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SUMMARY

We propose a new class of frailty measurement error models for clustered survival data
when covariates are measured with error. We show that the induced hazard function
conditional on the observed covariates also follows a frailty model but of a more compli-
cated form. We study the asymptotic bias in regression coefficients and variance compo-
nents when measurement error is ignored, and the impact of censoring on this asymptotic
bias. We show that the naive estimator of the regression coefficient is attenuated and the
naive estimator of the variance component is inflated when measurement error is ignored.
As the censoring proportion increases, the asymptotic bias in the former becomes larger,
but the asymptotic bias in the latter interestingly becomes smaller. We develop a structural
approach for parameter estimation using the nonparametric maximum likelihood method,
where the baseline hazard is estimated nonparametrically. We prove model identifiability
and the existence of the nonparametric maximum likelihood estimators. An EM algorithm
is developed for calculating the nonparametric maximum likelihood estimates. The method
is applied to the western Kenya parasitaemia data and its performance is evaluated
through simulations.

Some key words: Asymptotic bias; EM algorithm; Frailty measurement error model; Identifiability;
Nonparametric maximum likelihood estimation; Variance components.

1. INTRODUCTION

Frailty models (Clayton & Cuzick, 1985) are increasingly popular for analysing clustered
survival data, where frailties or random effects often enter into the baseline hazard multipli-
catively to model the correlation among observations within the same cluster. A challenge
in fitting frailty models is that the standard partial likelihood approach is not applicable
and one has to estimate the regression coefficients, the variance components and the
nonparametric baseline hazard simultaneously. Nielsen et al. (1992) discussed the use of
the EM algorithm for estimation in frailty models, and Murphy (1994, 1995) and Parner
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(1998) studied the theoretical properties of the models. For a review of frailty models, see
Oakes (1989).

A common problem in survival analysis is the presence of covariate measurement error.
For example, in clinical trials many biomarkers, such as blood pressure (Carroll, Ruppert
& Stefanski, 1995, Ch. 1) and CD4 counts (Tsiatis, De Gruttola & Wulfsohn, 1995), are
subject to measurement error. In nutritional studies, fat intake is often measured with
error (Carroll et al.,, 1995, Ch. 1). For independent survival data, several authors have
studied the measurement error problem within the proportional hazard model framework.
Prentice (1982) and Pepe, Self & Prentice (1989) showed that the induced hazard function
conditional on the observed covariates is also a multiplicative hazard model, but of a
complicated form. Hughes (1993) studied the asymptotic bias of the partial likelihood
estimator when measurement error is ignored and showed that the naive estimator of
the regression coefficient is attenuated and that increasing the level of censoring results
in a more attenuated naive estimator. Hu, Tsiatis & Davidian (1998) compared several
estimation procedures.

However, little has been done for clustered censored survival data with measurement
error in covariates. In this paper, we propose a new class of frailty measurement error
models, which model correlation using frailties and measurement error simultaneously,
for clustered survival data. We state the model in § 2. We then study in § 3 the impact of
covariate measurement error in frailty models by performing asymptotic bias analysis
when measurement error is ignored and by examining how censoring and cluster size
influence the effect of measurement error. We investigate in § 4 the theoretical properties
of the model including model identifiability and the existence of the nonparametric
maximum likelihood estimators. We develop in § 5 an EM algorithm for calculating the non-
parametric maximum likelihood estimates. We evaluate the performance of the pro-
posed method through simulations in § 6 and apply it to the western Kenya parasitaemia
data in § 7, followed by discussion in § 8.

2. THE FRAILTY MEASUREMENT ERROR MODEL

We assume that survival times are subject to right censoring and that censoring is
noninformative. Let ¢;; = min(v;;, ¢;;) be the observed time for the jth subject (j=1,...,n;)
in the ith cluster, such as a family, (i=1,..., m), where v;; is the true survival time and
¢;; 1s the censoring time. Let 0;; = I(v;; < ¢;;) be the noncensoring indicator, which takes
value 1 if a failure is observed and 0 otherwise. Let X;; be the true unobserved covariate
and W;; be the observed X;;-related error-prone covariate. For simplicity, we here assume
that X;; is a scalar. Let Z;; (p x 1) be the other covariates which are accurately measured.
Conditional on the cluster-specific frailty vector b; (¢ x 1), the observations (t;;, 9;;) are
independent with conditional proportional hazard functions

Aij(t) X5, Z3j, b)) = ;Lo(t)exijﬂerZ;jﬂerB;jbia (1)
where /4(t) is an unspecified baseline hazard, f, and f, (p x 1) are fixed effects, (X;;, Z;;)
and B;; (¢ x 1) are covariates associated with the fixed effects and the frailty respectively,
and B;; is measured without error. Here we assume that the frailties b; are independent
of X;; and Z;; and are independent and identically distributed as N{0, D(0)}, where D(0)
is a positive definite matrix depending on 0, and 0 is an [ x 1 vector of variance components.

Several authors considered the single frailty case where B;;=1 and assumed that the

scalar frailty b; follows a log-Gamma distribution, or equivalently exp{b;} follows a
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Gamma distribution (Clayton & Cuzick, 1985; Murphy, 1995). We here assume that the
frailty vector b; has a multivariate normal distribution. Advantages of this assumption are
that it can easily accommodate multiple frailties and is convenient for introducing a
measurement error model for X;;. Note that the log-Gamma distribution and the normal
distribution are often similar.

Define T; = (t;1, ..., ti,)s A= (0i1,...,0;,) and X;, W;, Z; and B; similarly. The inte-
grated likelihood of (T, A;) given X; and Z; in the ith cluster is

n;
Li(T;a Ai | X;, Z,) = 1_[ {io(tij)exijﬂx+Zijﬂz+Bijbi}5ije7Ao(tij)exP(Xijﬂx+Zijﬂz+Bijbi) d(D(b“ D)’
j=1

(2)

where @(.; D) is the distribution function of N{0, D(0)} and A,(?) is the cumulative baseline
hazard. Note that (2) does not have a closed form.
The frailty measurement error model is completed by adding measurement error to X;;:

W;=Xij+ U, (3)

where the measurement error terms U;; are independent and identically distributed as
N(0,62). We here assume that measurement error is non-differential, that is
L(T;, A;| X;, W, Z,)= L(T,, A;| X;, Z;), which implies that, conditional on the true unob-
served covariate X;, the observed covariate W, does not contain additional information

about (T;, A;). The likelihood of the observed data (T;, A;, W}) is
(T, A, Wi Z,) = JL(T,-,AL-IX,-, Z)LW| X;, Z)L(X;| Z;) dX;, (4)

where L(W;|X;, Z;,) = L(W;| X;) under (3), and L(X;|Z,) is the likelihood of X;,.

In the classical measurement error literature, it is common to assume the unobserved
X;; to be independent and normally distributed (Carroll et al., 1995, p. 7). However, for
clustered data, the X;; within the same cluster are likely to be correlated. Hence we consider
a linear mixed model (Laird & Ware, 1982) for the unobserved X;:

Xi=lLiu+Zu, + A;a; + &, (5)

where 1; is an n; x 1 vector of ones, (u,, 1t.) is a vector of fixed effects and ¢; is a vector
of random effects following N(0, X, ,), 4; is the design matrix associated with a;, and ¢; is
a residual vector independent of a; and following N(0, 621;). Here I; is an n; x n; identity
matrix. A special case of model (5) is the fixed effects model,

Xi=lLu+Zu, +¢, (6)

which assumes that the X;; are independent and is appropriate when the X;; are cluster-
level covariates.

Define %, = cov(X;) = A;Z, Aj+ 031, and [} =2, . (Z; ..+ 0.1;)"". Using equations
(3) and (5), one can easily calculate the conditional distribution of X; given W, and write
X,=(I;—T)(1;uy + Z;pt,) + T, W, + b,, where b; can be shown to be independent of W,
conditional on Z; and follows N{0,(I; —I)X; .. }. Some calculations then show that, con-
ditional on the observed covariates (W, Z;), the outcomes (T;, A;) also follow a frailty
model, but having a much more complicated form:

Lij(t| W, Z,, by, Ez) = Ao(t) expie;(I; — )1 B + e LW B+ ef;(I; — 1) Zi i B
‘|‘Z;{jﬁz+BEjbi+ﬁerj5i}a (7)
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where (b;, b;) are frailties and are independent, and e; ;1s an n; x 1 indicator vector whose
jth element is 1 and O otherwise. It is difficult to fit the frailty model (7) because of its
complicated form.

Equation (7) suggests that ignoring measurement error by naively replacing the X;;
with the W; in (1) results in misspecification of both the fixed effects and the frailty
structures. Our first goal in this paper is to understand the impact of measurement error
on parameter estimation in frailty measurement error models; see § 3. Specifically, we
study the asymptotic biases in regression coefficient and variance component estimators
when measurement error is ignored, and how cluster size and censoring influence these
biases. Our second goal is to develop nonparametric maximum likelihood estimation
under the structural model in equations (1), (3) and (5), where the baseline hazard 1,(t)
is estimated nonparametrically; see § 4-5.

3. ASYMPTOTIC BIAS ANALYSIS
3-1. Preamble

Wang et al. (1998) studied the asymptotic bias in naive regression when measurement
error is ignored within the framework of generalised linear mixed measurement error
models. They restricted their attention to clustered Gaussian, Binomial and Poisson out-
comes. However, little is known about the bias in naive regression in frailty measurement
error models for survival outcomes, where extra complications arise. First, instead of
modelling the mean function we model the hazard function, and hence the impact of
measurement error is not clear and is more complicated. Secondly, survival data involve
censoring. It is of substantial interest to investigate how censoring affects the asymptotic
bias in naive regression when measurement error is ignored.

Our asymptotic bias analysis detailed below shows that ignoring measurement error
results in an attenuated regression coefficient estimator and an inflated variance compo-
nent estimator. When the unobserved covariate X is a subject-level covariate, as the
censoring proportion increases, the asymptotic bias in the naive regression coefficient
estimator increases, but the asymptotic bias in the naive variance component estimator
decreases.

3-2. The specific model considered in bias analysis

Asymptotic bias analysis under the general model (1) is difficult, and here we concentrate
on a simple but representative frailty measurement error model. Specifically, we assume
a constant cluster size n; = n and consider a simple random intercept frailty model (Clayton
& Cuzick, 1985) with a single covariate X:

;Lij(”Xij, bi)= }uo(t)eﬁxxijeri, (8)
where b; ~ N(0, 0). The likelihood of (8) is

(T, Al X3) = J [T {Zo(tj)ef<¥Xisbiyoue™ Mol xp X b dd(by; 0). %)
j=1

A simple model for X;; is a random intercept model, which allows possible correlation
among the X;; within the same cluster:

Xij= Uy + a; + &, (10)

where a; ~ N(0, 62,) and ¢; ~ N(0, 67). Note that (10) is a special case of equation (5).
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Using equations (3) and (10), one can easily calculate the conditional distribution of
X;|W;. The frailty model (7) of the observed data (T;, A;| W;) can then be simplified as

Fag(t| Wiy D, D) = Jo(t)eP8 *PEWis I 0 405, (11)
where

ﬁ;)k:(l_a)&:uxﬁx’ ﬁj:o{ﬁx’ ﬁ>2k=(1—06)(1—0~6)ﬁx,

2 2 2
Ox Ox + Oy

n
N 7 -1
o= , = , W.=n Z W;,
o2+ a? 0% + 0, 4+ noy, =

b is a cluster-level frailty following N(0, 0+ n~'B.piaz), bE* is a subject-level frailty
following N (0, y = ooz f7), and b} and b}* are independent of each other and of W;. Some
calculations show that equation (11) can be rewritten as a single frailty model; compare
Prentice (1982, eqn (3)), with

Dif(E| Wiy bF) = o(1)eP8 T PRWit BEWHDE B (P |1 > 1, W, bF), (12)

where E(e?5" | t;j =1, W, bf) takes a complicated form involving Ay():

bFE* — Aot 4 PEW, .+ BEW, +bF+bE* .
E(eb?;*|t >t W b*) _ je ij 0()9XP(/30 ﬂx ij ﬂ2 i. i ij )d(D(bj;*, 'V)
ij= b ir> Vi

- je*Ao(t)eXP(ﬁB"+ﬂ§Wij+ﬁ5"Wi.+b?‘ +bi*) dO(b*; )

The naive estimator is the estimator under the model that ignores measurement error
by simply replacing X;; by W; in (8). Thus

)°ij,naive(t | I/Vija bi,naive) = )°0,na.ive([)eWijﬁx'naive " bi'naivea ( 13)

where b; jaive ~ N(0, 0p2ivc)- A comparison of (11) and (13) suggests that the naive model
misspecifies both the fixed effect structure and the frailty structure. This makes asymptotic
bias analysis complicated and closed-form expressions are often not available.

When the X;; are cluster-level covariates, so that X;; = X;, asymptotic bias analysis is
simple and the naive estimators {f, naives Unaives 40.naive(£)} have a closed form. In this case,
it is more reasonable to assume that each X; follows N(u,, ¢2) instead of the random
intercept model (10). The frailty model of the observed data (T;, A;| W;) hence takes the
simpler form

Jis(E1B3) = dof )8 0y b27,
where fE* = (1 — a)u, B, and bF* ~ N(0, 0 + a2 f2). The naive model (13) becomes
)“ij,naive(ﬂ VV;, bi,naive) = )“O,naive(t)eWiﬂx’naiveeri’naive-

Since the two models take the same form, one can use parameter correspondence to
calculate the asymptotic limits of the naive estimators as follows:

ﬁx,naive = aﬁxa enaive = 0 + Otﬂfﬁfc, )°O,naive(t) = )°0(t)e(1 —“)ﬂxl}x_

This result suggests that the naive estimator of the regression coefficient (3, is attenuated
in the conventional way, and the naive estimator of the variance component 0 over-
estimates 0. This result applies to both uncensored and censored data and to any cluster
size n.

When X is a subject-level covariate, the bias analysis is much more complicated. There
is generally no closed-form expression for the asymptotic bias, and numerical calculations
are used.



854 Y1 L1 AND XIHONG LIN

3-3. Asymptotic bias in the naive estimator when X is a subject-level covariate

We assume that X follows the random intercept model (10). A comparison of the naive
model (13) with the observed data (T;, A;| W;) model in (12) shows that the naive model
misspecifies the true (T;, A;| W;) model by a complicated term e?*":. E(eb% |tu =t W, b¥).

When the event is rare and the data are independent, Prentice (1982) showed that a
closed-form expression for the bias is available in the standard Cox model with measure-
ment error. We will show that this is not the case in frailty measurement error models.
When the event is rare, we have that

E(e" |t;; > t, W, by) == E("5" | W; b,)=e"?

ij> ij>
Hence the (T;, A;| W;) model in (12) becomes
Zij(t| W, bF) == do(£)ef8 2 PRt DAL T, (14)

A comparison of (14) with the naive model (13) reveals that the naive model misspecifies
the fixed effects structure. Therefore, unlike in the standard Cox model with measurement
error, we still do not have closed-form expressions for the asymptotic biases of the naive
estimators. Numerical calculations are necessary.

In what follows, we conduct bias analysis without making the rare-event assumption.
We consider the censoring mechanism as type I censoring, where all subjects are followed
to either a failure or some maximum time 7,, whichever is shorter. In other words,
¢;;=T, for all i and j. It is difficult to calculate the asymptotic bias numerically with the
baseline hazard A,(t) unspecified. In our numerical study, we assume for simplicity that
the baseline hazard function is a constant, 4.

If we suppress the index i, the expected censoring proportion can be calculated as

pr(v;>T,) = ij(TalXj, b)f(X;) dX; d®(b; 0),

where S;(.) is the conditional survival function under the frailty model (8) and f(X;) is the
marginal density of X; under (10). Values of T, can hence be chosen to obtain desired
censoring proportions, with T, = co corresponding to noncensoring.

Denote the observed times by t;=v¥T, % (j=1,...,n), or, in vector notation,
T=VA*T!'" where V=(v,...,0,) is the true survival time vector and the operator -
denotes an elementwise multiplication. Denote by ® = {f,, 0, 1,(¢)}’ the true value and
by ©,.ive the asymptotic limit of the naive estimator of ® as m— oo. It follows that ©,,;,.
maximises

{ nalve(T A| W ®na1ve

N J J f J o Laive VAT A ALX + U; Opaive)
k= 051 +5 =K © JO

X [ ﬁ {fi(v;] X;, b) de}éj{Sj(rJXj, by}t % do(Uj; 03)i|

x d®(b; 0)dd(X — p,1; 07,11' + 621),

where [ ,ive(T, A|W; Opaive) 1 the logarithm of equation (9) with X replaced by W. Here
f(t;1X;,b; ©) (j=1,...,n)is the true density of the survival time ¢; conditional on X; and
the frailty b and is equal to f(¢;| X;, b) = Ag; exp(—t;io;) With Ay; = 4o exp(S,.X; + b).
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Maximisation is with respect to ®,,;,. for fixed O. Since E{l ,ive(T, A|W; Oaive)}
involves multidimensional integration, we use combination of the methods of Gauss—
Hermite quadrature and Monte Carlo simulations to evaluate it. The Newton—Raphson
algorithm is then used for maximisation.

The parameter values used in our numerical calculations were cluster size n =2, /o=
exp(—2), =2, 0=05, u=1, oz,=1 and o7 =1. We varied the measurement error
variance o2 from 0 to 1. We chose T, to obtain censoring proportions equal to 0%, 30%,
50% and 80%. Figures 1(a), (b) give the asymptotic biases in the naive estimators f, jaive
and 0,,;,. assuming different censoring proportions. Figure 1 suggests that, in the presence
of censoring, B, n.ive Underestimates f5, and 0,,;,. overestimates 0. As the censoring pro-
portion becomes higher, the bias in f, ... increases, whereas the bias in 0,,;,. interestingly

(a)
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Q
~
_0.6 _ T T T T T T
0-0 0-2 04 06 0-8 10
o,
(b)
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S
R
4
2
2
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()
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Fig. 1. Asymptotic relative biases in naive estimators against the measure-

ment error variance ¢2 when the cluster size n=2. The true parameter

values are 2o=exp(—2), f,=2, 0=05, u,=1, 07,=1 and o2 =1. The

four curves in each plot correspond to censoring proportions, 0%, 30%,

50% and 80%, with the solid line for 0%, no censoring, and the longest
dashed line for 80%.

decreases. The bias results concerning 0,,;.. are consistent with the results in Nielsen et al.
(1992) in frailty models without measurement error. They found in their simulation studies
that the finite sample bias in the maximum likelihood estimator of 0 is much smaller when
there is censorship than when there is no censorship.

To study the effect of the cluster size n on the asymptotic bias in the presence of
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censoring, we consider the cases where n=2 and n—oco. When n— oo, we have &0,
pi—-(1—a)f, and W, =u,+a;+ U; +¢e; - u,+a;. It follows that the observed data
(T;, A;| W;) model becomes

Lij(LI| Wiy biy) = Ao(t)eP8 + Xt bis (P57 | tij= Wi, biy), (15)
where by, ~ N{0, 0 + (1 — o)’c%, f2}. Asymptotic bias of the naive estimator is hence calcu-

lated by maximising E{l,,;v.(T;, A;| Wi; ®Opaive)}, Where the expectation is taken under (15).
Figures 2(a), (b) compare the asymptotic biases in naive estimators of f, and 6 when
n=2 and n= oo and the censoring proportions are 0% and 50%. These plots show that,
as the cluster size increases, the biases become more severe. Similar results hold in linear
mixed models and logistic mixed models (Wang et al., 1998).

(a)
0-0
. i
Q
£ 02 -
w2
S
ﬁ n =2, 0% censored
S e n = oo, 0% censored >~
g —0-4 ~~= n=2,50% censored N
< — T n =00, 50% censored ~ \
~ _ ~-
_0.6 _ T T T T T T
0-0 0-2 0-4 0-6 0-8 1-0
o,
(b)
5 —
— n=2,0% censored
@ 4 4 n = oo, 0% censored -
= ———  n=2,50% censored —
»n — — 1= oo, 50% censored e
g 34 -
3] -
(=
= 2 —
<
o)
£ 4
0 .
1-0

Fig. 2. Asymptotic relative biases in naive estimators against the measure-

ment error variance o2 for two cluster sizes, n =2 and n = oo, and for two

censoring proportions, 0% and 50%. The true parameter values are 4, =
exp(—2), f.=2,0=05,pu,=1,0%,=1and o7=1.

4. THEORETICAL PROPERTIES OF NONPARAMETRIC MAXIMUM LIKELIHOOD

ESTIMATION

In this section we propose estimation for the general frailty measurement error model
in equations (1) and (3) using the nonparametric maximum likelihood method. We assume
that X; follows the linear mixed model (5) and that the baseline hazard 4,(t) is unspecified.
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Let Q= {f,, ., ', 0, vec(Z,,), o2}" and © ={Q, Ay(t)}. The nonparametric maximum
likelihood estimator of ® maximises the observed data likelihood (4).

We study the theoretical properties of the model using counting process theory; the
proofs of the theorems are given in the Appendix. These results motivate an EM algorithm
in § 5 for calculating the nonparametric maximum likelihood estimator of ®, where the
estimated Ay(?) is a step function with jumps at distinct failure times.

The outcomes (t;;, d;;) can be written in terms of the counting and at-risk processes

N0 =I(t;<t.6,=1), Yy(t)=1I(1;;>1),

respectively. For simplicity, we assume the cluster sizes n; to be the same, n; =n, in our
proof. Let

ij>

Ni(t) = {Nis(1), . ... Nip(0)}', - Yi(1) = (X (1), . . ., Yiu(0)).

Denote (Ny, ..., N,,) by N and define Y and W similarly. Introduce the right continuous
filtration {%,:t > 0}, where

F, = ciX,, Zi, Niw), Y(u+):0 <u<t}

and ¢{.} denotes a g-algebra. Given (X;, Z;) and the frailty vector b;, let (&, {Z#,},>0, P)
be a filtered probability space such that, under P, N;(¢) is a multivariate counting process.
We assume that there is no possibility for ties in failure times. The loglikelihood (4) of
the observed data {N,(t), Y;(t), W;} can be written using counting process notation as

lm(N: Ya VVa Q’ AO)

Z(NH i» n Q AO)

Il
M=

Il
—

M=

logj " [Flog{Y (1) 20()} AN, ;1) — Y (t)dAO(t)L(W|X) (X;1Z,)dX, dD(b;; D), (16)

1

Where Y;;k(t)_ l](t) eXp ﬁx+Zl,jﬁ +Blj l)
Let ©, = {Q,, A(t)} be the true value of ® and let {(N,, Y;, W;, Z;, B;)} be a sequence

of identically and independently distributed replicates. We postulate the following regu-
larity conditions.

Regularity Condition 1. We require prg, {ZJ Y(w)>1, for all ue [0, c0)} > 0.
Regularity Condition 2. We require pre {27_; ¥;(0)>2} > 0.

Regularity Condition 3. If ¢cG(W,;) =0, where G(.) is any nondegenerate function, then
c=0.

Regularity Condition 4. If ¢'Z;; = G(W;;), where G(.) is any function, then ¢ = 0.

Regularity Condition 1 is a standard assumption in the conventional proportional
hazards model to ensure that we can observe failures in the entire interval and therefore
can estimate A,(t) in the entire interval. Regularity Condition 2 excludes the case where
there is only one subject per cluster and ensures the identifiability of the variance compo-
nents 0 (Nielsen et al., 1992). Regularity Conditions 3 and 4 exclude the trivial situation
where the observed covariate W, is a constant or is collinear with Z;.

THEOREM 1 (Identifiability). If Ay(t) is a nonnegative nondecreasing continuous function
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over [0, o0) with Ay(0) =0, then, under Regularity Conditions 1-4, the Kullback—Leibler
information is strictly positive for ® £ ©,.

THEOREM 2 (Unboundedness). The loglikelihood I,,{N, Y, W; Q, A} in (16) is unbounded
in the Euclidean space x C*[0, c0), where C*[0, o0) is the set of nonnegative nondecreasing
continuous functions on [0, co) taking value 0 at t = 0.

Theorem 1 shows that, under Regularity Conditions 1-4, the frailty measurement error
model is identifiable. Theorem 2 implies that, when A,(¢) lies in the space of continuous
functions, the maximiser of the likelihood (16) does not exist. This suggests that we need
to restrict the parameter space of Ay(¢) to include only discrete functions. In other words,
one needs to replace Ay(t), the continuous derivative of Ay(t), in the likelihood function
(16) by AAy(2), the jump of Ay(t) at time t. The resulting maximiser is called the non-
parametric maximum likelihood estimator. Since direct maximisation of the integrated
likelihood (16) is difficult, in § 5 we propose EM algorithms for calculating this estimator;
a simpler EM algorithm was used by Nielsen et al. (1992) and Murphy (1995) for estimation
in frailty models without measurement error. Theorem 3 shows that such an estimator
exists.

THEOREM 3 (Existence). Suppose that Ay(t) is a step function with steps taken at each
failure time, the observed covariates W;; and Z;; are bounded in R, 6} is bounded away
from 0, X, is positive definite and its norm is bounded away from 0, and B, B. and u are
bounded. If 2.7 | 3.1_ | Nij(00) = 1, the maximiser (Q,,, Ao,) of L.(N, Y, W; Q, A,) exists and
is finite.

5. THE EM ALGORITHM FOR CALCULATING THE NONPARAMETRIC MAXIMUM
LIKELIHOOD ESTIMATE
5-1. The M algorithm when X follows the fixed effects model
When the covariate X is a cluster-level covariate, it is often appropriate to assume that
it follows the fixed effects model (6). Let X;,=(X;, Z;) and f=(p,, f.). Define T=
(T,...,T,),and A, W, X, Z and b similarly. The complete data are (T, A, W, Z, X, b),
while the observed data are (T, A, W, Z). When the unobserved covariate X follows the
fixed effects model (6), the complete data loglikelihood is, apart from an additive constant,

T,A, W, Z, X, b; O)
m i n; 5 1 )
= Z [0:; log{AA;;(t;;)} — Ayi(ti)] — B} loga;, — 252 W, — X)) (W, — X))
i=1 1

u

j=

N 0g6? — (X — Z. (X, — Zoi)— 2 log|D| — biD~ b
) g0ox 22 i i)(X; ) 20g| | i if>
where /}ij(t) = Ay(t) exp()?{jﬁ + Bj;b;), Z.=(1,,Z;) and © = {Q, AA,(1)}.

Let O be the estimate of © at the kth iteration. The M-step updates ® by solving
E{0l(T,A, W, Z, X, b; ©)/0O®|T, A, W, Z; ®®} = 0. For simplicity, we here consider the
case where the covariance matrix D of the frailty b; is unstructured. Then ® is updated
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using

m _1 m
(z zz) $ ZEGIT, AW, Z; 6%),

i=1

—

1 m - ~ A~
6326(k+1): Zi Z E{(Xl—Zl',u)/(Xl—Z{,UNT, A’ VI/?Z, @(k)}’
N =1
1 -
D(O)* V) = — Z E(b;bi| T, A, W, Z; ©),
m =
AAo(D)* D = LT : (17)
Y, E(X# B T, A, W, Z; @9)I(1,;>1)
=Y E[{8;;— Ao(t;)eX# Bt} X, | T, A, W, Z; ©0] =0, (18)
iJ

where U(f) is the conditional score equation for . Equation (17) resembles the Breslow
baseline hazard estimator. If we substitute (17) into (18), some calculations give

Z:s,t E(Xste)?;tﬂ+3;tbs| T5 Aa VV; Za ®(k))1(tst > tij)}

=Y 6, VEX;|T,A W, Z;, ®®)— —— —
) ZJ ’{ X : Y E(P B | T A, W, Z; OW) (1, > 1)

which takes the same form as the partial likelihood score equation in the conventional
Cox proportional hazards model with the Breslow approximation for ties. The Newton—
Raphson method can be used to solve (18) iteratively.

The above conditional expectations are calculated at the E-step using Monte Carlo
simulations by generating (X, b) under the conditional density of (X, b| T, A, W, Z), which
takes the form

HT,AlX, Z, b; ©)f(W|X; ©)f(X|Z; ©)f(b; ©)
JA(T,AlX, Z,b; ©)f(W]X; ©)f(X|Z; ©)f(b; ©) dX db’

JX,bIT, A, W, Z; ©) =

5:2. The M algorithm when X follows the random effects model

When X is a subject-level covariate, it is often more proper to assume that X follows
the random effects model (5). The complete data now are (T, A, W, Z, X, b, a), where a =
(ay,...,a,),and we add X, to the parameter vector ®. The equations used to solve for
{B, D(0), AAy(t)} at the M-step remain the same as those in § 5-1, while

-1 m

ety = < Z Z;’Zl> Z Z;{E{(Xi_ Aia)| T, A, W, Z; @(k)},

i=

m -1 m
@Zc(kﬂ) = < Z ni> Z E{(X; — Zi,“ —A;a4;)(X; — Zi,“ —A;a)| T,A, W, Z; ®(k)},

=1

m

SERD = Z (a,a}| T, A, W, Z; @W),.

Alternatively, one can use the ECME approach of Liu & Rubin (1994), which has a faster
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convergence rate, to estimate p as
(k+1)_<z Zi> Z E(X;|T,A, W, Z; ©®),

where V; = cov{X;|@®} = 4,5 A} + 6207,

The conditional expectations are calculated at the e-step using Monte Carlo simulations
by generating (X, a, b) under the conditional density of (X, a, b| T, A, W), namely

f(X’ a’b|T7 A’ VI/,Z; ®)

_ (T, AlX, Z, b; ©)f (W] X; ©)f(X|Z, a; ©)f (a; ©)f (b; O)
(AT, AIX, Z, b; ©)f(W|X; ©)f(X|Z, a; ©)f(a; ©)f (b; ©) dX dadb’

5-3. Standard error calculations using profile likelihood

The standard errors of the maximum likelihood estimates are conventionally calculated
by inverting the observed information matrix. However, in the case of the nonparametric
maximum likelihood estimates, the number of parameters is large and this approach is
not feasible. Hence we calculate the variance of Q using the profile likelihood method
(Hu et al., 1998; Murphy, 1995). The profile loglikelihood of Q is defined as [,(Q) =
supa, [(€, AO) where the baseline cumulative hazard A, is the nuisance parameter. Then
the covariance matrix of the maximum likelihood estimate Q is estimated by cov(Q) =
{— 6211,( )/0Q 0Q'} 1. Numerical differentiation is used to calculate this derivative.

6. SIMULATION STUDY

In our simulation studies of the finite sample performance of our methods, survival
times v;; were generated within each cluster under the conditional hazard

;“ij(t) = Zo(1t) exp(ﬁxXij + ﬁzZij +b) (j=1,....,mi=1,...,m),

where the Z;; were generated as independent N(0, 1). Censoring times c;; were generated
as independent uniform random variables on [0, c].

We chose true parameter values as follows: the baseline hazard was 4,(t) =t; we took
n=3 and m=40; X followed the random intercept model (10) with p=1, ¢2,=1 and
o2 = 1; the frailty variance was 0 = 0-5; we took B,=2 and f3, = 1; the values of ¢ were
chosen to yield four different censoring proportions, 0%, 30%, 50% and 80%; and the
measurement error variance o2 was 0-5. We calculated the nonparametric maximum likeli-
hood estimates by the EM algorithms in § 5 using sAs/iML. We ran 500 simulations under
each combination of parameter configurations.

For each simulated dataset, we calculated the naive estimates which ignore measurement
error and the nonparametric maximum likelihood estimates which account for measure-
ment error. The averages of the estimates, the empirical standard errors, the estimated
profile likelihood standard errors and the mean squared errors are displayed in Table 1.
This shows that the naive estimates of f, and f3, are attenuated and the naive estimate of
0 is inflated. Higher censorship results in more biased naive estimates of 5, and /5, and a
less biased naive estimate of 0. These results are consistent with our theoretical bias
calculations in § 3.

The results in Table 1 show that the nonparametric maximum likelihood estimates
calculated using the EM algorithm perform very well and that the average estimates are
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Table 1. Simulation results for the frailty measurement error model based on 500
replicates. The true values are f,=2, f,=1, 0=05, u=1, ¢2=1 and o%,=1.
The measurement error variance is o2 = 0-5.

Censoring Full likelihood Naive

level Parameter Estimate SE, SE,, MSE Estimate  SE, SE,, MSE
0% 0 0-47 0-37 040 0137 0-69 028 031 0115
Py 1-97 0-31 034 0098 1-48 014 015 0290
B. 0-97 0-17 0-18 0029 0-88 0-13 013 0031

u 1-00 0-19 0-18 0036 — — — —

a2 1-02 030 029 0090 — — — —

o2, 102 034 035 0116 — — — —
30% 0 0-48 0-42 047 0177 0-68 035 030 0148
By 2:04 0-36 032 0131 1-39 017 020 0392
b 1-02 0-21 022 0044 0-82 014 016 0052

u 1-01 0-21 020 0044 — — — —

a2 1-01 0-25 026 0063 — — — —

o2, 0-98 0-41 040 0168 — — — —
50% 0 0-48 043 048 0185 0-64 039 034 0171
By 195 0-36 032 0132 1-33 017 014 0442
B. 0-96 0-22 021 0049 0-72 016 015 0104

u 1-00 022 021 0048 — — — —

a2 1-01 0-26 025 0067 — — — —

a2, 1-01 0-36 0-38 0130 — — — —
80% 0 0-51 097 1-01 0941 0-59 090 093 0818
By 2:03 0-43 039 0185 1-21 019 016 0660
B 1-03 0-28 027 0079 0-60 019 018 0196

u 0-99 0-19 0-19 0036 — — — —

a2 1-02 0-30 032 0090 — — — —

a2 1-01 0-35 037 0123 — — — —

SE,, empirical standard error; SE,, average of the standard errors obtained by the profile likelihood;
MSE’s are mean squared errors using SE,.

close to the true values. One can easily see the trade-off between bias and variance. The
nonparametric maximum likelihood estimates effectively correct the biases in the naive
estimates, but their variances are larger. The mean squared errors of the nonparametric
maximum likelihood estimates are smaller than those of the naive estimates, especially for
the estimates of the regression coefficients. As the percentage of censoring increases, the
variances of the estimates become larger.

We also examined the performance of the standard error estimates calculated using the
profile likelihood method. As shown in Table 1, the estimated standard errors using the
profile likelihood method agree well with the empirical standard errors.

7. APPLICATION TO THE KENYA PARASITAEMIA DATA

A major interest of the western Kenya parasitaemia study (McElroy et al., 1997) was
to investigate the effect of daily mean dose of infective mosquito bite exposure on the risk
of parasitaemia, which is an indicator for potential malaria. The main challenges in this
study are as follows: the exposure variable, daily mean dose of infective bites, was measured
with substantial measurement error; multiple children from the same household were
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involved in the study and their outcome variables, times until parasitaemia, might be
correlated.

A total of 607 children aged from six months to six years were enrolled into the study
between February 1986 and July 1987. Parasitaemia is highly prevalent among African
children, and 94% of children in the study were affected upon enrolment. At entry into
the study, each child, regardless of parasitacmia status, was treated with drugs sulfadoxine
and pyrimethamine to eliminate the parasitaemia infection in blood. Their blood films
were examined two weeks after enrolment. Children with positive blood films were
excluded from the study to minimise the chance that a recurrent parasitaemia was caused
by sulfadoxine/pyrimethamine drug resistance. This left 542 children from 309 households.
These children were then followed for the first recurrence of parasitaemia up to 22 months.

In the first two weeks after enrolment, two field workers visited each household one
night each week and took turns to collect mosquitoes from each other’s legs every
30 minutes through the night. The numbers of infective mosquitoes were identified in a
laboratory and the daily mean dose of infective mosquito bites in the first two weeks was
calculated using the average of the two night measures. It was hence measured with
substantial error: first, only one night measure was available per week; secondly, the
mosquitoes were collected from the legs of the field workers rather than from the children
directly. The other covariates included gender, coded as 1 for female and 0 for male, age
and baseline parasitaecmia density. The average follow-up time was 9 months, and about
90% of children experienced recurrent parasitaemia during the follow-up. The daily mean
dose of infective mosquito bites was 0-89 on average. The baseline parasitaemia density
was log-transformed to give ‘logbase’, and the daily mean dose of infective bites in the
first two weeks was quartic-root transformed, creating a variable ‘gbite’, to make the
normality assumption more plausible.

We fitted a random intercept frailty measurement error model with X = true ‘gbite’ and
Z = (‘age’, ‘gender’, ‘logbase’). Since different children within the same household might
enter into the study at different times, their ‘qbite’ might be different, and we therefore
assumed that X follows the random intercept model (10). The observed ‘qbite’, W, also
follows a linear random intercept model with the variance of the random intercept equal
to o7, and the residual variance equal to o7 + ;. Since there were no validation data
available and there was no replication, the measurement error variance o2 could not be
estimated from the available data. We fitted a linear random intercept model to W. This
allowed us to estimate the sum of ¢2 and 2, which was 0-20. Then we conducted a
sensitivity analysis by varying ¢ from 0, that is naive analysis, to moderate measurement
error, o2 =008, to severe measurement error, o2 = 0-20. In our illustration, we treated
o2 as fixed and known. We fitted the model using the Em algorithm discussed in § 5-2 and
calculated the standard errors of the parameter estimates using the profile likelihood
method discussed in § 5:3. The results are presented in Table 2.

All analyses showed that a higher daily mean dose of infective mosquito bites signifi-
cantly increased the risk of parasitaemia. Older children had a significantly higher risk
of parasitaemia and higher baseline parasitaemia density also significantly increased the
risk of recurrent parasitaemia. Ignoring measurement error attenuated the regression
coefficient estimates. As ¢ increased, the estimates of the regression coefficients became
larger. For example, the estimate of the coefficient of ‘gbite’, with estimated standard error
in brackets, increased from 0-33 (0-11) when 62 =0 to 099 (0-23) when 62 = 0-20. This
indicates that accounting for measurement error increases the magnitude of the estimated
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Table 2. Parameter estimates for the Kenya parasitaemia data.

Moderate error corresponds to the measurement error variance

62 =0-08. Severe error corresponds to ¢ =0-20. Naive estimates
assume that o2 =0 by ignoring measurement error

Naive estimate Moderate error Severe error
Covariate Estimate SE Estimate SE Estimate SE
gbite 0333 0-108 0491 0-149 0990 0230
age 0-041 0-016 0-039 0-020 0-039 0021
gender 0-056 0-033 0-057 0-035 0-053 0-036
logbase 0092 0016 0092 0024 0-094 0024
0 0161 0114 0-146 0111 0-114 0118

SE, standard error.

effects of ‘gbite’. As 7 increased from 0 to 0-20, the estimate of the frailty variance 0
decreased from 0-161 to 0-114. These results coincide with our theoretical findings in § 3.

8. DISCUSSION

Our simulation study shows that the Em algorithm performs well. The algorithm can
however be computationally intensive, especially when the number of clusters and the
cluster sizes are large, since a large number of clusters often implies estimation of more
jumps of the cumulative baseline hazard and a large cluster size implies evaluating a
higher dimensional integral at the E-step. The convergence of the EM algorithm can be
very slow when numerous parameters are estimated.

The proof of consistency and asymptotic normality of the nonparametric maximum
likelihood estimator is still an open problem, but our simulation results seem to point to
the asymptotic validity of the proposed method.

The measurement error literature distinguishes structural modelling and functional
modelling by whether or not a distribution is assumed for the unobserved covariate X.
In this paper we have considered structural modelling using the approach, which requires
correct specification of the distribution of X. In a subsequent paper, we study the robust-
ness of maximum likelihood estimation with respect to misspecification of the distribution
of the unobserved covariate. Our results show that the biases in the misspecified maximum
likelihood estimators of the regression coefficients are small, but the biases in the variance
components are often high. An alternative more robust approach is to explore functional
modelling using the SIMEX approach (Carroll et al., 1995), which does not make a distri-
butional assumption about X. The sIMEX method could yield more robust estimators of
the model parameters, but the estimators could be less efficient compared to those under
structural modelling when the X model is correctly specified. We will report on this
elsewhere.
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APPENDIX
Proofs

Proof of Theorem 1. For simplicity, we only prove model identifiability when X follows the fixed
effects model (6) and the frailty b; is a scalar. The proof when X follows the random effects model
(5) and b; is a vector is similar.

Suppose that the true parameters are

®0 = {QO» Ag(t)} = {ﬁxO’ BzO? Hxo> Hzo» 00: O->260’ Ag(t)}
Let prg denote the probability measure on the o-algebra
Fr=0W,Z, Nu), Yu+):0<u<t},

with respect to ©. It is well known that the Kullback—Leibler information is nonnegative (Bickel
et al, 1993), and is equal to 0 only when prg = prg,.

The identifiability can be proved by showing that the joint distribution of (N, Y, W) is uniquely
determined by the parameters ®,. That is, we need to show that, if the joint distributions of
(N, Y, W) are equal under two sets of parameters, @, and O; = {B.1, Bo1» 1> 1> 01, 021, AS(D)},
then ®,=0,. Since the equivalence of the joint distributions implies the equivalence of the
marginal distributions, we first prove the identifiability of (i, u,, 62) by considering the marginal
distribution of W. Marginally, W,; follows normal distributions N(p.,+ Z};t.0, 02 + 05) and
N(po + Zijp.y, 021 + 0;) under ©, and O, respectively. As a result of the non-collinearity of Z, we
immediately have that u,, = p,; and u,o = u,,. Since o2 is known, we have that ¢, = ¢2,.

Suppressing the index i, we next consider the marginal intensities N;(.) with respect to the
filtration o {N;(s), Y;(s), Z;, W;|0 <s<u} before u reaches a failure, that is u <inf{s|N;(s) > 0j}.
Under the two sets of parameters @, and ©,, we have that A(u|Z;, W;; ©,) = A(u| Z;, W;; ©,), that
is

Eg, {70(u)el~oXs b2V | T > u, 7, Wi} = Eg {25 ()eP Xt =% P T>u, Z;, W3, (A1)

where T; is the true survival time for the jth observation.

Under Regularity Condition 2 in §4, we can consider the joint counting process for two
individuals within the same cluster. The joint intensity of N;(.) and N,(.) with respect to the
filtration of

o {N(sj), Yi(s;), W,

Hi=1,210< s <y,
for u; and u, such that max(u,, u,) <inf{s| N,(s) + N,(s) > 0}, is defined as
lim E[N(uy + Aug )N, (up + A”2)|O'{Nj(5j)a Y;'(Sj)v Zj: VIG, 0< s;<uy, j= 1,2}]

Auy—0,Au—0 Auy Au,

Then, under ®, and ®,, we have that
Eo, (23(1t)23(u)elsol%s X2 1t 220430 T >y 7, W, j= 1,2}
= Eo {28(uy) (uy)efst K1t XD H @t 20320 | Ty 7 Wi j=1,2). (A2)
Let u, uy, u,—0 in (Al) and (A2). We have that
2(0)eP=0%iEq (eP<oX P | W) = A5(0)eP= 71 Eq, (1% | W)), (A3)

{/18(0)}%"%0(21 +Zz)EQO{eﬁxo(X1+Xz)+2b| Wy, Wy} = {%(0)}26!’;1(21 Jrlz)EQl {eﬂxl(X1+Xz)+2b| Wy, W, ).
(A4)
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Comparing the coefficients of Z; in (A3), we have that ., = f,,. Since b and W are independent
and X; and X (j# j') are independent under the fixed effects model (6), we have that, for k=0, 1,

Eq, (e"%i7 P | W) = Eq, (€")Eq, (¢""1] W)) = " Eq, (e/<+"1| W),

2
Eq, (b5 30020 W) — o [T Eg, (D] W),
j=1

If we substitute these two identities into (A3) and (A4), simple calculations give that 8, = 0,. For
k=0,1, Eq (e’~*i| W) = ¢, ef="i, where the ¢, are some constants and « = 7/(s7 + ;). Comparing
the coeflicients of W, in (A3), we have that f.,=f,;.

We now have finished proving the identifiability of the finite-dimensional parameter vector €.
We next show that A(.) = A}(.). Consider the survival function under ®, (k=0, 1),

S(t1W}, Z;; ©) = Eqy{e” MO Puds PaZi D W 7,4 — LR{Af(1)},

where LP(.) is the Laplace transformation of the random variable exp(f.oX;+ f.0Z;+ b) con-
ditional on W, Z;. Then, by the invertibility of the Laplace transformation, A§(t) = Aj(¢). This
completes the proof of identifiability. |

Proof of Theorem 2. Denote by 1, < ... <tk the distinct failure times. Consider the function

-8 flrat) ()}

where M > max{1/(t, —t,_,)} and (t —a), =0if t<a and t —a if t > a. Then Ay (t)e C*[0, )
and, for fixed Q, [,(N,Y,W;Q, Ay)—> o0 as M—oo. This implies the unboundedness of
1N, Y, W; Q, A,,) in the Euclidean space x C*[0, o). O

Proof of Theorem 3. Denote by 1, < ... <7tk the distinct failure times. Replace 4,(t) by AAy(t)
in the likelihood function (16). Introduce the failure set for the ith cluster, D; = {(i, j): 6;; = 1}, with
corresponding failure times Ty, = Lij- Then I(N;, Y;, W;; Q, Ay) in (16) can be rewritten as

I(N;, Y, Wi Q, Ay) —IOgJ{ n fu Tk, ; | n Sij(tij|Xisbi)} L(W;| X;)L(X;) dX; d®(b;; 0),

(i,j) € D; (i,j) ¢ D;

where
fij(fk,-j | X;, b;) = AAo(y,) exp{f.Xi;+ p.Z;;+ b, — Zl:r,<rkijAAO(Tl) exp(f.Xi;+ B.Z;;j+ by)},
S;i(t;;1X;, b;) = exp{ _21:r1<z,-jAAo(T1) exp(f.Xi;+ B.Z;; + b)}.

Now we want to show that, if {AA,(t;)}|¥ does not remain bounded, the loglikelihood (16) goes
to minus infinity. Without loss of generality, we assume that, for some ko, AAq(ty,) — 00, with the
other {AAq(ti)} (k # ko) bounded. Suppose that subject (i, jo) fails at time 7, . We can write (16)
as

lm(N: Y, Wy Q) AO) = Z l(Niv Yiv VI/;a Q) AO) + l(NiO: Y;Ov VV!Oa Qn AO): (AS)
i+io
where the first term is bounded and the second term can be written

log J{ﬁojo(rko) l_[ Jioi(Tio) H Sioj(tioj)} LW, | X, ) L(X;,) dX;, d®(b; ; 0).
(io-J) € Dy )+ jo (io.J) ¢ Di,
It can be easily seen that f; ; (t,)— 0 uniformly as AAg(ty,)— oo in any bounded set containing
Bx» B., 0, X, ;, and b, . Hence the second term in (AS) tends to —oo. It follows that, if
{AAy (1)} ¥ does not remain bounded, the likelihood (16) goes to minus infinity. Further, using the
boundedness of Q, these results show that we only need to consider maximising [,,(N, Y, W; Q, A,)
in a compact set. Since [ (N, Y, W: Q, A,) is a continuous function of Q and {AAy(t,)} X, its
supremum exists and can be attained in any compact set. O
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