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Abstract

We present a real-space, non-periodic, finite-element formulation for Kohn-Sham Density
Functional Theory (KS-DFT). We transform the original variational problem into a local
saddle-point problem, and show its well-posedness by proving the existence of minimizers.
Further, we prove the convergence of finite-element approximations including numerical
quadratures. Based on domain decomposition, we develop a parallel finite-element imple-
mentation of this formulation capable of performing both all-electron and pseudopotential
calculations. We assess the accuracy of the formulation through selected test cases and
demonstrate good agreement with the literature. We also evaluate the numerical perfor-
mance of the implementation with regard to its scalability and convergence rates. We view
this work as a step towards developing a method that can accurately study defects like va-
cancies, dislocations and crack tips using Density Functional Theory (DFT) at reasonable
computational cost by retaining electronic resolution where it is necessary and seamlessly
coarse-graining far away.
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1 Introduction

The Schrödinger equation is fundamental for describing thequantum mechanical elec-
tronic structure of matter, since it does not require any empirical input. However, the
solution of the Schrödinger equation is exceedingly expensive, and this limits the size
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of systems that can be directly evaluated to tens of electrons (Kohn (1999)). Numerous
approaches have been proposed to reduce the computational cost of the solution of the
Schrödinger equation. These approaches include the widelyused DFT ofHohenberg and Kohn
(1964). In their seminal work,Hohenberg and Kohn(1964) proved the existence of a one-
to-one correspondence between the ground state electron density and the ground state
wavefunction of a many-particle system. By this correspondence, the electron density re-
places the many-body electronic wavefunction as the fundamental unknown field, thereby
greatly reducing the dimensionality and computational complexity of the problem.

The most common present-day implementation of DFT is through the Kohn-Sham method
(Kohn and Sham(1965)), in which the intractable many-body problem of interacting
electrons is reduced to a tractable problem of non-interacting electrons moving in an
effective potential. Hidden in this formulation is the unknown exchange and correla-
tion functional for which various models including the local spin-density approxima-
tion (LSDA) (Kohn and Sham(1965)) and the generalized gradient approximation (GGA)
(Langreth and Mehl(1983); Perdew et al.(1992)) are used.

The plane-wave basis is one of the most-frequently used basis for solving the Kohn-
Sham problem (Kresse and Furthmüller(1996); Segall et al.(2002); Gonze et al.(2002);
Ismail-Beigi and Arias(2000)) because of a number of attractive features. It forms a com-
plete and orthonormal set that is independent of the atomic positions and is efficient for
evaluating convolutions through the Fast Fourier Transform (FFT). However, the plane-
wave basis also suffers from a few notable disadvantages. Firstly, the plane-wave basis
is best suited to periodic systems. Therefore, the study of non-periodic and localized
systems such as defects, clusters and surfaces requires theintroduction of artificial su-
percell periodicity, which can lead to spurious results. Secondly, the plane-wave basis
functions are non-local in real space, resulting in dense matrices which are ill-suited
to iterative solution schemes. In addition, non-locality limits the usefulness of a plane-
wave basis in multiscale approaches formulated in real space. Over the past decade, nu-
merous efforts have been directed towards the development of real-space DFT imple-
mentations that overcome these difficulties (e. g.,Hehre et al.(1969); Wills and Cooper
(1987); Soler et al.(2002); Skylaris et al.(2005); Bowler et al.(2006); Chelikowsky et al.
(1994); Castro et al.(2006)). Though some of these studies use the finite-element basis
(Pask et al.(1999); Tsuchida(2004)), they do not utilize the unstructured nature of the
the finite-element method and the convergence of the finite-element approximation with
numerical quadratures has not been rigorously justified. This is one of the motivations of
the current work along with the desire to coarse-grain KS-DFT.

The computational complexity of KS-DFT poses a significant hurdle in the solution of
large systems of interest–irrespective of the basis set. Various approaches have been
proposed to overcome this limitation. A few examples include the integration of DFT
with molecular dynamics (Car and Parrinello(1985)), linear and sub-linear scaling al-
gorithms (García-Cervera et al.(2007); Garcia-Cervera et al.(2009); Goedecker(1999);
Galli and Parrinello(1992); Mauri et al.(1993); Skylaris et al.(2005)) and adaptive-coordinate
systems (Gygi and Galli(1995); Zumbach et al.(1996); Modine et al.(1997)) which im-
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prove the efficiency of the real space calculations by selectively having some regions
of space with higher resolution than others. Multiscale approaches which coarse-grain
DFT or embed it into simpler, less accurate models like tight-binding (TB) or empiri-
cal potentials have also been developed recently (Choly et al.(2005); Lu et al. (2006);
Govind et al.(1999); Bernstein et al.(2009)). Though these multiscale methods provide
valuable insight, they suffer from a few notable drawbacks.In some cases, there is no
seamless transition from DFT to TB or empirical potentials,while in others, uncontrolled
approximations made by the use of linear response theory or Cauchy Born hypothesis
render them unreliable. Also, there is no systematic convergence of the solution of these
models to the full DFT solution.

In this paper, we present a non-periodic, real-space, finite-element formulation and im-
plementation of KS-DFT. The present work builds on, and provides an extension of the
likewise non-periodic, real-space, finite-element formulation ofGavini et al.(2007b) for
orbital-free DFT (OFDFT). For definiteness, we develop the formulation for the LSDA
exchange-correlation functional. However, the formulation is not restricted to a particu-
lar type of exchange-correlation functional and can be adapted to other commonly used
functionals such as GGA. We intend to use the present real-space KS-DFT formulation
as a stepping stone towards our final goal of studying localized defects in crystals such
as vacancies, dislocations and cracks following in part ourprevious work with OFDFT
(Gavini et al.(2007a)).

The approaches adopted for solving the Kohn-Sham problem can be broadly classified as
ones that use the Self-Consistent Field (SCF) method and others in which some form of
constrained direct minimization is performed (Payne et al.(1992)). However, these two
approaches are equivalent (Parr and Yang(1989)) and largely a matter of convenience,
as shown in Section3.1 for completeness. Our method of solution utilizes both SCF and
variational schemes to ensure convergence and achieve the fastest possible convergence
rate. One of the most time-consuming parts of conventional real-space implementations
is the evaluation of the non-local electrostatic interactions, which we overcome by com-
puting the electrostatic potential directly. This direct computation of the electrostatic field
has the effect of turning the original minimization probleminto a saddle-point problem
(Ismail-Beigi and Arias(2000)). The Lagrangian functional thus defined is subsequently
discretized by means of finite-elements and numerical quadrature. We show in Section
3.2 that the saddle-point problem is mathematically well-posed by proving existence of
solutions, and we prove theΓ-convergence of finite-element approximations with numer-
ical quadratures thereof, in Sections3.3and3.4. We also present a similar analysis for the
pseudopotential approximation in Section3.5. Our approach in Sections3.2 through3.4
follows that of our previous work with OFDFT (Gavini et al.(2007b)). However, there
are additional technical difficulties that need to be addressed in the Kohn-Sham setting
which we deal with here.

For completeness, we discuss in some detail relevant aspects of the finite-element imple-
mentation that are specific to the present application, including matters of optimal-mesh
design, solution procedures (Section4) and the computation of forces (AppendixA). In
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Section5, we verify the formulation and numerical implementation bymeans of selected
examples ranging from single atoms to small clusters. The core electrons are eliminated
through the use of the Evanescent-Core (Fiolhais et al.(1995)) and Troullier-Martins
(Troullier and Martins(1991)) pseudopotentials. To test the accuracy of the method, we
also perform all-electron calculations for selected atomsand molecules. We also assess
matters of numerical performance of the implementation including convergence rates,
scaling with problem size and parallel scalability.

2 Formulation

The theoretical framework of DFT has its origins in the Hohenberg-Kohn theorems
(Hohenberg and Kohn(1964)). The first theorem is related to uniqueness and states that
the ground state expectation value of any observable is a unique functional of the ground
state electron density. The second theorem sheds light on the variational structure of the
problem and shows that the electron density that minimizes the total energy is the exact
ground state density. The problem of finding the ground stateenergy and electron density
is equivalent to the problem of minimizing the energy of a system of non-interacting
electrons in a mean-field. The corresponding energy functional E : X × R

SM → R

whereX is a suitable space of solutions for the orthogonal wavefunctions is given by
(Parr and Yang(1989); Finnis(2003))

E(Ψ,R) = Ts(ρα, ρβ) +Exc(ρα, ρβ) +EH(ρα + ρβ) +Eext(ρα + ρβ,R) +Ezz(R) , (1)

where

ρα(x) =
Nα
∑

i=1

ψ∗
iα(x)ψiα(x) =

Nα
∑

i=1

|ψiα(x)|2 , (2)

ρβ(x) =
Nβ
∑

i=1

ψ∗
iβ(x)ψiβ(x) =

Nβ
∑

i=1

|ψiβ(x)|2 (3)

represent the electron densities with the spin component ‘up’ and ‘down’ respectively and
ρ(x) = ρα(x)+ρβ(x) is the total electron density. ByΨ = {ψ1α,ψ2α, . . .,ψNαα,ψ1β ,ψ2β ,
. . ., ψNββ}, we denote the vector of wavefunctions andR ∈ R

SM is the collection of all
the nuclear positionsR = {R1,R2, . . . ,RM}, S = 3 denotes the space dimension and
M ∈ N is the number of nuclei. The wavefunctions are orthonormal,thereby satisfying
the relation

∫

ψ∗
iσ(x)ψjσ(x) dx = δij , σ ∈ {α, β} , i, j = 1, 2, . . . , Nσ , (4)

and
Nα =

∫

ρα(x) dx , Nβ =
∫

ρβ(x) dx (5)
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represent the number of electrons with spin ‘up’ and ‘down’ respectively. Note that if the
domain of integration is not specified, it refers to all of spaceR

S. The first term

Ts(ρα, ρβ) = −
1

2

∑

σ

Nσ
∑

i=1

∫

ψ∗
iσ(x)∇2ψiσ(x) dx (6)

in Eqn. (1) is the kinetic energy of the non-interacting electrons. The terms

EH(ρ) =
1

2

∫ ∫

ρ(x)ρ(x′)

|x − x′|
dx dx′ , (7)

Eext(ρ,R)=
∫

ρ(x)Vext(x,R) dx , (8)

Ezz(R)=
1

2

M
∑

I=1

M
∑

J=1
J 6=I

ZIZJ
|RI − RJ |

(9)

are electrostatic terms withEH known as the Hartree energy representing the classical
electrostatic interaction energy of the electron density,Eext is the interaction energy with
the external potentialVext induced by the nuclear charges andEzz denotes the repul-
sive energy between the nuclei. The termExc(ρα, ρβ) in Eqn. (1) denotes the exchange-
correlation energy. For definiteness, we specifically adoptthe so-called LSDA in which
the exchange-correlation energy is taken to be that of a uniform electron gas having
the same local density (Kohn and Sham(1965)). The exchange-correlation energy can
in turn be separated into individual contributions from theexchange and correlation parts,
namely,

Exc(ρα, ρβ) = Ex(ρα, ρβ) + Ec(ρα, ρβ). (10)

The expression for the exact exchange energyEx(ρα, ρβ) of an uniform electron gas is

Ex(ρα, ρβ) = −
3

4

(

6

π

)1/3 ∫

(ρ4/3
α (x) + ρ

4/3
β (x)) dx . (11)

In addition, the correlation energyEc(ρα, ρβ) can be written as

Ec(ρα, ρβ) =
∫

εc(ρα(x), ρβ(x))ρ(x) dx. (12)

Specifically, in applications we use the parametrization ofPerdew and Wang(1992) fitted
to accurate Monte Carlo simulations carried out byCeperley and Alder(1980).

As expressed in Eqns. (7) and (9), the electrostatic interaction energy and the repulsive
energy of the nuclei are non-local in nature and, thus are notamenable to a local dis-
cretization. In order to overcome this difficulty, we employthe following strategy. We
begin by representing the nuclear charge of magnitudeZI at a siteRI ∈ R

S by means of
a regularized bounded charge distribution−ZIδRI

(x) with a compact support in a neigh-
borhood of a small ball aroundRI (it is conventional in electronic-structure calculations
to associate a negative charge with nuclei and a positive charge with electrons) and such
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that
∫

RS δRI
(x) dx = 1 for 1 ≤ I ≤ M . We note that the electrostatic potential due to

these regularized charge distributions is pointwise bounded. Defining as

b(x,R) = −
M
∑

I=1

ZIδRI
(x) (13)

the sum of all such regularized charge distributions of theM nuclei present in the system,
the nuclear repulsive energy can be rewritten as

Ezz(R) =
1

2

∫ ∫

b(x,R)b(x′,R)

|x − x′|
dx dx′. (14)

Notice that this differs from Eqn. (9) by the self-energy of the nuclei, but this is an incon-
sequential constant depending only on the nuclear charges.In addition, the electrostatic
potential due to the nuclei and electron charge distribution can be computed as a solution
to the Poisson equation

−1

4π
∇2φ(x,R) = ρ(x) + b(x,R). (15)

This equation has the unique solution

φ(x,R) =
∫

ρ(x′)

|x − x′|
dx′ +

∫

b(x′,R)

|x − x′|
dx′ = VH(x) + Vext(x,R). (16)

Consequently, we have the variational problem

1

2

∫ ∫

ρ(x)ρ(x′)

|x − x′|
dx dx′ +

∫

ρ(x)Vext(x) dx +
1

2

∫ ∫

b(x)b(x′)

|x − x′|
dx dx′

= − inf
φ∈H1

0
(RS)







1

8π

∫

|∇φ(x,R)|2dx −
∫

(ρ(x) + b(x,R))φ(x,R) dx







. (17)

Using this property, we can write Eqn. (1) as

E(Ψ,R) = sup
φ∈H1

0
(RS)

L(Ψ,R, φ) , (18)

where

L(Ψ,R, φ)=−
1

2

∑

σ

Nσ
∑

i=1

∫

ψ∗
iσ(x)∇2ψiσ(x) dx + Exc(ρα, ρβ)

−
1

8π

∫

|∇φ(x,R)|2dx +
∫

(ρ(x) + b(x,R))φ(x,R) dx. (19)

Here and below, we denote byHm(Ω) the space ofm-times weakly differentiable func-
tions inL2(Ω) and byHm

0 (Ω) := C∞
0 (Ω)

‖·‖Hm , the space of Sobolev functions with zero
boundary conditions in the trace sense.
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The problem of determining the ground state electron density and the equilibrium posi-
tions of the nuclei can now be expressed as the saddle point problem

inf
Ψ∈(H1

0
(RS))N

R∈R
SM

E(Ψ,R) = inf
Ψ∈(H1

0
(RS))N

R∈R
SM

sup
φ∈H1

0
(RS)

L(Ψ,R, φ) (20)

subject to the constraints
∫

ψ∗
iσ(x)ψjσ(x) dx = δij , σ ∈ {α, β}, i, j = 1, 2, . . . , Nσ. (21)

In addition,Nα, Nβ must be chosen such that the system has the lowest possible energy
subject to the constraint of the total number of the electrons in the system being studied,
i. e.,Nα +Nβ = N .

3 Properties of the Kohn-Sham variational problem

In the present section, for the sake of clarity and notational simplicity, we will neglect
spin polarization, thereby reducing the LSDA to the Local Density Approximation (LDA).
This simplification is not essential, and the results presented in this section extend trivially
to LSDA. Corresponding to Eqn. (1), for LDA we have

E(Ψ,R) = −
1

2

N
∑

i=1

∫

ψ∗
i (x)∇2ψi(x) dx+Exc(ρ)+EH(ρ)+Eext(ρ,R)+Ezz(R) , (22)

whereρ(x) =
∑N
i=1 |ψi(x)|2 andΨ = {ψ1, ψ2, . . . , ψN}. Also, to avoid technical prob-

lems, we restrict our analysis to a bounded setΩ ⊂ R
S. With this simplification we obtain

the variational problem

inf
Ψ∈(H1

0
(Ω))N

R∈R
SM

E(Ψ,R) = inf
Ψ∈(H1

0
(Ω))N

R∈R
SM

sup
φ∈H1

0
(Ω)

L(Ψ,R, φ) (23)

subject to the constraints
∫

Ω
ψ∗
i (x)ψj(x)dx = δij , i, j = 1, 2, . . . , N. (24)

Note that in this section we do not fixS, the dimension of space.

The remainder of this section has been organized as follows.In Section3.1, we show
the equivalence of the Kohn-Sham variational and eigenvalue problems. The existence of
a minimum for the Kohn-Sham variational principle is provedin Section3.2and in Sec-
tions3.3, 3.4we validate the convergence of the finite-element approximation including
numerical quadratures using the technique ofΓ-convergence.Γ-convergence is an ideal
and flexible tool for handling nonlinear variational problems like the one described by
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Eqns. (23), (24). Since a limitation of this method is its inability to provide the rates of
convergence, we obtain it numerically in Section5.4. The nonlinearity of the problem
prevents the application of any of the standard techniques which provide the rate of con-
vergence (Ciarlet(2002)).

3.1 Equivalence of variational and eigenvalue problems

We begin by showing the equivalence of the variational and eigenvalue problems in this
section. The proof is similar in spirit toRoothaan(1951), where the equivalence was
proved for the Hartree-Fock equations, and is provided herefor the sake of completeness.
Using Lagrange multipliersλij to enforce the constraints given by Eqn. (24), we obtain
the functional

Ec(Ψ,R,Λ) = E(Ψ,R) −
N
∑

i=1

N
∑

j=1

λij

(∫

Ω
ψ∗
i (x)ψj(x) dx − δij

)

. (25)

Let us first prove that the matrixΛ = (Λij)1≤i,j≤N , whose entries areλij, is Hermitian.
Taking variations of Eqn. (25) and setting them to zero we obtain

(

−
1

2
∇2 + Veff(x,R)

)

ψi(x) =
N
∑

j=1

λijψj(x) , (26)

(

−
1

2
∇2 + Veff(x,R)

)

ψ∗
i (x) =

N
∑

j=1

λjiψ
∗
j (x) , (27)

∫

Ω
ψ∗
i (x)ψj(x) dx= δij , (28)

where

Veff(x,R) = Vext(x,R) + VH(x) +
δExc(ρ)

δρ(x)
. (29)

Taking the complex conjugate of Eqn. (27), then subtracting it from Eqn. (26), we obtain
the relation

N
∑

j=1

(λij − λ∗ji)ψj(x) = 0. (30)

Since theψj are linearly independent it follows thatλij = λ∗ji, showing the matrixΛ to be
indeed Hermitian. For notational convenience, we may express Eqn. (26) in matrix form
as

HΨ = ΨΛ , H = −
1

2
∇2 + Veff(x,R). (31)

Now let us subject the wavefunctions to an unitary transformation and the matrixΛ to a
similarity transformation, i. e.,

Ψ̂ = ΨQ, Λ̂ = Q∗ΛQ (32)
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with QQ∗ = Q∗Q = I, I being the identity matrix. Since unitary transformations are
norm-conserving, the electron density remains invariant:

ρ(x) =
N
∑

i=1

|ψi(x)|2 =
N
∑

i=1

|ψ̂i(x)|2. (33)

Using the above relations we get
ĤΨ̂ = Ψ̂Λ̂ (34)

whereH = Ĥ. Hence the wavefunctions on unitary transformation satisfy equations
of exactly the same form as the original ones prior to transformation. Since the matrix
Λ is Hermitian, there exists an unitary matrixQ such thatΛ̂ is a real diagonal matrix.
Therefore, without any loss of generality we can replace Eqn. (31) by the eigenvalue
problem

Hψi = ǫiψi , i = 1, 2, . . . N. (35)

which is said to be incanonical form. Thus, the SCF eigenvalue problem and the direct
variational formulation of the problem are equivalent and the choice of one over other is
strictly a matter of convenience.

3.2 Existence of a minimum

In this section, we establish the existence of a minimum for the Kohn-Sham variational
principle. The main result is Theorem4. A more general proof of the same is given
by Anantharaman and Cances(2008), where they do not make the assumption thatΩ is
bounded. However, our analysis differs from theirs and is necessary as it lays the ground-
work for proving the convergence of the finite-element approximation including numeri-
cal quadrature in the subsequent sections.

We introduce a suitable space of solutionsX corresponding to normalized orthogonal
wavefunctions as

X =
{

Ψ̃ ∈ (H1
0 (Ω))N

∣

∣

∣

∣

〈ψ̃i, ψ̃j〉(L2(Ω),L2(Ω)) = δij , i, j = 1, 2, . . . , N
}

. (36)

We require thatΩ be an open, bounded subset ofR
S with Lipschitz boundary. We point

out that if we additionally postulate thatΩ is a dyadic cube, then all the subsequent results
of this analysis also hold for

X =
{

Ψ̃ ∈ (H1
per(Ω))N

∣

∣

∣

∣

〈ψ̃i, ψ̃j〉(L2(Ω),L2(Ω)) = δij , i, j = 1, 2, . . . , N
}

, (37)

which corresponds to a periodic system. ByH1
per(Ω) we denote the space of Sobolev

functions on the torus obtained by identifying the oppositesides ofΩ.

On integrating by parts, the energy of the system as expressed by Eqn. (22) can be rewrit-

9
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ten in a generic form as

E(Ψ,R) =
N
∑

i=1

1

2

∫

Ω
|∇ψi(x)|2dx + J(ρ,R) +G(ρ) , ρ(x) =

N
∑

i=1

|ψi(x)|2,

(38a)

J(ρ,R) = − min
φ∈H1

0
(Ω)







1

CS

∫

Ω
|∇φ(x,R)|2dx −

∫

Ω
(ρ(x) + b(x,R))φ(x,R) dx







+ Σ ,

(38b)

G(ρ) =
∫

Ω
g(ρ) dx ,

(38c)

whereCS is a constant dependent on the dimension of spaceS and the termΣ specifies
the self energy of the nuclear charges which is an inconsequential constant in this analysis
and hence will be dropped later.

We make the following hypothesis ong:

(A1) The densityg is continuous inR+.

(A2) The growth condition|g(t)| ≤ c2|t|
q + c1 holds for positive real constantsc2, c1 and

the exponent satisfies

q∈







[

1, S
S−2

)

, if S > 2,

[1,+∞), otherwise.

(A3) The exponentq satisfies the condition2q < 3.

The need for Assumption (A3) becomes clear in the proof of Lemma3.

Let the dual exponentp∗ of p be given by1/p∗ = 1/p− 1/S. We first note:

(a) Forρ ∈ L2(Ω) the functionalJ(ρ,R) is well defined. This result follows from the
Poincaré inequality and the Lax-Milgram Lemma. It is also straightforward to check that
ρ ∈ L2(Ω) if 2∗ > 4.

(b) The functionalJ is continuous inL2(Ω).

(c) The functionalG is continuous inLq(Ω), which follows from the continuity ofg and
the growth condition (A2).

(d) As
∑N
i=1

1
2

∫

Ω |∇ψi(x)|2dx is continuous in the strong topology of(H1
0 (Ω))N and con-

vex, it follows thatΨ 7→
∑N
i=1

1
2

∫

Ω |∇ψi(x)|2dx is lower semi-continuous in the weak
topology of(H1

0 (Ω))N .

10
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Lemma 1 X is closed in the weak topology of(H1
0 (Ω))N .

Proof. Consider an arbitrary sequence(Ψl)l ⊂ X with Ψl ⇀ Ψ in (H1
0 (Ω))N . By

the Rellich-Kondrakov theorem (Rudin (1991)), H1
0 (Ω) has a compact embedding into

L2(Ω). Thus (ψi,l)l → ψi in L2(Ω) for i = 1, 2, . . . , N from which it follows that
δij = 〈ψi,l|ψj,l〉(L2(Ω),L2(Ω)) → 〈ψi|ψj〉(L2(Ω),L2(Ω)) for i, j = 1, 2, . . . , N as l → ∞.

ThereforeΨ ∈ X, which implies thatX is closed in the weak topology of(H1
0 (Ω))N . 2

Lemma 2 Let (A1), (A2) hold andS < 4. ThenE is lower semi-continuous in the weak
topology ofX.

Proof. Consider any sequence(Ψl)l ⊂ (H1
0 (Ω))N such thatΨl ⇀ Ψ in (H1

0 (Ω))N . As
by the Sobolev theorem the embeddingH1

0 (Ω) →֒ L4(Ω) is compact forS < 4, it follows
that(ψi,l)l → ψi in L4(Ω) for i = 1, 2, . . . , N . Hence(ψ2

i,l)l → ψ2
i in L2(Ω) and therefore

(ρl)l → ρ in L2(Ω). From (A2) it follows that the embeddingH1
0(Ω) →֒ L2q(Ω) is com-

pact. Thusρl → ρ in Lmax{2,q}(Ω). From (b)-(d) it follows that
∑N
i=1

1
2

∫

Ω |∇ψi(x)|2dx,
J(ρ,R), andG(ρ) are lower semi-continuous in the weak topology of(H1

0 (Ω))N . Hence,
it follows that E is lower semi-continuous in the weak topology of(H1

0 (Ω))N , and as
X ⊂ (H1

0 (Ω))N , the claimed lower semi-continuity ofE in the weak topology ofX
follows. 2

Lemma 3 Let (A2), (A3) hold. ThenE is coercive in the weak topology ofX.

Proof. We first note the following results on the properties ofJ(ρ,R):

(i) From the linearity of the Euler-Lagrange equations associated withJ(ρ,R), the elec-
trostatic energy of the system can be rewritten as

J(ρ,R) = EH(ρ) +
∫

Ω
Vext(x,R)ρ(x)dx + L(R), (39a)

EH(ρ) = − min
φ∈H1

0
(Ω)







1

CS

∫

Ω
|∇φ(x)|2dx −

∫

Ω
ρ(x)φ(x) dx







, (39b)

whereL(R) = Ezz(R) + Σ.

We point out thatVext is pointwise bounded. More precisely, it holds|Vext(·,R)| ≤ C
almost everywhere inΩ for all R ∈ R

SM and some constantC.

(ii) The functionalEH is super-linear, that isEH(ρ1 + ρ2) ≥ EH(ρ1) + EH(ρ2) for
arbitrary, almost everywhere positiveρ1, ρ2 ∈ L2(Ω). This follows from the linearity of
the corresponding Euler-Lagrange equations.

From (ii) we can directly derive a lower bound forEH(ρ),

11
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EH(ρ) =EH

( N
∑

i=1

|ψi|
2
)

≥
N
∑

i=1

EH(|ψi|
2)

≥
N
∑

i=1



 max
φi∈H1

0
(Ω)







∫

Ω
|ψi(x)|2φi(x)dx −

1

CS

∫

Ω
|∇φi(x)|2dx









. (40)

We useφi = C0|ψi| as test functions in Eqn. (40) for a constantC0 that will be deter-
mined later. Additionally, we also recall the following simple result on the weak deriva-
tive of an absolute function, whose proof is elementary but can for instance be found in
Gilbarg and Trudinger(1983). If ψi ∈ H1(Ω), then|ψi| ∈ H1(Ω) and‖∇|ψi|‖L2(Ω) ≤
‖∇ψi‖L2(Ω). Insertingφi(x) = C0|ψi(x)| in Eqn. (40) as trial functions fori = 1, 2, . . . , N ,
we arrive at the following lower bound forEH(ρ),

EH(ρ)≥
N
∑

i=1



 max
φi∈H1

0
(Ω)







∫

Ω
|ψi(x)|2φi(x)dx −

1

CS

∫

Ω
|∇φi(x)|2dx











≥
N
∑

i=1



C0

∫

Ω
|ψi(x)|3dx −

C0

CS

∫

Ω
|∇ψi(x)|2dx





=C0‖Ψ‖3
L3(Ω) −

C0

CS
‖∇Ψ‖2

L2(Ω). (41)

Using the inequality given by Eqn. (41) in Eqn. (39a) and‖Vext‖L∞(Ω) ≤ C we conclude

J(ρ) ≥ C0‖Ψ‖3
L3(Ω) −

C0

CS
‖∇Ψ‖2

L2(Ω) − C‖Ψ‖2
L2(Ω). (42)

Finally we require the inequality

G(ρ) ≥ −c0‖Ψ‖2q
L2q(Ω) − c1. (43)

This is a consequence of the growth condition (A2) ong which yields

G(ρ) ≥ −c2

∥

∥

∥

∥

N
∑

i=1

|ψi|
2

∥

∥

∥

∥

q

Lq(Ω)
− c1 (44)

and a direct estimate of the norm in Eqn. (44).

With the help of Eqn. (42) and Eqn. (43) we end up with

E(Ψ,R) ≥
1

2

(

1 −
2C0

CS

)

‖∇Ψ‖2
L2(Ω) + C0‖Ψ‖3

L3(Ω) − c0‖Ψ‖2q
L2q(Ω) − C‖Ψ‖2

L2(Ω) − c1.

(45)
Choosing0 < 2C0 < CS, we find that‖Ψ‖3

L3(Ω) grows faster than‖Ψ‖2q
L2q(Ω) as2q < 3

by (A3), and‖Ψ‖2
L2(Ω). This ensuresE(Ψ) → +∞ as‖Ψ‖(H1

0
(Ω))N → +∞. This is the

12
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coercivity ofE in the weak topology of(H1
0 (Ω))N . From Lemma1, asX is closed in the

weak topology of(H1
0 (Ω))N , it follows thatE is coercive in the weak topology ofX. 2

Theorem 4 Let (A1)-(A3) hold and letS < 4. ThenE possesses a minimizer inX.

Proof. This is an immediate consequence of Lemma2 and3 and the fundamental theo-
rem of the calculus of variations, see, e. g.,Dal Maso(1993); Struwe(1990). 2

The exchange and correlation functionals under LDA approximation satisfy the growth
condition (A2) with q = 4/3. Hence, the results of this section apply for the energy
functional associated with KS-DFT. Theorem4 establishes forS ≤ 3 the existence of
a self-consistent solution to the eigenvalue problem (Eqn.(35)), which determines the
ground-state properties of a materials system.

3.3 Convergence of the finite-element approximation

Next we prove the convergence of finite-element approximation. We do so in two steps,
first establishing theΓ-convergence of the restricted functional (Theorem6), then its equi-
coercivity (Lemma7). The main result is Theorem8. By Pk we denote the ring of poly-
nomials of non-negative degree less than or equal tok for some fixedk ≥ 1. Let Th be
a family of triangulations ofΩ of decreasing mesh sizeh > 0, and letXh be the corre-
sponding sequence of subspaces ofX consisting of functions whose restriction to every
cell in Th is a polynomial, i. e.,

Xh =
{

Ψ̃ ∈ (H1
0 (Ω))N

∣

∣

∣

∣

〈ψ̃i, ψ̃j〉(L2(Ω),L2(Ω)) = δij , i, j = 1, 2, . . . , N, ψ̃i|T ∈ Pk for T ∈ Th

}

.

Similarly, let

X1h
=
{

φ̃ ∈ H1
0 (Ω)

∣

∣

∣

∣

φ̃|T ∈ Pk for T ∈ Th

}

(46)

be the corresponding family of subspacesX1h
for the electrostatic problem. It follows

from standard approximation theory that the sequence of spacesXh andX1h
become

more and more dense inX andH1
0 (Ω) ash decreases. We define a sequence of discrete

energy functionals

Eh(Ψ,R) =







1
2
‖∇Ψ‖2

L2(Ω) +G(ρ) + Jh(ρ,R), if Ψ ∈ Xh,

+∞, otherwise;

where

Jh(ρ,R)=− min
φ∈H1

0
(Ω)
Ih(φ, ρ,R),

and

13
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Ih(φ, ρ,R)=







I(φ, ρ,R) if φ ∈ X1h
, Ψ ∈ Xh,

+∞, otherwise,

where

I(φ, ρ,R) =
1

CS

∫

Ω
|∇φ(x)|2dx −

∫

Ω
(ρ(x) + b(x,R))φ(x,R) dx. (47)

The following remark, seeGavini et al.(2007b), is needed before proceeding to the proof
of Γ−convergence of the finite-element approximation.

Remark 5 If (Ψh)h ⊂ (Xh) is a sequence such thatρh → ρ in L2(Ω), then

limh→0 Jh(ρh) = J(ρ)

Theorem 6 Let (A1), (A2) hold and letS < 4. ThenEh → E (in theΓ-sense) in the weak
topology ofX.

Proof. To establish theΓ−convergence of the sequence of energy functionals we must
establish thelim-inf inequality and construct a recovery sequence.

We first show thelim-inf inequality. Consider a sequence(Ψh)h>0 such thatΨh ⇀ Ψ in
X ashց 0. We only have to discuss the case that there exists a subsequence(Ψhk

)k with
Ψhk

∈ Xhk
for everyk ∈ N. Otherwise thelim-inf inequality holds trivially,

+ ∞ = lim inf
k→∞

Ehk
(Ψhk

,R) ≥ E(Ψ,R). (48)

By (A1), (A2) and sinceS < 4, it follows as in the proof of Lemma2 thatρhk
→ ρ in

Lmax{2,q}(Ω) for k → ∞. As Eh(Ψ,R) ≥ 1
2
‖∇Ψ‖2

L2(Ω) +G(ρ) + Jh(ρ,R), we find

lim inf
k→∞

Ehk
(Ψhk

,R) ≥ lim inf
k→∞

{

1

2
‖∇ Ψhk

‖2
L2(Ω) +G(ρhk

) + Jhk
(ρhk

,R)
}

. (49)

From the compact embeddings ofX into L2(Ω) andLq(Ω), Remark5 which establishes
the continuity of the discrete electrostatic problem inL2(Ω), the continuity ofG in Lq(Ω)
from (c), and the lower semi-continuity of‖∇Ψh‖

2
L2(Ω) in the weak topology ofX from

(d), it follows that
lim inf
k→∞

Ehk
(Ψhk

,R) ≥ E(Ψ,R). (50)

This establishes thelim-inf inequality.

The construction of a recovery sequence is trivial from the density of the finite-element
approximation spaces inH1(Ω): Let (Ψh)h>0 be a sequence constructed from the interpo-
lation functions of successive triangulations such thatΨh → Ψ in X. From the continuity
of individual terms of the energy functional, including thediscrete electrostatic interac-
tion energy from Remark5, we havelimh→0 Eh(Ψh,R) = E(Ψ,R). Hence we conclude
Eh → E in the weak topology ofX. 2

14
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Lemma 7 Let the assumptions (A2), (A3) hold. Then the family(Eh)h>0 is equi-coercive
in the weak topology ofX.

Proof. If Ψ /∈ Xh, thenEh(Ψ,R) = +∞. If Ψ ∈ Xh, thenEh(Ψ,R) = 1
2
‖∇Ψ‖2

L2(Ω) +
G(ρ) + Jh(ρ,R). Also, as the finite-element subspacesXh andX1h

are constructed from
a single triangulation, this allows us to use each componentof Ψ ∈ Xh as a trial function
in the electrostatic problem as demonstrated in Lemma3 and Eqn. (42). Consequently,
we arrive at the inequality

Jh(ρ) ≥ C0‖Ψ‖3
L3(Ω) −

C0

CS
‖∇Ψ‖2

L2(Ω) − C‖Ψ‖2
L2(Ω) (51)

for arbitraryC0 > 0. Using the growth results forG, we have uniformly inh

Eh(Ψ) ≥
1

2

(

1 −
2C0

CS

)

‖∇Ψ‖2
L2(Ω)+C0‖Ψ‖3

L3(Ω)−c0‖Ψ‖2q
L2q(Ω)−C‖Ψ‖2

L2(Ω)−c1. (52)

Choosing0 < 2C0 < CS and since2q < 3, the expression on the right hand side is a
coercive function independent ofh in the weak topology ofX. Thus it follows thatEh is
equi-coercive in the weak topology ofX. 2

Theorem 8 Let the hypotheses (A1)-(A3) hold and letS < 4. Then

lim
h→0

inf
X

Eh = min
X

E .

Proof. This result follows from Theorem6, Lemma7andDal Maso(1993, Theorem 7.8). 2

Remark 9 Theorem8 establishes rigorously the convergence of the ground stateenergy
of a system computed with a finite-element approximation. Additionally, if the ground
state is not degenerate, the convergence of the ground-state electron density inH1

0 (Ω)
follows.

3.4 Convergence of the finite-element approximation with numerical quadratures

An efficient implementation of the integrals in the functional requires a further approxi-
mation by numerical quadratures. In this section, we prove the convergence of the finite-
element approximation with numerical quadratures. We do soby combining ideas intro-
duced in the previous section with well-known estimates of quadrature errors (Ciarlet
(2002)).

Let I =
∫

Ω f(x) dx and if Ĩ denotes an-th order quadrature ofI, the error associated
with the numerical quadrature satisfies a bound of the type

|Ĩ − I| ≤ Cn+1
Ω

∫

Ω
|Dn+1f(x)| dx, (53)

15
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whereCΩ is a Poincare-type constant related to the size of the domain. Let the degree
of the polynomial used in the finite-element interpolation be k and identifyh with the
maximum element size in the mesh. We define the energy functional where all integrations
are performed with numerical quadrature rules (withQ{E} ≡ Ẽ being the quadrature of
E) as

Ẽh(Ψ,R) =







Q{1
2
‖∇Ψ‖2

L2(Ω)} + G̃(ρ) + J̃h(ρ,R), if Ψ ∈ Xh,

+∞, otherwise.
(54)

Here

J̃h(ρ,R)=− min
φ∈H1

0
(Ω)
Ĩh(φ, ρ,R),

and

Ĩh(φ, ρ,R)=







Ĩ(φ, ρ,R) = Q{I(φ, ρ,R)}, if φ ∈ X1h
, Ψ ∈ Xh,

+∞, otherwise,

The error in the energy functional introduced by the numerical quadrature satisfies the
estimate

|Ẽh(Ψ,R) − Eh(Ψ,R)| ≤Chn+1
∑

i

∫

ei

∣

∣

∣

∣

Dn+1
[ N
∑

j=1

|∇ψj(x)|2 + g(ρ)
]∣

∣

∣

∣

dx

+|J̃h(ρ,R) − Jh(ρ,R)|,

whereei denotes thei-th element in the finite-element mesh. ForΨ ∈ Xh, |∇ψj(x)| is a
polynomial function of degree2(k − 1) for j = 1, 2, . . . , N . Thus, ifn − 2(k − 1) ≥ 0,
thenDn+1[

∑N
j=1 |∇ψj |

2] = 0. An application of the inverse inequality (Ciarlet (2002))
then gives the alternative estimate

|Ẽh(Ψ,R)−Eh(Ψ,R)| ≤Ch
∑

i

∫

ei

N
∑

j=1

|2g′(ρ)ψj(x)∇ψj(x)| dx + |J̃h(ρ,R)−Jh(ρ,R)|

≤Ch‖4(g′(ρ))2ρ‖
1/2
L1(Ω)‖∇Ψ‖L2(Ω) + |J̃h(ρ,R)−Jh(ρ,R)|. (55)

Remark 10 If (Ψh)h ⊂ (Xh) is a sequence such thatΨh ⇀ Ψ in X for h ց 0, if
n− 2k + 3 > 0 andS < 4, thenlimh→0 infH1

0
(Ω) Ĩh(·, ρh,R) = minH1

0
(Ω) I(·, ρ,R), i. e.,

limh→0 J̃h(ρh,R) = J(ρ,R) (Gavini et al.(2007b)).

We denote by hypothesis (H) the following three assumptions:

(H.i) If (Ψh)h ⊂ (Xh) with Ψh ⇀ Ψ in X, then‖(g′(ρh))2ρh‖
1/2
L1(Ω) is bounded indepen-

dently ofh.
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(H.ii) S < 4.

(H.iii) n− 2k + 3 > 0.

Remark 11 If hypotheses (H) hold, then it follows from Eqn. (55), Remark5 and Remark
10 that limh→0{Ẽh(Ψh,R) − Eh(Ψh,R)} = 0.

We now turn to the convergence of finite-element approximations with numerical quadra-
tures.

Theorem 12 Let (A1), (A2) and (H) hold. TheñEh Γ-converges toE ash → 0 in the
weak topology ofX.

Proof. Let (Ψh)h be a sequence such thatΨh ⇀ Ψ. Without loss of generality we may
assume the existence of a subsequence(Ψhk

)k ⊂ (Ψh)h with Ψhk
∈ Xhk

for everyk, as
otherwise it trivially holds

+ ∞ = lim inf
k→∞

Ẽhk
(Ψhk

,R) ≥ E(Ψ,R). (56)

We observe

lim inf
k→∞

Ẽhk
(Ψhk

,R) ≥ lim inf
k→∞

Ehk
(Ψhk

,R) + lim inf
k→∞

(Ẽhk
− Ehk

)(Ψhk
,R). (57)

It follows from Remark10 that limk→∞(Ẽhk
− Ehk

)(Ψhk
,R) = 0. Consequently, from

Theorem6
lim inf
k→∞

Ẽhk
(Ψhk

,R) ≥ lim inf
k→∞

Ehk
(Ψhk

,R) ≥ E(Ψ,R). (58)

This establishes thelim-inf inequality.

The construction of a recovery sequence is again trivial from the density of the finite-
element approximation spaces inH1(Ω). Let (Ψh)h>0 be a sequence constructed from
the interpolation functions of successive triangulationssuch thatΨh → Ψ in X. From
Eqn. (55) we have

lim
h→0

Ẽh(Ψh,R) = lim
h→0

Eh(Ψh,R) = E(Ψ,R). (59)

Hence, we concludẽEh → E in the weak topology ofX. 2

Lemma 13 If (A3) and (H) hold, then the energy functionalẼh obtained by numerical
quadrature is equi-coercive in the weak topology ofX.

Proof. We observe from Eqn. (45) that if Ψ ∈ Xh,

Eh(Ψ,R) ≥
1

2

(

1 −
2C0

CS

)

‖∇Ψ‖2
L2(Ω) + C0‖Ψ‖3

L3(Ω) − c0‖Ψ‖2q
L2q(Ω) − C‖Ψ‖2

L2(Ω) − c1.

Since2q < 3, there exist positive constantsC1, C2 andC3 such that

Eh(Ψ,R) ≥ C1‖∇Ψ‖2
L2(Ω) + C2‖Ψ‖2

L2(Ω) − C3. (60)
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This implies

Ẽh(Ψ,R) ≥ C1‖∇Ψ‖2
L2(Ω) + C2‖Ψ‖2

L2(Ω) − C3 − Ch‖Ψ‖L2(Ω)‖∇Ψ‖L2(Ω).

So there exists a boundh > 0 such that for allh < h

Eh(Ψ,R) ≥ K0‖∇Ψ‖2
L2(Ω) +K1‖Ψ‖2

L2(Ω) −K2, (61)

whereK0, K1, andK2 are positive constants independent ofh. From this inequality it
follows thatẼh is equi-coercive in the weak topology ofX. 2

Theorem 14 Let (A1)-(A3) and (H) hold. Thenlimh→0 infX Ẽh = minX E .

Proof. This result follows again from Theorem12, Lemma13, andDal Maso(1993,
Theorem 7.8). 2

For the LDA approximation of exchange-correlation functionals, hypothesis (A1)-(A3)
hold with q = 4/3. Also if S ≤ 3, it is straightforward to check that (H.i) holds. Choos-
ing appropriate quadrature rules which satisfyn − 2k + 3 > 0, the convergence of the
self-consistent eigenvalue problem of KS-DFT using a finite-element approximation with
numerical quadratures is established.

3.5 Pseudopotential approximation

The tightly bound core electrons are chemically inactive and hence have a negligible
contribution towards determining physical properties such as binding energies and bond
lengths. The core states are localized in the vicinity of thenucleus leading to oscillations
of the valence wavefunctions in this region due to the orthogonality requirement. Regard-
less of the basis set used, a large number of basis functions is needed to capture these os-
cillations. This difficulty may be overcome by recourse to the pseudopotential approxima-
tion (Pickett(1989)) in which the all-electron potentialVext(x,R) in Eqn. (29) is replaced
by an effective potentialV PS

ext (x,R) (or equivalently the energyEext(ρ,R) in Eqn. (22)
with an effective energyEPS

ext(ρ,R)) and the core (non-valence) electrons are eliminated.
The idea is that these effective potentials describe the effect of the core electrons ade-
quately and represent the valence electrons by means of nodeless pseudo-wavefunctions.
This approximation enables the solution of much larger systems than could otherwise be
analyzed.

Based on their spatial dependence, pseudopotentials can bebroadly classified as local and
non-local. The non-local pseudopotentials, which includenorm conserving (Bachelet et al.
(1982); Rappe et al.(1990); Troullier and Martins(1991)) and ultrasoft pseudopotentials
(Vanderbilt(1990)), are angular momentum dependent and are designed to accurately re-
produce the scattering properties of the all-electron potential, thereby ensuring greater
accuracy and transferability. They are usually employed inthe Kleinman-Bylander form
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(Kleinman and Bylander(1982)), which is less computationally expensive than the origi-
nal semi-local form. In the sequel, we prove the existence ofminimizers and convergence
of the finite-element approximation with numerical quadratures for local as well as for
non-local pseudopotential approximations.

3.5.1 Local pseudopotential

A local pseudopotential is an explicit functionV PS
ext (x,R) with ‖V PS

ext ‖L∞ ≤ C. The local
pseudopotential approximation can then be incorporated into our variational formulation
by replacingb(x,R) with bPS(x,R) = − 2

CS
∇2V PS

ext (x,R). Consequently, all the results
presented in the previous sections are applicable and henceexistence of a minimum and
convergence of the finite-element approximation with numerical quadratures follow.

3.5.2 Non-local pseudopotential

A non-local pseudopotential is an operator on the wavefunction ψ. In the Kleinman-
Bylander form it is expressed forJ ∈ {1, 2, . . . ,M} as

V J
ion(x,RJ)ψ(x) = V J

loc(x,RJ)ψ(x) +
∑

lm

CJ
lmu

J
lm(x,RJ)∆V

J
l (x,RJ), (62)

where

∆V J
l (x,RJ) =V J

l (x,RJ) − V J
loc(x,RJ) , (63)

CJ
lm =

∫

Ω u
J
lm(x,RJ)∆V

J
l (x,RJ)ψ(x) dx

∫

Ω u
J
lm(x,RJ)∆V J

l (x,RJ)uJlm(x,RJ) dx
. (64)

V J
l (x,RJ) is the ionic pseudopotential component corresponding to the azimuthal quan-

tum numberl, V J
loc(x,RJ) is the local ionic potential anduJlm(x,RJ) represents the

pseudo-wavefunction for the valence states of interest, all for a single atom. The su-
perscriptJ is for the atom number and the subscriptm denotes the magnetic quantum
number. Therefore

V PS
ext (x,R)ψ(x) =

M
∑

J=1

V J
loc(x,RJ)ψ(x) +

M
∑

J=1

∑

lm

CJ
lmu

J
lm(x,RJ)∆V

J
l (x,RJ). (65)

Let us redefineVext(x,R) =
∑M
J=1 V

J
loc(x,RJ), for which we can obtain the correspond-

ing b(x,R). The energy functional for the pseudopotential can therefore be written as

EPS(Ψ,R) = E(Ψ,R) + K(Ψ,R) , (66)

where
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K(Ψ,R)=
Nv
∑

i=1

M
∑

J=1

∑

lm

1

GJ
lm

∣

∣

∣

∣

∫

Ω
f(x,RJ)ψi(x) dx

∣

∣

∣

∣

2

, (67)

f(x,RJ) =uJlm(x,RJ)∆V
J
l (x,RJ) , (68)

GJ
lm =

∫

Ω
uJlm(x,RJ)∆V

J
l (x,RJ)u

J
lm(x,RJ) dx. (69)

Nv is the total number of electrons after the pseudopotential approximation, i. e., valence
electrons.

We make the assumption thatf ∈ H1
0 (Ω) andV J

loc ∈ L∞(Ω). SinceV J
loc is in princi-

ple arbitrary, it can be always chosen such thatGJ
lm 6= 0. We also note the following

properties:

(B1) The functionalK is continuous inL2(Ω).
This property can be directly verified using Hölder’s inequality.

(B2) K ≥ −C1‖Ψ‖2
L2(Ω), whereC1 is a constant dependent onf ,GJ

lm.
This inequality can immediately be obtained using Hölder’sinequality.

Theorem 15 Let (A1)-(A3) hold and letS < 4. ThenEPS(Ψ,R) possesses a minimizer
in X.

Proof. The lower semi-continuity ofEPS(Ψ,R) in the weak topology ofX follows from
Lemma2 and (B1). From Lemma3 and (B2) it is clear thatEPS(Ψ,R) is coercive in
the weak topology ofX. Therefore from the fundamental theorem of the calculus of
variations, see, e. g.,Dal Maso(1993), EPS(Ψ,R) has a minimizer inX. 2

Theorem 16 Let the hypotheses (A1)-(A3) hold and letS < 4. Then

lim
h→0

inf
X

EPSh = min
X

EPS.

Proof. Using the procedure outlined in Theorem6 along with (B1) givesEPSh → EPS (in
theΓ-sense). The equi-coercivity of(EPSh )h>0 follows from Lemma7 and (B2). Hence
limh→0 infX EPSh = minX EPS (Dal Maso(1993, Theorem 7.8)). 2

Theorem 17 Let (A1)-(A3) and (H) hold. Thenlimh→0 infX ẼPSh = minX EPS.

Proof. ConsiderI =
∫

Ω f1(x)f2(x) dx for f1, f2 ∈ H1
0 (Ω). The error due to numerical

quadrature is

|I − Ĩ| ≤C0h
n+1

∑

i

∫

ei

Dn+1(f1f2) dx

≤Ch
[

‖∇f1‖L2(Ω)‖f2‖L2(Ω) + ‖f1‖L2(Ω)‖∇f2‖L2(Ω)

]

. (70)

The last inequality is obtained by using the inverse inequality (Ciarlet(2002)) and Hölder’s
inequality. Therefore we havelimh→0{I − Ĩ} = 0. Hence it follows from Remark11 that
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limh→0{Ẽ
PS
h (Ψh,R)−EPSh (Ψh,R)} = 0. Adopting the same procedure as in Theorem12

we obtainẼPSh → EPS (in theΓ-sense). Using (B2) in Lemma13gives the equi-coercivity
of ẼPSh in the weak topology ofX. FromDal Maso(1993, Theorem 7.8)limh→0 infX ẼPSh
= minX EPS. 2

In this entire section, for notational simplicity we have not incorporated spin polariza-
tion into our analysis. Note however that this simplification has no bearing on the anal-
ysis/results presented here. In particular, it is clear that even with spin polarization, the
required growth condition given by (A2) still holds, ensuring that all the results are appli-
cable.

4 Numerical implementation

We now turn to the numerical implementation of the variational formulation described
in Section2. The variational problem (Eqn. (20)) is discretized using the finite-element
interpolation scheme

ψiσ(x) =
Nh
∑

j=1

ψjiσNj(x) , (71)

φ(x)=
Nh
∑

j=1

φjNj(x) (72)

to obtain

Nh
∑

j=1

[∫

Ω

(

1

2
∇Nj(x)∇Nk(x) + V σ

h,eff(x,R)Nj(x)Nk(x)
)

dx
]

ψjiσ

=
Nσ
∑

q=1

Nh
∑

j=1

λσiqψ
j
qσ

∫

Ω
Nj(x)Nk(x) dx , (73)

Nh
∑

j=1

[

1

4π

∫

Ω
∇Nk(x)∇Nj(x) dx

]

φj =
∫

Ω
(ρh(x) + b(x,R))Nk(x) dx , (74)

Nh
∑

s=1

Nh
∑

r=1

[∫

Ω
Nr(x)Ns(x) dx

]

ψrmσψ
s
nσ = δmn , (75)

where(Nk)1≤k≤Nh
are the basis functions ofXh, the Lagrange multipliersλσiq are used

to enforce the constraints (Eqn.21), V σ
h,eff , ρh denote the discretizedV σ

eff , ρ respectively,
σ ∈ {α, β} andi,m, n = 1, 2, . . . , Nσ. In solving the nonlinear system of Eqns. (73), (74)
and (75), the Newton-Raphson method suggests itself as a means of achieving quadratic
convergence in the vicinity of the solution. However, the Newton-Raphson algorithm is
only conditionally convergent and great care must be exercised to ensure that the initial
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guess lies within the radius of convergence of the solution.In addition, the quadratic
convergence rate is only asymptotic and the method may exhibit slow convergence during
the early stages of iteration. In view of these limitations of the Newton-Raphson method,
an iterative solution scheme based on the equivalent generalized nonlinear eigenvalue
problem

A
σΨ̃σ = ǫMΨ̃σ, σ ∈ {α, β} (76)

may be advantageous early on in the iteration. Here,

A
σ
ij =

1

2

∫

Ω
∇Ni(x)∇Nj(x) dx +

∫

Ω
V σ

h,eff(x,R)Ni(x)Nj(x) dx , (77)

Mij =
∫

Ω
Ni(x)Nj(x) dx, (78)

andΨ̃ is a vector of the nodal values of the wavefunction. Evidently, Eqn. (76) needs to be
solved self-consistently with Eqn. (74). In general, a large numbers of finite-element basis
functions per atom is required for accuracy and convergence(Pask and Sterne(2005)),
thus rendering the SCF method computationally expensive since it now entails the re-
peated solution of large systems of linear equations.

Keeping the above discussion in mind, we employ the following methodology. Since we
expect the electron density to decay much more rapidly than the electrostatic potential,
the wavefunctions are solved on a smaller domainΩΨ ⊂ Ω. We employ zero Dirichlet
boundary conditions for both the wavefunctions and the electrostatic potential on their
respective domains. We first construct a coarse Delaunay triangulationT0 of the domain
Ω, with the nodes positioned at a coarsening rate ofr6/5 away from the nuclei, which
is optimal for capturing the1/r decay with linear interpolation. Such a triangulation has
high resolution inΩψ and coarsens away rapidly inΩ \ Ωψ, cf. Fig. 1 for a single-atom
example. In addition, all nuclei are located on nodes of thistriangulation.

A solution procedure that combines the best attributes of the Newton-Raphson and the
SCF methods may be devised as follows. We start by solving Eqns. (74) and (76) using the
SCF method onT0. Specifically, we employ the implicitly restarted Lanczos method (Saad
(1992)) for solving the linear eigenvalue problem and the conjugate gradient algorithm for
the linear solver. We rewrite Eqn. (76) as

(Aσ − ηM)−1
MΨ̃σ = ǫ̂Ψ̃σ , (79)

whereη is the shift parameter and̂ǫ = 1
ǫ−η

. By choosing an appropriate value forη, we
magnify the part of the eigenvalue spectrum of interest, thereby significantly increasing
the rate of convergence of the eigenvalue solver without incurring any additional cost.
Also, sinceT0 is very coarse, the computational expense involved for thisstep is min-
imal. Next, we apply Freudenthal’s tetrahedron subdivision algorithm (Bey and Aachen
(2000)) to T0 to obtain a finer triangulationT1 (Fig. 2) that is an uniform subdivision of
T0. The preliminary solution obtained onT0 is transferred toT1 using the shape func-
tions onT0. This transferred solution serves as a starting guess for the solution of Eqns.

22



Suryanarayana, Gavini, Blesgen, Bhattacharya & Ortiz 23

(73), (74) and (75), simultaneously using Newton’s method with Goldstein-Armijo line-
searches (Dennis and Schnabel(1996)). For the associated linear solver we use the Gen-
eralized Minimal Residual method (GMRES,Saad and Schultz(1986)) while retaining
the option of switching to either the Bi-Conjugate GradientStable method (Bi-CGSTAB,
van der Vorst(1992)) or Transpose-Free Quasi-Minimal Residual method (TFQMR, Freund
(1993)). Since the Hessian information is required only through its product with a vec-
tor, we evaluate it by using directional derivative quotients. This approach is significantly
faster than evaluating the exact Hessian. However, we also use the exact Hessian when
required. The quality of the initial guess obtained by the procedure just described starts
the Newton-Raphson iteration well within the radius of convergence, thereby ensuring
convergence within exceedingly tight tolerances at a quadratic rate in no more than6 or 7
iterations.

Fig. 1. Mesh of a sliced cubical domain corresponding to the triangulationT0.
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Fig. 2. Mesh of a sliced cubical domain corresponding to the triangulationT1.

The equilibrium position of the nuclei, defining an equilibrium configuration of the sys-
tem, are computed using conjugate gradients with secant line search. The relevant forces
to be equilibrated are derived in AppendixA. As the nuclei move, the triangulations must
be updated. We do so simply by convecting the meshes according to the displacement
field defined by the triangulationT0 on which the nuclei are located. The quality of these
convected meshes is monitored throughout the calculations, and a complete remeshing
is performed if the mesh quality falls below a prespecified tolerance. Each force update
following a displacement of the nuclei requires the re-evaluation of the electrostatic po-
tential and wavefunctions within an internal loop. In orderto expedite this re-evaluation,
we start from the initial electrostatic potential and wavefunctions that are convected from
the previous configuration.

In order to verify convergence with respect to mesh size, we repeat the calculations on
increasingly finer triangulations{Tn} obtained by successive uniform subdivisions. The
solution on the parent triangulation is used as a starting guess on the finer triangulation,
which ensures rapid convergence. This process is repeated until convergence is achieved
to within a prespecified tolerance. The recursive nature of the calculations is advanta-
geous with respect to solution schemes that require a complete restart every time the
discretization is modified, e. g., plane wave basis calculations in which convergence has
to be verified with respect to the energy cut-off and number ofk-points sampled.

Finally, the formulation is implemented in parallel simplyby recourse to domain decom-
position. Owing to the local character of the majority of thecalculations, domain decom-
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position may be expected to scale near-optimally. This expectation is indeed born out by
numerical tests, cf. Section5.4.

5 Examples and results

5.1 ‘All-electron’ calculations

5.1.1 Atoms

The first set of examples considered are atoms of helium, lithium, carbon, nitrogen and
oxygen. The triangulationT0 generated for these atoms, which has roughly300 nodes,
is depicted in Fig1. The convergence of the ground state energy of the helium atom on
increasing the subdivision number (i. e., number of applications of the subdivision al-
gorithm) is shown in Fig3. It is clear that there is rapid convergence of the energy on
decreasing the mesh size. This is representative of the other examples. Table1 shows that
we reproduce the ground state energies obtained by the highly accurate calculations of
Kotochigova et al.(1997). The deviation from experiment reflects the well-known defi-
ciencies of LSDA.
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Fig. 3. Energy of the helium atom as a function of the number ofuniform subdivisions of triangu-
lationT0.
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Table 1
Ground state energies of selected atoms (a.u)

Element KS-DFT-FE KS-LSDA KS-LSDA Experiments

(This work) (Kotochigova et al.(1997)) (Perdew and Zunger(1981)) (Veillard and Clementi(1968

He -2.833 -2.834 -2.833 -2.904

Li -7.340 -7.343 -7.343 -7.478

C -37.460 -37.470 -37.466 -37.844

N -54.125 -54.136 -54.129 -54.587

O -74.518 -74.527 -74.521 -75.063

5.1.2 Molecules

The next set of examples are nitrogen (N2) and carbon monoxide (CO) molecules. Tables
2 and3 show that the binding energy and bond length that we obtain are in very good
agreement with values in literature computed using plane waves (Engel et al.(2001)).
Again, it is well known that LSDA predicts over-binding, i. e., higher binding energies and
smaller bond lengths compared to experiments. The occupiedvalence molecular orbitals
of CO can be seen in Fig.4.

Table 2
Binding energy and bond length of N2

Property KS-DFT-FE KS-LSDA OFDFT-FE Experiments

(This work) (Engel et al.(2001)) (Gavini et al.(2007b)) (Huber(1972))

Binding energy (eV) -11.6 -11.593 -11.9 -9.81

Bond length (a.u.) 2.06 2.068 2.7 2.07

Table 3
Binding energy and bond length of CO

Property KS-DFT-FE KS-LSDA OFDFT-FE Experiments

(This work) (Engel et al.(2001)) (Gavini et al.(2007b)) (Huber(1972))

Binding energy (eV) -13.03 -12.967 -12.6 -11.2

Bond length (a.u.) 2.08 2.128 2.75 2.13
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Fig. 4. Occupied valence molecular orbitals of CO.

5.2 Pseudopotential approximation (local)

In this section we present the results obtained using the smooth local ‘Evanescent Core’
pseudopotential (Fiolhais et al.(1995)). This pseudopotential has the form

V I
ion(x,RI) = −

Z

Rc

{

1

y
(1 − (1 + βy)e−αy) − Ae−y

}

, (80)

whereZ is the number of valence electrons andy = |x − RI |/Rc. The core decay
lengthRc andα ≥ 0 are element-dependent constants whose values can be obtained
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from Fiolhais et al.(1995). The relations used to evaluateβ andA are

β =
α3 − 2α

4(α2 − 1)
, A =

1

2
α2 − αβ. (81)

The pseudopotential approximation is first used to calculate the pseudo-atom energy of
lithium, sodium and magnesium. From Table4, it is clear that we are able to replicate
the results obtained byNogueira et al.(1996). These pseudo-atom energies are further
utilized to evaluate the binding energy and bond length of their respective dimers. As
is evident from Table5, the results obtained are in reasonable agreement with previous
calculations (Nogueira et al.(1996)).

Table 4
Pseudo-atom energy (eV) using the ‘Evanescent Core’ pseudopotential

Metal KS-DFT-FE (This work) Nogueira et al.(1996)

Li -5.97 -5.97

Na -5.21 -5.21

Mg -23.05 -23.06

Table 5
Binding energy and bond length for selected metal dimers using ‘Evanescent Core’ pseudopoten-
tial

Dimer Property KS-DFT-FE (This work) Nogueira et al.(1996)

Li2 Binding energy (eV) -0.49 -0.52

Bond length (a.u) 4.86 4.92

Na2 Binding energy (eV) -0.35 -0.46

Bond length (a.u) 5.72 5.77

Mg2 Binding energy (eV) -0.06 -0.04

Bond length (a.u) 7.12 7.18

Next, we study the properties of some sodium clusters, in particular1 × 1 × 1, 2 × 2 × 2
and 3 × 3 × 3 Body Centered Cubic (BCC) unit cells. A representative triangulation
T0 used for2 × 2 × 2 BCC unit cells and its close-up view is shown in Figs.5 and
6, respectively. We calculate the binding energy per atom andlattice constant for these
clusters by computing the energy for various lattice distances and subsequently fitting the
data to a cubic polynomial to obtain the point of minimum. Theresults so obtained are
presented in Table6. Also, the contours of electron density on the mid-plane andquarter-
plane of2 × 2 × 2 BCC unit cells are shown in Figs.7 and8, respectively.
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Fig. 5. The triangulationT0 used for2 × 2 × 2 BCC unit cells.

Fig. 6. Close up of the triangulationT0 used for2 × 2 × 2 BCC unit cells.

Table 6
Binding energy per atom and lattice constant of sodium BCC unit cells

Property 1×1×1 2×2×2 3×3×3

Binding energy/atom (eV) -0.54 -0.70 -0.81

Lattice constant (a.u.) 7.20 7.55 7.75
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Fig. 7. Contours of electron density on the mid-plane of a sodium cluster with 2×2×2 BCC unit
cells.

Fig. 8. Contours of electron density on the quarter-plane ofa sodium cluster with 2×2×2 BCC
unit cells.
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5.3 Pseudopotential approximation (non-local)

Norm-conserving pseudopotentials are attractive becauseof their accuracy, transferability
and availability for all elements in the periodic table. Here, we look at the results obtained
using the Troullier-Martins (TM) pseudopotential (Troullier and Martins(1991)) imple-
mented in the Kleinman-Bylander form.

The radial component of the TM pseudo-wavefunction for an atom located atRI is given
by

wl(r) =







wAEl (r) , r ≥ rc ,

rl exp[p(r)] , r ≤ rc ,
(82)

and the angular momentum dependent pseudopotential component has the form

Vl(r) =







V AE(r) , r ≥ rc ,

ǫl +
l+1
r

p
′
(r)
2

+ p
′′
(r)+(p

′
(r))2

2
, r ≤ rc.

(83)

The superscriptAE stands for ‘all-electron’ calculation,ǫl represents the valence eigen-
values,r = |x − RI | and rc is the core radius. The coefficients of the polynomial
p(r) = c0 + c2r

2 + c4r
4 + c6r

6 + c8r
8 + c10r

10 + c12r
12 are determined by norm conser-

vation, continuity of the pseudo-wavefunction and its firstfour derivatives and the zero
curvature of the pseudopotential at the origin.

In Tables7, 8 we list the binding energy, bond length of B2 and C2 obtained using the TM
pseudopotential and compare them with previous such studies (Engel et al.(2001)). The
agreement is good, thereby validating the accuracy of our finite-element implementation.

Table 7
Binding energy and bond length of B2

Property KS-DFT-FE (This work) Engel et al.(2001)

Binding energy (eV) -3.74 -3.79

Bond length (a.u.) 3.00 3.02

Table 8
Binding energy and bond length of C2

Property KS-DFT-FE (This work) Engel et al.(2001)

Binding energy (eV) -6.86 -6.92

Bond length (a.u.) 2.35 2.35
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5.4 Performance of the numerical method

This section is devoted to the assessment of the numerical performance of the implemen-
tation, specifically regarding the convergence rate with mesh size, scaling of the execution
time with problem size and parallel scalability. We begin byassessing the rate of conver-
gence of the finite-element method with decreasing mesh size. From Fig.9, which depicts
the normalized energy-error as a function of mesh size, we obtain |Eh−E0| ∝ h1.9, where
E0 is the converged value of the energy obtained by fitting the data toE = E0 +Chn. This
analysis thus shows that the energy converges quadratically, which is the expected rate of
convergence for linear interpolation (Ciarlet(2002)).
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Fig. 9. Convergence rate of the finite-element method.

Fig. 10 collects execution times as a function of the number of nodesin the triangulation
for two selected examples. As is evident from the figure, the execution time scales linearly,
orO(N), asymptotically with the sizeN of the problem. This scaling is expected, since
the complexity of the solution procedure is dominated by thecomplexity of the solution of
a banded system of equations, which isO(N) when the system bandwidth is independent
of N . This latter property is typical of finite-elements, for which the system bandwidth is
determined by the number of nearest neighbors of a typical node. Thus, our formulation
achieves linear, orO(N), scaling with respect to the number of nodes in the triangulation
for a fixed number of electrons.
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Fig. 10. Scaling of computational time with number of nodes.

Finally, Fig. 11 illustrates the parallel efficiency of the implementation as measured by
the relative speedup with increasing number of processors on a fixed problem of constant
size. As is evident from the figure, the scaling is roughly linear. However, as the number
of processors increases, the parallel efficiency correspondingly decreases owing to the ad-
ditional communication required between them. Thus, the relative speedup corresponding
to a 16-fold increase in the number of processors is of the order of 10.25. This speed-up
factor translates into an efficiency of about 0.65, which is in the ballpark expected of
domain decomposition applied to medium-size problems.
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Fig. 11. Relative speedup as a function of the number of processors.

6 Conclusions

We have developed a real-space, non-periodic finite-element formulation of KS-DFT. By
including the electrostatic potential among the unknown fields we have reformulated the
problem as a local saddle-point problem. We have shown the well-posedness of this for-
mulation for both the all-electron problem as well as the pseudopotential approximation.
In particular, we have proved the existence of solutions, and, in addition, the convergence
of finite-element approximations, including numerical quadratures, usingΓ-convergence
methods. We have also developed a parallel implementation of this formulation capable
of performing both all-electron and pseudopotential calculations. In this implementation,
the advantageous features of both the SCF and Newton’s methods have been combined
to ensure rapid convergence to the solution. The flexibilityprovided by the unstructured
nature of the finite-element method is exploited by optimally coarsening the triangula-
tion away from the nuclei and by convecting the triangulation with the atomic positions,
thereby enhancing the efficiency of the calculations without loss of accuracy. The formu-
lation has been tested through a number of examples and the accuracy of the results is in
accord with the literature. Also, various aspects of the numerical performance of the im-
plementation have been investigated, including the convergence rate of the finite-element
method and its scaling with increasing system size and number of processors. We obtain
ostensibly ideal convergence rate for the finite-element method, linear orO(N)-scaling
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with problem size and good parallel scalability.

A shortcoming of the present approach, and of low-order finite-elements in general, is the
large number of basis functions required to obtain convergence compared to other bases
such as plane waves. This deficiency can be mitigated by usinghigher-order polynomial
interpolation functions (Pask et al.(1999), Pask and Sterne(2005)) or, more generally,
other interpolation functions better tailored to the problem. Another drawback of finite-
element based formulations is the difficulty in generating efficient meshes for non-trivial
geometries of the atoms. Meshless methods, such as those based on the use ofmax-ent
shape functions (Arroyo and Ortiz(2006)), have the potential to address the preceding
concerns simultaneously and thus emerge as worthwhile subjects for future investigation.

As noted in the introduction, this work is intended as a step towards formulating a coarse-
grained formulation of KS-DFT capable of analyzing samplesof sufficient size to yield
meaningful size-independent properties of isolated lattice defects, such as vacancies and
dislocations, in concentrations representative of actualmaterial systems. Isolated lattice
defects at normal equilibrium concentrations present a unique challenge since the elec-
tronic structure of defect cores and the long-range elasticfields of the defects must be
characterized simultaneously. As in previous work concerned with OFDFT (Gavini et al.
(2007a)), we expect that this goal may effectively be achieved by recourse to the quasi-
continuum method as a means of coarse-graining the present real-space KS-DFT formu-
lation. The quasi-continuum coarse-graining of KS-DFT thus naturally suggests itself as
another worthwhile subject for future investigation.
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Appendix

A Computation of forces

For completeness, we derive the forces that determine the equilibrium nuclear configura-
tion. To do so, we assume that for any configuration of the nuclei, the variational problem
defined by

inf
Ψ∈(H1

0
(Ω))N

sup
φ∈H1

0
(Ω)

E(Ψ, φ,R) (A.1)

subject to the constraints given by Eqn. (21), has been solved. The derivation below
closely followsThoutireddy(2002); Gavini et al.(2007a). Using Lagrange multipliers
to enforce the constraints, we have

Ec(Ψ, φ,R,Λ
α,Λβ) =

∫

Ω
f(Ψ,∇Ψ) dx +

∫

Ω
(ρ(x) + b(x,R))φ(x,R) dx

−
1

8π

∫

Ω
|∇φ(x,R)|2 dx −

Nα
∑

i=1

Nα
∑

j=1

λαij

(∫

Ω
ψ∗
iα(x)ψjα(x) dx − δij

)

−
Nβ
∑

i=1

Nβ
∑

j=1

λβij

(∫

Ω
ψ∗
iβ(x)ψjβ(x) dx − δij

)

. (A.2)

In this situation, considerIh1 + Ih2 + Ih3 + Ih4 , where
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Ih1 =
∫

Ω
f(Ψ,∇Ψ) dx ,

Ih2 =
∫

Ω
(ρ(x) + b(x,R))φ(x,R) dx ,

Ih3 =−
1

8π

∫

Ω
|∇φ(x,R)|2 dx ,

Ih4 =−
Nα
∑

i=1

Nα
∑

j=1

λαij

(∫

Ω
ψ∗
iα(x)ψjα(x) dx − δij

)

−
Nβ
∑

i=1

Nβ
∑

j=1

λβij

(∫

Ω
ψ∗
iβ(x)ψjβ(x) dx − δij

)

.

Note that

Ih1 =
∫

Ω
f(Ψ,∇Ψ) dx =

∑

e∈Th

∫

Ω̂
f(Ψ,∇Ψ) det

(

∂xM
∂x̂N

)

dx̂ ,

whereΩ̂ is the reference volume in isoparametric formulation and∂xM

∂x̂N
is the Jacobian of

the transformation. Taking first variations ofI1, we obtain

δIh1 =
∑

e∈T0

∫

Ω̂







−
∑

σ

Nσ
∑

i=1

δf(Ψ,∇Ψ)

δψiσ,J





Nh
∑

a=1

ψaiσN̂a,A
∂x̂A
∂xK

(
Nh
∑

b=1

δxebKN̂b,B)
∂x̂B
∂xJ





+f(Ψ,∇Ψ)(
Nh
∑

b=1

δxebKN̂b,B)
∂x̂B
∂xK







det

(

∂xM
∂x̂N

)

dx̂

=
∑

e∈T0

∫

Ωe







−
∑

σ

Nσ
∑

i=1

δf(Ψ,∇Ψ)

δψiσ,J





Nh
∑

a=1

ψaiσNa,K



+ f(Ψ,∇Ψ)δKJ











Nh
∑

b=1

δxebKNb,J



 dx

=
∑

e∈T0

∫

Ωe

{

−
∑

σ

Nσ
∑

i=1

δf(Ψ,∇Ψ)

δψiσ,J
ψiσ,K(x) + f(Ψ,∇Ψ)δKJ

}





Nh
∑

b=1

δxebKNb,J



 dx .

Similarly, note that

Ih2 =
∫

Ω
(ρ(x) + b(x,R))φ(x,R) dx =

∑

e∈T0

∫

Ω̂
(ρ(x) + b(x,R))φ(x,R) det

(

∂xM
∂x̂N

)

dx̂ .

Taking variations, we find
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δIh2 =
∑

e∈T0

∫

Ω̂
(ρ(x) + b(x,R))φ(x,R)





Nh
∑

b=1

δxebKN̂b,B





∂x̂B
∂xK

det

(

∂xM
∂x̂N

)

dx̂

+
∑

e∈T0

∫

Ω̂
(δb)φ(x,R) det

(

∂xM
∂x̂N

)

dx̂

=
∑

e∈T0

∫

Ωe
(ρ(x) + b(x,R))φ(x,R)δKJ





Nh
∑

b=1

δxebKNb,J



 dx

+
∑

e∈T0

∫

Ωe
b(x,R)





Nh
∑

a=1

φaNa,K



 δxebK dx .

Similarly,

δIh3 =−
1

8π

∑

e∈T0

∫

Ωe

{

|∇φ(x,R)|2δKJ − 2φ,J(x,R)φ,K(x,R)
}





Nh
∑

b=1

δxebKNb,J



 dx ,

δIh4 =−
Nα
∑

i=1

Nα
∑

j=1

λαij
∑

e∈T0

∫

Ωe
ψ∗
iα(x)ψjα(x)δKJ





Nh
∑

b=1

δxebKNb,J



 dx

−
Nβ
∑

i=1

Nβ
∑

j=1

λβij
∑

e∈T0

∫

Ωe
ψ∗
iβ(x)ψjβ(x)δKJ





Nh
∑

b=1

δxebKNb,J



 dx.

Collecting all terms, the force on thebth node along theKth direction is given by

f bK =
∑

e∈T0

∫

Ωe
Zbbb





Nh
∑

a=1

φaNa,K



 dx +
∑

e∈T0

∫

Ωe
EKJNb,J dx , (A.3)

where

EKJ =
{

f(Ψ,∇Ψ) + (ρ(x) + b(x,R))φ(x,R) −
1

8π
|∇φ(x,R)|2

}

δKJ

−







Nα
∑

i=1

Nα
∑

j=1

λαijψ
∗
iα(x)ψjα(x) +

Nβ
∑

i=1

Nβ
∑

j=1

λβijψ
∗
iβ(x)ψjβ(x)







δKJ

−
∑

σ

Nσ
∑

i=1

δf(Ψ,∇Ψ)

δψiσ,J
ψiσ,K(x) +

1

4π
φ,J(x,R)φ,K(x,R) . (A.4)

Note that the first term of Eqn. (A.3) corresponds to the Hellmann-Feynman force on the
nuclei, whereas the second term arises because of the finite-element discretization and
acts on all the nodes of the triangulation. The latter arisesfrom the need to minimize the
energy with respect to the nodal configuration for a fixed number of nodes. Hence it can
be used effectively fora posteriorimesh adaption. Note that the discretization force is
local.
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