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Abstract

We present a real-space, non-periodic, finite-elementutation for Kohn-Sham Density
Functional Theory (KS-DFT). We transform the original agidnal problem into a local
saddle-point problem, and show its well-posedness by pgavie existence of minimizers.
Further, we prove the convergence of finite-element apprations including numerical
guadratures. Based on domain decomposition, we develomhlgbdinite-element imple-
mentation of this formulation capable of performing bothed¢ctron and pseudopotential
calculations. We assess the accuracy of the formulatiasugiir selected test cases and
demonstrate good agreement with the literature. We alsluaeathe numerical perfor-
mance of the implementation with regard to its scalabilitgd aonvergence rates. We view
this work as a step towards developing a method that canaetyistudy defects like va-
cancies, dislocations and crack tips using Density Funati@heory (DFT) at reasonable
computational cost by retaining electronic resolution kghieis necessary and seamlessly
coarse-graining far away.
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1 Introduction

The Schrodinger equation is fundamental for describinggrentum mechanical elec-
tronic structure of matter, since it does not require any igog input. However, the
solution of the Schrodinger equation is exceedingly expensnd this limits the size
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of systems that can be directly evaluated to tens of elestfonn (1999). Numerous
approaches have been proposed to reduce the computatomtafahe solution of the
Schrédinger equation. These approaches include the wadely DFT ofHohenberg and Kohn
(1969). In their seminal workiHohenberg and Koh(1964) proved the existence of a one-
to-one correspondence between the ground state electrmitydand the ground state
wavefunction of a many-particle system. By this corresgore, the electron density re-
places the many-body electronic wavefunction as the furdidahunknown field, thereby
greatly reducing the dimensionality and computational glaxity of the problem.

The most common present-day implementation of DFT is thindhg Kohn-Sham method
(Kohn and Shan(1965), in which the intractable many-body problem of interagti
electrons is reduced to a tractable problem of non-intergctlectrons moving in an
effective potential. Hidden in this formulation is the uikvn exchange and correla-
tion functional for which various models including the lbapin-density approxima-
tion (LSDA) (Kohn and Shan(1965) and the generalized gradient approximation (GGA)
(Langreth and Meh(1983; Perdew et al(1992) are used.

The plane-wave basis is one of the most-frequently used asisolving the Kohn-
Sham problemKresse and Furthmull€i996); Segall et al(2002; Gonze et al(2002);
lsmail-Beigi and Ariag2000) because of a number of attractive features. It forms a com-
plete and orthonormal set that is independent of the atoosdipns and is efficient for
evaluating convolutions through the Fast Fourier Tramsf(FT). However, the plane-
wave basis also suffers from a few notable disadvantagestlyi-ithe plane-wave basis

is best suited to periodic systems. Therefore, the studyoofperiodic and localized
systems such as defects, clusters and surfaces requiredrtiauction of artificial su-
percell periodicity, which can lead to spurious resultscddelly, the plane-wave basis
functions are non-local in real space, resulting in dens&ices which are ill-suited

to iterative solution schemes. In addition, non-localityits the usefulness of a plane-
wave basis in multiscale approaches formulated in realesgacer the past decade, nu-
merous efforts have been directed towards the developnieeabspace DFT imple-
mentations that overcome these difficulties (eHghre et al(1969; Wills and Cooper
(1987%; Soler et al(2002); Skylaris et al(2009; Bowler et al(2006; Chelikowsky et al.
(1999); Castro et al(2006). Though some of these studies use the finite-element basis
(Pask et al(1999; Tsuchida(2004), they do not utilize the unstructured nature of the
the finite-element method and the convergence of the fihdi@ent approximation with
numerical quadratures has not been rigorously justifiets iBlone of the motivations of
the current work along with the desire to coarse-grain KS-DF

The computational complexity of KS-DFT poses a significamidle in the solution of
large systems of interest—irrespective of the basis seioda approaches have been
proposed to overcome this limitation. A few examples ineldkde integration of DFT

with molecular dynamicsar and Parrinell{1989), linear and sub-linear scaling al-
gorithms Garcia-Cervera et af2007); Garcia-Cervera et a(2009; Goedecke(1999;

Galli and Parrinelld{1992; Mauri et al.(1993; Skylaris et al(2009) and adaptive-coordinate
systems Gygi and Galli(1999; Zumbach et al(1996; Modine et al (1997)) which im-



Suryanarayana, Gavini, Blesgen, Bhattacharya & Ortiz 3

prove the efficiency of the real space calculations by sekdgthaving some regions
of space with higher resolution than others. Multiscalerapphes which coarse-grain
DFT or embed it into simpler, less accurate models like tightling (TB) or empiri-
cal potentials have also been developed recentlyo(y et al.(2009; Lu et al. (2009);
Govind et al.(1999; Bernstein et al(2009). Though these multiscale methods provide
valuable insight, they suffer from a few notable drawbad¢kssome cases, there is no
seamless transition from DFT to TB or empirical potentiadsile in others, uncontrolled
approximations made by the use of linear response theoryaacly Born hypothesis
render them unreliable. Also, there is no systematic cgareze of the solution of these
models to the full DFT solution.

In this paper, we present a non-periodic, real-space, fat@ment formulation and im-
plementation of KS-DFT. The present work builds on, and ges an extension of the
likewise non-periodic, real-space, finite-element foratioin of Gavini et al.(20071) for
orbital-free DFT (OFDFT). For definiteness, we develop theniulation for the LSDA
exchange-correlation functional. However, the formuolatis not restricted to a particu-
lar type of exchange-correlation functional and can be tdhfm other commonly used
functionals such as GGA. We intend to use the present reaesiiS-DFT formulation
as a stepping stone towards our final goal of studying loedldefects in crystals such
as vacancies, dislocations and cracks following in partpyavious work with OFDFT
(Gavini et al.(20073).

The approaches adopted for solving the Kohn-Sham problerbe®roadly classified as
ones that use the Self-Consistent Field (SCF) method aretth which some form of
constrained direct minimization is performeda(/ne et al(1992). However, these two
approaches are equivalentz(r and Yan(1989) and largely a matter of convenience,
as shown in Sectiofi.1for completeness. Our method of solution utilizes both S@dF a
variational schemes to ensure convergence and achievastest possible convergence
rate. One of the most time-consuming parts of conventicgallspace implementations
is the evaluation of the non-local electrostatic intexatsi which we overcome by com-
puting the electrostatic potential directly. This direstrgoutation of the electrostatic field
has the effect of turning the original minimization problémo a saddle-point problem
(Ismail-Beigi and Ariag2000). The Lagrangian functional thus defined is subsequently
discretized by means of finite-elements and numerical gady. We show in Section
3.2 that the saddle-point problem is mathematically well-glsg proving existence of
solutions, and we prove tHéconvergence of finite-element approximations with numer-
ical quadratures thereof, in Sectiadh8and3.4. We also present a similar analysis for the
pseudopotential approximation in Secti®®. Our approach in Sectiorgs2 through3.4
follows that of our previous work with OFDFT:avini et al.(20071)). However, there
are additional technical difficulties that need to be adslrdsn the Kohn-Sham setting
which we deal with here.

For completeness, we discuss in some detail relevant aspkttte finite-element imple-
mentation that are specific to the present applicationudinh matters of optimal-mesh
design, solution procedures (Sectidnand the computation of forces (Append¥. In
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Section5, we verify the formulation and numerical implementationrbgans of selected
examples ranging from single atoms to small clusters. The electrons are eliminated
through the use of the Evanescent-Coreol(hais et al.(1995) and Troullier-Martins
(Troullier and Marting1991)) pseudopotentials. To test the accuracy of the method, we
also perform all-electron calculations for selected atamd molecules. We also assess
matters of numerical performance of the implementatiotutiog convergence rates,
scaling with problem size and parallel scalability.

2 Formulation

The theoretical framework of DFT has its origins in the Habeng-Kohn theorems
(Hohenberg and Koh(iL.964). The first theorem is related to unigueness and states that
the ground state expectation value of any observable isquariunctional of the ground
state electron density. The second theorem sheds lighteovatiiational structure of the
problem and shows that the electron density that minimizegdtal energy is the exact
ground state density. The problem of finding the ground stasegy and electron density

is equivalent to the problem of minimizing the energy of ategs of non-interacting
electrons in a mean-field. The corresponding energy funati6 : X x R°™ — R
where X is a suitable space of solutions for the orthogonal wavefons is given by
(Parr and Yan@1989; Finnis(2003)

E(V,R) = Ty(pas p3) + Exc(pas pa) + Eri(pa + pp) + Bext (pa + ps, R) + E,,(R), (1)

where
al3) = Ui (X)ia(x) = Y- [t (0 @
p3(3) = 3 Ui (0)uia(x) = 3 () ©

represent the electron densities with the spin componehahd ‘down’ respectively and
p(x) = pa(x)+ps(x) is the total electron density. BY = {114, 24, - - -, UNpas Y18, Y2g,

. @Z)Nﬁg}, we denote the vector of wavefunctions dRd= R°M is the collection of alll
the nuclear positionR = {R,Rs,..., Ry}, S = 3 denotes the space dimension and
M € N is the number of nuclei. The wavefunctions are orthonorthaleby satisfying
the relation

/M%@%A@dx:&w cef{a,fy, i,j=1,2,...,N,, 4)

and
No= [ palx)dx,  Ny= [ pslx)ax 5)
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represent the number of electrons with spin ‘up’ and ‘dovesectively. Note that if the
domain of integration is not specified, it refers to all of gpR*°. The first term

T(pa,pﬁ = __ZZ/¢ZJ VQ,‘?Z)ZJ ) (6)

o =1

in Egn. (L) is the kinetic energy of the non-interacting electronse Térms

! p(x)p(x') )
p>—§//mdxdxv 0
Eou(p,R) = / p(x) Vit (%, R) dx, 8)
1 MM 7,7

ZZ R — R ®)

I 15#1
are electrostatic terms withy known as the Hartree energy representing the classical
electrostatic interaction energy of the electron denéity, is the interaction energy with
the external potential,,; induced by the nuclear charges afg, denotes the repul-
sive energy between the nuclei. The tefin (p., p3) in Eqn. (L) denotes the exchange-
correlation energy. For definiteness, we specifically adoptso-called LSDA in which
the exchange-correlation energy is taken to be that of aoumifelectron gas having
the same local density<phn and Shan(1969). The exchange-correlation energy can
in turn be separated into individual contributions from é&xehange and correlation parts,
namely,

Ese(Pas pg) = Ex(pa; ps) + Ec(pa, ps)- (10)

The expression for the exact exchange endfgly,,, pg) of an uniform electron gas is
36\

Edparpn) =5 (2) [0+ o 0) dx. (11)

In addition, the correlation energy.(p., p3) can be written as

Eelpas ps) = [ ec(palx). pa(x))p(x) dx. (12)

Specifically, in applications we use the parametrizatioraflew and Wan(L992) fitted
to accurate Monte Carlo simulations carried outdyperley and Alde(1980).

As expressed in Egns7)Yand Q), the electrostatic interaction energy and the repulsive
energy of the nuclei are non-local in nature and, thus arean@nable to a local dis-
cretization. In order to overcome this difficulty, we empline following strategy. We
begin by representing the nuclear charge of magnifjdat a siteR; € R® by means of

a regularized bounded charge distributio#;d, (x) with a compact support in a neigh-
borhood of a small ball aroun&; (it is conventional in electronic-structure calculations
to associate a negative charge with nuclei and a positivgehaith electrons) and such



Suryanarayana, Gavini, Blesgen, Bhattacharya & Ortiz

that [zs dg,(x)dx = 1 for 1 < I < M. We note that the electrostatic potential due to
these regularized charge distributions is pointwise bedn®efining as

M
= — ZZI(SRI(X> (13)

the sum of all such regularized charge distributions ofithauclei present in the system,
the nuclear repulsive energy can be rewritten as

B d dx’. 14
2// \x x’| e (14)

Notice that this differs from Eqn9j by the self-energy of the nuclei, but this is an incon-
sequential constant depending only on the nuclear chamgesldition, the electrostatic
potential due to the nuclei and electron charge distrilouteEn be computed as a solution
to the Poisson equation

;—;v%(x, R) = p(x) + b(x, R). (15)

This equation has the unique solution

o) = [ 2 B) i = V) + Ve, R). (16)

|x — x/| |x — x/|

Consequently, we have the variational problem

L i i} [ o

—— inf {8_7r / IVo(x, R)|2dx — / (p(x) + b(x, R))é(x, R) dx}. (17)

pEH(RY)
Using this property, we can write Eqri)(as

E(W,R)= sup L(V,R,0), (18)

peHL(RS)

where

LR ) =2 505 [ 05,00V () dx + Buclps )

=1

——/\W x, R)| 2dx+/ ) +b(x,R))p(x, R) dx. (19)

Here and below, we denote iy (2) the space ofn-times weakly differentiable func-
tions in L?(Q) and by H7*(Q) := Cg°(Q) "'#™ | the space of Sobolev functions with zero
boundary conditions in the trace sense.
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The problem of determining the ground state electron dgmasitl the equilibrium posi-
tions of the nuclei can now be expressed as the saddle poinlgon

inf  E(Y,R)= inf sup L(V,R,¢) (20)
Ve(Hy (RS)N Ve(Hy RN g HL(RS)
ReRSM ReRSM

subject to the constraints

/'wg;(x)@z)j(,(x)dx:@j, oel{o, B8y, i,j=12.. N, (1)

In addition, N,,, N3z must be chosen such that the system has the lowest poss#nlg/en
subject to the constraint of the total number of the ele&iarthe system being studied,
i.e., N, + Ng=N.

3 Properties of the Kohn-Sham variational problem

In the present section, for the sake of clarity and notatismaplicity, we will neglect
spin polarization, thereby reducing the LSDA to the LocahBigy Approximation (LDA).
This simplification is not essential, and the results preseim this section extend trivially
to LSDA. Corresponding to Eqnl), for LDA we have

£(UR) = —%; [ 0VH) dxt Evclp) + Einlp) + Fe(p, R)+ EulR), (22)

wherep(x) = SN | [v:(x)|? and W = {31, v, ..., ¥n}. Also, to avoid technical prob-
lems, we restrict our analysis to a boundedset R*. With this simplification we obtain
the variational problem

inf E(W,R)=  inf sup L(V,R, ¢ (23)
Ve(Hy ()N ( ) VE(H (Y geHl(0) ( )
ReRM ReRM

subject to the constraints

/¢;(x)¢j(x)dx —6,, ij=12... N (24)
Q
Note that in this section we do not f& the dimension of space.

The remainder of this section has been organized as followSection3.1, we show
the equivalence of the Kohn-Sham variational and eigelevatablems. The existence of
a minimum for the Kohn-Sham variational principle is prowedection3.2and in Sec-
tions 3.3 3.4 we validate the convergence of the finite-element appratxanancluding
numerical quadratures using the techniqué afonvergencel’-convergence is an ideal
and flexible tool for handling nonlinear variational prabke like the one described by
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Egns. £3), (24). Since a limitation of this method is its inability to prold the rates of
convergence, we obtain it numerically in Sectiod. The nonlinearity of the problem
prevents the application of any of the standard techniqueshaprovide the rate of con-
vergence Ciarlet(2002).

3.1 Equivalence of variational and eigenvalue problems

We begin by showing the equivalence of the variational agdmialue problems in this
section. The proof is similar in spirit t&oothaan(1951), where the equivalence was
proved for the Hartree-Fock equations, and is provided toerde sake of completeness.
Using Lagrange multipliers;; to enforce the constraints given by Eqa4), we obtain
the functional

E(U, R, A) = g‘;i%— ( /Q D (X)%5(x) dx—aij) . (25)

Let us first prove that the matrix = (A;;):<;;j<~, Whose entries arg;;, is Hermitian.
Taking variations of Eqn.25) and setting them to zero we obtain

(—%VQ 4 Var(x,R) ) Z Aty (x (26)
<—%V2 +Varlx R) ) 07 x Z Nt} (x 27)
| e () e =, (28)
where
I Ex(p)

Ver(x, R) = Voo (x, R) + Viu(x) + (29)

op(x) -
Taking the complex conjugate of Eqr2.7, then subtracting it from Eqn26), we obtain

the relation
N

>Ny = Aj)wy(x) = 0. (30)
j=1
Since the); are linearly independent it follows that; = A7, showing the matrix\ to be
indeed Hermitian. For notational convenience, we may esgEgn. 26) in matrix form

as
HU =VA, H= —%VQ—l—Veﬂr(x,R). (31)

Now let us subject the wavefunctions to an unitary transédrom and the matrix\ to a
similarity transformation, i. e.,

A

U = 00, A=Q"AQ (32)
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with QQ* = Q*Q = I, I being the identity matrix. Since unitary transformatioms a
norm-conserving, the electron density remains invariant:

p(x) = ; ()| = ; a1 (33)

Using the above relations we get
HU = WA (34)

whereH = H. Hence the wavefunctions on unitary transformation sagsfuations
of exactly the same form as the original ones prior to tramsédion. Since the matrix
A is Hermitian, there exists an unitary matdx such thatA is a real diagonal matrix.
Therefore, without any loss of generality we can replace. Egih) by the eigenvalue
problem

HQ/JZ'ZEZ‘Q/}Z', Zzl,Q,N (35)
which is said to be irtanonical form Thus, the SCF eigenvalue problem and the direct
variational formulation of the problem are equivalent almel thoice of one over other is
strictly a matter of convenience.

3.2 Existence of a minimum

In this section, we establish the existence of a minimumterKohn-Sham variational
principle. The main result is Theoreh A more general proof of the same is given
by Anantharaman and Canc209, where they do not make the assumption thas
bounded. However, our analysis differs from theirs and cessary as it lays the ground-
work for proving the convergence of the finite-element agpnation including numeri-
cal quadrature in the subsequent sections.

We introduce a suitable space of solutiokiscorresponding to normalized orthogonal
wavefunctions as

We require thaf2 be an open, bounded subseffof with Lipschitz boundary. We point
out that if we additionally postulate th@tis a dyadic cube, then all the subsequent results
of this analysis also hold for

X = {{I} € (H;er(Q))N ‘ <r¢;i7r¢~}j>(L2(Q),L2(Q)) - 52]7 Za] = 17 27 . '7N}7 (37)

which corresponds to a periodic system. By, .(Q2) we denote the space of Sobolev
functions on the torus obtained by identifying the opposites of().

On integrating by parts, the energy of the system as expiegsEqn. £2) can be rewrit-
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ten in a generic form as

£ R) =35 [ Vv Goltdx + (0 R)+Glo) ) =3 (o)

(38a)

J(p.R) =~ min {Ci | 1vo0x R)Pax — [ (p(x) +b(x, R)o(x. R) dx} +3,
(38b)

G(p) I/Qg(p) dx,

(38¢)

where(Cy is a constant dependent on the dimension of spaard the ternt specifies
the self energy of the nuclear charges which is an inconseiglieonstant in this analysis
and hence will be dropped later.

We make the following hypothesis gn
(A1) The densityy is continuous iR *.

(A2) The growth conditiong(t)| < ¢»|t|? + ¢; holds for positive real constants, ¢; and
the exponent satisfies

. 1,5%5), ifs>2
[1,4+00), otherwise.

(A3) The exponeng satisfies the conditiopg < 3.
The need for Assumption (A3) becomes clear in the proof of ie8.
Let the dual exponent® of p be given byl /p* = 1/p — 1/5. We first note:

(@) Forp € L*(Q) the functionalJ(p, R) is well defined. This result follows from the
Poincaré inequality and the Lax-Milgram Lemma. It is alsaigihtforward to check that
p € L*(Q)if 2* > 4,

(b) The functional/ is continuous in?(€2).

(c) The functional’ is continuous in.%(£2), which follows from the continuity of and
the growth condition (A2).

(d)As> N, 1 [, |Vi(x)|?dx is continuous in the strong topology @ (€2))" and con-
vex, it follows that¥ — YN, 1 [, |[Vei(x)|?dx is lower semi-continuous in the weak

topology of (H} (2))Y.

10
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Lemma 1 X is closed in the weak topology @ff (2))".

Proof. Consider an arbitrary sequen¢&;), C X with ¥, — U in (H}(Q))V. By
the Rellich-Kondrakov theoreniR(idin (1991), Hj(Q2) has a compact embedding into
L*(Q). Thus (vi,); — i in L?(Q) for i = 1,2,..., N from which it follows that
5ij = <wi,l‘wj,l>(L2(Q),L2(Q)) — <wi|wj>(L2(Q)7L2(Q)) for 1,] = 1,2,...,N as/ — oo.
Therefore¥ € X, which implies thatX is closed in the weak topology 6f1(Q2))~. O

Lemma 2 Let (Al), (A2) hold andd < 4. Then€ is lower semi-continuous in the weak
topology ofX.

Proof. Consider any sequenc®;); C (H}(Q))" such that¥; — ¥ in (HL(Q))V. As
by the Sobolev theorem the embeddiigy(Q2) — L*(Q2) is compact forS < 4, it follows
that(;); — ; in L*(Q) fori = 1,2, ..., N. Hence(?,); — 7 in L*(2) and therefore
(p)1 — pin L*(©). From (A2) it follows that the embedding] (Q) — L*I(£2) is com-
pact. Thusp, — p in L™>{24(Q). From (b)-(d) it follows that"Y, £ [, |V, (x)[*dx,
J(p,R), andG(p) are lower semi-continuous in the weak topology &f. (2))"V. Hence,
it follows that £ is lower semi-continuous in the weak topology (@} (2))", and as
X C (H{(2))N, the claimed lower semi-continuity df in the weak topology of\
follows. O

Lemma 3 Let (A2), (A3) hold. The# is coercive in the weak topology &f.
Proof. We first note the following results on the properties/op, R):

(i) From the linearity of the Euler-Lagrange equations aiged with.J(p, R), the elec-
trostatic energy of the system can be rewritten as

J(p,R) = Exlp) + /; Vet (3, R)p(x)dx + L(R), (39a)

Ey(p) = - min {Ci [ 1voePdx = [ px)ox) dx}, (39b)
whereL(R) = E..(R) + .

We point out thatl.,; is pointwise bounded. More precisely, it holds. (-, R)| < C
almost everywhere if2 for all R € R°M and some constant.

(il) The functional Ey; is super-linear, that i€y (p1 + p2) > Eu(p1) + Eu(ps) for
arbitrary, almost everywhere positiyg, p» € L?(Q2). This follows from the linearity of
the corresponding Euler-Lagrange equations.

From (ii) we can directly derive a lower bound fé¥; (p),

11
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EH<p>:EH<§m|2) i (16:P)
3) @g;gxm{ [ 1Peix - - [ 19a0) de}] (40)

i=1
We use¢;, = Cy|v;| as test functions in Eqn4() for a constant, that will be deter-
mined later. Additionally, we also recall the following e result on the weak deriva-
tive of an absolute function, whose proof is elementary laut for instance be found in
Gilbarg and Trudinge(1983. If ¢; € H'(Q), then|y;| € H'(Q) and||V|¢i]|l 12 <
Vil 2y Insertingg; (x) = Co|v;(x)| in Eqn. @0) as trial functions fok = 1,2,..., N,
we arrive at the following lower bound fdry (p),

@Ier;gxm{ [ 1ePeeodx - - [ 1906 2dx}]

Co 2
Co | i) Pax = 7> [ [V dx]

3
>
WV,
M=

-
I
A

v
,MZ

-
I
A

Co
= Coll ¥ 1730y — C—SHV‘I’H%Q(Q)- (41)

Using the inequality given by Eqrd () in Eqn. 899 and || Ve <) < C we conclude

C
J(p) = Coll¥||Zs() — C—ZIIV‘I’IIi2(Q> = C¥72q)- (42)

Finally we require the inequality

G(p) > —COH‘I’”qu — 1. (43)

This is a consequence of the growth condition (A2)yomhich yields

- ; — 44
Z —Co Z W) Lo@) C1 (44)
and a direct estimate of the norm in Eq#d4).
With the help of Eqn.42) and Eqgn. 43) we end up with
1 2C,
EWR) 2 5 (1= 52) V90 + Coll W) = ol ¥l Eaey — ¥l — 1.
(45)

Choosing0 < 2C, < Cg, we find that|| ¥ ||3, () grows faster thalﬂ\I’Hqu(Q as2q < 3
by (A3), and||¥||7 . This ensureg (V) — +o00 as|| V||~ — +oo. This is the

12
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coercivity of € in the weak topology of H}(£2))". From Lemmal, asX is closed in the
weak topology of H}(92))Y, it follows that€ is coercive in the weak topology of. O

Theorem 4 Let (A1)-(A3) hold and let' < 4. Then& possesses a minimizer .

Proof. This is an immediate consequence of Lem#rend 3 and the fundamental theo-
rem of the calculus of variations, see, e.[ga] Maso(1993; Struwe(1990. O

The exchange and correlation functionals under LDA appnaxion satisfy the growth
condition (A2) withq = 4/3. Hence, the results of this section apply for the energy
functional associated with KS-DFT. Theorehestablishes fols < 3 the existence of

a self-consistent solution to the eigenvalue problem (E&B)), which determines the
ground-state properties of a materials system.

3.3 Convergence of the finite-element approximation

Next we prove the convergence of finite-element approximnatVe do so in two steps,
first establishing th&-convergence of the restricted functional (Theo&nthen its equi-
coercivity (Lemma7). The main result is Theore® By P, we denote the ring of poly-
nomials of non-negative degree less than or equélftor some fixedk > 1. Let T}, be

a family of triangulations of2 of decreasing mesh siZze> 0, and letX} be the corre-
sponding sequence of subspacesyofonsisting of functions whose restriction to every
cell in Ty, is a polynomial, i. e.,

Xh - {\I] € (Hé(Q))N ’ <’l/;i7’l/;j>(L2(Q),L2(Q)) - 5@]7 Z,j - 172, ey N, ”L;Z‘T S Pk for T S Th}
Similarly, let

X, = {¢3 € H(Q) ‘ 3T € P for T e Th} (46)

be the corresponding family of subspaces for the electrostatic problem. It follows
from standard approximation theory that the sequence afesp¥, and X;, become
more and more dense iKi and H}(2) ash decreases. We define a sequence of discrete
energy functionals

400, otherwise

Sh(\pv R) = {

where

Jh<p7 R) =— min Ih((ba Ps R)?

peHL(Q)

and

13



Suryanarayana, Gavini, Blesgen, Bhattacharya & Ortiz 14

I(¢,p,R) ifpe Xy, VeX,,
+00, otherwise,

[h((bu P R):{
where

1(6.pR) = Ci [ IVo0alax— [ (o060 + bx R)o(x Rydx. (@47)

The following remark, se&avini et al (20071, is needed before proceeding to the proof
of I'—convergence of the finite-element approximation.

Remark 5 If (¥},), C (X},) is a sequence such that — pin L*(Q), then

limp—o Ju(pn) = J(p)

Theorem 6 Let (A1), (A2) hold and le$' < 4. Then&, — £ (in thel-sense) in the weak
topology ofX.

Proof. To establish thé'—convergence of the sequence of energy functionals we must
establish théim-inf inequality and construct a recovery sequence.

We first show théim-inf inequality. Consider a sequeng&y,),~, such thatl,, — ¥ in
X ash \, 0. We only have to discuss the case that there exists a subsex{ug, ), with
U, € Xy, foreveryk € N. Otherwise théim-inf inequality holds trivially,

+ 00 = lign inf &, (¥, R) > E(V,R). (48)

By (Al), (A2) and sinceS < 4, it follows as in the proof of Lemma thatp,, — pin
Lra2aH(Q) for k — 00. AsE,(V, R) > §(|[V¥[72 ) + G(p) + Ju(p, R), we find

. o 1
lim inf &, (W, R) > liminf {51V Wi [0y + Glon) + Juon R) | (49)

From the compact embeddings &finto L*(Q2) and L%($2), Remark5 which establishes
the continuity of the discrete electrostatic probleniiti(2), the continuity ofG in L?(Q)
from (c), and the lower semi-continuity @W\I/hH%g(Q) in the weak topology ofX” from
(d), it follows that

li,ﬂg}f En,(Up . R) > E(V,R). (50)

This establishes thiém-inf inequality.

The construction of a recovery sequence is trivial from taesity of the finite-element
approximation spaces ifi' (2): Let (¥},),~0 be a sequence constructed from the interpo-
lation functions of successive triangulations such that— ¥ in X. From the continuity

of individual terms of the energy functional, including ttiiscrete electrostatic interac-
tion energy from Remark, we havelim,_., &,(V;, R) = £(¥, R). Hence we conclude
&, — &€ inthe weak topology of. O

14
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Lemma 7 Let the assumptions (A2), (A3) hold. Then the fari@ily - is equi-coercive
in the weak topology ok .

Proof. If ¥ ¢ X, then&,,(¥,R) = +oo. If ¥ € X, then&, (¥, R) = 5[|[VP||72 ) +
G(p) + Ju(p,R). Also, as the finite-element subspacésand X, are constructed from
a single triangulation, this allows us to use each compouoiefitc X, as a trial function
in the electrostatic problem as demonstrated in Lem3raad Egn. 42). Consequently,
we arrive at the inequality

C
Jn(p) = Coll¥||7s0) — C—ZHV‘I’”%?(Q) — ||| 720 (51)
for arbitraryCyy > 0. Using the growth results fax, we have uniformly i

£,(0) > 1< 2C)

2 1= C—) HV‘IJHL2 Q)+CO||\IJ||L3 COH\PHL?‘Z _C||\II||%2(Q)_01' (52)

Choosingd < 2C, < Cs and since&q < 3, the expression on the right hand side is a
coercive function independent bfin the weak topology ofX. Thus it follows thatt;, is
equi-coercive in the weak topology af. O

Theorem 8 Let the hypotheses (A1)-(A3) hold and$ek 4. Then
lim inf &, = min €.
h—0 X X
Proof. This result follows from Theorer®, Lemmar7 andDal Maso(1993 Theorem 7.8). O

Remark 9 TheorenB establishes rigorously the convergence of the ground sta¢egy
of a system computed with a finite-element approximatioditidadally, if the ground
state is not degenerate, the convergence of the ground-stactron density i} ()

follows.

3.4 Convergence of the finite-element approximation withemical quadratures

An efficient implementation of the integrals in the func@ébnequires a further approxi-
mation by numerical quadratures. In this section, we prbeecbnvergence of the finite-
element approximation with numerical quadratures. We doyscombining ideas intro-
duced in the previous section with well-known estimates wddyature errorsarlet

(2009).

Let I = [, f(x)dx and if I denotes an-th order quadrature of, the error associated
with the numerical quadrature satisfies a bound of the type

17— 1] < cpt! / D" £ (x)] dx, (53)

15
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whereCy, is a Poincare-type constant related to the size of the dorhainthe degree
of the polynomial used in the finite-element interpolatianiband identifyh with the
maximum element size in the mesh. We define the energy furadtichere all integrations
are performed with numerical quadrature rules (WXr€} = £ being the quadrature of
£)as

En(P,R) =

~+00, otherwise

Here

Jh(pa R):_ min jh(gba Py R)a

$EH;(9)
and
In(¢, p,R) = [(¢,p.R) = Q{I(¢,p,R)}, ifpeXy, VeEX,,
o +00, otherwise,

The error in the energy functional introduced by the nunariuadrature satisfies the
estimate

E4(W,R) — &,(V, R)| < Ch™*! Z/ pr

SV +(0) e
+|jh(p7 R) - Jh(pa R)|>

wheree; denotes the-th element in the finite-element mesh. Bore X, [Vy;(x)| is a
polynomial function of degre2(k — 1) for j = 1,2,..., N. Thus, ifn — 2(k — 1) > 0,
then D"1[3>%, [Vy;|?] = 0. An application of the inverse inequality{arlet (2002)
then gives the alternative estimate

80 R) =1 R)| <CR Y [ 3126/ (0)5(x) V5 x) dx+ (. R)— o, R)

)

< ChlA(g () pll 50y V¥l 220 + [T, R) = Ju(p, R)|. (5)

Remark 10 If (¥;), C (X,) is a sequence such that, — V¥ in X for h ~\ 0, if
n—2k+3>0andS <4, thenlimy,_qinf ;1 o) In(-, pn, R) = min i (o) I(,p,R), . e,
limp, o Ju(pn, R) = J(p, R) (Gavini et al.(2007h).

We denote by hypothesis (H) the following three assumptions

(H.0) If (W), C (X3) with ¥, — W in X, then||(¢'(pn)) 01l /17 is bounded indepen-
dently ofh.
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(H.ii) S < 4.
(H.iii) n — 2k + 3 > 0.

Remark 11 If hypotheses (H) hold, then it follows from EqB5), Remarks and Remark
10thatlimh_,0{5h(\lfh, R) — 5h(\llha R)} = 0.

We now turn to the convergence of finite-element approxiomstivith numerical quadra-
tures.

Theorem 12 Let (A1), (A2) and (H) hold. Thef, I'-converges t& ash — 0 in the
weak topology ofX .

Proof. Let (¥},), be a sequence such thif — W. Without loss of generality we may
assume the existence of a subsequétge), C (V) with ¥, € X, for everyk, as
otherwise it trivially holds

+ 00 = lim inf En (U, ,R) > E(V,R). (56)
We observe

lim inf En, (U, R) > lim inf €, (Vs,., R) + lim inf (En, — En) (¥, R).  (57)

It follows from Remarkl10 thatlimk_,oo(fhk — &n,.) (Y, R) = 0. Consequently, from
Theoremb .
h;?l inf &, (¥, ,R) > lilgn inf &, (¥, ,R) > E(V,R). (58)

This establishes thém-inf inequality.

The construction of a recovery sequence is again triviahfthe density of the finite-
element approximation spaces i (Q2). Let (¥},),-0 be a sequence constructed from
the interpolation functions of successive triangulatisash that¥;, — ¥ in X. From
Eqgn. 65) we have

}Liﬂg)gh(‘l’h, R) = lim & (¥, R) = E(V, R). (59)

Hence, we concludé, — & in the weak topology of¢. O

Lemma 13 If (A3) and (H) hold, then the energy function] obtained by numerical
quadrature is equi-coercive in the weak topologyXof

Proof. We observe from Eqn4f) thatif & € X,
1 20,
En(V,R) > ) (1 - C—s> ||V\P||%2(Q) + Co||‘I’||?i3(Q) - COH\DHtiQ(Q) - CH\I/H%?(Q) — G

Since2q < 3, there exist positive constant§, C5; andC'; such that

En(W,R) > C1[|[ VO T2q) + Co| V] Z2q) — Ca. (60)
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This implies
En(V,R) > C1[|[ VY| 720) + Call ¥ 720) — Cs = CRIY | 2@ IV O] 2 0 -
So there exists a bourtd> 0 such that for alh < h
En(T,R) > Ko VU720 + Kil|¥[|720) — Ko, (61)

where Ky, K, and K, are positive constants independentiofFrom this inequality it
follows that&), is equi-coercive in the weak topology &f. O

Theorem 14 Let (A1)-(A3) and (H) hold. Thelim,, o inf x £, = miny .

Proof. This result follows again from Theorei?, Lemmal3, and Dal Maso (1993
Theorem 7.8). O

For the LDA approximation of exchange-correlation functts, hypothesis (A1)-(A3)
hold withq = 4/3. Also if S < 3, it is straightforward to check that (H.i) holds. Choos-
ing appropriate quadrature rules which satisfy- 2k + 3 > 0, the convergence of the
self-consistent eigenvalue problem of KS-DFT using a fieiement approximation with
numerical quadratures is established.

3.5 Pseudopotential approximation

The tightly bound core electrons are chemically inactivd aence have a negligible
contribution towards determining physical propertieshsas binding energies and bond
lengths. The core states are localized in the vicinity ofrtheleus leading to oscillations
of the valence wavefunctions in this region due to the orntimadjty requirement. Regard-
less of the basis set used, a large number of basis functoreded to capture these os-
cillations. This difficulty may be overcome by recourse te piseudopotential approxima-
tion (Pickett(1989) in which the all-electron potential,(x, R) in Eqn. 9) is replaced
by an effective potential’’>(x, R) (or equivalently the energ¥...(p, R) in Eqn. @2)

ext
with an effective energy:% (p, R)) and the core (non-valence) electrons are eliminated.
The idea is that these effective potentials describe thexielif the core electrons ade-
quately and represent the valence electrons by means ofessgeseudo-wavefunctions.
This approximation enables the solution of much largeresystthan could otherwise be

analyzed.

Based on their spatial dependence, pseudopotentials danddly classified as local and
non-local. The non-local pseudopotentials, which inclodien conservingi{achelet et al.
(1982); Rappe et al(1990); Troullier and Marting1991)) and ultrasoft pseudopotentials
(Vanderbilt(1990), are angular momentum dependent and are designed tassgue-
produce the scattering properties of the all-electron i@k thereby ensuring greater
accuracy and transferability. They are usually employethénKleinman-Bylander form
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(Kleinman and Bylandg(1982), which is less computationally expensive than the origi-
nal semi-local form. In the sequel, we prove the existenceinfmizers and convergence
of the finite-element approximation with numerical quadres for local as well as for
non-local pseudopotential approximations.

3.5.1 Local pseudopotential

A local pseudopotential is an explicit functidff> (x, R) with ||[VES |~ < C. The local
pseudopotential approximation can then be incorporatedour variational formulation
by replacingh(x, R) with b"5(x, R) = —Z-V?V[?(x, R). Consequently, all the results

presented in the previous sections are appllcable and lexmstence of a minimum and
convergence of the finite-element approximation with nuca¢quadratures follow.

3.5.2 Non-local pseudopotential

A non-local pseudopotential is an operator on the wavefonap. In the Kleinman-
Bylander form it is expressed for € {1,2,..., M} as

V;an(X RJ)w( ) Vioc(x RJ Z ulm X, RJ)AV;J()Q RJ)7 (62)
where
AV (x,Ry) =V (x,Ry) = Vise(x, Ry) , (63)

cl = Jouil, (x, Ry)AV (x,Ry)p(x) dx .
fQ UZ]m(Xa RJ)A‘/IJ(X, RJ)UZTL(X, RJ) dx

(64)

V,/(x,R,) is the ionic pseudopotential component correspondinge@#imuthal quan-
tum numberl, V;7 (x,R;) is the local ionic potential and; (x,R;) represents the
pseudo-wavefunction for the valence states of interekforla single atom. The su-
perscriptJ/ is for the atom number and the subscriptdenotes the magnetic quantum

number. Therefore

Ve (%, R)o(x) = > Vg (x, Ry)ob(x) + Z > Cintiin (X, Ry) AV (x, Ry).  (65)

J=1 J=1 lm

Let us redefind/.;(x, R) = 201, ViZ.(x, R), for which we can obtain the correspond-
ing b(x, R). The energy functlonal for the pseudopotential can theedbe written as

EPS(U,R) =E(W,R)+ K(¥,R), (66)

where
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KER)=3 Y 2| [ R x| (67)
i=1J=1Ilm G

f(X7 RJ) = ul.m<xv RJ)AVlJ(Xa RJ) ) (68)

G = [ (. R AV (3, Ry (. Ry) dix (69)

N, is the total number of electrons after the pseudopotentigaximation, i. e., valence
electrons.

We make the assumption thte H(Q) andV;/, € L>(Q). SinceV,Z. is in princi-
ple arbitrary, it can be always chosen such g} # 0. We also note the following
properties:

(B1) The functionakC is continuous in.%(<2).
This property can be directly verified using Holder’s inelifjya

B2) K > —Clﬂ\IfH%g(Q), where( is a constant dependent ¢gnGjl
This inequality can immediately be obtained using Holderégjuality.

Theorem 15 Let (A1)-(A3) hold and lef < 4. Then&P%(¥, R) possesses a minimizer
in X.

Proof. The lower semi-continuity of (¥, R) in the weak topology o follows from
Lemmaz2 and (B1). From Lemm& and (B2) it is clear thaE”5(¥, R) is coercive in
the weak topology ofX. Therefore from the fundamental theorem of the calculus of
variations, see, e. glal Maso(1993, £P5(¥, R) has a minimizerin{. 0O

Theorem 16 Let the hypotheses (Al1)-(A3) hold and$et 4. Then
lim inf & = min £
h—0 X X

Proof. Using the procedure outlined in Theorénalong with (B1) gives> — £79 (in
the I'-sense). The equi-coercivity ¢€/°);~, follows from Lemma7 and (B2). Hence
limy, o infy £F9 = miny EP9 (Dal Maso(1993 Theorem 7.8)). O

Theorem 17 Let (A1)-(A3) and (H) hold. Thelm, . inf y £ = miny £7.

Proof. Considerl = [, fi(z)f2(x) dx for fi, fo € H}(Q). The error due to numerical
quadrature is
17— 1| gCOh"“Z/ D™ L(f1 f) dx

<Ch [valﬂﬂ(n)”szL?(n) + HleL?(Q)HVﬁHL?(Q)} : (70)

The lastinequality is obtained by using the inverse ineugliarlet(2002)) and Holder's
inequality. Therefore we havan, .o{/ — I} = 0. Hence it follows from Remark1 that
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limy,_o{EF%(V),, R)—EPS (¥, R)} = 0. Adopting the same procedure as in Theofigm
we obtalnSPS — &£P9 (inthel'-sense). Using (B2) in LemmiB gives the equi- coercivity
of £P5 in the weak topology o . FromDal Maso(1993 Theorem 7.8)imy, o infy 75
=miny EXY. O

In this entire section, for notational simplicity we havet mcorporated spin polariza-
tion into our analysis. Note however that this simplificatitas no bearing on the anal-
ysis/results presented here. In particular, it is clear ¢éhan with spin polarization, the
required growth condition given by (A2) still holds, ensigithat all the results are appli-
cable.

4 Numerical implementation

We now turn to the numerical implementation of the variadioiormulation described
in Section2. The variational problem (Egn20)) is discretized using the finite-element
interpolation scheme

Vig(x) = Z Wi, N; (%), (71)
Bx) =3 ¢ N;(x) (72)

to obtain

Ng[/ ( (x)VNi(x) + Ve (x, R)Nj(X)Nk(X)> dx]

Np,
:ZZ)\" i /N )N (x (73)

Nzl[i | VNGOV, (x) dx| 67 = [ (pn(x) + blox, R)) V() lx. (74)
S5 [ NN v, = 9

where(Ny)1<r<n, are the basis functions of;,, the Lagrange multipliers?, are used
to enforce the constraints (Eqdl), Vi’ s, pn denote the discretized, p respectively,
o €{a,p}andi,m,n=1,2,..., N,. Insolving the nonlinear system of Eqng3), (74)
and (/5), the Newton-Raphson method suggests itself as a meansiet/ang quadratic
convergence in the vicinity of the solution. However, themin-Raphson algorithm is
only conditionally convergent and great care must be egedcto ensure that the initial
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guess lies within the radius of convergence of the solutioraddition, the quadratic
convergence rate is only asymptotic and the method may esholy convergence during
the early stages of iteration. In view of these limitatiohthe@ Newton-Raphson method,
an iterative solution scheme based on the equivalent gereztanonlinear eigenvalue
problem

AT = eMU°, oe{a,p} (76)
may be advantageous early on in the iteration. Here,

A, = % / VN (x)V N (x) dx + / Vi (%, RN (%) N (x) dx (77)
Q Q

My = [ NiGoN;(x) dx, (78)

andV¥ is a vector of the nodal values of the wavefunction. Evidefin. (76) needs to be
solved self-consistently with EqnZ4). In general, a large numbers of finite-element basis
functions per atom is required for accuracy and convergé€reek and Stern2005),
thus rendering the SCF method computationally expensiveest now entails the re-
peated solution of large systems of linear equations.

Keeping the above discussion in mind, we employ the follgwmethodology. Since we
expect the electron density to decay much more rapidly tharetectrostatic potential,
the wavefunctions are solved on a smaller donfathc Q. We employ zero Dirichlet
boundary conditions for both the wavefunctions and thetedstatic potential on their
respective domains. We first construct a coarse Delauraygtniation?, of the domain

Q, with the nodes positioned at a coarsening rate6f away from the nuclei, which

is optimal for capturing thé /r decay with linear interpolation. Such a triangulation has
high resolution in2¥ and coarsens away rapidly §d\ Q¥, cf. Fig. 1 for a single-atom
example. In addition, all nuclei are located on nodes ofttimsigulation.

A solution procedure that combines the best attributes @fNbwton-Raphson and the
SCF methods may be devised as follows. We start by solving Ko#) and (76) using the
SCF method offy. Specifically, we employ the implicitly restarted Lanczosthod Gaad
(1992) for solving the linear eigenvalue problem and the conjegaadient algorithm for
the linear solver. We rewrite EqQnZ/€) as

(A% — M) IMU? = e0° | (79)

wheren is the shift parameter and= ﬁ By choosing an appropriate value fgrwe

magnify the part of the eigenvalue spectrum of interestgetine significantly increasing
the rate of convergence of the eigenvalue solver withouirireg any additional cost.
Also, since7, is very coarse, the computational expense involved fordtap is min-

imal. Next, we apply Freudenthal's tetrahedron subdivi@tgorithm @ey and Aachen
(2000) to 7, to obtain a finer triangulatioff; (Fig. 2) that is an uniform subdivision of
7o. The preliminary solution obtained cf is transferred td/; using the shape func-

tions on7Z,. This transferred solution serves as a starting guess éosdhution of Eqns.
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(73), (74) and (/5), simultaneously using Newton’s method with Goldsteim#jo line-
searchesliennis and Schnab¢l99§). For the associated linear solver we use the Gen-
eralized Minimal Residual method (GMRESaad and Schuli¢l986) while retaining
the option of switching to either the Bi-Conjugate GradiStable method (Bi-CGSTAB,
van der Vors(1992) or Transpose-Free Quasi-Minimal Residual method (TFQMRund
(19993). Since the Hessian information is required only througlproduct with a vec-
tor, we evaluate it by using directional derivative quotseiT his approach is significantly
faster than evaluating the exact Hessian. However, we asdhe exact Hessian when
required. The quality of the initial guess obtained by thecpdure just described starts
the Newton-Raphson iteration well within the radius of cengence, thereby ensuring
convergence within exceedingly tight tolerances at a catadrate in no more thagor 7
iterations.

Fig. 1. Mesh of a sliced cubical domain corresponding to tla@gulationZ.
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Fig. 2. Mesh of a sliced cubical domain corresponding to tlaagulation7; .

The equilibrium position of the nuclei, defining an equiiibn configuration of the sys-
tem, are computed using conjugate gradients with secanséarch. The relevant forces
to be equilibrated are derived in Appendix As the nuclei move, the triangulations must
be updated. We do so simply by convecting the meshes acgotdithe displacement
field defined by the triangulatioR, on which the nuclei are located. The quality of these
convected meshes is monitored throughout the calculateomd a complete remeshing
is performed if the mesh quality falls below a prespecifiddramce. Each force update
following a displacement of the nuclei requires the re-eaabn of the electrostatic po-
tential and wavefunctions within an internal loop. In ortteexpedite this re-evaluation,
we start from the initial electrostatic potential and waweftions that are convected from
the previous configuration.

In order to verify convergence with respect to mesh size, epeat the calculations on
increasingly finer triangulation§7,,} obtained by successive uniform subdivisions. The
solution on the parent triangulation is used as a startigggon the finer triangulation,
which ensures rapid convergence. This process is repeatgdanvergence is achieved
to within a prespecified tolerance. The recursive naturéhefdalculations is advanta-
geous with respect to solution schemes that require a coenpstart every time the
discretization is modified, e. g., plane wave basis calmratin which convergence has
to be verified with respect to the energy cut-off and numbdepbints sampled.

Finally, the formulation is implemented in parallel simply recourse to domain decom-
position. Owing to the local character of the majority of daéculations, domain decom-
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position may be expected to scale near-optimally. This ebgbien is indeed born out by
numerical tests, cf. Sectidn4.

5 Examples and results

5.1 ‘All-electron’ calculations

5.1.1 Atoms

The first set of examples considered are atoms of heliumuyiithcarbon, nitrogen and
oxygen. The triangulatiofl, generated for these atoms, which has rougity nodes,

is depicted in Figl. The convergence of the ground state energy of the helium ato
increasing the subdivision number (i. e., number of appboa of the subdivision al-
gorithm) is shown in Fig3. It is clear that there is rapid convergence of the energy on
decreasing the mesh size. This is representative of the exbhenples. Tablé shows that

we reproduce the ground state energies obtained by theyhagllurate calculations of
Kotochigova et al(1997). The deviation from experiment reflects the well-known -defi
ciencies of LSDA.

_2.45 T T T T
-2.50f 1
q
-2.55
-2.60

-2.65

Energy (a.u.)

-2.70

-2.75

-2.80

-2.85 - - - -
0 1 2 3 4 5

Number of Subdivisions

Fig. 3. Energy of the helium atom as a function of the numbemiform subdivisions of triangu-
lation 7.
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Table 1
Ground state energies of selected atoms (a.u)
Element KS-DFT-FE KS-LSDA KS-LSDA Experiments
(This work)  (Kotochigova et al(1997)) (Perdew and Zungdi981) (Veillard and Clement{19

He -2.833 -2.834 -2.833 -2.904
Li -7.340 -7.343 -7.343 -7.478
C -37.460 -37.470 -37.466 -37.844
N -54.125 -54.136 -54.129 -54.587

-74.518 -74.527 -74.521 -75.063

5.1.2 Molecules

The next set of examples are nitrogen)ldnd carbon monoxide (CO) molecules. Tables
2 and 3 show that the binding energy and bond length that we obt&nravery good
agreement with values in literature computed using planeewd-ngel et al.(2001)).
Again, itis well known that LSDA predicts over-binding, i, Gigher binding energies and
smaller bond lengths compared to experiments. The occwpledce molecular orbitals
of CO can be seen in Fig.

Table 2
Binding energy and bond length okN
Property KS-DFT-FE KS-LSDA OFDFT-FE Experiments
(Thiswork) (Engel et al(2001)) (Gavini et al.(2007)) (Huber(1972)
Binding energy (eV) -11.6 -11.593 -11.9 -90.81
Bond length (a.u.) 2.06 2.068 2.7 2.07
Table 3
Binding energy and bond length of CO
Property KS-DFT-FE KS-LSDA OFDFT-FE Experiments
(Thiswork)  (Engel et al(2001)  (Gavini et al.(20070)  (Huber(1972)
Binding energy (eV) -13.03 -12.967 -12.6 -11.2
Bond length (a.u.) 2.08 2.128 2.75 2.13
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Fig. 4. Occupied valence molecular orbitals of CO.

5.2 Pseudopotential approximation (local)

In this section we present the results obtained using the@t8mocal ‘Evanescent Core’
pseudopotential ( )). This pseudopotential has the form

Z

VAR = 5 {50 (1 e - a0, (80)

where Z is the number of valence electrons and= |x — R;|/R,.. The core decay
length R. anda > 0 are element-dependent constants whose values can beeabtain
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from Fiolhais et al(1999. The relations used to evaluateand A are

3 _
o — 2o A=ta2_ap. (81)

524(02—1)’ 2

The pseudopotential approximation is first used to caleuta¢ pseudo-atom energy of
lithium, sodium and magnesium. From Talleit is clear that we are able to replicate
the results obtained biiogueira et al(1996. These pseudo-atom energies are further
utilized to evaluate the binding energy and bond length efrthespective dimers. As
is evident from Table, the results obtained are in reasonable agreement withopisev
calculations{logueira et al(1999).

Table 4
Pseudo-atom energy (eV) using the ‘Evanescent Core’ ppeteittial

Metal KS-DFT-FE (This work) Nogueira et al(1996

Li -5.97 -5.97

Na -5.21 -5.21

Mg -23.05 -23.06
Table 5

Binding energy and bond length for selected metal dimersgugivanescent Core’ pseudopoten-
tial

Dimer Property KS-DFT-FE (This work) Nogueira et al(1996
Lio  Binding energy (eV) -0.49 -0.52
Bond length (a.u) 4.86 4.92
Na,  Binding energy (eV) -0.35 -0.46
Bond length (a.u) 5.72 5.77
Mgs  Binding energy (eV) -0.06 -0.04
Bond length (a.u) 7.12 7.18

Next, we study the properties of some sodium clusters, itiqodatr 1 x 1 x 1,2 x 2 x 2
and3 x 3 x 3 Body Centered Cubic (BCC) unit cells. A representativentgidation
7o used for2 x 2 x 2 BCC unit cells and its close-up view is shown in Figsand
6, respectively. We calculate the binding energy per atomlattide constant for these
clusters by computing the energy for various lattice dis¢grand subsequently fitting the
data to a cubic polynomial to obtain the point of minimum. Thsults so obtained are
presented in Tablé. Also, the contours of electron density on the mid-planequnatter-
plane of2 x 2 x 2 BCC unit cells are shown in Figg.and8, respectively.
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Fig. 5. The triangulatiory used for2 x 2 x 2 BCC unit cells.

Fig. 6. Close up of the triangulatidh, used for2 x 2 x 2 BCC unit cells.

Table 6
Binding energy per atom and lattice constant of sodium BCiCaetis

Property KiIx1l 2x2x2 3x3x3
Binding energy/atom (eV) -0.54 -0.70 -0.81
Lattice constant (a.u.) 7.20 7.55 7.75
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Charge density
0.0058076

0.0043557

.00029035

0.0014519

0.0000

Fig. 7. Contours of electron density on the mid-plane of awuadluster with 2<2x2 BCC unit
cells.

Charge density
0.0054438

0.0040829

0.0027219

0.0013&10

0.0000

Fig. 8. Contours of electron density on the quarter-plana sbdium cluster with 22x2 BCC
unit cells.
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5.3 Pseudopotential approximation (non-local)

Norm-conserving pseudopotentials are attractive beaafubeir accuracy, transferability
and availability for all elements in the periodic table. Elave look at the results obtained
using the Troullier-Martins (TM) pseudopotentidir¢ullier and Marting(1997)) imple-
mented in the Kleinman-Bylander form.

The radial component of the TM pseudo-wavefunction for amdbcated aR; is given

by

rtexplp(r)], r<re,
and the angular momentum dependent pseudopotential canploas the form

Vi) = {VAE(T)’ N

€ + lJrTlpér) Iy (7“)+2(p (r)?

wlr) = {wa(r» P>, )

r<r (83)

9 f— Cc*

The superscripfl E stands for ‘all-electron’ calculation; represents the valence eigen-
values,r = |x — R;| andr. is the core radius. The coefficients of the polynomial
p(r) = co + cor? + car* + cer® + cgr® + 107! + c1or'? are determined by norm conser-
vation, continuity of the pseudo-wavefunction and its fimir derivatives and the zero
curvature of the pseudopotential at the origin.

In Tables7, 8 we list the binding energy, bond length of Bnd G obtained using the TM
pseudopotential and compare them with previous such stifdiejel et al(2001)). The
agreement is good, thereby validating the accuracy of oitefeglement implementation.

Table 7
Binding energy and bond length of,B
Property KS-DFT-FE (This work) Engel et al(2007)
Binding energy (eV) -3.74 -3.79
Bond length (a.u.) 3.00 3.02
Table 8
Binding energy and bond length of,C
Property KS-DFT-FE (This work) Engel et al(2007)
Binding energy (eV) -6.86 -6.92
Bond length (a.u.) 2.35 2.35
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5.4 Performance of the numerical method

This section is devoted to the assessment of the numeridakrpaance of the implemen-
tation, specifically regarding the convergence rate witemseze, scaling of the execution
time with problem size and parallel scalability. We begirdsgessing the rate of conver-
gence of the finite-element method with decreasing meshfsiaen Fig.9, which depicts
the normalized energy-error as a function of mesh size, waIE" — &;| o< h9, where
&y is the converged value of the energy obtained by fitting the e = £, + Ch™. This
analysis thus shows that the energy converges quadrgtiedilich is the expected rate of
convergence for linear interpolatiofigriet(2002).

A
ol

O Li
. -8-CO

IN
O

= N w
= )] N ()] w ()]
T T T T T T

/
/
/
/
/
/
1 1 1 1 1 1

Normalized error in energy (log)
o
o

2 15 1 05
Normalized nodal spacing (log)

o

N
o
oG

Fig. 9. Convergence rate of the finite-element method.

Fig. 10 collects execution times as a function of the number of nadése triangulation
for two selected examples. As is evident from the figure, eeetion time scales linearly,
or O(N), asymptotically with the sizé/ of the problem. This scaling is expected, since
the complexity of the solution procedure is dominated bycthraplexity of the solution of

a banded system of equations, whicl®igV) when the system bandwidth is independent
of . This latter property is typical of finite-elements, for whithe system bandwidth is
determined by the number of nearest neighbors of a typiad ndhus, our formulation
achieves linear, aD(N), scaling with respect to the number of nodes in the triartguria
for a fixed number of electrons.
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Fig. 10. Scaling of computational time with number of nodes.

Finally, Fig. 11 illustrates the parallel efficiency of the implementatianaeasured by

the relative speedup with increasing number of processoesfixed problem of constant
size. As is evident from the figure, the scaling is roughlgén However, as the number
of processors increases, the parallel efficiency correfipgly decreases owing to the ad-
ditional communication required between them. Thus, tlaive speedup corresponding
to a 16-fold increase in the number of processors is of theraytl10.25. This speed-up
factor translates into an efficiency of about 0.65, whichnighe ballpark expected of
domain decomposition applied to medium-size problems.
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Fig. 11. Relative speedup as a function of the number of gsums.

6 Conclusions

We have developed a real-space, non-periodic finite-elefoenulation of KS-DFT. By
including the electrostatic potential among the unknowadgieve have reformulated the
problem as a local saddle-point problem. We have shown tllepesedness of this for-
mulation for both the all-electron problem as well as theupepotential approximation.
In particular, we have proved the existence of solutiond, anaddition, the convergence
of finite-element approximations, including numerical draures, usindg’-convergence
methods. We have also developed a parallel implementatidnsoformulation capable
of performing both all-electron and pseudopotential dalitons. In this implementation,
the advantageous features of both the SCF and Newton’s neetiave been combined
to ensure rapid convergence to the solution. The flexibdityvided by the unstructured
nature of the finite-element method is exploited by optignatbarsening the triangula-
tion away from the nuclei and by convecting the triangulatiath the atomic positions,
thereby enhancing the efficiency of the calculations withass of accuracy. The formu-
lation has been tested through a number of examples and¢beaayg of the results is in
accord with the literature. Also, various aspects of the ecal performance of the im-
plementation have been investigated, including the cgerere rate of the finite-element
method and its scaling with increasing system size and nuofl@ocessors. We obtain
ostensibly ideal convergence rate for the finite-elemerthotk linear orO(/N)-scaling
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with problem size and good parallel scalability.

A shortcoming of the present approach, and of low-ordergislements in general, is the
large number of basis functions required to obtain convergeompared to other bases
such as plane waves. This deficiency can be mitigated by bsghgr-order polynomial
interpolation functionsKask et al(1999, Pask and Stern2005) or, more generally,
other interpolation functions better tailored to the pesbl Another drawback of finite-
element based formulations is the difficulty in generatifiigient meshes for non-trivial
geometries of the atoms. Meshless methods, such as thosg dashe use omax-ent
shape functions/Arroyo and Ortiz(2006), have the potential to address the preceding
concerns simultaneously and thus emerge as worthwhilestsdpr future investigation.

As noted in the introduction, this work is intended as a steyatds formulating a coarse-
grained formulation of KS-DFT capable of analyzing sammiesufficient size to yield
meaningful size-independent properties of isolateddattiefects, such as vacancies and
dislocations, in concentrations representative of aahetkrial systems. Isolated lattice
defects at normal equilibrium concentrations present guenchallenge since the elec-
tronic structure of defect cores and the long-range eldigtids of the defects must be
characterized simultaneously. As in previous work conegmith OFDFT (Gavini et al.
(20079), we expect that this goal may effectively be achieved lopuese to the quasi-
continuum method as a means of coarse-graining the pressrdpace KS-DFT formu-
lation. The quasi-continuum coarse-graining of KS-DFTsthaturally suggests itself as
another worthwhile subject for future investigation.
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Appendix

A Computation of forces

For completeness, we derive the forces that determine thélegm nuclear configura-
tion. To do so, we assume that for any configuration of theeiuttie variational problem
defined by

inf sup E(V,0,R) (A.1)

Ve(Hg (N geHL(0)
subject to the constraints given by EqR1), has been solved. The derivation below
closely follows Thoutireddy(2002); Gavini et al.(20079. Using Lagrange multipliers
to enforce the constraints, we have

EW, 6. R AN = [ f(0, ) dx + [ (p(x) + bx, R)) 6(x, R) dx

Nao Na

_—/|V¢XR|2dx—ZZA (/ Via(X)ja(x )dx—5m>

_§%)‘ </ wlﬁ )¥js(x )dX_5ZJ)- (A.2)

i=1j=

In this situation, considel}' + I + I} + I, where
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I?Z/Qf(\lf,v\y)dx,
15 = [ (p(x) + blx. R)) 6(x, R) dx.

1
Ig:‘g/ﬂWﬁb(XaR)PdX,

Na No Nﬁ Nﬁ

=32 (] v dx = b ) = 30N (] wis0wsa0) dx = a,)

i=1j=1 i=1j=1

Note that
Ox
h M N
I /f\I/V\If dx_;ET:/f\I!V\II dt(a N)dx,

where(} is the reference volume in isoparametric formulation %ﬁg is the Jacobian of
the transformation. Taking first variations bf we obtain

SIt = o 65 N
egb/ { — 51/]ZUJ azlww A XK Z XbK bB)aXJ:|
Nh o aXB 8XM .
+f(V, VI)( bzlébeNbB)aXK}det <8§(N> dx
Of (W, V)
_Z/e{ ZZ féw Z'@Z) a, K +f(\:[l V\I/ 5KJ} (ZéXbKNbJ) dX
ecTy o =1 io,J a=1 b=1
Sf (U, VU
=3 /{ D f(w} V) () + £(0, V) 5KJ} (ZabeNbJ) dx |
ecTy o i=1 10, ] b—1

Similarly, note that

I = /Q (p(x) +b(x,R)) p(x, R)dx = 3 / x) + b(x,R)) 6(x, R) det (‘%fM) dx

e€Ty aXN

Taking variations, we find
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. Jn 0% > STAN
S =% / ) + b(x, R)) ¢(x Z(beKNbB S det () dx
K

e€Ty 8XN
+ % [ (0 6(x.R) det %) g
ec€Ty aXN

e€Ty b=1

= Z /e (p(X) + b(Xv R)) ¢(X7 R)(SKJ (Zh 6X[§KNI)7J> dx

+Z/ (x,R) (Zcba K) dxSy dx |

ecTy

Similarly,

5Ih___ Z / |v¢ X, R)|25KJ — 2§Z5 J(X R)¢ ( )} (ZhCSXEKNbJ) dX,

eET b=1
Na Na

SIp==>"%" Z/ Vio(X)Vja(X)0k s (Z5XbKNbJ> dx

i=1j=1 ee’ﬂ)

Ng Ng
_ZZ)\ Z/ wzﬁ 'QZJJB 5KJ (ZaXbKNbJ) dx.
i=1j= ecTy

Collecting all terms, the force on thé" node along thé{*" direction is given by

Z/ beb (Zgba aK) dx+z/ EKJNdeX (A3)

e€Tp ecTy

where

Bics = { (0, 99) + (p(x) + b R) 6(x R) — Vol R} s

No Na Ns Ng
{ZZA X)ja(x) + 3 D AT (x)1s(x >}5KJ

i=1j5=1 i=1j5=1

- ZZ it V\II)IPZU,K(X) + i<Z5,J(X, R)¢ k(x,R). (A.4)
5%0 J 47T

o =1

Note that the first term of EQnA(3) corresponds to the Hellmann-Feynman force on the
nuclei, whereas the second term arises because of thedlaiteent discretization and
acts on all the nodes of the triangulation. The latter arfisea the need to minimize the
energy with respect to the nodal configuration for a fixed neinadd nodes. Hence it can
be used effectively foa posteriorimesh adaption. Note that the discretization force is
local.
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