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This note describes our notation and conventions for the Lorentz force exerted

by a continuous charge distribution on itself.

1 Classical electrodynamics

We use Jackson’s special relativity and Gaussian unit conventions:
sig=(+—--—-) u=0,1,23
x* = (ct, x) 9, = (0_ V)

oct’
J=pj) AY=(h A
a-F=4—”j 0-j=0 0-F° =0
C

F,=90,A,-0,A,=[04],, 0-A =0 (Lorentz gauge)

*This document was started on August 6, 2012.
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In Eq. (1.9), P is the total four-momentum of the charge distribution.
2 Retarded and advanced kinematics
Yo B L R
N oxs Y(G=)
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Retarded and advanced sources for field point x.

Four-vector spacetime points on the world lines of charge elements are param-
etrized by proper time 7 plus three, invariant spatial coordinates & or f, cor-
responding to three-positions in a reference body. We also call @ and g body
coordinates. We use a for spacetime points x = y(z, &) which experience the
electromagnetic field, also called field points, and f for retarded or advanced
spacetime source points y(zy 5, ). We use R for the displacement from a source
to a field point.

x = [ct,x(t,a)] = (7, ) 2.1

R=x-y(,p) =y, @) -y’ p) 2.2)



Here are the two solutions of the lightcone condition R- R = 0 for 7’ and
R, along with the corresponding retarded and advanced four-velocity u, four-
acceleration a, and four-lurch /:

Tra = Tra(X; B) = T A V(7, @), B] (2.3)
Ry a = Ry a(x, ) = y(z, @) — y(t . B) (2.4)
e = tig 05 B) = 2 (1 00 ) @5)
G = Gea(5: B) = S (1 B) 2.6)
Ira = lra(x, B) = Z—Z(TR,A, B 2.7)

We use the term lurch instead of jerk for a because we want to use j for current.
Let J be the Jacobian of the transformation @ — x(¢, @) at time ¢. Then

dx =Jda (2.8)
dg=p0)dEx=p@da  px=" 0= [dg 2.9)
J(x) = f,’—; ur.a)  y=ic.a) = y(x) (2.10)

Note that point charge formulas for derivatives with respect to x of 7y 5, Rg 4,
Ug a» €tC., also hold for continuous charge, with the understanding that d/dx is
taken at constant source reference point f3.

3 Liénard-Wiechert potentials

In the following, blackboard bold symbols are used for reference body volume
densities.

AR,A = AR,A(X) = AR,A[)"(T, a)] 3.1
u
= / & p(f) ——— = / &8 po(B) Ag a (3.2)
|RR,A'”R,A|
Aga = Aga(x, B) (vector potential body density) 3.3)



Fra = Fralx) = /d3ﬁ Po(B) Fr A 3.4)

Fea = Fea(x, B) = [0Ag 4] (x. B) 3.5)

4 Lorentz force body density

Now we call f(x) the Lorentz force field, and write it in terms of a Lorentz force
body density, f(x, f).

Srax) = /d3ﬁ po(B) TfR,A 4.1)
[ ,B)-j = ,P): R

fon = fralx, B) = RACO B Fralx B )Jpﬁia) AL

fealr) =2 j(;) & po(B) Fe a (%, B)-u(z, @) 4.3)
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