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Thermal buckling analysis of square composite laminates with variable stiffness properties is presented.
Fiber angles vary spatially and result in material properties that are functions of position. The thermal
critical buckling temperatures for such laminates are obtained numerically based on classical lamination
theory and the finite element method. In this work, the domain is discretized to transform nonlinear fiber
path functions to linear piecewise functions. Using this method, thermal responses for symmetric bal-
anced laminates under constant thermal load is investigated and the optimal fiber paths to resist thermal
buckling are obtained for multiple material models. The coefficients of thermal expansion are varied to
study the effect on the critical buckling temperature and optimal fiber path. Validation for the method
presented is achieved using the results for the special case of constant fiber angles found in literature.
This work finds curved fiber path configurations that provide a 36.9% increase of resistance to thermal
buckling in comparison to straight fiber configurations.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

High speed aircrafts and space systems are subject to severe
aerodynamic heating and vastly changing thermal environments
during flight. To maintain, structural integrity under high temper-
ature environments, vehicle structural design concepts must differ
from those of low Mach number aircraft. In particular, manage-
ment of high thermal stresses that occur during high speed flight
involve development of materials that can withstand thermal
bucking. Response of composite panels in compression (due to
thermal loading and edge restraints) is a classical plate buckling
problem. Earlier works have shown that composite laminates offer
superior buckling performance when compared to isotropic plates.
For square laminates with simply supported boundary conditions
the optimal angle-ply layup is reported as ½�45�ns [1–3].

However, current technology allows us to relax the assumption
that the fibers be straight for each layer in a laminated fiber com-
posite. Advanced manufacturing techniques, such as fiber steering,
allow fibers to be oriented along a desired path. Variable fiber path
laminates produce unique boundary conditions that produce
local transverse and compressive stresses which develop simulta-
neously [4]. These stress fields may be exploited to increase
buckling resistance in local areas where panels tend to buckle.
Towards this end, Gürdal and Olmedo [5–7] have developed
material models for variable stiffness composites and have
continued to, along with others, develop models for in-plane and
buckling responses. Groh and Weaver [8] extended these ideas into
a three-dimensional form by varying the thickness of the panel and
including the effects of shear deformation.

Optimization methods and techniques have been applied to
these complex material systems. Hyer and Charette [10] use local
optimization where the fiber angle varies over each element. In
their work, they calculate the stress at each element and locally
align fibers with the principal stress direction. Both Setoodeh
et al. [12] and IJsselmuiden et al. [13] optimize the fiber angle
locally at each node with respect to buckling and stiffness. As a
result IJsselmuiden et al. investigate the trade off between buckling
and stiffness. Alternatively, one could also optimize the fiber angle
using a global parameterization of the fiber path. Nagendra et al.
[11] use a basis shape optimization approach to maximize critical
buckling load for a plate with a hole. Similarly, Jegley et al. [9] opti-
mize a curvilinear fiber path for a plate with a hole. In their work,
they minimize stress concentrations using genetic discrete-valued
optimizer. Alternatively by minimizing the total thermal expan-
sion, Rangarajan et al. [1] have shown that straight fibers paths
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are the optimum configuration to minimize total thermal expan-
sion along principal material directions. In their work, a constant
strain state is assumed and results are obtained analytically. These
studies have shown that variable stiffness laminates allow
improved buckling performance in the order of four to six times
that of isotropic panels [13].

Although structural buckling of variable stiffness panels has
been intensively studied, numerical optimization approaches
have not yet been applied for thermal buckling performance,
and in particular, for understanding the role of anisotropy of
the thermal expansion tensor due to curved fibers on the critical
buckling temperature. In this work, this optimization problem is
studied using a global representation of the fiber path, with the
fiber described by two design variables b0 and b1. The stacking
sequence is restricted to symmetric and balanced ½�h�ns. As an
example, we investigate square panels that are simply supported
and subjected to uniform temperature loading. The constitutive
models are developed first, followed by buckling analysis of the
out of plane equilibrium equation. The results are obtained
numerically using an in-house finite element code for Eigen buck-
ling analysis and validated with known results for straight fiber
orientations. Next, fiber paths are varied and the optimum config-
uration to resist thermal buckling is found using gradient based
optimization. Optimal fiber paths are then found for multiple
material models and compared. One interesting outcome from a
parametric study for different materials is the observed strong
dependence of the critical buckling temperature on the thermal
expansion ratio a1=a2 of the material.

2. Modeling

The constitutive relations for a thin laminate are based on clas-
sical lamination theory and are given in the form,
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where the N and M vectors are the stress and moment resultants
and e and j are the mid-plane strains and curvatures. The stiffness
matrices are functions of panel position and are not constant. They
are written compactly in the following form in terms of invariants
[5]
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The invariants for an orthotropic material, Ui, are shown in
Appendix A. The form of Vi will change depending on the constitu-
tive matrix. They are defined as,
V0ðA;B;DÞ ¼ h;0;
h3

12

" #

V1ðA;B;DÞ ¼
Z h

2

�h
2

cosð2hÞ½1; z; z2�dz

V2ðA;B;DÞ ¼
Z h

2

�h
2

sinð2hÞ½1; z; z2�dz

V3ðA;B;DÞ ¼
Z h

2

�h
2

cosð4hÞ½1; z; z2�dz

V4ðA;B;DÞ ¼
Z h

2

�h
2

sinð4hÞ½1; z; z2�dz

ð4Þ

where h is the total thickness of the laminate and h is a function of
position. For symmetric, balanced laminates the coupling stiffness
matrix, the in-plane shear and normal coupling terms are elimi-
nated; i.e. Bij ¼ A16 ¼ A26 ¼ 0. Now there is no in-plane/bending
coupling and Eq. (1) is reduced to,

Mx

My

Mxy

8><
>:

9>=
>; ¼

D11 D12 D16

D12 D22 D26

D16 D26 D66

2
64

3
75

jx

jy

jxy

8><
>:

9>=
>; ð5Þ

Using Eqs. (2)–(5) the bending stiffness terms are defined by
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Note that the bending–twisting coupling terms are present.

2.1. Fiber path

For simplicity, fibers are made to vary along one of the coordi-
nate directions. This analysis may easily be extended for fibers that
vary along multiple coordinate axes. A linear variation along the x-
coordinate axis is achieved by defining the fiber orientation as,

hðxÞ ¼
2ðb1�b0Þ

a xþ b0 for 0 6 x < a
2 ;

2ðb0�b1Þ
a xþ b0 for � a

2 6 x < 0

8<
: ð7Þ

where a is the total length of the plate. The angle b1 is fiber angle at
the edges of the plate x ¼ � a

2

� 	
, and b0 is the angle of the fiber at the

center of the plate ðx ¼ 0Þ. The path of the fiber that passes through
the origin as a function of x is shown in Fig. 1. Here the origin is
located at the geometric center of the plate with a fiber angle
b0 ¼ 60�, while the angle at edge is b1 ¼ 20�.

3. Buckling analysis

For a simply supported symmetric balanced laminate, the Von
Karman linearized out of plane buckling equation is given by,



Fig. 1. Curvilinear fiber path for b1 ¼ 20� and b0 ¼ 60� .
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where w is the out of plane displacement. Entries denoted with
superscript ‘‘i’’ correspond to the pre-buckled configuration. The
presence of the bending-twisting coupling terms ðD16;D26Þ in the
Eq. (8) makes it difficult to assume a series solution in solving this
equation; therefore, the finite element method is used. For the finite
element formulation, the discretized domain will produce locally
straight, constant angle, fiber paths; each element will have a local
fiber angle associated with it. Therefore, we model the global fiber
orientation angle as a linear piecewise function. For this treatment,
the local angle �h is calculated by taking the elemental average of the
angle h (Eq. (7)). The local element laminate layup is then assumed
to be ½��h�ns. Now the stiffness matrices ðA;B;DÞ are constant for each
Fig. 2. Curvilinear fiber path is approxim
element. This process is shown in Fig. 2 below. For an angle-ply
laminate with prescribed constant thermal load DT , the pre-buckled
loads are easily found using classical lamination theory, as,

Ni
x ¼ �DTðA11a11 þ A12a22Þ

Ni
y ¼ �DTðA12a11 þ A22a22Þ

Ni
xy ¼ 0

ð9Þ

The critical buckling temperature DTcrit is determined using the
following eigenvalue problem,

jKM þ kKGj ¼ 0 ð10Þ

where the smallest eigenvalue kmin corresponds to the critical buck-
ling temperature DTcrit . The material stiffness matrix KM and the
geometric stiffness matrix KG are found using Galerkin method
and are stated in Appendix B. This formulation uses 4-noded Kirch-
hoff plate elements [17] with degrees of freedom w; @w=@x, and
@w=@y.

4. Validation

4.1. Isotropic plate

A convergence study and method validation is presented for an
isotropic aluminum plate. Fig. 3 shows the critical buckling tem-
perature of an aluminum plate as a function of the ratio a=h. The
results from the method described above are compared with the
analytical solution found in reference [14]. A 400 element mesh
is within a tolerance of 10�2 and will be used for all future analysis.
Denser meshes are not considered due to their computational
expense, especially during optimization where gradients are calcu-
lated with finite differences.

4.2. Cross-ply layup

In this section, a composite four layer cross-ply layup ½0=90�s is
considered. The angles b0 and b1 are equal for straight fiber config-
urations. The critical buckling temperature found in reference [15]
ated constant from each element.
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Fig. 4. Temperature contour as a function of fiber angles for Graphite/Epoxy.
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is DTcrit ¼ 0:0996 �C. This work predicts a buckling temperature of
DTcrit ¼ 0:0996 �C and is in good agreement with the work cited.

4.3. Angle-ply layup

Next a Graphite/Epoxy angle-ply layup is considered. Material
properties are given in Appendix C where a ¼ 0:15 m and the
h ¼ 1:016 mm. Again the angles b0 and b1 are equal and for a
angle-ply layup b0 ¼ b1 ¼ h. For a four layer angle-ply layup this
work predicts an optimal configuration of ½�45�s which can be
found as the optimal configuration to resist thermal buckling in
other works [2,3].

4.4. Complex layup

For the final case, a complex layup of ½þ45=� 45=0=90�s is con-
sidered. The same geometry and materials are used from the pre-
vious example. Results obtained numerically by a Rayleigh–Ritz
formulation results in a critical buckling temperature of
DTcrit ¼ 38:6 �C [2]. This work predicts a higher critical buckling
temperature of DTcrit ¼ 39:4 �C. Results from this section validate
this method and analysis is continued with confidence. Now the
fiber path is varied spatially for the same Graphite/Epoxy
composite.

5. Results

5.1. Graphite/Epoxy composite

The critical buckling temperature for multiple configurations is
found by performing an exhaustive search; the angles b0 and b1 are
equally varied from �90� to 90�. A contour plot of the critical buck-
ling temperature DTcrit as a function of the fiber angles b0 and b1 is
shown in Fig. 4. These results show a temperature profile that con-
tains multiple maxima and minima. Here, a diagonal across the fig-
ure represents a straight angle configuration (b0 ¼ b1 ¼ h), where
the straight angle configuration with the largest resistance to ther-
mal buckling is ½�45�s corresponding to DTcrit ¼ 32:45 �C. As
expected the lowest critical buckling temperature corresponds to
a b1 ¼ b0 ¼ 0 orientation where all fibers are aligned in one direc-
tion, giving little buckling resistance in the direction perpendicular
to the fibers. The temperature profile is symmetric about the
b1 ¼ �b0 line; therefore, the profile is not unique over �90� to
90� domain and DTðb0; b1Þ ¼ DTð�b0;�b1Þ. Although Fig. 4 shows
a complex temperature profile with multiple local maximums, it
is obvious that a strong maximum exists. Finding the optimal fiber
configuration that resists thermal buckling is a multi-variable opti-
mization problem. A quasi-Newton method [18] is implemented to
find the maxima efficiently by maximizing DTcrit with respect to b0

and b1. Sensitivities are calculated using finite differences with a
step size of 10�7. The initial angle configuration is an angle-ply
layup of ½�45�s. The optimal configuration is given by b0 ¼ 60:70�

and b1 ¼ 32:19� corresponding to the maximum critical buckling
temperature of DTcrit ¼ 34:26 �C. Theses values, obtained through
optimization, are in good agreement with Fig. 4 and give a 5.6%
increase in thermal buckling load when compared to the optimum
straight fiber configuration of ½�45�s.

5.2. Angle optimization for multiple materials

Next, analysis is performed on multiple composite materials in
an effort to further improve on percent increase of critical buckling
temperature. Material constants are shown in Appendix C. A global
search is performed and the resulting temperature profiles for each
material are shown on Fig. 5. As expected, the profiles are symmet-
ric about the b1 ¼ �b0 line. All temperature profiles show strong
local minima. Optimal results for these materials are reported on
Table 1. Values on Table 1 are in agreement with the contours
shown in Fig. 5. The largest increase in critical buckling tempera-
ture is for Carbon/Epoxy where there is a 36.9% increase in buck-
ling temperature for b1 ¼ 69:0� and b0 ¼ �5:71�. Interestingly,
since the fiber angle in not restricted, the optimal angle at the edge
of the plate is negative (Fig. 6) or greater than 90�. This is also the
case for the Boron/Epoxy (Fig. 7) where the optimal angle at the
center of the plate is negative. These result show that varying
the fiber angle spatially provides a significant increase to resisting
thermal buckling. The ratio a=h is varied for each material and
results are plotted on Fig. 8. Results follow the same trend as those
for the isotropic plate in Fig. 3. As the ratio a=h increases, the crit-
ical buckling temperature decreases. For smaller ratios the Carbon/
Polyimide provides the highest resistance to thermal buckling
while the S-Glass/Epoxy results in the lowest. All other materials
fall in between. As the ratio a=h increases, the critical buckling
temperature decays and the materials are almost indistinguish-
able. It should be noted that varying the ratio a=h has no effect
on the optimal fiber angles b0; b1. Note that this work does not
include postbuckling effects or imperfection analysis which may
contribute to discrepancies of the actual reported buckling temper-
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Fig. 5. Temperature contour as a function of fiber angles for multiple materials.

Table 1
Optimization of fiber angle path for multiple materials.

Material b0 (�) b1 (�) DTcritð�CÞ ½�45�s % increase

E-Glass/Epoxy 6:710 58:04 5.58 2.8
S-Glass/Epoxy 16:12 54:74 5.04 1.6
Kevlar/Epoxy 66:05 11:73 22.18 24.1
Carbon/Epoxy 69:00 �5:705 57.79 36.9
Carbon/Peek 63:07 29:50 38.08 7.3
Carbon/Polyimide 56:30 36:68 78.28 2.9
Boron/Epoxy �6:57 63:28 7.50 10.9

0 a/2
−a/2

0

a/2

Fig. 6. Optimum fiber path for Carbon/Epoxy.
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atures with experiments. Inclusion of these mechanisms are
beyond the scope of this paper. Although the values of the critical
buckling temperature may differ from experiments, the optimal
fiber path or configuration may not. An example of this is the work
done by Ashton and Love [19] where the buckling values for com-
posite plates are over predicted by theory but the trends of the crit-
ical buckling load versus fiber angles are similar.

5.3. Varying coefficients of thermal expansion

Although E-Glass/Epoxy and S-Glass/Epoxy have similar mate-
rial properties, their optimal fiber paths vary. This implies that
the optimum fiber path is extremely sensitive to certain material
properties; slightly perturbed material properties produce differ-
ent fiber paths. It is apparent that there is a heavy influence from
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the coefficients of thermal expansion on the critical buckling tem-
perature. Fig. 9 plots the critical buckling temperature versus the
ratio a1=a2 for an aspect ratio a=h ¼ 100. Negative thermal expan-
sion ratios give a higher resistance to thermal buckling while posi-
tive values of this ratio produce lower critical buckling
temperatures. This plot is in agreement with results from Fig. 8,
where Carbon/Polyimide provides the highest resistance to ther-
mal buckling. To study this effect, the initial thermal expansion
coefficient ratio of Graphite/Epoxy is increased with all other
material properties fixed. Fig. 10 shows that as the thermal expan-
sion ratio increases, the critical buckling temperature decreases. As
increasing expansion ratio approaches the thermal expansion ratio
of Boron/Epoxy the critical buckling temperatures differ by 4:26 �C
suggesting influences from other material properties. Fig. 11 shows
the effect of the thermal expansion ratio on the optimum fiber
path. As a1=a2 increases, b0 decreases and become negative reach-
ing a final value of �15:06�. Alternatively, b1 increases and reaches
the final value of 70.91�. These optimum angle values are closer to
the values reported for Boron/Epoxy on Table 1. Again the gap
between these values can be attributed to the influence of the
other material properties.
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Table C.2
Material properties.

Material E1ðGPaÞ E2ðGPaÞ G12ðGPaÞ m12

Graphite/Epoxy 155 8.07 4.55 0.22
E-Glass/Epoxy 41 10.04 4.3 0.28
S-Glass/Epoxy 45 11.0 4.5 0.29
Kevlar/Epoxy 80 5.5 2.2 0.34
Carbon/Epoxy 147 10.3 7.0 0.27
Carbon/Peek 138 8.7 5.0 0.28
Carbon/Polyimide 216 5.0 4.5 0.25
Boron/Epoxy 201 21.7 5.4 0.17

Table C.3
Coefficients of thermal expansion.

Material a1ð�C�1ÞE� 6 a2ð�C�1ÞE� 6

Graphite/Epoxy �0:07 30.1
E-Glass/Epoxy 7.0 26
S-Glass/Epoxy 7.1 30
Kevlar/Epoxy �2:0 60
Carbon/Epoxy �0:9 27
Carbon/Peek �0:2 24
Carbon/Polyimide 0.0 25
Boron/Epoxy 6.1 30
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6. Conclusions

Thermal buckling of composite plates with spatially varying
fiber orientations have been investigated. In this work, square
plates with simply supported boundary conditions, subjected to
uniform temperature distribution, were considered. Optimization
of the thermal buckling load was performed for multiple material
models with respect to two fiber path parameters. It was found
that curved fiber angle orientations provided better resistance to
thermal buckling than straight fiber configurations in all cases.
For the Carbon/Epoxy composite the optimal configuration
obtained from this analysis provides a 36.9% increase to critical
buckling temperature over the straight angle fiber configuration
of ½�45�s. Optimal buckling temperatures and fiber paths were
investigated for various coefficients of thermal expansion combi-
nations. It was found that there is a strong dependence on the ratio
a1=a2. Future work includes experimental validation of these
results and extension of numerical methods to investigate three-
dimensional fiber paths and for composite rectangular plates with
varying layups.

Appendix A. Orthotropic invariants

The invariants for an orthotropic material are given as

U1 ¼
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Appendix B. Stiffness matrices

The material stiffness matrix is given by

KM ¼
Z
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Z
x
½S�T ½D�½S�tdxdy ðB:1Þ

where t is the element thickness, D is the bending stiffness matrix
(Eq. (6)) and
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Here, the / matrix is the shape functions corresponding to a 4-node
Kirchhoff plate element. The geometric stiffness matrix is given
by
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Appendix C. Material properties

Material and thermal properties are given on Tables C.2 and C.3
[16].
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