)? + Se(c? — 52)%)dx

Fiber paths that maximize K, are sought. As shown in Appendix A,
among all possible paths, those that satisfy the condition y’ = 1 are
the paths that maximize K. This corresponds to straight fiber paths.
Furthermore, alternately stacked plies are orthogonal in this
configuration.

30

_20 -

-30
0

Fig. 4. Schematic illustrating the range of sample candidate cubic polynomials for
modeling fiber paths.

Now, considering o, > o4, the value of CTE.gis minimum when K,
is minimum. We have already shown the lower bound for K, to be 0
(Eq.(21)).Itcan be seen that wheny’ = 0, i.e when the fibers in all the
plies are in the same orientation, the minimum value of K, occurs.

To validate these analytical findings, a numerical study was car-
ried out by modeling the curvilinear fiber configurations using cu-
bic polynomials. The curved fiber paths are selected so as to
represent the majority of fiber orientations. The RUC domain under
consideration varies from 0.01 x 0.01 sg.m to 1 x 1 sq.m. A sample
from the curved fiber paths used for the study is shown in Fig. 4.

The numerical simulations show that the thermal expansivity
along each of the principal axis directions is the least when the fiber
configuration is approximately linear, i.e. straight fiber configura-
tions. The material used for the numerical study is a glass polypro-
pylene composite having E;=34.5 x 10°Pa, E,=3.1 x 10°Pa,
V12 =025 0; =6 x 10°/°Cand a, = 100 x 10~6/°C. The study shows
that the minimum value of o is obtained for a straight fiber config-
uration. Similarly, the minimum value of o, is also obtained for a
straight fiber configuration, which is complementary to the fiber
configuration at which ¢ was a minimum. Furthermore, when both
ok and o, are combined such that the area expansion is minimized
(in-plane dilatation) to find an optimal path, again an approximate
straight fiber path is obtained. These findings compare well with
analytical results presented in Ito et al. [7]. Further details of our
study is contained in Rangarajan et al. [12].

5. Conclusions

We have shown and provided a proof that amongst all curvilin-
ear fiber configurations, the fiber configuration with straight fiber
paths yields the least value of CTE.g for symmetric, balanced, angle
ply laminates. This configuration is independent of lamina princi-
pal material parameters, E;, Ez, V12, Gi2, ®; and oy. Additionally,
bounds for the values of «; and «, are presented which can lead
to the values of CTE along the principal material directions
(o, ok) to be zero simultaneously. This implies that there would
be no change in the in-plane dimensions (along both principal lam-
inate axes) of the laminates on applying thermal loads, if Eq. (9) is
satisfied. The bounds also show that «; has to be negative and o,
has to be positive in order to obtain zero thermal expansion along
both the laminate principal axes simultaneously. Amongst the
straight fiber path configurations, laminates with [+45/—45],
lay-up have the least measure of CTE. In such cases, the laminate
has isotropic values of CTE in the plane of the laminate. The degree
to which CTEgs can be minimized is a function of the material
parameters mentioned above.
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Appendix A

A.1. Finding fiber paths to maximize K>

‘4 (522 _ sn> (5 Cde>2 "
’ A ) (17 Soottx)

Replacing c and s in terms of ¥’ from Eq. (11) and using the Cau-
chy-Schwarz inequality as in Eq. (23), we get

1 (S22—5n
1<2,4< . )

(0 sr) 36)
fg‘ {{4 (S11 +522—2512)}(1+0,r ) +SGG{ (Lg’ ) de>

{
()

fé‘ (1+{;,)2)2dx
<f§ {{4 (S + 522250 (1-22) +566{ (ug/iz)zﬂd")
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