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Abstract

While deep neural networks (DNNs) are used for prediction, inference on DNN-
estimated subject-specific means for categorical or exponential family outcomes re-
mains underexplored. We address this by proposing a DNN estimator under general-
ized nonparametric regression models (GNRMs) and developing a rigorous inference
framework. Unlike existing approaches that assume independence between estima-
tion errors and inputs to establish the error bound, a condition often violated in
GNRMs, we allow for dependence and our theoretical analysis demonstrates the fea-
sibility of drawing inference under GNRMs. To implement inference, we consider
an Ensemble Subsampling Method (ESM) that leverages U-statistics and the Ho-
effding decomposition to construct reliable confidence intervals for DNN estimates.
We show that, under GNRM settings, ESM enables model-free variance estimation
and accounts for heterogeneity among individuals in the population. Through sim-
ulations under nonparametric logistic, Poisson, and binomial regression models, we
demonstrate the effectiveness and efficiency of our method. We further apply the
method to the electronic Intensive Care Unit (eICU) dataset, a large scale collection
of anonymized health records from ICU patients, to predict ICU readmission risk and
offer patient-centric insights for clinical decision making.
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1 Introduction

Given an outcome variable y and covariates x, estimating the conditional expectation
E(y|x) is central to supervised learning. Under squared loss, E(y|x) is the optimal estima-
tor that minimizes the expected estimation error among all measurable functions, making
it a natural and widely adopted target in statistical modeling and machine learning. Even
when optimality does not hold under more general losses, E(y|x) remains a valuable tar-
get, offering insight into the relationship between covariates and outcomes. It serves as
a foundational component for constructing more complex quantities across domains such
as conditional variances, counterfactual means, and risk-adjusted estimates (Hastie et al.
2009). Methods that estimate E(y|x) include linear, parametric and nonparametric regres-
sion, kernel regression (Nadaraya 1964), support vector regression (Drucker et al. 1996),
random forests (Breiman 2001) and deep neural networks (DNNs) (LeCun et al. 2015).

With the rapid advancement of artificial intelligence, DNN—-based estimators have gained
widespread popularity. However, the statistical inference surrounding the DNN estimator
of E(y|x), especially when y is categorical or belongs to the exponential family, remains
underdeveloped. We address this gap by establishing a rigorous framework for inference on
E(y|x) estimated by DNNs under a generalized nonparametric regression model (GNRM)
setting [see Eq. (2.3)].

Modern inference approaches include distribution-free conformal estimation inference
(Lei et al. 2018, Angelopoulos & Bates 2021, Huang et al. 2024), extensions of jackknife
inference within conformal estimation (Alaa & Van Der Schaar 2020, Kim et al. 2020, Bar-
ber et al. 2021), debiasing methods (Athey et al. 2018, Guo et al. 2021), residual-based
bootstrap techniques (Zhang & Politis 2023), and the use of U statistics in regressions, ran-

dom forests and neural networks (Mentch & Hooker 2016, Wager & Athey 2018, Schupbach



et al. 2020, Wang & Wei 2022, Fei & Li 2024). Several distinctions and limitations remain.
For example, conformal prediction constructs distribution-free prediction sets for y, tar-
geting outcome coverage rather than inference on E(y|x). Its intervals thus absorb both
outcome noise and model uncertainty, making them conservative and inefficient for mean
inference. Clinically, inference on risk classifications derived from patients’ risk profiles,
which are based on the estimated conditional mean (i.e., risk score), is more actionable, as
medical decisions (e.g., triage or treatment intensity) rely on risk stratifications rather than
prediction sets (Lundberg et al. 2018, Van Calster et al. 2019). Jackknife and related leave-
one-out methods assume stable, nearly independent residuals, conditions violated by DNNs
whose estimates depend heavily on individual samples. Debiasing approaches (Athey et al.
2018, Guo et al. 2021) and residual bootstraps (Zhang & Politis 2023) remain limited to
linear models, while resampling-based inference for high-dimensional GLMs (Fei & Li 2021)
is fully parametric. Recent work on uncertainty quantification for random forests (Mentch
& Hooker 2016, Wager & Athey 2018) and neural networks (Schupbach et al. 2020, Fei
& Li 2024) offers valuable insights but remains largely confined to continuous outcomes,
leaving inference for GNRMs such as logistic and Poisson regressions unresolved.
Theoretically, for valid inference on E(y|x), we need to establish the convergence rate
of neural networks in a GNRM framework. Since the universal approximation theorem
(Hornik et al. 1989), there has been much progress in understanding the convergence rates
of neural networks (McCaffrey & Gallant 1994, Kohler & Krzyzak 2005, Yarotsky 2017,
Shen et al. 2019, Kohler & Langer 2021, Lu et al. 2021, Shen et al. 2021, Jiao et al.
2023, Fan et al. 2024, Wang et al. 2024, Bhattacharya et al. 2024, Yan et al. 2025). For
instance, Shen et al. (2021) established the convergence rate under nonparametric regression

assuming the p-th moment of response is bounded for some p > 1; Fan et al. (2024)



explored nonasymptotic error bounds of the estimators under several loss functions, such
as the least-absolute deviation loss and Huber loss; Wang et al. (2024) proposed an efficient
and robust nonparametric regression estimator based on an estimated maximum likelihood
estimator; Fan & Gu (2024), Bhattacharya et al. (2024) investigated deep neural network
estimators for nonparametric interaction models with diverging input dimensions, focusing
on theoretical properties such as minimax optimality, approximation error control, and
sparsity-driven regularization. However, quantifying uncertainty of DNN-estimated E(y|x)
within the framework of GNRM introduces additional challenges. The existing approaches
typically assume a nonparametric regression framework, where the distribution of y —
E(y|x) does not depend on x. This assumption simplifies the theoretical analysis and
the derivation of convergence results (Takezawa 2005, Gyorfi et al. 2006, Fan 2018). In
generalized nonparametric regression settings, however, the assumption often fails due to
heteroskedasticity, as the distribution of y — E(y|x) may still depend on x. Consequently,
the standard techniques for bounding error terms and controlling variance no longer apply,
and the established results on uniform convergence or concentration inequalities (Bartlett
et al. 2020) are invalid. As a result, it is unclear whether these methods are applicable for
drawing inference on GNRMs estimated by DNNs.

Our methodological and theoretical contributions are as follows. First, we propose a
DNN estimator for subject specific means under GNRMs and develop an inference frame-
work that explicitly accounts for covariate-dependent error distributions induced by het-
eroskedasticity. We provide new proof techniques, including new criterion loss function,
covering-number based concentration and a truncation strategy that handles exponential-
tailed, heteroskedastic noise in Section D in the Supplementary Material, improving the

results of Schmidt-Hieber (2020). For example, with the general loss induced by GNRMs,



the quadratic-based arguments of Schmidt-Hieber (2020) no longer apply. This necessitates
a complete redevelopment of the error bounds, derived instead from the intrinsic curvature
and Lipschitz properties in the new GNRM setting. As a result, all estimation error analyses
are novel and move beyond Gaussian approximations. Additionally, the presence of expo-
nential tailed, heteroskedastic noise complicates uniform convergence, which we address
through a truncation strategy. The truncation scheme partitions the analysis into bounded
and unbounded noise regimes, where standard convergence arguments apply in the former
and concentration inequalities control the latter, yielding sharper error bounds. These
theoretical tools enable us to extend the continuous outcome setting of Schmidt-Hieber
(2020), accommodating both continuous and discrete outcomes, and thereby generalizing
their framework to the broader GNRM class. Second, to quantify the uncertainty of the
estimates, we propose an ensemble subsampling method (ESM) under GNRMs, developed
from U-statistics (Frees 1989, Hoeffding 1992, Lee 2019, Boroskikh 2020) and Hoeffding
decomposition (Hoeffding 1992). Our model-free variance estimator leverages the intrinsic
properties of Hoeffding decomposition and accommodates varying population levels as well
as individual variance structures. Moreover, we employ incomplete U-statistics to reduce
computational cost, enabling the resample size to grow proportionally with the sample size
while limiting the total number of resamples. To mitigate the resulting Monte Carlo bias,
we refine the variance estimator of Wager & Athey (2018) for bias correction.

In Section 2, we introduce deep neural networks (DNNs), generalized nonparametric re-
gression models (GNRMs) and the ensemble subsampling method (ESM). Section 3 presents
theoretical results for the convergence rate of DNNs under the GNRM framework, as well
as results for statistical inference using ESM. In Section 4, we perform simulations to eval-

uate the finite sample performance of our method. Section 5 demonstrates the proposed



methodology using the electronic Intensive Care Unit (eICU) dataset to estimate both the
probability and expected number of ICU readmissions based on patient characteristics, with
accompanying statistical inference. The eICU dataset is a multi-center resource comprising
anonymized clinical data from ICU patients, developed through a collaboration between the
Massachusetts Institute of Technology and multiple healthcare partners. The findings may
support the identification of high-risk individuals and guide the delivery of personalized,
risk-informed care. Section 6 concludes the paper with discussions. Additional experiments
and proofs are provided in the Supplementary Material.

Notation. We employ lower letters (e.g. a) for scalars and boldface letters for vectors and
matrices (e.g. aand A). For any matrix A, we use ||Al|o and ||A|~ to denote its zero norm
and infinity norm, respectively. The set of natural and real numbers are denoted by N and
R respectively. For any function f mapping a vector to R, we use || f|| to denote its infinity
norm. For an integer n, [n] = {1,...,n}. We write X;(n) = O(Xs(n)) or Xi(n) 3 Xs(n)
or Xo(n) 7 Xi(n) if there exist C' > 0 and Ny > 0 such that |X;(n)| < C|Xa(n)| when
n > Ng. We denote Xs3(n) < Xi(n) if X1(n) = O(X3(n)) and Xs(n) = O(X;1(n)). We
denote Xi(n) = o(Xz(n)) if Xi(n)/Xa(n) — 0, and X;(n) ~ Xo(n) if {X1(n)/Xas(n)}
converges to 1. When clear from context, we add the index p (for probability) such as O,

for a random variable and its realized value to avoid redundancy.

2 The Preamble

2.1 Deep Neural Networks

Let L be a positive integer denoting the depth of a neural network, and p = (po, ..., 1, Pr11) "

be a vector of positive integers specifying the width of each layer, with py corresponding



to the input dimension, py,...,pr the dimensions of the L hidden layers, and pp.; the

dimension of the output layer. An (L + 1)-layer DNN with layer-width p is defined as
f(x) =WrfiL(x)+ vy, (2.1)

with the recursive expression f;(x) = o(W_1fi_1(x) + vi—1), fi(x) = c(Wox + vy).
Here, W; € RP+1*Pt and vectors v; € RPi+1 ([ € [L]) are the parameters of this DNN|,
and ¢ : R — R is the activation function, applied element-wise to vectors. A commonly
used activation function is the rectified linear unit (ReLU) function (Nair & Hinton 2010),
or o(z) = max(z,0). We focus on ReLU due to its piecewise linearity and projection
properties, with potential extensions to other activation functions as discussed in Section 6.

Overparameterized DNNs can memorize noise and overfit (Cao et al. 2022), so sparsity
is used to control complexity. We focus on the following class of s-sparse and F-bounded

networks for our theoretical analysis:

L
F(L,p,s, F) = { f of form (2.1): [[Willas, [Villoe < 1, Y [Willo + [[illo < 5, [l flle < F}.

(2.2)

Here, s € N, and F' > 0 is a constant. || - ||o is the number of nonzero entries of matrix or

vector, and || f||« is the sup-norm of function f.

2.2 Generalized Nonparametric Regression

Consider outcomes from the exponential family, including commonly used distributions
such as normal, Bernoulli, Poisson, and binomial. The density (or mass) function for a ran-
dom variable y in the (single-parameter) exponential family is p(y|0) = h(y) exp {0y — ¥ (0)},
where 6 is the canonical parameter, 0 < h(y) < oo ensures normalization, and () is con-
vex and smooth, satisfying E(y|0) = v¢/(0), where ¢/(-) denotes the derivative of ¢ (-) and

the inverse function of ¢/(-) is known as the link function (Brown 1986, Fei & Li 2021).
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Suppose we observe n independently and identically distributed (iid) sample {(x;, i)},
from (x,y), where x € RP is a covariate vector and y € R is the response variable. Given

x, the distribution of y is modeled as

plylx) = h(y) exp {yfo<x> - w<fo<x>>}, (2.3)

where f, : R? — R is a nonparametric function with fy(x) representing the mean parameter
of the response variable y given x. Model (2.3) is referred to as a Generalized Nonparametric
Regression Model (GNRM), where the outcomes follow a distribution from the exponential
family. With an independent test point (Xpew,Ynew) and that Ypew, given Xyeyw, follows
(2.3), we aim to estimate E(Ynew|Xnew) Which is ¢/ ( fo(Xpew)), Consequently, it is of interest
to estimate fy. By the universal approximation theorem (Hornik et al. 1989), DNNs are
one of suitable candidates for estimating f;. We consider an optimal DNN estimator, ]/”\;L’pt,
which minimizes the negative log likelihood function (2.3) over the class of DNNs defined

n (2.2), that is,

- 1<
f;zpt = argminfef@’p’s,F) o Z{_yif(xi) +(f(xi))}- (2.4)
i=1

The estimator (2.4) is applicable to commonly used models, including these listed below.

Nonparametric Gaussian Regression: Given x, we assume that the response variable follows

a Gaussian distribution with mean fy(x) and variance 2. In this setting, 0% does not affect
the estimation of the mean function fy(x), which can be seen by examining the likelihood
and optimization. The likelihood function for a nonparametric Gaussian regression model

= ()2
is given by p(y|x) = \/21706 207 . An application of (2.4) to this setting yields:

fort = argmin ez g, o s ) Z{ yif (%) + fz(xz)}

= argmlnfe]: L,p,s,F) E {y’b Z )



corresponding to mean squared error minimization as in Schmidt-Hieber (2020).

Nonparametric Logistic Regression: To model binary outcomes y € {0, 1}, we set h(y) = 1,

(0) = log(1 + €?) in (2.3). The estimator (2.4) in this setting can be written as:

n

. , 1
i = argmingerppar) - > (—yif (%) + log[1 + exp{ f(x;) }])-
i=1

Nonparametric Poisson Regression: Considering y € N (non-negative integers), we define

h(y) = i and ¥(0) = € in (2.3). The estimator (2.4) has the following form:

n

Fort = aramin e s 1y - D lespLf 00} — il ()]

=1

Nonparametric Binomial Regression: Given covariates X, the response variable y follows

a Binomial distribution with a fixed number of trials n;., and the success probability

p(x) = m This corresponds to h(y) = (”t;i‘"“) and ¥(0) = ngyja log(1 + €?). In this

setting, the estimator (2.4) is specified as

n

Z [ - yzf(Xz) + Nirial IOg{l + 6f(XL)}:| .

=1

1

Aopt . :
fn - argmlnfef(L,p,s,F) E

2.3 Empirical Risk Minimization and Function Smoothness

Recall that the pointwise Kullback—Leibler divergence between two distributions of the

form (2.3), one specified by f and another by the true fy, conditional on x, i.e.,

E [~y f(x) + ¢ (f(x)) + yfo(x) — ¥ (fo(x)) | x] = =o' (fo(x))(f(x) = fo(x))+¥(f (x))~¢ (fo(x)),

where we use E[y|x] = ¥/(fo(x)). This equals the Bregman divergence between f(x) and
fo(x), which is nonnegative and vanishes if and only if f(x) = fo(x). We then quantify

the estimation error of f, any estimator of fy, by evaluating the pointwise estimation error

-~ ~

at an independent test point X: ((X; 7. fo) = =¥ (fo(X)(f(X) = fo(X) +¥(f(X)) —



¥(fo(X)). We further define the average estimation error, our main theoretical target, as

~

R.(f, fo) = E[((X; [, fo)l, (2.5)

where the expectation is taken with respect to all involved random variables.
Computing the exact minimizer f;jpt in (2.4) is challenging due to the nonconvex loss
(Fan & Gu 2024). Instead, we obtain an approximate minimizer £, using optimization

algorithms such as gradient descent. To quantify the optimization error, we introduce
T 7o 1 - n N 1 - 7o 7o
Bl B2 =B S0 wFalx) + 0UF0) = & S + w(F ) | (20
i=1 i=1

that measures the difference between the expected empirical risk of fn and f;‘;pt. For
notational ease, we write An(fn) = An(ﬁ, ﬁ‘ipt) when the reference to ﬁpt is clear. We will
show that a small empirical deviation An(fn), combined with controlled model complexity
of the neural network class, implies a bound on the average excess risk Rn(ﬁl, fo), forming
the foundation for the inference theory developed in subsequent sections.

For desirable properties of ﬁ, we assume fo belongs to a Holder class (Schmidt-Hieber

2020, Fan & Gu 2024) with parameters v, K > 0, and domain D C R":

0P _9B
G!(D,K) = {g ‘Do R: Z 18%4]| + Z sup 0P g(x) 7_Lgv(Jy)| - K},
A<y BBzl YA X — yllse

where |v] is the largest integer strictly smaller than v, and 97 = 9% ...0°% with 8 =
(Bi,..., 3-)" € N'. We further assume that f; is a (¢ + 1)-composition (¢ € N) of several
Hélder functions. That is, for some vectors d = (dy, ..., dg41) € N‘fﬂ, t = (to,....t,) € N‘fl

and m = (my, ...,m,) € RI™ fi € G(g,d, t,m, K), where

G(¢,d,t,m, K) := {f =gq0---000: 9 = (gij); : [aiabi]di — [ai+1,bi+1]di“,

gij € G ([as, b)") with |ay], b < K}.
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The motivation for the assumptions on f; is that the Hoélder class provides a flexible
framework for quantifying smoothness, capturing both integer and fractional orders, and
serves as a natural benchmark for assessing neural network approximation (Yarotsky 2017),
while the compositional structure mirrors the architectural design of deep neural networks
with each layer applying a transformation to the output of the previous one (Yarotsky
2017). We also note that d and t characterize the dimensions of the function, while m

represents the measure of smoothness. For instance, if

fo(X) =921 <911(901($1,Iz;$3,$4)7902(($5,$6;$7,l’8)))7
912(903(379,$10,1‘11751712)7904((9613796147301575616)))7
913(905($17>3318>33197$20)7906((1’21,$22,$23>$24)))), x € [0, 1]247

and g¢;; are twice continuously differentiable, then smoothness m = (2,2,2), dimensions

d = (24,6,3,1)" and t = (4,2,3)". We further define m} = m;II{_, ., (m; A1) and ¢, =

] —2m*/(2m%+t;)
maxj—q, . qn /T

2.4 Emnsemble Subsampling Method (ESM)

Consider a scenario where x is drawn from an unknown probability measure Py supported
on X, and for an input X,ew = X, € X, the unobserved outcome ey follows (2.3). Our goal
is to estimate E(Ynew|Xnew = Xx) = ¥'(fo(x4)) and its uncertainty. For this, we introduce
the Ensemble Subsampling Method (ESM), based on subsampling techniques (Wager &
Athey 2018, Fei & i 2024), to construct ensemble estimators and confidence intervals.

ESM consists of the following components, which are summarized in Figure 1 as well.

e (Subsampling) Let Z = {1,...,n} denote the index set of the training dataset D,,. We
construct subsets of size r(< n), yielding B* = (:f) unique combinations. Denoting

the b-th subset as Z° = {iy,...,4,}, where i; < --- < i, and b € [1 : B*].
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e (Estimator Construction) For each 1 < b < B* we aim to minimize the objective
function in (2.4) within F(L, p, s, F') by using a gradient based optimization algorithm
such as Stochastic Gradient Descent (SGD) on the observations indexed by Z°. Let

ﬁ’ denote the resulting approximate minimizer satisfying
A(fY, ooty < A, 2.7)

where AP quantifies the optimization error (Fan & Gu 2024), and Frortand A, (f?, frort)

are defined respectively in (2.4) and (2.6) on the subsample indexed by Z°.

e (Ensemble Estimation) Using the estimators {J?b :b=1,...,B*}, we compute the

ensemble estimation for any x, € X as:

PP ) = 5 0 P,
and estimate E(ynew |[Xnew = X4) as ©'(fB(x,))).

e (Confidence Interval Construction) To quantify uncertainty, we estimate the vari-
ance, denoted o, using the infinitesimal jackknife method. The resulting confidence

interval (CI) is defined as:

CI(x) = [0/(F (%) = o), /(P () + caB2)]. (2:8)
where ¢, is a constant controlling the 1 — a confidence level.

The distribution of ]a’(x*) for a fixed x, is intractable. However, since ﬁ’(x*) is permu-
tation symmetric with respect to Z°, the ensemble estimator J?B*(x*) forms a generalized
U-statistic, which we later show to be asymptotically normal by leveraging U-statistics
theory. In practice, we allow r to grow with n, but evaluating all B* = (:f) models becomes
computationally infeasible. To overcome this, we use a stochastic approximation by ran-

domly drawing B size-r subsamples from D,,. This involves independently sampling indices

12



ESM Pipeline

Subsampling Ensemble Inference
n + Train f” in + Give variance
Input {X; ;)i each subset estimator 62
« Create B (size 1)| =9 | — .
random subsets . Aggregat% all f*: « Inference for f:

A 1 A fAB"'Z a(AT-
— — {140+
« Each subset is fB_Bsz ’
®) (O b=1
{Xi ’yi }i=]

Figure 1: Overview of the Ensemble Subsampling Method (ESM).

by,...,bp from 1 to (:f), where each subsample is indexed by Z%, and computing
1 B
By ny
PPl = 5 2 1) 29)

As (2.9) provides the estimator for fy, the variance o, in (2.8) in the Confidence Interval

Construction procedure is given as

nn —1) < n(n—1) 1 r &
= 7 vz . i — Vi)~ 2.10
7 (n—r)2,Z P T h—r2 BB-1):“ 2 (%= V) (2.10)
N =1 , i=1 j=1 |
origi;lral 2 bias cggection
Here, Z;,; and ‘//\; are defined as
V= Zil Zi

Zysi = (o0 — Jz)(fbj (x4) — Jﬂg(x*)), V; 5

where J,; = I(i € Z%) and J,; = & Zle Jv,i- Extending Peng et al. (2024), (2.10) jointly
corrects Monte Carlo bias and finite-sample effects using the factor n(n — 1)/(n — r)?,
enabling valid inference with B 7 m. Its construction relies on the dominance of the
first order term in the Hoeffding decomposition, and the bias correction term adequately

captures its resampling variability, regardless of the specific scaling between r and n.
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3 Theoretical Results

Let z; = (y;,x;) represent an independent observation of sample points. For studying the
asymptotic properties of f\B in (2.9), we introduce

~ ~

&1.0(x) = Cov(f(x; 21,22, ..., 2), [(X; 21, Zy, ..., Z..)). (3.1)
Here x € X is in the support of probability measure Py, f(x; Z1,Zs,...,%Z.) means that
we obtain ffrom the subsample z;,2,,...,2z, and then apply it to the point x, and &,

quantifies the covariance between estimates based on two overlapping subsets of size r that
share a common point z; but differ in the remaining elements. & , represents a second-order
component in the Hoeffding decomposition of a U-statistic (Hoeffding 1992), capturing the
pairwise dependence structure within the subsamples used for constructing the estimator.
The terms z; and z; are independently generated from the same data generation process.

We impose some regularity assumptions for our theoretical guarantees.

Assumption 3.1. Suppose that (2.3) holds and the true function fy € G(q,d,t,m, K).
The support of y, denoted by supp(h(y)), is fized and does not depend on x. Moreover,
the sufficient statistic T(y) =y is not degenerate and can take at least two distinct values
in supp(h). For any x, the conditional distribution p(y|x) is sub-exponential. Specifically,

with bounded fy there exists a universal constant k > 0 such that for allt > 0,

B(ly - E(y}x)| > t}x) < 2exp (—%) .

Assumption 3.2. The network class F(L,p,s, F) with L, p and s satisfies i) F

A%

max(K, 1), i) Y i logy(4t; V 4m;)logon < L 3 log®n for some a > 1, iii) ng, 3

~

. . _9m* w4
min_ypp; <max_y L p; 3N, w) s 3 ng,logn. Here, ¢, = maxj_g__,n 2m3/(@mitt;)

where m; = m;Il_,  (m; A 1). The values t;,m; and p; are the (i + 1)-th element in the

vectors t, m and p, respectively.

14



Assumption 3.3. For each subsample with index I° and size r, there exists a constant

C > 0 such that the optimization error Ay defined in (2.7) satisfies A" < C¢p,Llog®r.

Assumption 3.4. The covariance &, ,(x) defined in (3.1) satisfies infyecy & ,(x) > Cr=(1+9)
for some & > 0. The subsample size r = n” satisfies 1/(1 + minj— . 4(2m})/(2m; +;)) <

v < 1, and the number of subsampling times B is large such that B 7~ n.

Assumption 3.1 ensures that p(y|x) not degenerate, while the concentration of y does not
deviate too widely. Additionally, that T'(y) = y takes at least two distinct values in supp(h)
guarantees a non-zero variance of y, ensuring the log-partition function ¥ (fy(x)) exhibits
local convexity. The boundedness of f, guarantees the existence of k. This condition,
weaker than the sub-Gaussian tail bound assumed in Fan et al. (2024), is satisfied by
most common exponential family distributions, including Beta, Bernoulli, Poisson, and
Gaussian. Assumption 3.2 is a technical assumption similar to Schmidt-Hieber (2020),
which specifies the requirements on the network parameters relative to the sample size
n and smoothness parameters ¢,, t; and m;, including the number of layers L and the
sparsity s. Assumption 3.3, related to the training dynamics of DNNs, stipulates that
DNNSs return an estimator sufficiently close to the global minimum. We note that the rate
in Assumption 3.3 pertains to the prediction error in Theorem 3.5. Our intent is not to
assert an explicit convergence rate for SGD in practice, but to impose a sufficient condition
that separates optimization error from the inferential analysis. This perspective follows
standard practice in the statistical literature (Chernozhukov et al. 2018, Schmidt-Hieber
2020, Fan & Gu 2024), where such assumptions serve as technical devices to ensure valid
inference rather than as primary objects of study. Assumption 3.4 on & ,.(X) is not meant to
serve as a precise characterization of neural networks. Rather, it ensures that the first-order

Hoeffding projection remains non-degenerate and dominates the higher-order components,
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as in the random forest setting (Wager & Athey 2018). We choose the subsample size r
much smaller than n to ensure first-order dominance but large enough to limit bias, and

let the number of subsamples B scale with n to control computation.

Theorem 3.5. Suppose that fo € G(q,d,t,m, K) and fn € F(L,p,s, F). If Assump-

tions 3.1-3.2 hold, then it holds that

1 -~ ~ ~

§An(fn) - C/¢nL10g2 n S Rn(fm fO) S 2An(fn) + C/¢nL 10g2 n.
for some constants ¢',C" > 0. Here, An(f) is defined in (2.6).

Theorem 3.5 establishes a bound on the out-of-sample estimation error. Unlike previ-
ous studies (Schmidt-Hieber 2020, Fan & Gu 2024), which primarily focus on bounding
the in-sample mean squared error, i.e., %Z?Zl(yz — f(x;))?, to derive bounds for the esti-
mation error, our approach applies to a wide class of training losses (2.6) under GNRMs.
The heteroskedasticity inherent in GNRMSs necessitates a more refined analysis, and a
truncation technique is introduced to address this challenge by separating the noise into
different regimes. Specifically, this result enables the analysis of non-Gaussian outcomes
with heteroskedasticity depending on covariates, overcoming key limitations of prior meth-
ods (Schmidt-Hieber 2020, Fan & Gu 2024) that rely on the independence of y; — E(y;|x;)

and fp(x;) to get estimation error bounds.

Proposition 3.6. We suppose that the conditions of Theorem 3.5 hold, the neural network
fitted on subsamples belongs to F(L,p, s, F'), Assumptions 3.2-3.4 hold for each subsample
with size v, and sparsity s < r' ¢, logr for some constant 6 > 0. Then for a fizved X, if

the pointwise bias is dominated by the best approximation bias, i.e., there exists constant

C(x4) only depends on x, such that |Eﬁ’(x*) — fo(x4)

holds that [ —— - [EfP(x.) — fo(x.)
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Proposition 3.6 implies asymptotic unbiasedness, i.e., E{f\B(X*)}—fQ(X*) = 0< W)
for a fixed x,. Thus, the bias of ]?B is asymptotically negligible, and enables us to focus on

FB(x,) — E{fB(x.)} and establish the following results.

Theorem 3.7. Suppose the data D, are generated from Model (2.3) with an unknown
fo € G(¢,d,t,m, K), the used neural networks belong to F(L,p,s, F), and Assumptions
3.1-3.4 hold (Assumption 3.2 holds for each subsample with size r ). Then with the results of
Proposition 5.0, there exists a positive sequence, 1,0, ..., with 6, — 0 and a corresponding
set As, € X with Px(As,) > 1 — 0,, such that for any fized x, € As,, it holds that

\/ﬁ- fB(X*) - fO(X*) i) N(O, 1).

T2§1,T (X*)

Theorem 3.7 establishes the asymptotic normality of the ensembled estimator fB for any
fixed x, € A;,, i.e., the inference result holds with high probability for almost all x € X.
Here, Theorem 3.7 holds by the fact that the first-order projection of ]/”\B(x*) - E{fB (x.)}
dominates the other terms. Moreover, as the analytic form of & ,(x,) is unavailable, the

following theorem provides a consistent estimator of it.

Theorem 3.8. Under the same setting as in Theorem 3.7 and with 5% defined in (2.10),

it holds that for any fived x, € X,

no?

Compared to Wager & Athey (2018) and Fei & Li (2024), since we allow the number
of subsamples B to grow at the same rate as the sample size n, the Monte Carlo bias in
the variance estimation becomes non-negligible. As pointed out by Wager et al. (2014),
this bias is typically of order n/B, and does not vanish when B =< n. Different from the

correction proposed in Wager et al. (2014), which assumes near asymptotic independence
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between the inclusion indicators J,; and the estimates ﬁ’, we propose a bias-correction term
that directly accounts for the dependency between subsample structure and estimates.
Specifically, we utilize the covariance form of the variance estimator and subtract a U-
statistic—based empirical correction that estimates the within-subject variability due to
repeated subsampling. This yields a debiased estimator that is asymptotically unbiased
even when B < n. For the confidence interval in (2.8), Theorem 3.8 and the Slutsky
theorem ensure that, as n — oo, it holds that

P(E(henx.) € [L(x). T(x)]) =1,

~

where L(x,) = ¢’<fB(x*) — zl_a/{a\*), Ux.) = ¢ (fB(x*) + zl_a/28*>, and z1_q/2 is
the (1 — a/2)-th quantile of the standard normal distribution. In practice, we recommend
using this back-transformed interval, as it preserves the parameter’s natural range.

Remark. Our inference framework relies on a well-trained network; when training is insuf-
ficient or overly regularized, inference may become unreliable. For analytical tractability,
we adopt an idealized s-sparse, F-bounded network class (Schmidt-Hieber 2020), while in
practice, regularization techniques such as weight decay and dropout promote approximate
sparsity, keeping the trained model close to this class. The optimization gap An(fAn) in
Theorem 3.5 quantifies the discrepancy between empirical and population risks, filters out
degenerate training cases, and accounts for residual optimization and approximation er-
rors. Our theory demonstrates that as long as An(ﬁ) remains small, inference validity is

preserved, consistent with Chernozhukov et al. (2018), Fan & Gu (2024).

4 Numerical Experiments

We conduct simulations under logistic and Poisson generalized nonparametric regression

models to evaluate the performance of the ensemble subsampling method (ESM) in point
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estimation, variance estimation (7, ), coverage, and interval length. For comparison, we in-
clude several alternative methods capable of producing confidence intervals, including HulC
(Kuchibhotla et al. 2024), Bayesian Neural Networks (Sun et al. 2021), Ensemble Meth-
ods (Lakshminarayanan et al. 2017), and the naive bootstrap. Additional experiments
are presented in the Supplementary Material, namely, Section A.1 (binomial regression),
Section A.2 (comparison with random forests (Breiman 2001)), Section A.3 (kernel regres-
sion), Section A.4 (varying covariate dimensions and nonlinearities), and Sections A.5-A.9
(sensitivity analyses for optimization parameters, subsample size r, number of subsamples
B, network depth L, and dropout rate).

We present our basic settings. Define g(x) = z; + 0.2523 + 0.1 arctan (O.5w3 — 0.3).
Here, z; is the j-th element in the vector x. We generate x; from N(0,1,) with p = 10,
i.e., the first 3 covariates are signals and the rest are noise variables. For each i =1,...,n
and given x;, we independently simulate y; under the following models.

(logistic model) P(y; = 1|x;) = WW’ with fo(x) = g(x) and ¢/(x) = (1+exp(—z)) .
(Poisson model) With k£ € {0,1,2,...}, P(y; = k|x;) = M’ where we set \(x;) =
log(1 + e9™)) to ensure that A(x;) > 0. In this model, we have fy(x;) = log{\(x;)}
and ¢'(x) = exp(z). For evaluation, we generate a total of 80 independent test points
Xeest: ~ N (0,I19), i = 1,...,80, which remain fixed throughout the following experiment.
We then apply (2.9) and (2.10) to obtain the point estimate J?B(Xtest,i) and its associated
variance estimate o, (Xtest,;). 10 assess the accuracy of the variance estimates and the em-
pirical coverage of the confidence intervals (2.8), we repeat the entire procedure 300 times,
each time independently regenerating the training data. This yields replicated estimates
jZB(Xtesm) and 0, 5(Xtest;) for s = 1,...,300. Final evaluation is based on the average

performance across the fixed test set, using the metrics summarized in Table 1.
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Table 1: Simulation results for different regressions under varying sample sizes n and sub-
sampling ratios  using the following metrics: absolute Biasy and MAE; are, respectively,
the average and mean absolute bias between f;B and fy; Biasy and MAE,, are, respectively,
the average and mean absolute bias in the transformed form ¢’ (fSB ) and ¢'(fo); EmpSD
denotes the empirical standard deviation of J?SB(Xtest,i) computed across the 300 repetitions
and then averaged over the 80 test points; SE and SE,. denote the average standard errors
without and with bias correction, respectively, averaged over the 80 test points; CP is the
average, across test points, of the coverage probability that the 95% confidence interval
(2.9) contains the truth over 300 repetitions, and AIL is the mean length of these intervals.

Numbers in brackets indicate the standard deviation of each metric across test points.

Bias;  MAE,  Bias,  MAE, EmpSD SE SE. CP AL

Logistic Model

0.65 0.78 0.66 91.7% 0.46(0.13
r=n%% 0.06(0.59) 0.47(0.36) 0.01(0.12) 0.10(0.07) 0.55 0.68 0.58 94.0% 0.43(0.11
r=n" 0.07(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) 0.48 0.59 0.50 94.6% 0.39(0.09

n = 400,r = n"® 0.11(0.72) (0.44) ) ) (0.13)
(0.59) 0.47(0.36) 0.01(0.12) 0.10(0.07) (0.11)
(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) (0.09)
n =700, = n® 0.08(0.41) 0.33(0.26) 0.02(0.09) 0.07(0.05) 0.39 0.51 0.39 93.6% 0.31(0.08)
i S5 e s =

0.57(0.44) 0.02(0.14) 0.11(0.08

r=n"% 0.05(0.36) 0.28(0.22) 0.01(0.08) 0.06(0.05) 0.34 0.44 0.34 93.9% 0.28(0.06
r=n% 0.06(0.33) 0.26(0.21) 0.01(0.07) 0.06(0.05) 0.31 0.40 0.31 92.9% 0.26(0.06

Poisson Model

n = 400, r = n°% -0.32(0.38) 0.38(0.31) -0.16(0.23) 0.22(0.18) 0.35 0.43 0.36 88.6% 0.86(0.45)
r=n"% -0.23(0.36) 0.33(0.27) -0.12(0.25) 0.21(0.18) 0.34 0.43 0.36 91.9% 0.95(0.52)
r=n% -0.14(0.34) 0.29(0.24) -0.06(0.25) 0.19(0.18) 0.33  0.42 0.35 94.3% 1.02(0.59)

n = 700,r = n®8 -0.17(0.26) 0.25(0.20) -0.10(0.19) 0.16(0.14) 0.25 0.34 0.26 90.7% 0.67(0.34)

(0.26) 0.21(0.17) -0.06(0.19) 0.15(0.14) (0.38)

(0.24) 0.19(0.15) -0.02(0.19) 0.14(0.13) (0.38)

r=n%% -0.10(0.26 0.17 0.15(0.14) 0.24 0.33 0.25 93.2% 0.71(0.38

r=n’? -0.04(0.24 0.15 0.14(0.13)  0.23 0.32 0.24 94.5% 0.72(0.38
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Figure 2: Estimation and inference in simulation samples: Logistic Model with n = 700,
r = n®? and B = 1400. Figure 2a shows the average estimated E(y|x) with variability
across 300 repetitions (gray band) over test points. Figure 2b compares corrected and
uncorrected standard errors and their variability (gray and blue bands, respectively) to the

empirical standard deviations of estimates across all test samples.

In the experiment, we randomly select sub-datasets of size r to train neural networks,
varying r from n%® to n®?, with n = 400 and 700. These choices of r are based on our
experiments as they provide enough data for neural network convergence while remaining
asymptotically smaller than the total sample size n. To ensure computational feasibility,
we set B = 1400 and use a three-layer DNN with architecture p = (p, 128,64, 1), a learning
rate of 0.1, and ReLU activation. We apply early stopping (500 epochs), a 10% dropout
rate, {5 weight decay with rate 0.02, and output truncation (F' = 3) to effectively con-
trol the sparsity s and boundedness F' in the function class defined in (2.2), aligning the

implemented network with theoretical assumptions.
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Table 1 shows that increasing the sample size n reduces biases with decreased mean
absolute errors (MAE) for both f and its transformed counterpart ¢’. Figure 2a displays
the average estimated E(y|x) and its variation across 300 repetitions for various test points,
in the Bernoulli case with n = 700 and r = n%%. The estimated means closely align with the
true values. To further assess the quality of uncertainty quantification, we also examine the
empirical standard deviation across repetitions. The corrected standard errors SE. align
much more closely with the empirical standard deviations (EmpSD) than the uncorrected
standard errors (SE), confirming the effectiveness of the correction term introduced in
(2.10). This is further illustrated in Figure 2b, where the variance estimator with bias
correction closely matches the empirical standard deviation, while the uncorrected version
overestimates the uncertainty. As a result, our method achieves coverage probabilities (CP)
close to the nominal level.

We present the comparison results in Table 2. For ESM, we select our results with
v = 0.9. For HulC method proposed by Kuchibhotla et al. (2024), although the coverage
probability is close to the nominal level of 95%, its average interval length is very wide.
For Bayesian neural networks (Sun et al. 2021), we observe that the performance is highly
sensitive to the tuning of hyperparameters. Due to the difficulty of selecting appropriate
priors and optimization settings, the coverage probabilities and average interval lengths in
our experiments are worse than those of the proposed ESM, with noticeably wider intervals
and less stable coverage. For the ensemble methods (Lakshminarayanan et al. 2017) and
the naive bootstrap approach, the intervals are wider than those of ESM. As the sample
size n increases, and the coverage probability tends to exceed the nominal 95%. Overall,
ESM achieves competitive coverage performance with narrowest intervals, although it may

not always provide coverage closest to the nominal level among the compared methods.
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Table 2: Results of comparison methods.

Bian MAEf Biasw MAEW EmpSD SE SEC CcP AlL
Logistic Model, n = 400
HulC - - - 94.8% 0.71(0.21)
BNN 0.06(0 61) 0.50(0 35) 0.02(0 14) 0.12(0 08) 0.27 - - 97.8% 0.68(0.13)
Ensemble 0.06(0.84) 0.67(0.52) 0.01(0.16) 0.13(0.09) 0.80 0.90 - 95.5% 0.59(0.15)
Naive bp 0.05(0.81) 0.64(0.50) 0.01(0.16) 0.13(0.09) 0.77 0.85 - 95.4% 0.57(0.15)
ESM  0.07(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) 0.48 0.59 0.50 94.6% 0.39(0.09)
Logistic Model, n = 700
HulC - - - 94.9% 0.67(0.21)
BNN 0.01(0 64) 0.55(0 34) 0.00(0 15) 0.13(0 07) 0.11 - - 65.7% 0.31(0.10)
Ensemble 0.04(0.48) 0.38(0.30) 0.01(0.10) 0.08(0.06) 0.47 0.53 - 96.8% 0.41(0.10)
Naive bp 0.03(0.48) 0.37(0.29) 0.01(0.10) 0.08(0.06) 0.46 0.52 - 96.7% 0.40(0.09)
ESM  0.06(0.33) 0.26(0.21) 0.01(0.07) 0.06(0.05) 0.31 0.40 0.31 92.9% 0.26(0.06)
Poisson Model, n = 400
HulC - - - - - 90.0% 1.40(0.89)
BNN  0.15(0.49) 0.41(0 30) 0.03(0.36) 0.30(0 21) 0.20 - - 86.3% 1.55(1.18)
Ensemble -0.22(0.44) 0.37(0.31) -0.09(0.30) 0.24(0.21) 0.42 0.50 - 96.0% 1.33(0.71)
Naive bp -0.21(0.44) 0.37(0.31) -0.08(0.30) 0.24(0.21) 0.42 048 - 95.3% 1.28(0.69)
ESM  -0.14(0.34) 0.29(0.24) -0.06(0.25) 0.19(0.18) 0.33  0.42 0.35 94.3% 1.02(0.59)
Poisson Model, n = 700
HulC - - - - - 92.8% 1.37(0.84)
BNN  0.26(0.43) 0. 40(0 31) 0.12(0.31) 0.28(0 18) 0.09 - - 732% 0.92(0.34)
Ensemble -0.10(0.30) 0.25(0.20) -0.04(0.23) 0.17(0.16) 0.29 0.37 - 97.9% 1.06(0.56)
Naive bp -0.10(0.31) 0.25(0.20) -0.04(0.24) 0.18(0.16) 0.30 0.35 97.1% 1.03(0.54)
ESM -0.04(0.24) 0.19(0.15) -0.02(0.19) 0.14(0.13) 0.23 0.32 0. 24 94.5% 0.72(0.38)

So, in some cases, using estimators without bias correction or using bootstrap procedures

may also have merit, as the presence of bias-correction terms in finite samples can lead to

slight undercoverage.

We also investigate the performance of narrower yet deeper architectures under our

method. We design a deeper network with L = 5 and p = (p, 10, 15,20, 30, 1).

As deep

networks may cause gradient explosion or vanishing during backpropagation (Glorot &

Bengio 2010), we incorporate batch normalization layers after the second and second-to-

last layers, aiming to mitigate gradient instability while maintaining the network’s ability

to learn complex representations. Table 3 shows that key metrics, including empSD, SE,

and SE., remain largely consistent with those observed for shallower network architectures.
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Table 3: Simulation results for different models under varying sample sizes n and subsam-

pling ratios r with different DNNs.

Biasy MAE; Bias,y MAE, EmpSD SE SE. CP

AIL

Logistic Model

n = 400,r = n®® 0.20(0.51
r =n"% 0.20(0.52
r=n" 0.19(0.53

0.44(0.33
0.44(0.34
0.45(0.34

0.04(0.11) 0.10(0.07
0.04(0.11) 0.09(0.07
0.04(0.11) 0.10(0.07
r=n%% 0.20(0.39

0.35(0.27) 0.04(0.09) 0.08(0.06

0.49  0.80 0.51 90.2% 0.40(0.11
0.50 0.86 0.52 90.2% 0.41(0.11
0.51  0.95 0.53 91.0% 0.41(0.11

0.37  0.78 0.38 91.1% 0.31(0.08

(0.51) 0.44(0.33) ) ) (0.11)
(0.52) 0.44(0.34) 0.04(0.11) 0.09(0.07) (0.11)
(0.53) 0.45(0.34) 0.04(0.11) 0.10(0.07) (0.11)
n=700,r =n" 0.16(0.39) 0.34(0.26) 0.04(0.09) 0.08(0.06) 0.37 0.84 0.38 90.5% 0.31(0.08)
anl oo o o =

r=n% 0.16(0.39) 0.34(0.26) 0.04(0.09) 0.07(0.06

0.37 0.84 0.38 91.4% 0.31(0.08

Poisson Model

n = 400, 7 = n°® -0.35(0.38) 0.38(0.28) -0.19(0.21) 0.23(0.18

r=n"% -0.26(0.33) 0.33(0.26) -0.14(0.21) 0.20(0.16
r=n% -0.17(0.32) 0.28(0.23) -0.08(0.23)
(0.24) 0.26(0.20) -0.13(0.17)
(0.25) 0.21(0.18) (0.18)
(0.25) 0.20(0.16) (0.19)

(0.18) 0.30 0.50 0.31 86.1% 0.70(0.35)
(0.16)  0.31 0.55 0.32 90.0% 0.78(0.39)
0.18(0.16)  0.31  0.56 0.32 91.8% 0.86(0.45)
(0.14) (0.27)
(0.13) (0.29)
(0.13) (0.34)

n = 700,r = n8 -0.22(0.24 0.20 0.16(0.14) 0.23 0.47 0.23 88.0% 0.57(0.27
r=n%% -0.13(0.25 0.18) -0.07(0.18) 0.14(0.13) 0.23 0.51 0.23 92.3% 0.63(0.29
r=n" -0.05(0.25 0.16) -0.02(0.19) 0.14(0.13) 0.23  0.56 0.24 93.4% 0.68(0.34

Nevertheless, coverage probabilities drop to around 91%. Figure 3 presents representative

08 As shown in Figure 3a, the fitted values exhibit a

results for n = 400 and r = n
slight systematic deviation from the diagonal, indicating bias relative to the true function
fo- Nevertheless, Figure 3b confirms that the corrected variance estimates remain accurate.
This bias shifts the confidence intervals, leading to reduced coverage despite precise variance
estimation. Similar bias-related undercoverage has been reported for random forests in

Wager & Athey (2018). In our case, greater network depth may induce complex interactions

that, without sufficient data, amplify estimation bias.

5 Amnalysis of elICU data

Preventing ICU readmissions is vital as readmitted patients face higher mortality risks
and increased expenses. Identifying high-risk individuals enables more personalized care

and optimized resource use. The eICU Collaborative Research Database (eICU-CRD)
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Figure 3: Estimation and inference in simulation samples: Logistic Model with n = 400

0-8 under a deeper network. Figure 3a displays the average estimated E(y|x)

and r = n
and its deviation (gray band) across 300 runs at various test points. Figure 3b compares

corrected and uncorrected SEs and their deviations (gray and blue bands) across 300 runs

with empirical SDs across test samples.

(Pollard et al. 2018) is a large-scale, multi-center collection of anonymized ICU patient data,
created through collaboration between the MIT Laboratory for Computational Physiology
and healthcare organizations. It includes detailed information on patients’ physiological
measurements, clinical data, lab results, medication usage, and outcomes during their ICU
stays. Our analysis focuses on Hospital #188, a major hospital with 2,632 patients admitted
to ICU during 2014-2015. We include ten covariates in our analysis, selected for their
clinical relevance and frequent use in prior predictive modeling studies. The features include
six lab tests (Hct, chloride, WBC, Hgb, RBC, glucose), patient age, Emergency Department

admission status, and two APACHE-based severity indicators: anticipated hospital stay
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and mortality likelihood. Among the 2,632 patients admitted to the ICU, 1,476 were
not readmitted, 1,046 were readmitted once, 77 were readmitted twice, 26 were readmitted
three times, and 7 were readmitted five or more times. We apply nonparametric logistic and
Poisson models within our ESM framework to estimate, respectively, the probability of ICU
readmission and total number of ICU readmissions using the laboratory and demographic
information. We validate our results using 5-fold cross-validation. The dataset is split into
five equal-sized folds; the model is trained on four folds (n = 2105), and the ESM method
is applied to estimate the subject-specific means and confidence intervals for each subject
in the held-out fold, using only covariates while withholding true outcomes. Repeating this
process across all folds yields point estimates and inference intervals for all observations.

To estimate the probability of ICU readmission, we define a binary outcome variable:
y = 1 if any readmission occurs during follow-up, i.e., 2014-2015, and y = 0 otherwise.
When implementing our method, we set the subsampling size to r = n% = 979 and
the number of subsampling iterations to B = 3000. We use a (10, 128,64, 1) architecture
with ReLLU activation, selected for its balance of accuracy and efficiency via simulations.
Training is performed over 300 epochs with a tuned learning rate of n = 0.1.

As shown in Figure 4, both random forests and neural networks achieve similar pre-
dictive performance (AUC = 0.84), but their uncertainty estimates differ much. Neural
networks yield shorter average confidence intervals (0.123 vs. 0.225 for RFs). Figures 4b
and 4d highlight these differences by displaying predicted readmission probabilities with
95% intervals across patients sorted by risk. The variability in interval widths suggests
heteroskedasticity, likely driven by differences in data quality or patient characteristics.
Notably, Figure 4b reveals a subset of patients (indices between 800-1600) with unusually

high uncertainty under DNNs; further details are provided in Section B.1.
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ROC Curve for Model Predictions Logistic Predictions with Ribbon Plot
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Figure 4: Evaluation of the nonparametric logistic model estimator. Figure 4a and 4c¢ show
the ROC curve with both AUC of 0.84. Figure 4b and 4d display estimated subject-level
probabilities of ICU readmission and confidence intervals, illustrating heteroskedasticity

across individuals.
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Lift Curve for Poisson Regression Poisson Predictions with Ribbon Plot
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Figure 5: Evaluation of the nonparametric logistic model estimator. Figure 5a and 5c¢ show
the ROC curve with both AUC of 0.72. Figure 5b and 5d display estimated subject-level
probabilities of ICU readmission and confidence intervals, illustrating heteroskedasticity

across individuals.
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To estimate subject-level ICU readmissions during 2014-2015, we fit a nonparamet-
ric Poisson regression using a DNN to model E(y|x,), offering a complementary view of
patient well-being. Figure 5 shows a lift curve around 0.72, indicating comparable pre-
dictive accuracy for DNNs and RFs. However, uncertainty estimates differ: DNNs yield
average interval lengths of 0.124, compared to 0.274 for RFs. Figures 5b and 5d illustrate
individual predictions with 95% intervals, again showing heteroskedasticity. Additional
analyses (Section B.2) reveal that in some settings, RFs produce narrower intervals than
DNNs, highlighting model sensitivity to data structure and signal-to-noise characteristics.
We also assess the transferability of ESM by applying models trained on hospital #188
directly to data from hospital #458; see Section B.3 in the Supplementary Material. The

results indicate that the model remains transferable in this setting.

6 Discussion

This paper presents a general framework for inference on subject-level means estimated
by deep neural networks for categorical and exponential family outcomes. We construct a
DNN estimator by minimizing the loss function induced from the generalized nonparamet-
ric regression model (GNRM). To address a key gap in leveraging this general loss function,
we analyze the convergence rates of DNNs under the GNRM framework and establish con-
nections with U-statistics and Hoeffding decomposition theory. Building on these results,
we introduce an ensemble subsampling method (ESM) to enable valid inference. Numerical
studies and an application to the eICU dataset demonstrate ESM’s utility in quantifying
predictive uncertainty and supporting personalized care.

Our methodology may have broad applicability as it enables valid inference for any

continuously-differentiable functional of fy(x), such as Var(y|x) = ©"(fo(z)) =: g(fo(x)),
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where g(u) = 9"(u), the second derivative of ¥(u). We can estimate Var(y|x) via the

plug-in estimator g(fB(x)) and apply the delta method to give /5t - (g(fB(x)) -
g9(fo(x))) = T 7 (fo(x)(FB(x) = fo(x)) + 0p(1), which will lead to estimated con-

fidence intervals. Our method may also naturally extend to semiparametric causal infer-
ence settings where the target parameter can be expressed as a functional of the condi-
tional means. Specifically, to estimate the Conditional Average Treatment Effect (CATE),
7(x) = Ely(1)|x] — E[y(0)|x], we apply ESM separately to treated and control groups un-
der standard unconfoundedness. Multiple subsamples are drawn for each group, predictive
models are trained to estimate E[y(g)|x], and ensemble means [i;(x) and fig(x) are ob-
tained. The CATE estimator is 7(x) = ji1(x) — fip(x). ESM’s variance framework provides
inference by obtaining &;(x) = @{ﬁg(x)} for ¢ = 0,1, yielding pointwise confidence
intervals 7(x) £ 21_q/2 V/02(x) + 62(x). Detailed justifications warrant investigation.

Our theoretical analysis focuses on ReLLU activations, where monomial-based approxi-
mations are tractable. We envision that ESM can be extended to networks with smooth
activation functions such as tanh or GELU, although this requires careful consideration.
Unlike ReLLU, smooth activations are less flexible in local adaptations, which may result
in slower approximation rates and influence convergence behavior. To preserve inference
validity in this setting, it may be necessary to employ alternative analytical tools or apply
stronger regularization to control model complexity and prevent saturation. Moreover, Our
theoretical analysis relies on several assumptions that are broadly consistent with recent
work on implicit bias and convergence in overparameterized models (Chizat & Bach 2020,
Chatterji et al. 2021, Cao et al. 2022). We acknowledge, however, that some of these
assumptions may appear strong. In particular, the conditions imposed on &; ,(x), which

ensure the validity of the first-order Hoeffding projection, can be further improved. An im-
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portant direction for future work is to relax these conditions by linking them more directly
to of the neural network class, such as its sparsity or other structural characteristics.

Data Availability Statement. The data used in this study are publicly available from
the eICU Collaborative Research Database (https://eicu-crd.mit.edu/) upon completion of

a data use agreement and approval through the PhysioNet credentialed access process.
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Supplementary Material for “Inference for Deep Neural Network

Estimators in Generalized Nonparametric Models”

A Additional Numerical Results

We conduct additional numerical experiments to further evaluate our proposed method.
In Section A.1, we extend the approach to the binomial regression setting. In Section A.2,
we compare neural networks and random forests, showing that their relative performance
varies across different scenarios. In Section A.3, we further examine simpler kernel regres-
sion models to assess ESM under smoother nonlinear structures. In Section A.4, we present
experiments illustrating how our method performs as data dimensionality and nonlinearity
increase. We also investigate the effects of key optimization and design parameters, in-
cluding the subsample size r, the number of subsamples B, the network depth L, and the

dropout rate, in Sections A.5, A.6, A.7, A.8, and A.9, respectively.

A.1 Binomial Regression

We show the results under binomial regression, that is, with k& € {0, 1, ..., Ngiar }

B = ) = (")) (1 - px?))

with p(X(i)) Under this model, fy(x) = g(x) and ¥'(x) = nga(l +

_ 1
T 1texp{—g(x:)}"
exp(—z)) L.

We use the same simulation framework as described in Section 4. We set the number of
trials in the binomial distribution to n. = 5, while keeping all other simulation parameters

and settings consistent with the baseline experiments. At the same time, we also vary the

resampling number B from 1400 to 3000, and present the corresponding results to examine
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the effect of B on the variance estimation and interval construction.

Table S.1: Simulation results for Binomial regression under varying sample sizes n and

subsampling ratios r.

Bias;  MAE;  Bias,y,  MAE, EmpSD SE SE, CP  AIL
B = 1400
n = 400, r = n°% 0.03(0.34) 0.27(0.21) 0.01(0.07) 0.06(0.04) 0.31 0.39 0.32 94.0% 0.26(0.07)
r =n%% 0.04(0.36) 0.28(0.23) 0.01(0.07) 0.06(0.05) 0.34 0.41 0.34 93.5% 0.27(0.08)
r=n% 0.04(0.34) 0.27(0.21) 0.01(0.07) 0.06(0.04) 0.32 0.43 0.35 95.0% 0.28(0.08)
n = 700,7 = n®® 0.02(0.27) 0.21(0.17) 0.00(0.06) 0.05(0.03) 0.25 0.34 0.25 93.2% 0.21(0.05)
r =n% 0.03(0.25) 0.20(0.16) 0.01(0.05) 0.04(0.03) 0.24 0.34 0.25 94.3% 0.21(0.05)
r=n% 0.03(0.26) 0.20(0.16) 0.01(0.06) 0.04(0.03) 0.25 0.34 0.25 93.5% 0.21(0.05)
B = 3000
n = 400,7 = n°% 0.05(0.34) 0.27(0.21) 0.01(0.07) 0.06(0.04) 0.31 0.36 0.32 93.9% 0.26(0.07)
r=n%% 0.03(0.35) 0.27(0.22) 0.01(0.07) 0. 06(0 05) 0.33 0.38 0.34 94.3% 0.27(0.07)
r=mn 0.03(0.34) 0.27(0.21) 0.00(0.07) 0.06(0.04) 0.32 0.38 0.34 95.0% 0.28(0.07)
n =700, = n%® 0.04(0.26) 0.20(0.16) 0.01(0.06) 0.04(0.03) 0.24 0.29 0.25 93.3% 0.20(0.05)
r=n%% 0.01(0.25) 0.19(0.15) 0.00(0.05) 0.04(0.03) 0.23  0.29 0.24 94.4% 0.20(0.05)
r=n% 0.02(0.24) 0.19(0.15) 0.00(0.05) 0.04(0.03) 0.23 0.29 0.24 94.1% 0.20(0.05)
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Figure S.1: Estimation and inference in simulation samples: Binomial Model with n = 700

and r = n®?. Figure S.1a and S.1b show corrected and uncorrected estimation SE versus

empirical SD of all test samples with B = 1400 and B = 3000, respectively.
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As shown in Table S.1, our method achieves reasonable coverage probabilities and stable
interval lengths under the binomial regression setting, across various values of B and r. In
binomial regression, the corrected standard errors SE, closely track the empirical variability,
supporting the validity of our variance estimation procedure. We also plot the corrected and
uncorrected estimation SE versus empirical SD with different B in Figure S.1. Figure S.1
also shows that with a larger B, the uncorrected estimator becomes more accurate and
gradually approaches the empirical SD. In contrast, the corrected SE consistently aligns
well with the empirical SD across different values of B, demonstrating the effectiveness of

our correction procedure, especially in finite-sample settings.

A.2 Comparison to Random Forests

Although structurally different from deep neural networks (DNNs), random forests (RFs)
are another widely used tool for nonparametric estimation. As a benchmark, we compare
the performance of neural networks and random forests within our simulation framework
to examine their respective behaviors across varying settings, rather than to identify a
universally superior method. In addition, we investigate the use of our corrected variance
estimator within the RF framework to enhance the accuracy of empirical standard deviation

estimation.
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Table S.2: Comparison under the basic setting in logistic model.

Bian MAEf Biasw MAEW EmpSD SE SEC CcpP AlL

Logistic Model with DNNs
n = 400,r = n®® 0.11(0.72) 0.57(0.44) 0.02(0.14) 0.11(0.08) 0.65 0.78 0.66 91.7% 0.46(0.13)
r =n% 0.06(0.59) 0.47(0.36) 0.01(0.12) 0.10(0.07) 0.55 0.68 0.58 94.0% 0.43(0.11)
r =n? 0.07(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) 0.48 0.59 0.50 94.6% 0.39(0.09)
n = 700,7 = n®® 0.08(0.41) 0.33(0.26) 0.02(0.09) 0.07(0.05) 0.39 0.51 0.39 93.6% 0.31(0.08)
r=n%% 0.05(0.36) 0.28(0.22) 0.01(0.08) 0.06(0.05) 0.34 0.44 0.34 93.9% 0.28(0.06)
r=n" 0.06(0.33) 0.26(0.21) 0.01(0.07) 0.06(0.05) 0.31 0.40 0.31 93.5% 0.26(0.06)

Logistic Model with RF's
n = 400, = n’® 0.07(0.39) 0.31(0.24) 0.02(0.09) 0.07(0.05) 0.31 0.38 0.33 89.1% 0.28(0.03)
r=n% 0.07(0.41) 0.33(0.25) 0.02(0.09) 0.07(0.06) 0.36 0.43 0.36 91.1% 0.31(0.04)
r=n" 0.08(0.44) 0.35(0.27) 0.02(0.10) 0.08(0.06) 0.40 0.48 0.41 93.0% 0.35(0.05)
n = 700,r = n®® 0.07(0.33) 0.27(0.21) 0.02(0.07) 0.06(0.05) 0.28 0.36 0.28 89.1% 0.25(0.03)
r =n’% 0.06(0.36) 0.29(0.22) 0.01(0.08) 0.06(0.05) 0.32 0.41 0.32 91.8% 0.27(0.03)
r=nY 0.06(0.37) 0.30(0.23) 0.01(0.08) 0.07(0.05) 0.35 0.47 0.37 94.2% 0.31(0.04)

Table S.3: Comparison under the basic setting in Poisson model.
Biasy MAE; Biasyy MAE, EmpSD SE SE. CP AlL

Poisson Model with DNNs
n = 400,r = n’® -0.32(0.38) 0.38(0.31) -0.16(0.23) 0.22(0.18) 0.35 0.43 0.36 88.6% 0.86(0.45
r =n%% -0.23(0.36) 0.33(0.27) -0.12(0.25) 0.21(0.18) 0.34 0.43 0.36 91.9% 0.95(0.52
r=n" -0.14(0.34) 0.29(0.24) -0.06(0.25) 0.19(0.18) 0.33  0.42 0.35 94.3% 1.02(0.59
n = 700,r = n%® -0.17(0.26) 0.25(0.20) -0.10(0.19) 0.16(0.14) 0.25 0.34 0.26 90.7% 0.67(0.34
r =n% -0.10(0.26) 0.21(0.17) -0.06(0.19) 0.15(0.14) 0.24 0.33 0.25 93.2% 0.71(0.38
r=nY -0.04(0.24) 0.19(0.15) -0.02(0.19) 0.14(0.13) 0.23  0.32 0.24 94.5% 0.72(0.38

Poisson Model with RF's
n = 400,r = n®® -0.03(0.24) 0.19(0.16) -0.01(0.17) 0.13(0.11) 0.21  0.25 0.21 92.4% 0.60(0.21
r =n’% -0.03(0.26) 0.20(0.17) 0.00(0.18) 0.14(0.11) 0.24 0.29 0.24 93.7% 0.68(0.25
r=nY -0.02(0.27) 0.21(0.18) 0.01(0.20) 0.15(0.13) 0.26 0.32 0.28 94.6% 0.79(0.30
n = 700,r = n® -0.03(0.21) 0.16(0.14) -0.01(0.15) 0.11(0.09) 0.18 0.24 0.19 92.8% 0.52(0.17
r=n%% -0.03(0.22) 0.17(0.14) 0.00(0.16) 0.12(0.10) 0.20 0.28 0.21 94.2% 0.59(0.20
r=n" -0.03(0.26) 0.20(0.17) 0.00(0.18) 0.14(0.12) 0.24 0.32 0.25 94.3% 0.69(0.26

We first present random forest performance under the basic settings as in the simula-

tion section of the main text, covering logistic and Poisson scenarios and using the same

evaluation metrics as for neural networks.
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Table S.4: Comparison under the changing setting in logistic model.

Bian MAEf Biasd)/ MAEW

EmpSD SE SE. CP

AIL

Logistic Model with DNNs

n = 400,r = n°% 0.07(0.45) 0.36(0.28) 0.01(0.09) 0.07(0.06) 0.42 0.50 0.43 93.8% 0.32(0.09)
r = n"% 0.04(0.40) 0.32(0.25) 0.01(0.08) 0.07(0.05) 0.38 0.45 0.38 93.9% 0.30(0.08)
r =n"? 0.04(0.37) 0.29(0.23) 0.01(0.08) 0.06(0.05) 0.34 0.41 0.35 93.8% 0.28(0.07)
n = 700,7 = n®% 0.05(0.29) 0.23(0.19) 0.01(0.06) 0.05(0.04) 0.26 0.34 0.27 93.3% 0.22(0.06)
r = n"% 0.04(0.29) 0.23(0.19) 0.01(0.06) 0.05(0.04) 0.25 0.32 0.25 90.4% 0.21(0.05)
r=n% 0.04(0.29) 0.22(0.19) 0.01(0.06) 0.05(0.04) 0.22 0.31 0.23 90.0% 0.19(0.05)
Logistic Model with RFs
n = 400, = n’® 0.02(0.46) 0.36(0.30) 0.01(0.09) 0.07(0.06) 0.32 0.38 0.32 84.9% 0.28(0.04)
r =n"% 0.04(0.46) 0.36(0.30) 0.01(0.10) 0.08(0.06) 0.35 0.42 0.36 87.6% 0.31(0.05)
r=n% 0.03(0.48) 0.37(0.30) 0.01(0.10) 0.08(0.06) 0.38 0.48 0.41 90.8% 0.34(0.05)
n = 700,r = n®% 0.03(0.40) 0.31(0.26) 0.01(0.08) 0.06(0.05) 0.28 0.36 0.28 84.8% 0.24(0.03)
r =n% 0.02(0.41) 0.32(0.26) 0.01(0.08) 0.07(0.05) 0.32 0.41 0.32 88.5% 0.27(0.04)
r =n"? 0.01(0.42) 0.33(0.27) 0.01(0.09) 0.07(0.05) 0.34 0.47 0.37 91.3% 0.31(0.05)

Table S.5: Comparison under the changing setting in Poisson model.

Biasy MAE; Biasy MAE, EmpSD SE SE. CP AlL

Poisson Model with DNNs
n = 400, = n’® -0.20(0.31) 0.28(0.24) -0.12(0.24) 0.19(0.19) 0.29 0.35 0.30 90.8% 0.80(0.52)
r=n"% -0.12(0.29) 0.24(0.20) -0.07(0.24) 0.17(0.18) 0.27 0.34 0.29 93.3% 0.82(0.58)
r=n% -0.06(0.27) 0.21(0.18) -0.03(0.24) 0.16(0.18) 0.25 0.32 0.27 95.0% 0.81(0.59)
n = 700,r = n®® -0.10(0.22) 0.18(0.15) -0.07(0.18) 0.13(0.14) 0.20 0.27 0.20 92.3% 0.59(0.37)
r =n% -0.04(0.20) 0.16(0.13) -0.03(0.17) 0.12(0.13) 0.19 0.26 0.19 94.1% 0.59(0.38)
r =n? -0.01(0.20) 0.15(0.12) -0.01(0.17) 0.12(0.12) 0.18 0.24 0.18 93.4% 0.58(0.37)

Poisson Model with RFs
n = 400,r = n®% -0.00(0.24) 0.19(0.15) -0.00(0.20) 0.14(0.14) 0.21 0.25 0.21 91.2% 0.62(0.25)
r =n8 -0.00(0.26) 0.20(0.16) 0.00(0.20) 0.15(0.14) 0.23 0.28 0.24 93.3% 0.71(0.30)
r =n"? -0.00(0.28) 0.22(0.18) 0.02(0.23) 0.17(0.16) 0.26 0.33 0.28 93.4% 0.84(0.40)
n = 700,r =n% 0.00(0.21) 0.16(0.14) -0.00(0.17) 0.12(0.12) 0.18 0.24 0.18 91.4% 0.54(0.21)
r=n" 0.01(0.22) 0.17(0.14) 0.01(0.18) 0.13(0.12) 0.20 0.27 0.21 93.2% 0.63(0.26)
r=n% -0.00(0.26) 0.20(0.16) 0.01(0.20) 0.15(0.13) 0.24 0.32 0.25 94.1% 0.73(0.33)

As shown in Tables S.2 and S.3, when the sample size is small, neural networks tend

to produce wider estimation intervals compared to random forests, reflecting greater es-

timation uncertainty. However, as both the sample size n and subsample size r increase,

neural networks are able to capture the signal more effectively, leading to interval lengths

and coverage that are comparable to, or even better than those of random forests. The
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findings are consistent with the modern generalization theory of neural networks (Cao et al.
2022, Kou et al. 2023), which suggests that neural networks can generalize well when data
quality is high and sufficient samples are available. In contrast, random forests tend to
offer stronger robustness in low-data or high-noise scenarios.

To further elaborate on these points, we conduct additional experiments under a mod-
ified simulation setting, where we increase the signal strength and reduce the data noise.
Specifically, we generate the covariates x; from a multivariate normal distribution N (0, iIlo),
and define the underlying regression function as g(x) = 2z; + 23 + 0.1 - arctan(zz — 0.3).
The other settings remain unchanged. This setup introduces weaker noise component and
stronger signal component.

The simulation results are summarized in Tables 5.4 and S.5. In the logistic regres-
sion setting, neural networks tend to yield smaller estimation bias and narrower confidence
intervals, while also achieving slightly higher coverage probabilities compared to random
forests. This shows that, in scenarios with relatively strong signal structures and adequate
subsample sizes, neural networks will offer improved estimation efficiency. For the Poisson
model, both methods perform comparably in terms of coverage. However, as the subsam-
ple size r increases, the interval lengths produced by neural networks generally decrease,
whereas those from random forests tend to increase. Overall, both methods have their
strengths: RFs offer stability and robustness under noise, while DNNs can capture more
complex patterns when data quality allows.

Finally, in all of these settings, we find that the corrected variance formula performs
well for random forests. The corrected standard errors align more closely with the em-
pirical standard deviations compared to the uncorrected ones. As a result, the coverage

probabilities achieved by random forests are close to the nominal level.
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A.3 Additional Experiments on Kernel Regressions

We consider a kernelized generalized linear model (GLM) to evaluate ESM under smooth
nonlinear structures. Let 7 > 0 and k(x,x") = exp{—~||x — x'||3} denote the Gaussian ker-
nel. To make the kernel GLM computationally tractable for moderate to large sample sizes,
we adopt the Nystrom approximation to obtain a finite dimensional feature representation
#(x) € R™, where k(x,x’) can be approximated by k(x,x') ~ ¢(x)"¢(x’). Under this
approximation, the kernel function becomes f(x) ~ w'¢(x), and the regularized empirical

loss reduces to

n

(W d(xi) — yiw " d(xi)] + A wll3.

W = argmin,,

S|

(2

This linearized formulation retains the nonlinear representational capacity of the kernel
model while allowing efficient estimation via standard GLM solvers. The conditional mean
of the response can be written as E(y|x) = ¢/(W'¢(x)). In practice, we set v = 1/p, where
p is the input dimension to adapt the kernel smooth to feature scale. For the Bernoulli case,
we fit a logistic regression with an Ly penalty (inverse regularization strength C' = 10) and
the 1bfgs solver with a maximum of 300 iterations. For the Poisson case, we employ the
same Nystrom mapping followed by a Poisson regression with L, regularization parameter
a = 1073 and 300 iterations.

As shown in Table S.6, the kernel based models under the ESM framework also achieve
empirical coverage probabilities close to the nominal 95% level. However, compared with
the random forest and deep neural network (DNN) results, the kernel approach exhibits a
higher MAE and wider average interval lengths, suggesting that the kernel regression is

less effective in capturing complex nonlinear structures than the DNN.
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Table S.6: Simulation Results with Kernel Regression.

Biasy MAE; Biasy, MAE, EmpSD SE SE. CP AIL

Logistic Model
n = 400,r = n"% 0.05(0.53) 0.43(0.32) 0.01(0.11) 0.09(0.07) 0.50 0.59 0.51 93.3% 0.41(0.07
r=n" 0.04(0.62) 0.50(0.37) 0.01(0.13) 0.10(0.08) 0.59 0.68 0.60 93.5% 0.45(0.09
r=n% 0.04(0.69) 0.56(0.42) 0.01(0.14) 0.12(0.08) 0.67 0.79 0.69 93.9% 0.50(0.11
n =700, = n®% 0.04(0.50) 0.40(0.30) 0.01(0.11) 0.08(0.06) 0.47 0.59 0.47 93.0% 0.37(0.07
r=n"% 0.02(0.57) 0.46(0.35) 0.00(0.12) 0.10(0.07) 0.54 0.69 0.55 93.3% 0.42(0.09
r=n% 0.01(0.63) 0.51(0.38) 0.00(0.13) 0.10(0.08) 0.60 0.78 0.62 93.8% 0.46(0.10

Poisson Model
n = 400, = n’® -0.29(0.35) 0.37(0.27) -0.18(0.25) 0.23(0.19) 0.32 0.39 0.33 84.7% 0.83(0.46
r=n"% -0.22(0.37) 0.34(0.26) -0.13(0.27) 0.23(0.20) 0.35 0.41 0.36 89.5% 0.98(0.58
r=n% -0.17(0.38) 0.33(0.25) -0.09(0.30) 0.23(0.21) 0.36 0.43 0.38 91.6% 1.12(0.72
n = 700,r = n®® -0.20(0.28) 0.28(0.21) -0.13(0.21) 0.19(0.16) 0.26  0.34 0.27 86.7% 0.71(0.37
r =n8 -0.14(0.30) 0.26(0.20) -0.08(0.23) 0.18(0.16) 0.28 0.35 0.28 90.6% 0.81(0.45
r =n"Y -0.10(0.30) 0.26(0.19) -0.05(0.24) 0.18(0.16) 0.29 0.36 0.29 91.9% 0.87(0.50

A.4 Additional Experiments on Dimensionality and Nonlinearity

We investigate how data dimensionality and nonlinearity influence the learning behavior
of neural networks. Model performance depends not only on network capacity, but also
on data quality, sample size, signal-to-noise ratio, and the complexity of the underlying
regression function. We begin by assessing the effect of data dimensionality, as the inclusion

of irrelevant covariates can increase noise and obscure the true signal. To quantify this

effect, we compare three scenarios: low (p = 7), moderate (p = 10), and high (p = 20)

dimensional settings. The corresponding results are summarized in Tables S.7 and S.8.
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Table S.7: Simulation results with neural networks under p = 20.

Bian MAEf Biasw MAEW EmpSD SE SEC CP AlL
Logistic Model

n = 400,r = n®® 0.18(1.10) 0.90(0.66) 0.02(0.18) 0.15(0.10) 0.92 1.11 0.93 87.5% 0.54(0.20)
r=n% 0.16(1.07) 0.86(0.65) 0.02(0.18) 0.15(0.10) 0.92 1.18 0.98 90.5% 0.58(0.20)
r=n"% 0.13(0.99) 0.79(0.61) 0.02(0.17) 0.14(0.10) 0.89 1.16 0.96 91.9% 0.58(0.19)

n = 700,7 = n® 0.13(0.83) 0.67(0.50) 0.02(0.14) 0.12(0.08) 0.69 0.95 0.71 88.4% 0.46(0.16)
r=n% 0.08(0.69) 0.55(0.42) 0.01(0.13) 0.10(0.08) 0.62 0.86 0.64 92.1% 0.45(0.13)
r=n" 0.05(0.57) 0.45(0.35) 0.01(0.11) 0.09(0.07) 0.52 0.73 0.54 93.3% 0.40(0.11)

n = 2000, = n®® 0.08(0.54) 0.44(0.33) 0.01(0.10) 0.08(0.06) 0.47 0.86 0.48 90.9% 0.35(0.11)
r=n% 0.03(0.49) 0.39(0.30) 0.00(0.10) 0.08(0.06) 0.46 0.85 0.47 93.0% 0.36(0.10)
r=n"% 0.02(0.40) 0.31(0.24) 0.00(0.08) 0.07(0.05) 0.38 0.72 0.40 95.2% 0.32(0.08)

Poisson Model

n = 400,r = n®® -0.60(0.49) 0.63(0.45) -0.30(0.29) 0.33(0.26) 0.43 0.53 0.44 77.1% 0.90(0.54)
r =n’% -0.49(0.49) 0.55(0.42) -0.25(0.31) 0.30(0.26) 0.44 0.58 0.48 86.6% 1.11(0.66)

r =nY -0.37(0.51) 0.49(0.40) -0.17(0.35) 0.29(0.26) 0.48 0.62 0.51 90.7% 1.37(0.85)

n = 700,r = n®® -0.46(0.39) 0.49(0.35) -0.25(0.26) 0.28(0.23) 0.35 0.48 0.35 78.3% 0.79(0.47)
r=n%% -0.31(0.38) 0.38(0.30) -0.18(0.27) 0.24(0.22) 0.35 0.50 0.37 88.5% 0.95(0.56)

r =n" -0.20(0.38) 0.33(0.27) -0.11(0.30) 0.23(0.22) 0.36 0.53 0.38 92.8% 1.11(0.68)

n = 2000, = n®® -0.22(0.26) 0.27(0.20) -0.14(0.20) 0.19(0.17) 0.24  0.46 0.25 86.6% 0.67(0.39)
r =n’% -0.15(0.27) 0.24(0.19) -0.10(0.22) 0.17(0.17) 0.26 0.49 0.26 91.7% 0.78(0.46)

r =nY -0.08(0.26) 0.22(0.17) -0.05(0.24) 0.17(0.17) 0.25 0.51 0.27 94.3% 0.85(0.52)

Table S.8: Simulation results with neural networks under p = 7.

Biasy MAE; Biasy MAE, EmpSD SE SE. CP AlL

Logistic Model
n = 400,r = n"% 0.05(0.48) 0.38(0.30) 0.01(0.10) 0.08(0.06) 0.44 0.53 0.45 93.3% 0.34(0.09)
r=n"% 0.03(0.43) 0.34(0.27) 0.01(0.09) 0.07(0.06) 0.40 0.47 0.40 93.7% 0.31(0.08)
r=n% 0.05(0.38) 0.30(0.24) 0.01(0.08) 0.06(0.05) 0.34 0.43 0.36 94.6% 0.29(0.07)
n = 700,r = n®% 0.04(0.30) 0.23(0.19) 0.01(0.06) 0.05(0.04) 0.27 0.36 0.28 93.9% 0.23(0.06)
r=n% 0.03(0.30) 0.23(0.19) 0.01(0.06) 0.05(0.04) 0.27 0.38 0.28 93.5% 0.23(0.05)
r=n% 0.04(0.31) 0.24(0.20) 0.01(0.06) 0.05(0.04) 0.26 0.35 0.27 92.2% 0.22(0.05)

Poisson Model
n = 400,r = n®% -0.20(0.30) 0.28(0.23) -0.12(0.22) 0.18(0.17) 0.27 0.34 0.28 90.6% 0.74(0.42)
r =n8 -0.12(0.28) 0.23(0.20) -0.07(0.22) 0.16(0.16) 0.26 0.33 0.27 93.7% 0.78(0.47)
r =n"? -0.07(0.26) 0.21(0.17) -0.04(0.22) 0.15(0.16) 0.25 0.31 0.26 94.6% 0.78(0.48)
n = 700,r = n®% -0.09(0.20) 0.17(0.15) -0.06(0.16) 0.12(0.12) 0.19 0.26 0.19 92.8% 0.55(0.32)
r=n"* -0.03(0.19) 0.15(0.13) -0.03(0.16) 0.11(0.11) 0.17 0.26 0.18 93.2% 0.52(0.26)
r=n% -0.02(0.20) 0.15(0.12) -0.02(0.17) 0.12(0.12) 0.18 0.26 0.19 94.4% 0.59(0.34)
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Table S.9: Simulation results with neural networks under different true function g(x).

Bias;,  MAE,  Bias,  MAE, EmpSD SE SE, CP  AIL

Logistic Model

n = 400,r = n"% 0.04(0.79) 0.61(0.50
r =n%% 0.06(0.70) 0.55(0.44

(0.79) 0.61( 0.01(0.15) 0.12(0.09) 0.72  0.90 0.75 93.5% 0.50(0.16
r=n%’ 0.07%0.60% 0.4720.38
(0.51) 0.40(
(0.45) 0.35(
(0.38) 0.31(

) ) ) (0.16)

) 0.01(0.14) 0.11(0.09) 0.65 0.78 0.66 93.6% 0.46(0.14)

) 0.01(0.12) 0.10(0.12) 0.54 0.68 0.57 93.8% 0.42(0.12)

n = 700,r = n°8 0.07(0.51) 0.40(0.32) 0.01(0.11) 0.08(0.07) 0.45 0.58 0.45 91.9% 0.34(0.10)
r=n8 0.07(0.45 ) 0.01(0.10) 0.07(0.06) (0.09)

) ) 0.07(0.05) (0.08)

r=n" 0.09(0.38

0.35(0.28) 0.01(0.10) 0.07(0.06) 0.38 0.51 0.39 91.8% 0.31(0.09

0.31(0.24) 0.02(0.08) 0.07(0.05) 0.32 0.45 0.34 92.0% 0.28(0.08

Poisson Model

n = 400, r = n°% -0.42(0.50) 0.50(0.42) -0.23(0.34) 0.29(0.20) 0.42 0.52 0.44 85.6% 0.97(0.66)
r =n085 _0.29(0.48) 0.42(0.36) -0.16(0.33) 0.26(0.26) 0.41  0.52 0.43 90.3% 1.09(0.76)
r =n% -0.18(0.45) 0.37(0.32) -0.10(0.35) 0.25(0.27) 0.40 0.51 0.42 92.7% 1.22(0.93)
n =700, = n®8 -0.21(0.37) 0.32(0.28) -0.14(0.27) 0.21(0.22) 0.30 0.41 0.31 88.0% 0.78(0.52)
r=n% -0.12(0.35) 0.28(0.24) -0.08(0.28) 0.20(0.21) 0.29  0.40 0.30 90.5% 0.83(0.57)
r=n%% -0.05(0.34) 0.26(0.22) -0.05(0.27) 0.19(0.20) 0.27 0.39 0.28 91.2% 0.84(0.58)

As shown in Table 5.7, increasing the dimension to p = 20 degrades estimation accu-
racy, with MAE rising from 0.28 to 0.55 and empirical standard deviation from 0.34 to
0.62 under the logistic regression model with n = 700. This reflects increased bias and
variability, leading to a drop in coverage from 93.7% to 92.1%. Similar effects of high-
dimensional noise on random forests were observed in Wager & Athey (2018). Increasing
the sample size to n = 2000 under p = 20 improves estimation, restoring coverage to nearly
95%. Conversely, reducing the dimension to p = 7 improves neural network performance
(Table S.8), with MAE; decreasing to 0.23 and empirical standard deviation to 0.27. The
reduced bias yields shorter intervals and coverage close to 95%.

We also consider another nonlinear function

2.5

4(x) = 2 tanh <1.5x1 +0.6(x5 — 1) + 0.4x3 - tanh(z4) + 0.15 - sin(:zc5)>7

where tanh(z) = (e — e ®)/(e” + e *). This function introduces quadratic, tanh, and
even interaction components, representing a moderately nonlinear structure that remains

learnable for neural networks. All other simulation settings are kept the same as the basic

45



settings as those in Section 4.

Table 5.9 shows the results with a different function g(x). We find that the corrected
standard error estimator remains accurate, but the coverage probability shows a mild drop
compared to the basic setting. This phenomenon shows that not only random forests
but also neural networks may exhibit bias in their output logits, particularly under com-
plex nonlinear structures. Neural networks, especially in nonlinear and high-dimensional
regimes, can incur non-negligible approximation bias due to optimization challenges or
limitations in representing the true underlying function g(x). Such biases are difficult to
eliminate in practice and can result in reduced coverage probability, even when variance
estimation is accurate. How to effectively reduce or correct for such bias remains an open

problem, and addressing it is key to improving the reliability of inference.

A.5 Additional Experiments with Optimization

We examine how optimization hyperparameters, i.e., weight decay and training epochs,
affect results and find our inference stable across reasonable settings. In particular, we
vary training epochs (300, 700) and weight decay (2 x 1073, 2 x 107%).

As shown in Tables S.10 and S.11, our variance estimator remains accurate across differ-
ent training epochs and weight decay values, closely matching the empirical standard devi-
ation. This confirms that optimization error is negligible under reasonable hyperparameter
settings and supports viewing Assumption 3.3 as a technical device separating optimization
from inference rather than a practical constraint on SGD convergence. Larger subsample
sizes r reduce bias in MAE, consistent with modern generalization theory. Overall, the
results validate the robustness of our inference guarantees, while highlighting that extreme

hyperparameters (e.g., excessive weight decay or too few epochs) can impair learning and
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Table S.10: Simulation results with different epochs.

Biasy MAE; Biasy, MAE, EmpSD SE SE. CP AIL

Logistic with Epochs = 300
n = 400,r = n"% 0.08(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) 0.46 0.56 0.47 93.4% 0.36(0.09)
r=n% 0.07(0.44) 0.35(0.28) 0.02(0.09) 0.07(0.06) 0.41 0.50 0.42 93.9% 0.34(0.08)
r=n? 0.07(0.40) 0.32(0.26) 0.01(0.09) 0.07(0.06) 0.38 0.46 0.39 93.9% 0.32(0.07)
n =700, =n"% 0.07(0.33) 0.26(0.21) 0.01(0.07) 0.06(0.05) 0.29 0.39 0.30 92.5% 0.25(0.05)
r=n" 0.07(0.31) 0.25(0.19) 0.02(0.07) 0.05(0.04) 0.27 0.36 0.27 91.6% 0.23(0.05)
r=n" 0.06(0.30) 0.24(0.19) 0.01(0.07) 0.05(0.04) 0.25 0.35 0.26 90.0% 0.22(0.05)

Logistic with Epochs = 700
n = 400, = n’% 0.13(0.86) 0.69(0.53) 0.02(0.15) 0.13(0.09) 0.76 0.93 0.78 90.5% 0.51(0.15)
r=n" 0.08(0.72) 0.57(0.45) 0.01(0.14) 0.11(0.08) 0.67 0.83 0.70 92.8% 0.49(0.14)
r=n% 0.06(0.61) 0.48(0.38) 0.01(0.12) 0.10(0.07) 0.58 0.72 0.60 94.1% 0.45(0.12)
n = 700,r = n"% 0.07(0.50) 0.40(0.31) 0.01(0.10) 0.08(0.06) 0.46 0.62 0.47 92.9% 0.36(0.09)
r=n% 0.05(0.41) 0.32(0.25) 0.01(0.09) 0.07(0.05) 0.39 0.52 0.40 94.5% 0.32(0.08)
r=n? 0.05(0.36) 0.28(0.22) 0.01(0.08) 0.06(0.05) 0.34 0.46 0.35 94.5% 0.29(0.07)

Poisson with Epochs = 300
n = 400,r = n®% -0.23(0.32) 0.30(0.25) -0.13(0.22) 0.19(0.16) 0.30 0.37 0.31 90.2% 0.78(0.40)
r=n8 -0.15(0.31) 0.27(0.22) -0.08(0.23) 0.18(0.16) 0.30 0.37 0.30 92.7% 0.84(0.45)
r =n"? -0.08(0.30) 0.24(0.20) -0.04(0.23) 0.17(0.16) 0.29 0.36 0.30 94.2% 0.88(0.48)
n = 700,r = n°% -0.12(0.23) 0.20(0.16) -0.07(0.17) 0.14(0.13)  0.21  0.29 0.22 92.2% 0.60(0.30)
r=n"% -0.06(0.22) 0.18(0.14) -0.04(0.17) 0.13(0.12) 0.21  0.29 0.21 93.8% 0.62(0.31)
r=n% -0.01(0.22) 0.17(0.14) -0.01(0.17) 0.13(0.12) 0.20 0.28 0.20 93.7% 0.62(0.31)

Poisson with Epochs = 700
n = 400,r = n’% -0.37(0.41) 0.43(0.34) -0.19(0.24) 0.24(0.19) 0.37 0.47 0.39 87.2% 0.91(0.49)
r=n"® -0.26(0.39) 0.36(0.30) -0.13(0.26) 0.22(0.19) 0.37  0.47 0.39 92.0% 1.02(0.57)
r=n% -0.18(0.37) 0.32(0.26) -0.08(0.26) 0.21(0.18) 0.35 0.46 0.38 93.9% 1.10(0.65)
n = 700,r = n®® -0.20(0.29) 0.27(0.22) -0.11(0.20) 0.17(0.15) 0.27 0.37 0.28 90.3% 0.72(0.37)
r=n8 -0.12(0.27) 0.23(0.19) -0.07(0.20) 0.16(0.14) 0.26 0.36 0.27 93.1% 0.76(0.40)
r=n" -0.06(0.26) 0.21(0.17) -0.03(0.21) 0.15(0.14) 0.25 0.35 0.26 94.3% 0.77(0.42)

should be avoided.

A.6 Additional Experiments on r

Recall that r = n?. We vary « from 0.65 to 0.95 (step 0.05) while keeping other settings as

in Section 4, and plot the standard deviation, MAE of fB — fo, and coverage probability

versus 7y for n = 400 and n = 700 under two models.

Figures S.2a—S.2d show that as v increases, our 1J variance estimator closely matches

the empirical standard deviation in both logistic and Poisson models, confirming its robust-
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Figure S.2: Simulation results with different values of . Blue and red lines/points corre-

spond to n = 400 and n = 700 respectively. Figures S.2a—S.2¢ present the results under

the logistic model, and Figures S.2d—S.2f show results under the Poisson model.
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Table S.11: Simulation results with different weight decay.

Bias;,  MAE,  Bias,  MAE, EmpSD SE SE, CP  AIL

Logistic with WeightDecay = 2 x 1073

n = 400, 7 = n°% 0.13(1.61) 1.28(0.08) 0.02(0.22) 0.19(0.11) 1.25 1.54 1.27 87.5% 0.62(0.22)
r=n0% 0.13(1.30) 1.02(0.81) 0.02(0.20) 0.16(0.10) 1.08 1.36 1.13 90.9% 0.61(0.19)
r=n" 0.08(1.06) 0.83(0.66) 0.01(0.18) 0.15(0.10) 0.94 1.19 0.97 92.9% 0.59(0.17)

n =700, =n®8 0.10(0.93) 0.73(0.58) 0.01(0.15) 0.13(0.08) 0.75 1.02 0.76 89.2% 0.48(0.15)
r=n%8 0.07(0.72) 0.57(0.45) 0.01(0.13) 0.11(0.08) 0.63 0.87 0.64 92.0% 0.45(0.12)

(0.59) (0.07) (0.10)

r=n% 0.03(0.59) 0.46(0.37) 0.00(0.11) 0.09(0.07) 0.54 0.76 0.55 93.8% 0.41(0.10

Logistic with WeightDecay = 2 x 10~*

n =400, r = n°% 0.22(1.72) 1.36(1.07) 0.02(0.22) 0.19(0.11) 1.32 1.66 1.37 88.1% 0.64(0.23)
r=n% 0.15(1.41) 1.11(0.88) 0.02(0.20) 0.17(0.11) 1.17 1.48 1.22 91.1% 0.64(0.20)
r=n" 0.09(1.13) 0.88(0.71) 0.01(0.18) 0.15(0.10) 1.00 1.28 1.04 93.3% 0.61(0.17)

n = 700,r =n® 0.12(1.00) 0.80(0.63) 0.02(0.16) 0.14(0.09) 0.80 1.10 0.82 89.1% 0.50(0.16)
r=n0% 0.07(0.78) 0.61(0.49) 0.01(0.14) 0.11(0.08) 0.67 0.93 0.69 92.0% 0.47(0.13)
r=n" 0.04(0.64) 0.50(0.40) 0.01(0.12) 0.10(0.07) 0.59 0.83 0.60 93.6% 0.43(0.11)

Poisson with WeightDecay = 2 x 1073

n = 400, r = n°% -0.67(0.60) 0.70(0.56) -0.28(0.25) 0.31(0.21) 0.49 0.63 0.51 83.0% 0.95(0.51)
r =n0% _0.49(0.56) 0.56(0.49) -0.21(0.27) 0.27(0.20) 0.48 0.62 0.50 88.8% 1.10(0.60)
r=n" -0.35(0.50) 0.46(0.41) -0.14(0.29) 0.25(0.20) 0.46 0.61 0.49 92.9% 1.24(0.72)

n =700, r = n®8 -0.41(0.41) 0.44(0.37) -0.20(0.21) 0.23(0.17) 0.35 0.49 0.36 84.3% 0.77(0.39)
r =n0% 0.27(0.37) 0.35(0.30) -0.13(0.22) 0.20(0.16) 0.33 0.48 0.34 90.5% 0.84(0.43)
r=n% -0.18(0.35) 0.30(0.26) -0.08(0.24) 0.19(0.16) 0.33  0.48 0.33 92.8% 0.90(0.49)

Poisson with WeightDecay = 2 x 10~*

n = 400, r = n°® -0.72(0.64) 0.75(0.61) -0.29(0.25) 0.32(0.22) 0.52 0.65 0.53 81.6% 0.96(0.51)
r =n% _0.54(0.59) 0.60(0.53) -0.22(0.27) 0.29(0.21) 0.51 0.65 0.52 88.4% 1.11(0.61)
r=n" -0.38(0.52) 0.48(0.42) -0.16(0.29) 0.26(0.21) 0.47 0.64 0.51 92.7% 1.26(0.73)

n =700, r = n®8 -0.44(0.43) 0.48(0.39) -0.21(0.21) 0.24(0.17) 0.36 0.51 0.37 83.1% 0.77(0.39)
r =n0% _0.30(0.39) 0.38(0.33) -0.14(0.23) 0.21(0.17) 0.35 0.50 0.36 89.6% 0.85(0.44)
r=n" -0.20(0.36) 0.31(0.27) -0.09(0.24) 0.19(0.16) 0.33 0.50 0.34 92.9% 0.92(0.50)

ness and validating the finite-sample correction factor n(n —1)/(n—r)% Figures S.2b-S.2e
indicate that MAE decreases with larger r, supporting Theorem 3.5 and showing bias re-
duction with larger subsamples. Finally, Figures 5.2¢—5.2f demonstrate that as r increases,
coverage improves toward the nominal 95% level, consistent with our assumption on -~y
ensuring bias decay and valid inference.

We also evaluate computational cost across different r values by recording the training
time of a single neural network. All the simulations are conducted in the institute high

performance computing platform. The simulation is repeated 300 times, with B networks
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Table S.12: Computation time in seconds.

v = 065 07 075 08 08 09 095
Logistic 0.74 0.82 1.00 1.38 1.41 190 2.30
Poisson 0.75 090 096 1.32 141 1.78 2.24

trained per repetition. As shown in Table S.12, training one network takes only a few
seconds, while the main cost arises from repeatedly training the B networks. Following
Wager & Athey (2018) and Fei & Li (2024), we let B grow proportionally with n and apply
bias correction to maintain variance estimation accuracy, largely reducing computation.
Although 300 x B trainings would otherwise be intensive, high-performance computing

with parallel nodes and multi-CPU systems makes the experiments feasible.

A.7 Additional Experiments on B

We decrease B from 1400 to 400 in increments of 200 to assess the consistency of variance
estimation, while fixing v = 0.9.

Figure S.3 reports the standard deviations, MAE;, and coverage probabilities as B
varies, analogous to Section A.6. As B increases, the gap between empSD and the un-
corrected SE narrows, while our bias-corrected estimator SE, closely matches empSD even
when B = 400 and n = 700 (B < n). The MAE; is smaller for n = 700 than for n = 400,
and all coverage probabilities remain near the nominal 95% level. These results show that
the bias correction is effective even with smaller B, allowing valid inference and stable
performance while reducing computational cost.

We further assess the impact of a larger subsample size (B = 3000) on variance esti-
mation and the accuracy of the correction term. Table S.13 shows that the results remain
consistent: increasing B reduces MAE for both J?B and 1)’ (fB ), and the empirical standard

deviations (empSD) align closely with the estimated standard errors (SE), maintaining
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Figure S.3: Simulation results with different values of B. Blue and red lines/points corre-

spond to n = 400 and n = 700 respectively. Figures S.3a—S.3c present the results under

the logistic model, and Figures S.3d—S.3f show results under the Poisson model.
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Table S.13: Simulation results for different models under varying sample sizes n and sub-

sampling ratios r with larger B = 3000.

Biasy MAE; Bias,y MAE, EmpSD SE SE. CP

AIL

Logistic Model

n = 400,r = n"® 0.10(0.71
r=n%% 0.07(0.60
r=n% 0.05(0.49

0.56(0.44
0.47(0.37
0.39(0.31

0.02(0.13) 0.11(0.08
0.01(0.12) 0.10(0.07
0.01(0.10) 0.08(0.06

r=n"% 0.05(0.35
r=n% 0.05(0.33

0.28(0.22
0.26(0.20

0.01(0.08) 0.06(0.05
0.01(0.07) 0.06(0.04

(0.71) 0.56(0.44) ) ) 064 0.72 0.66 92.0% 0.46(0.13
(0.60) 0.47(0.37) 0.01(0.12) 0.10(0.07) 0.56 0.63 0.57 93.4% 0.43(0.11
(0.49) 0.39(0.31) 0.01(0.10) 0.08(0.06) 0.47 0.55 0.50 95.3% 0.39(0.09
n = 700,r = n®8 0.06(0.41) 0.33(0.26) 0.01(0.09) 0.07(0.05) 0.38 0.46 0.40 93.7% 0.31(0.08
(0.35) 0.28(0.22) 0.01(0.08) 0.06(0.05) 0.33  0.39 0.34 94.2% 0.28(0.06
(0.33) 0.26(0.20) ) 0.06(0.04) 0.30 0.36 0.31 93.8% 0.26(0.06

Poisson Model

n = 400, r = n°® -0.32(0.38) 0.39(0.32) -0.17(0.24) 0.22(0.18

r=n"% -0.21(0.37) 0.32(0.27) -0.10(0.25) 0.20(0.18
r=n% -0.13(0.35) 0.28(0.24) -0.06(0.26)
(0.27) 0.24(0.20) -0.09(0.19)
(0.26) 0.21(0.17) (0.19)
(0.24) 0.19(0.15) (0.19)

n = 700,r = n’8 -0.16(0.27 0.20 0.16(0.14) 0.25 0.30 0.25 90.4% 0.68(0.34
r =n%% -0.10(0.26 0.17) -0.06(0.19) 0.15(0.14) 0.24 0.30 0.25 93.1% 0.71(0.37
r=n’? -0.04(0.24 0.15) -0.02(0.19) 0.14(0.13) 0.23  0.28 0.24 95.2% 0.72(0.38

(0.18) 0.36 0.30 0.36 88.1% 0.87(0.46
(0.18) 0.34 0.39 0.36 92.2% 0.96(0.53
0.20(0.18)  0.33  0.38 0.35 93.5% 1.02(0.58
(0.14) (
(0.14) (
(0.13) (

nominal 95% coverage. Figures S.4a and S.4b illustrate that our estimator accurately re-
covers the conditional mean and that the corrected variance closely follows empSD, whereas
the uncorrected version slightly overestimates. As B increases from 1400 to 3000, this bias
diminishes, consistent with theory showing that the correction term vanishes asymptot-
ically. These findings confirm that the correction improves finite-sample accuracy while

preserving asymptotic validity.

A.8 Additional Experiments on L

We now examine how network depth affects estimation bias and variance using n = 700,
varying both L and r. For each L, we set p = (p, 30, ...,30,1) and apply batch normaliza-
——

-1
tion after the 2nd, 4th, and 6th layers to ensure gradient stability. We consider L = 3,4, 5,6

and r = TLO'S, n0.85’ n0.9, n0.95'

Tables S.14-S.15 show that deeper networks tend to introduce larger biases, consistent

with (C.2), which predicts larger approximation error and lower coverage for deeper archi-
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Estimation of E(y|x)

Figure S.4: Estimation and inference in simulation samples: Logistic Model with n = 700,
r =n" and B = 3000. Figure S.4a shows the average estimated E(y|x) with variability
across 300 repetitions (gray band) over test points. Figure S.4b compares corrected and

uncorrected standard errors and their variability (gray and blue bands, respectively) to the
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tectures. Hence, in our settings, it appears that relatively shallow networks are preferable

for both stability and reduced bias (Goodfellow et al. 2016).

Consistent with the sensitivity analysis in Section A.6, increasing r reduces MAE, and

all bias-corrected variance estimators closely match the empirical results, confirming the

robustness of our inference procedure.
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Table S.14: Simulation results with Logistic under varying L and 7.

Bian MAEf Biasw MAEW EmpSD SE SEC CP AlL
Logistic
r=n" L =23 0.19(0.66) 0.57(0.39) 0.04(0.13) 0.11(0.08) 0.59 0.92 0.60 84.5% 0.43(0.15)
L =4 0.21(0.71) 0.61(0.41) 0.04(0.14) 0.12(0.08) 0.61 0.98 0.61 82.7% 0.44(0.16)
L =15 0.21(0.73) 0.63(0.43) 0.04(0.14) 0.12(0.08) 0.63 1.11 0.63 82.0% 0.44(0.17)
L =6 0.21(0.70) 0.61(0.41) 0.04(0.14) 0.12(0.08) 0.61 1.10 0.63 83.4% 0.44(0.16)
r=n" L =30.19(0.69) 0.59(0.41) 0.04(0.14) 0.12(0.08) 0.63 1.03 0.64 85.6% 0.46(0.16)
L =40.21(0.74) 0.64(0.43) 0.04(0.14) 0.13(0.08) 0.66 1.12 0.67 83.2% 0.46(0.17)
L =5 0.20(0.80) 0.69(0.46) 0.04(0.15) 0.13(0.08) 0.71 1.32 0.71 81.8% 0.48(0.19)
L =6 0.21(0.77) 0.66(0.45) 0.04(0.15) 0.13(0.09) 0.69 1.31 0.70 83.0% 0.48(0.18)
r=n" L=230.19(0.71) 0.60(0.42) 0.04(0.14) 0.12(0.08) 0.65 1.16 0.68 86.8% 0.48(0.16)
L =4 0.21(0.75) 0.64(0.44) 0.04(0.15) 0.13(0.08) 0.69 1.27 0.71 84.9% 0.49(0.18)
L =5 0.21(0.85) 0.73(0.48) 0.04(0.16) 0.14(0.09) 0.76 1.60 0.78 81.9% 0.51(0.21)
L =6 0.20(0.82) 0.72(0.47) 0.04(0.16) 0.14(0.09) 0.75 1.57 0.76 82.7% 0.51(0.20)
r=n"% L =30.17(0.71) 0.59(0.42) 0.03(0.14) 0.12(0.08) 0.66 1.37 0.69 88.9% 0.49(0.16)
L =4 0.20(0.74) 0.63(0.44) 0.04(0.15) 0.12(0.09) 0.69 1.48 0.72 86.5% 0.49(0.18)
L =5 0.19(0.90) 0.77(0.50) 0.03(0.17) 0.15(0.09) 0.82 2.14 0.84 81.7% 0.54(0.23)
L =6 0.21(0.86) 0.73(0.49) 0.04(0.17) 0.14(0.09) 0.79 2.07 0.82 81.9% 0.53(0.23)
Table S.15: Simulation results with Poisson under varying L and r.
Biasy MAE; Biasy, MAE, EmpSD SE SE. CP AlL
Poisson
r =n08 L =3 -0.38(0.33) 0.41(0.29) -0.20(0.21) 0.23(0.17) 0.31 0.49 0.31 79.8% 0.71(0.37)
=4 -0.42(0.37) 0.45(0.32) -0.20(0.21) 0.24(0.17) 0.33  0.53 0.33 76.9% 0.74(0.40)
=5 -0.47(0.38) 0.50(0.34) -0.23(0.22) 0.26(0.17) 0.34 0.59 0.34 72.9% 0.75(0.44)
=6 -0.48(0.39) 0.51(0.35) -0.22(0.22) 0.26(0.17) 0.34 0.62 0.35 73.7% 0.78(0.46)
n08s L 3 -0.30(0.35) 0.36(0.28) -0.15(0.22) 0.21(0.17) 0.33  0.55 0.33 87.0% 0.82(0.43)
=4 -0.35(0.38) 0.41(0.31) -0.16(0.23) 0.22(0.17) 0.35 0.61 0.36 84.6% 0.86(0.46)
=5-0.42(0.41) 0.48(0.34) -0.19(0.24) 0.25(0.18) 0.37 0.69 0.37 79.6% 0.88(0.52)
=6 -0.43(0.42) 0.48(0.35) -0.19(0.24) 0.25(0.18) 0.38 0.72 0.38 80.0% 0.90(0.53)
n0-9 L =3 -0.22(0.36) 0.33(0.27) -0.10(0.24) 0.20(0.17) 0.34 0.63 0.35 91.2% 0.94(0.50)
=4 -0.26(0.39) 0.37(0.30) -0.11(0.25) 0.21(0.17) 0.37 0.69 0.38 89.1% 0.98(0.52)
=5 -0.35(0.43) 0.44(0.34) -0.15(0.26) 0.24(0.18) 0.40 0.82 0.40 84.8% 1.02(0.60)
=6 -0.36(0.45) 0.45(0.35) -0.14(0.27) 0.25(0.18) 0.41 0.86 0.41 84.5% 1.05(0.62)
r= n0'95 =3 -0.14(0.37) 0.30(0.25) -0.04(0.27) 0.20(0.18) 0.35 0.77 0.37 93.1% 1.06(0.62)
=4 -0.17(0.40) 0.33(0.28) -0.05(0.27) 0.21(0.18) 0.37 0.84 0.39 91.6% 1.11(0.62)
=5 -0.26(0.45) 0.41(0.32) -0.09(0.29) 0.24(0.19) 0.42 1.06 0.43 87.8% 1.20(0.74)
=6 -0.27(0.46) 0.42(0.33) -0.09(0.29) 0.24(0.19) 0.42 1.11 0.44 87.2% 1.22(0.76)
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Table S.16: Simulation results with different dropout rate.

Biasy MAE; Biasy, MAE, EmpSD SE SE. CP AIL

Logistic with Dropout Rate = 0.3
n = 400,r = n"% 0.09(0.59) 0.47(0.37) 0.02(0.12) 0.10(0.07) 0.55 0.68 0.56 92.9% 0.41(0.11)
r=n% 0.08(0.51) 0.41(0.32) 0.02(0.11) 0.09(0.07) 0.48 0.60 0.49 93.9% 0.38(0.09)
r=n? 0.06(0.44) 0.35(0.28) 0.01(0.10) 0.08(0.06) 0.42 0.54 0.43 94.1% 0.35(0.08)
n =700, = n% 0.08(0.35) 0.28(0.23) 0.02(0.08) 0.06(0.05) 0.33 0.46 0.33 93.2% 0.27(0.06)
r=n" 0.06(0.32) 0.25(0.20) 0.01(0.04) 0.06(0.04) 0.29 0.41 0.30 93.1% 0.25(0.05)
r=n% 0.07(0.31) 0.25(0.19) 0.02(0.07) 0.06(0.04) 0.27 0.39 0.27 90.9% 0.23(0.05)

Logistic with Dropout Rate = 0.5
n = 400, = n’% 0.11(0.48) 0.38(0.31) 0.02(0.10) 0.08(0.06) 0.45 0.58 0.46 93.8% 0.36(0.09)
r=n"% 0.08(0.42) 0.33(0.27) 0.02(0.09) 0.07(0.06) 0.40 0.52 0.40 93.9% 0.33(0.07)
r=n% 0.07(0.39) 0.31(0.25) 0.02(0.09) 0.07(0.05) 0.36 0.48 0.36 93.0% 0.30(0.07)
n = 700,r =n% 0.07(0.31) 0.25(0.20) 0.02(0.07) 0.06(0.04) 0.28 0.40 0.28 92.1% 0.24(0.05)
r=n% 0.07(0.30) 0.24(0.19) 0.02(0.07) 0.05(0.04) 0.25 0.38 0.26 89.6% 0.22(0.05)
r=n? 0.07(0.31) 0.25(0.19) 0.02(0.07) 0.06(0.04) 0.24 0.38 0.24 86.1% 0.21(0.04)

Poisson with Dropout Rate = 0.3
n = 400,r = n®% -0.24(0.33) 0.31(0.26) -0.13(0.22) 0.19(0.16) 0.31 0.39 0.31 90.8% 0.77(0.36)
r=n8 -0.13(0.31) 0.25(0.22) -0.07(0.22) 0.17(0.15) 0.28 0.38 0.30 94.0% 0.82(0.40)
r =n? -0.07(0.29) 0.23(0.20) -0.04(0.22) 0.16(0.15) 0.28 0.37 0.29 94.6% 0.85(0.43)
n = 700,r = n°% -0.10(0.23) 0.19(0.16) -0.06(0.17) 0.13(0.12) 0.21  0.30 0.22 92.8% 0.59(0.27)
r =n"% -0.05(0.22) 0.17(0.14) -0.03(0.17) 0.13(0.12) 0.20 0.30 0.21 93.6% 0.60(0.28)
r=n% -0.01(0.21) 0.16(0.13) -0.01(0.17) 0.12(0.11) 0.19 0.30 0.20 93.6% 0.60(0.29)

Poisson with Dropout Rate = 0.5
n = 400,r = n’% -0.15(0.29) 0.25(0.22) -0.09(0.20) 0.16(0.14) 0.26 0.35 0.27 92.9% 0.70(0.29)
r=n"* -0.07(0.27) 0.21(0.18) -0.04(0.20) 0.15(0.14) 0.25 0.33 0.25 93.8% 0.72(0.31)
r =n% -0.03(0.26) 0.21(0.17) -0.02(0.20) 0.15(0.13) 0.24 0.34 0.25 93.6% 0.72(0.33)
n = 700, = n®® -0.05(0.21) 0.17(0.14) -0.03(0.16) 0.12(0.11) 0.18 0.27 0.18 91.8% 0.51(0.21)
r =n8 -0.01(0.20) 0.16(0.13) -0.02(0.16) 0.11(0.11) 0.18 0.27 0.18 91.6% 0.51(0.22)
r=n" 0.02(0.20) 0.16(0.12) 0.01(0.15) 0.11(0.10) 0.17 0.28 0.17 90.3% 0.51(0.22)

A.9 Additional Experiments on Dropout Rate

We vary the dropout rates, which are set to 0.3 and 0.5 in the two models, while retaining all

other settings as in Section 4. As shown in Table S.16, under different dropout rates, both

the bias and MAE/ decrease as r increases, showing a consistent trend across settings. The

proposed variance estimator also remains accurate under all configurations. The coverage

probability can be affected when the dropout rate is large, as excessive dropout may limit

the network’s effective capacity and lead to mild underfitting.
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B Additional Real Data Experiments

B.1 Additional Investigation on Large Volatility in DNNs

We further analyze patients with unusually wide prediction intervals from neural networks.
As shown in Figure 4b, patients indexed around 800-1600 exhibit large intervals despite
similar predicted risks. Among the five with the widest intervals, outlier values in glucose

and WBC likely drive the elevated uncertainty. Figure S.5 highlights these extreme values.

glucose Distribution (with outliers) WBC x 1000 Distribution (with outliers)
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ffffff Corresponding Patients 10007 ----- Corresponding Patients
600 1
800 1
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> >
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[ [
=) =)
o o
@ 300 [
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2001

200 1
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o : ; , ; . 01— . . . :
0 200 400 600 800 1000 0 50 100 150 200
glucose WBC x 1000
(a) Histogram for “glucose” (b) Histogram for “WBC”

Figure S.5: Distributions of glucose and WBC levels for the five distinct patients with the
widest prediction intervals. Red dashed lines mark their observed values: two patients have
extreme glucose values and three others have extreme WBC values, corresponding to those

exhibiting the highest uncertainty under neural network estimations.

Figure S.5 shows that two patients have extremely high glucose levels and three have
unusually high WBC, all well outside the typical range. For neural networks, such outliers
reduce prediction confidence, leading to wider intervals, an adaptive and desirable feature
for guarding against overconfidence in poorly supported regions. In contrast, random

forests, while more robust to outliers due to localized splitting, may produce overly narrow
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intervals, underestimating uncertainty in critical cases.

B.2 Additional Experiments with Additional Features

As a sensitivity analysis, we extend the real data experiments by adding features such as
RDW, MCHC, MCV, and admission indicators (e.g., Respiratory, Sepsis-related, Surgi-
cal/Trauma), expanding the covariate set to 46. This evaluates how model performance
and uncertainty estimates respond to a richer feature space with added clinical signal and
potential noise. Figures S.6 and S.7 show results under the expanded feature set. For
logistic regression, AUCs for DNNs and RF's remain similar, but DNNs adaptively widen
their intervals (0.306 vs. 0.161), reflecting greater sensitivity to increased feature complex-
ity. In the Poisson model, AUCs and interval lengths are comparable (0.261 for DNNs,
0.274 for RF's). These findings highlight the strength of DNNs in leveraging richer features
and adapting uncertainty when signal dominates, while RFs maintain stability in noisier,

high-dimensional settings, consistent with trends observed in simulation

B.3 Additional Experiments on Cross-Site Model Transferability

We further transferred the model trained from hospital site 188 to hospital site 458. Site
458 was selected because it has a comparable patient volume to the original training site
(188) but exhibits a markedly different outcome distribution. Although the cohort sizes are
similar, the risk profiles differ. As shown in Figure S.8, patients at site 458 generally tend
to have a lower anticipated mortality likelihood (assessed by physicians at baseline), a main
risk factor for ICU readmissions. Consequently, site 458 displays a lower overall readmission
rate. Specifically, it includes 2,178 patients without readmission and 111 patients with one

or more readmissions (ranging from 1 to 4 events), resulting in a challenging and imbalanced
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Figure S.6: Evaluation of the nonparametric logistic model estimator. Figure S.6a and
S.6¢ show the ROC curve with both AUC of 0.84. Figure S.6b and S.6d display estimated
subject-level probabilities of ICU readmission and confidence intervals, illustrating het-

eroskedasticity across individuals.
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Lift Curve for Poisson Regression
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Figure S.7: Evaluation of the nonparametric logistic model estimator. Figure S.7a and
S.7¢c show the ROC curve with both AUC of 0.84. Figure S.7b and S.7d display estimated
subject-level probabilities of ICU readmission and confidence intervals, illustrating het-

eroskedasticity across individuals.
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Figure S.8: Density of the anticipated mortality.

scenario for model generalization.

As shown in Figure S.9, the transferred model maintains strong predictive performance,
achieving a high AUC. In the logistic regression, the true positive rate is 0.92 and the
false positive rate is 0.10 at a 0.5 threshold. Notably, the model continues to produce
heteroskedastic prediction intervals that vary across individuals, indicating that the ESM-
based uncertainty quantification remains responsive to patient-level heterogeneity even un-
der distributional shift. Although this evaluation is limited to a single external site, the
results provide encouraging evidence that the proposed method generalizes effectively and
that the predictive intervals meaningfully capture site-specific differences in risk. Broader
multi-site validation is warranted.

We also observed heteroskedasticity across individuals in the new site as well. Specifi-

cally, the variation in interval widths primarily stems from the input-dependent predictive
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variance intrinsic to the ESM framework. In ESM, each prediction f\B(X*) aggregates out-
puts from multiple subsampled models, leading to ensemble variance that naturally differs
across regions of the feature space. Consequently, the estimated uncertainty adapts to local

variability, yielding a heteroskedastic characterization of estimation uncertainty.
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Figure S.9: Evaluation of the transfered model from site 188 to site 458. Figure S.9a and
S.9b show the results under logistic regression. Figure S.9¢ and S.9d display results with

poisson regression.
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Table S.17: Checklist of Some Notations Used in the Paper.

¢9

Symbol Description Symbol Description

X; Input covariate for the i-th observation E[] Expectation operator

Yi Response variable Var|[-] Variance operator

zZ; (xi, i) Vi Var(Ty (2, , ..., 2i),))

B Number of subsampling times Jbji I(i € 7%) indication function of i in subset b;

fb(x) Estimator for each subsample g Zle Jbji /B, average inclusion rate of sample i across B subsamples
FB(x) Ensemble estimator Zyi (Joyi — J.4) (% (x) — FB(xx))

FB(x,) Yoy (E(fB(x*ﬂzi) — E]ﬂ’(x*)) M; E(Zy,i|Z1, .., Zn), expectation takes over randomness of subsampling
&1 (x4) Cov(A(x*; 21,22,y .y Zy), f(x*, 21,2, ...,7.)) Ebji Zyi — M, & = Z}B:l Ebjl'/B

gr(zix)  Ef(x;z,22,..2) — Ef'(x,) Vi S2 Zy,i/B

Ty(z1,...,2;;) Hoeffding decomposition in (C.5) \//aﬁ"i Ele (Zbﬂ- — YZ)z/(B -1)

Wirio...ix Number of subsamples including i1, ..., i A; (% — %)Tl (zi) + (222111)) — ;—z) Z;;Z T1(z;)




C Additional Propositions and Lemmas and Proofs

of Theorems

For ease of reference, Table S.17 provides the key notation and glossary used throughout

the paper, which will facilitate the technical developments that follow.

C.1 Preliminaries

We present the following proposition and lemmas, which are used to prove Theorem 3.5.
Let N, (8, F, || - ||lsc) denote the covering number, i.e., the minimal number of || - ||s-balls
with radius & required to cover F(L,p, s, F). For brevity, we write N, = Nn(g, Foll - loo)-

Then, for any ﬁl € F(L,p, s, F), we have the following result.

Proposition C.1. Under the conditions of Theorem 3.5, there exist constants ¢/,C" > 0

depending only on k, the function ¢, F', and K, such that

gAn@)—c'(lOgnNu( bgnNul)S) < RulFon fo) < 20, (F2)

1 1 .
+2  inf IEE(X;f,fO)+O/(OgN"+ (\/ OgN”+1)5).
feF(L,p,s,F) n n

The proof is provided in Section D. To obtain the bounds in Proposition C.1, we apply

truncation techniques that account for heterogeneity across individuals, paving the way
for establishing convergence results under generalized nonparametric regression models.
The following two lemmas provide properties of the covering number and characterize the

minimal distance between functions f € F(L,p,s, F') and fo.

Lemma C.2. Let N,, denote the covering number, i.e., the minimal number of || - ||oo-balls
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with radius & required to cover F(L,p,s,o0). Then

log(N;,) < (s + 1)log { 20" (L +1) (H(l +pl>>

=0

Lemma C.3. Under the conditions of Theorem 5.5, it holds that

inf | f = foll% 3 én-

fEF(L,p,s,F)
Proofs of Lemmas C.2 and C.5. See Lemma 5 and the proof of Theorem 1 in Schmidt-

Hieber (2020) for the proofs of Lemmas C.2 and C.3. O

The following lemma establishes key properties of the function ¢ in the context of

generalized nonparametric regression models.

Lemma C.4. Under Assumption 3.1, there exist constants ¢/,C’,Cr;, > 0 such that for
any z,m € [—C,C], where C' > 0,

o= m)? = 9(a) — () — ¢ m) (o —m) > §

C.2 Proof of Theorem 3.5
With Lemma C.2 and if we let § = n~!, it holds that
log(N,) < (s+1)log <2n(L + 1)(max{p,} + 1)2L+4>.

Combining this inequality with Assumption 3.2, we have s < ng, logn, max{p,;} = n, and

the upper bound of log(N,,) can be written as
log(N,) 2 ne,Llog?n. (C.1)

By Proposition C.1, the lower bound for Rn(]?n, fo) can be written as

38R~ Bl f) < ¢ (R (28R 1))

n n

= ¢, Llog*n.
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On the other hand, for the upper bound of Rn(ﬁ, fo), Lemma C.3 yields

inf | f = foll% 3 on-

fef(L’p787F)

From Lemma C.4, it follows that E4(X; f, fo) 2 ||f — foll%. Hence, combining the upper

bound of log(N,,) in (C.1) and infe 71 ps r) | f — fol|2 above, we have

Ro(Fos fo) — 280(F2) = 6uLlog?n.

C.3 Proof of Proposition 3.6

We adapt the proof technique in Schmidt-Hieber (2020) to construct the approximation

error in such class of ReLU networks. Suppose that

2m

b =,

2m

5. Lhen we specifically construct the neural network f with the approxi-

and let ¢ =
mation rate

14+8(t42m) /t

sup [[f = folle S ¢r 2
fo€g

As we change the sparsity condition slightly, this rate can be proved to be much faster

(1+9)/2

than the prediction error ¢ with the assumption s < r'*%¢, logr, which completes

the proof of Proposition 3.6.

C.4 Proof of Theorem 3.7

1
1+minj—o,...,¢(2m})/(2m]+t;)

.....

By Assumption 3.4, recall v > . For the sufficiently small € > 0, it

is easy to see that

. 2 2 . o
Jlim n¢,Llog™(r)/(r" inf & ,(x)) = 0,
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there always exists a positive sequence 6,, with é,, — 0 such that
. 2 2 . _
nh_{{.lo n¢rL IOg (T)/(énr ;g/f\f 61,7“()()) =0.

For such 6,,, we construct the set A;, as

~ Llog®
As, = {X € 20 [0 - X < CETL
By Chebyshev’s inequality we have
Co¢,Llog*r
Pols) = 1 P ([BF(X0) - 01X > SR8

Moreover, by the definition of Ay, , we have for every fixed x, € As, ,

ne, Llog*r ) 0

|]E J )— fO(X*))‘ = O( 5n7”251r(x*)

3] T(
where the last equality is by the condition lim,, ngbrLlog2(1") /(8,7 infyex & (%)) = 0.
By the basic inequality of [EfZ(x,) — fo(x:)|?> < Zle(Efbj (x+) — fo(x.))?/B, we have

that

no, Llog?r
!E@m)h®M=O(i%ﬁ%Q%0 (©2)

726 r(X*
for any x, € Aj, .
Assume the observed data of size n, D,, = {(y;,x;) : © = 1,...,n}, are independently
and identically distributed copies of (y, X), with y € Rt and X € R™!. Let z; = (v;, X))
represent an independent observation of sample points, where y; is the label and x; is the

response. By the definition of & ,(x), it is clear that

-~ ~

&1r(xe) = Cov(f(X; 21, 22, .y 2r), [(Xu, 21,25, ..., Z).)).
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Here, f(x.;z1,22,...,2,) means that we obtain f from the subsample zq, 2o, ..., z,, and
then apply it to the point x,. The terms z and z; are independently generated from the
same data generation process. In the following of the proofs, all the expectations and
variance are taken over the fixed x,.

Next, we consider the asymptotic normality of the first order dominants of the Hoeffding
decomposition. By the definition of fB (%), it is clear that P’f and ﬁj’ are not independent
given 7% and Z% have overlap. To handle the dependency, we consider the Hoeffding

decomposition. For the n sample data points z; = (y;, x;), define

n

) =" (E(f%x*)!zi) - me*)).

i=1
Here, the expectation E is taken over the training sample. By the definition of ]?B(x*), we

have

1
B

B
Jj=

E(f5(x.) — (Ef'(x.))|z:) = ]E( fh (x*)]zZ) —Ef'(x.).

1

Let W, be the number of subsamples 7% that contain index i, and define g;,(z;x,) =

Efb(x*; 2,79, ..., Zy) — ]E]/”\b(x*) We have W, is independent of z; and EW;, = B(Zj)/(”)

T

Hence, the equation above involving the term z; can be further expressed as
E(F%(x.) — (EP(x.))|)
B
- 53 Bw, (B () - (BP0l W) )

1 1 _
= =Eui, Wo,01,(25%.) + SEwi (B = W) - E(f" (x.) - Ef'(x.))

r
= Lgup(zix.).

Therefore we conclude that
o r n
FP0) = 53 guatmixe), (©3)
i=1
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Equation (C.3) provides a nice form, as ¢; »(2;) is independent of each other. Moreover, by

the assumption that fb is bounded, the Lindeberg condition is satisfied, and it is clear that

Vn
- +/Var(g1,(2:; %))

CFB(x) S N(0,1).

By the definition of &; ,.(x,), it is easy to see that Var(g; ,(z;; x.)) = &1.-(x.), hence we have

n

— . B, i>/\/'0,1. C.4
mEpy ) SN ()
In the next step, we would like to substitute f5(x,) with fZ(x.) — Ef*(x.). Applying
the Hoeffding decomposition, it is clear that the simple ﬁ’(x*; Z1,...,Z,) can be written as
Pxz1, o z,) — Eff(x.) = ZTl(zi) + ZTQ(Zi, zj)... + T,(zq, ..., 2,). (C.5)

i=1 i<j
The 2" — 1 random variables on the right hand side are all mean-zero and uncorrelated.

Here, T'(z;) = E(ﬁ(x*;zl, o Zy)|2i) — Efb(x*) Applying the decomposition to f\B(X*)

and utilizing the same trick we obtain (C.3), we have
B n o n—1 n—2
]E(f (X*> - ]Ef (X*)’Zh ”-7Zn) - (Z) ((T i 1) ZTI ZZ (7“ o 2) ;TQ(Zi,Zj>
+ ..+ Z z“,...,zir)>.

’Ll< <ip
Hence, it is clear that fB(X*) is exactly the first order in the Hoeffding decomposition. We

have
E(fP(x.) — Ef*(x.) — fB(x.)|21, ... 22)

—2
= <n) <(:— 2) ZTQ Zz;Z] + ...+ Z le, ""Zir)> .
1<J <. <ir

r

Denote by Vi, = Var(Ty(z,, ..., 2;,)), we then calculate the value of E(fB(x*) — ]Efb(x*) —

fB (x*))z, which we will show later this term is negligible. To calculate this term, we apply
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the equality EX? = EVar(X,|Y,) + E(EX,|Y,)?. Then the term E(]/“\B(x*) - ]qu’(x*) —

fB(X*))2 can be written as

E(fP(x) ~ Ef(x) — [P(x.)" = E(Var(7P () — EP'(x.) = /5 () 2. ... 7))

> ,
+EE(fP(x) - Ef(x.) — fP(x.)|2, ...,zn))i.
Jo

Here, we let X, = fB(x,) — Ef*(x,) — fB(x.,) and Y,, = 2, ..., z,. From the expression of

IE(]?B(X*) - ]Efb(x*) - fB(x*)\zl, ..., Z,) above, we can easily see that

e () ()

r(r—1) <= (r
<o (1)1
r(r—1) 2
S n(n — 1)Var(f (X*a Zy, 7Z7">>

Here, the first equality is by the fact that all the terms are uncorrelated, the first inequality

is by the decreasing monotonicity of Pl " with respect to k, and the last inequality is by
the decomposition of f* in (C.5). To calculate E(fB(x*) ~Ef'(x,) — fB(x*)) , it remains
for us to calculate J;. Let W;,;, i (kK <7) be the number of the B subsamples that contain

index i1, ..., 7 simultaneously. Then we have

}\B(X*>—Eﬁ(x*) fB (x.) = <Z Wi, To(2iy, 20) + .. + Z Wi, lTT(zil,...,zir)).

11 <12 11 <...<tp
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By the independence on the different terms 7T}, we conclude that

n—k
Here, the first inequality is by Var(W;, ;) < B - % and the uncorrelation on different

r

terms Ty, and the last inequality is by Y_p_, (;)Vi < Var(f(x,; 21, ..., 2z:)). We hence

conclude that

2

E(F2(x.) —Ef(x.) — f2(x))" = Ji + Js

< (% + %)Var(ﬁ(x*; Z1, s Zy)),
leading to
—7‘2§1f(x*) E(f7(x) —Ef'(x.) = [P (x.))" < (n&j(X*) + BTngT(X*>>Var(P(X*;z1,...,zT))
50 (C.6)

Here, we utilize the fact that ﬁ(x*) is bounded. The bound of fb(x*) indicates that
Var(ﬁ’(x*; zZ1,...,%;))is bounded. Additionally, we rely on Assumption 3.4 that liminf,,_, o n&1 (%) >

n'=¢77 — +o00 and liminf, ., Br?& . (x.)/n — +o0o. From (C.6), we have

L (PP(x) — EP(x) — fE(x) B0,
r gl,r(x*)
Therefore it holds that
n 7B b ] P
e ) —EP ) - 7)) B 0.
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From (C.4), we also have that

n

T’Qfl,r(X*) . fB(X*) & N(07 1)7

Combing the convergence above, we have

n

B b d
_— x,) — Ef°(x,)) = N(0,1).
ey PP ~EP () S N0
The only thing that needs to prove is

n

71251,1” (X* )

for x, € As,. This is proved by (C.2) and EJ?B(X*) = Eﬁ(x*) Wrapping all together, we

(folx) —Ef'(x,)) — 0

complete the proof of Theorem 3.7.

C.5 Proof of Theorem 3.8

Recall the definition
Znyi = (i = J) (P (%) = FP(x)), Vi
We denote by
=2 _ n(n —1) 2‘22

Without loss of generality, we calculate the term ‘71, and the terms ‘A/l with ¢ # 1 are exactly
the same. Consider \712 and B/n — ¢ for some constant ¢ > 0. Then by the inspiration of

the proof of Lemma 13 of Wager & Athey (2018), we can define

2

M, = (% - %)Tl(zl) + (% = ;—Z) iTl(zi)

) Z Tk+1(Z1;Zi17---7Zik>

2<i1 <. <1, <n

T ! "
—+ — ( po— —%> Tk<zi17---,zi ),
2\ ), 2 :

2<i1<... <1 <n
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and M; the same way with index 1 of z be replaced by ¢ of z. Let the whole data set
D,, = {2z1,...,2n}, and recall Z; = (Jy,i — Jl)(fbﬂ (x4) — fB(X*)), the motivation of the

definition of M; is given by the direct calculation that
E(Zy,i|Dr) = M;.

Here, the expectation takes over the randomness of subsampling. Define
~2  ~2
= =0"—0
1 (n—r) ZZ: Rp 1
We next prove two key conclusions, which will show the consistency of our results.

n B

nin—1 1 ~\9 7'251,r X,
(r(z - r)2> 551 2 2= (Zni = V) — R = op<#)7
2 o (C.7)

In the following of the proof, we denote by Rp = "n 3 2 B(B ) Sy Z] 1(Zb = Vi) CIf

(C.7) holds, we can see that

ne:  n(c®— EB) _ n(Rp— }A%B) n(c* — Rp) no; P
T R O BT e T o B T o B

which completes the proof of Theorem 3.8. It remains for us to prove (C.7).
We first investigate the term RB — R = — ZZ 1 Z] 1(ij, — V;) — Rp in

(C.7). Recall Rg = 0% — 0%, it is easy to see that

Rp = % Enj(fff — M?).

=1

B g . .
2= 2y , we have that V; = M; +&;

_ = _ 1\B U —
Let €p,i = Zy;s — M;, and & = & ijl €, Tecall Vi = ==

and V2 — M2 = 2M;z; + 22, which means

n(n —1) - L,
B (n — T’)2 ZZ_; €; t &
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Further denote by \//52- = ﬁ Zle (Zb].i — 171»)2, we have
= nn—1)1 <~ ——
Rp=——°"— Var;.
B (n—r)?B Z ar
=1
We then combine the expression of ﬁB and Rp above and get that

~ nn—1) [ « L v . 1 o —
RB_RBZW(;2MZ’5¢+;5¢_B Vari—E;Vari—Vari .

J/ N J/
—~ —~ —~

A1 Ao Az

Here, Var; = Varb(iji) with variance condition on the dataset D,,. We bound the three

terms one by one. For the term A;, by the definition of M; and &;, we have

B
Al = % Zl Z MiEbﬂ'.
j=

Conditional on the dataset D, 2?21 Miey,; is independent with different b;. It is easy to
see that E,A; = 0, and we give the calculation of Var,A;. From the expression of Ay,

conditional on data set D, €, ; are independent for different b;, it is easy to see that

n
Varb Zi:l Migbji

VarbA1 = B

It remains for us to investigate the term in the numerator to bound A;. We have
n n
Varb Z Migbji = Z MfVarbebji + Z MZM] COVb(é“bji, gbji’)-

i=1 i=1 i#i!

From the definition of M;, we can easily bound M; = O(r/n), for the covariance of ;,; and

€y;i, simple calculation of the subsampling randomness gives us that Varye,; = O(>(1 —

r
n

2

=) =0(r/n), and Covy(eyi, &p,ir) = O(\;E;:ll)) — 55)] = O(%), we hence have
- T
Varbileié‘bji:O nﬁﬁ—i_nﬁ.ﬁ

7.3
ZO@)'
3

This indicates that Var,A; = O(g.z). Combining the fact that E,A; = 0, we conclude

that [A] = Op(27).
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For the term Ay, by the expression that 7 = é Zle eiﬂ + % Z#j, €b;i€b,i» A, can

be further written as

n B n
Ay = é Z Z (6§ji) — B 'Var; + é Z Z Eb,iCb,i -

i=1 j=1 i=1 j#£j’
N VvV d e
Aoy Aza

We have E,Ag; = EyAs = 0. Simple calculation based on the randomness of subsam-

pling gives Vary(Ay) = O(n?/B?), we have |Agi| = O,(n/B3?). As for Ay, we consider

Ty, b, = 2 i1 €bsi€,i, and we have E, 77, = O(r*/n), and EyT;,. , - Ty v, = 0 as long as
J A 7295/ 773 s

b;,bjr, b;, b;, has three or more distinct values by the conditional independence. We have
1 2
Var(Ag) < 51 -y Z Toj - T, = O( BQ)
b, b £,
We conclude that |Ay| = O,(n/B*? + r/(B+y/n)).

For the term As, by the definition of \//a\ri = ﬁ Zle (iji — ‘2)2, it holds that

Here, the first equality is by direct calculation and the second equality is by Var; is bounded.

Let , easy to bound that Vary(T},) = O(n*), we have that
n B
{ _122(21”— Varl)}:()'
_ 2 /13
Varb{ ) ZZ(ZM— ) Varz)}—O(n /B%),

we hence conclude that |Az| = O,(n/B%?).

We collect all the error terms of A;, Ay and Az, and have

3/2
_ o — O(n/B%? + r m =0, (n/B¥?
Ay _Op<n\/§)7 AQ—OP( /B + /(B\/_»’ A Op( /B )7
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easy from order comparison to see that if A; = OP(W), then Rp — ﬁB = op(ﬁgl’—r’;(x*)).
We have

nAl . 1
ngl,r (X*) B @fl,r (X*)

= op(1),

where we use the Assumption 3.4 that B 7~ n and € small enough. We hence conclude that

Ry — Ry = o, (Z8urlee)y,

n

It remains for us to prove ’”25;;;9‘*) % 1. All the terms T}, on the right hand side in
1

M; are uncorrelated. We define 4; = (£ — :L—z)Tl (z1) + (r(r_l) - :L—z) > T1(z;) which is

n(n—1)

the first line of the equation above. We then have E(M; — A;)- A; = 0. Similarly we define
A; with the replace of 1 by i. we give the calculation of three terms: EA; - T1(z;), EA? and
E(M; — A;)?, and then give the proof based on these terms.

For the term EA; - T (z;), we have

roor? roor?
For the term EA? we have
r?(n —r)? -1 /r—1 7r\°
EA? = %fLT(X*) + (712 ) (n 1 _) gl,r(x*)
r?(n —r)?
= ﬁflw(x*). (Cg>

For the term E(V; — A;)2, we have

S G [ (2R

k=1

s (i (@) ) e

. 27“2Var[]/”7’(x*)].

[l

(C.10)

n3
Here, the first inequality is by the fact that summation in the first line is maximized in the
second-order terms and >;_, (;)Vi = Var(]/‘%(x*)) < C < 400, and the second inequality
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is by simple calculation. We hence have

n .En(n —1) i (Ai _ MTl(Zi))Q

r?ie(x)  (n—r1)? = n?
B n3(n —1) ~r(n—=r) . ?
- = mia))

e

Here, the last second equality comes from (C.8) and (C.9). For any sequence of random
variable X,, > 0, EX,, — 0 implies X,, = 0 by the Markov inequality. Therefore, we

conclude that

n_ nnh-1) zn: (Ai _ MTl(Zi))Q 2. (C.11)

r&r(x)  (n—r)? = n?

By the weak law of large number, we also have

n

n n(n—1) Z r?(n — T)ZTf(Zi) L (C.12)

r?ie(x)  (n—r)? = n4

Here T} (z;) are iid and the expectation ET(z;) = &;.,.(x.). We then investigate the con-

vergence of the term

n ) . T(l;ln_—rl) Z %Ai Ty ().

r2€17"‘ (X* )2 i=

Recalling the definition of A; = (£ — )T} (z,) + (L= — 1) > iz T1(zi), the equation

n

above can be simplified and written as

= _n(n—l) 1) - 11(z;) ~ n . Ty (z;
) oy e e ey 2

e 2 () e+ (= ) 2 e}

Again by utilizing the weak law of large number, we have

n " Sy 2 ) ,
r(n —r)&(xy) ZI: (E - ¥>T1 (z;) = 1.
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As for the term consisting of 77 (z; )71 (z;) above, we have

{2 (i) i) G reme}

i=1 i/ #£i

= LS T}

i=1 i/#i

1
= —— = 0.
n(n—1)

Here, we use the fact E(} ), Th(z#)T1(2:))* = n(n — 1)&7,(x.) which follows from a
straightforward calculation. This implies that the interaction term converges to 0 in prob-

ability. With these two terms, we have

n_ otz e ny

RENCANTED

Moreover, it follows from (C.10) that

e (k) (n—r)? 2

which means

P26, (x) (n—r)?

The triangle inequality implies that
n n(n—l)iM2< n n—l ZA2+ZM A)
1280 (xe) (n—1)? 4 CT 2, (x) (n—r)?

- nin = 1) 2 n n(n—1) 2\ 2\ P
r26(x) (n—r)? ZM Zr2§1,r(x*)‘ (ZA ;Mi—Az‘))ﬁl,

i=1

Hence, the squeeze theorem gives that

26,(x) (0P

This completes the proof of Theorem 3.8.
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D Proofs in Section C

We provide additional technical proofs for the conclusions in Section C. We first present
the proof of Lemma C.4. Then we show several additional lemmas, which will be used to

prove Proposition C.1.

Proof of Lemma C./. By the definition we have

$() = log ( [ exp(ny)dy),

and it is clear that

E(Y|n) =v¢'(n), Var(Y|n) =v"(n) > 0.

We conclude that 9(-) is a convex function. By Assumption 3.1, the non-degeneracy and
the existence of distinct values in the support of p(y|n) = h(y) exp(ny — ¥ (n)) ensure that
Var(Y|n) > 0 for all n € [-C, C]. This guarantees that the second derivative of the log-
partition function, ¥"(n) = Var(Y|n), is strictly positive. Furthermore, since E(Y|n) and
E(Y?|n) are defined as smooth integrals with respect to p(y|n), they are continuous in 7.
As a result, ¥”(n) is also continuous. By the compactness of n € [—C, C], there exists a

constant ¢ > 0 such that:
V'(n) > ¢>0, forallnel[-C,Cl

Using the second-order Taylor expansion and the definition of strong convexity, we establish:

() — () — o (m) (o —m) = (@ mp,

for some & between z and m. Since C' > ¢"(£) > ¢ > 0, we conclude:

~

o= m)? 2 () — 0m) — v/ ) — m) >

(@)

(x —m)>.

N |
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As for the Lipchitz property, by the equation ¢'(n) = E(Y|n), the bound of ¢'(n)

directly comes from the existence of the expectation of Y given n. O

We propose several lemmas to address the general nonparametric regression cases, serv-
ing as the basis for the proof of Proposition C.1. Recall the definition of Rn(]?n, fo) in
(2.5):

Rn(ﬁla fO) = ]E[g(Xu .f/;za fO)]7

and consider the construction of
~ o~ 1 < —~
R.(fn, fo) =E [ﬁ 25(&'; I fo)} .

In the following lemmas, we demonstrate that the differences between Rn(ﬁl, fo) and
En(ﬁ, fo) are small. Some of the proof techniques are inspired by Schmidt-Hieber (2020),
but our analysis extends to a more general regression framework, and our proofs differ ac-
cordingly. In fact, the settings considered by Schmidt-Hieber (2020) are special cases within
our broader context. Additionally, we provide upper and lower bounds for ﬁn(fn, fo). These

results will be used for proving Proposition C.1.

Lemma D.1. Under Assumptions 5.1, it holds that

~ o~ ~ 2R ~ 1+ 3logN,
+2R(310gn/\/n +) e

Here, N, is the minimum number of g—covem’ng of F(L,p,s,00), and R = 3FCy, is a

constant assumed larger than 1 without loss of generality.

Lemma D.1 establishes the differences between Rn(fm fo) and R,(fn, fo). We now

propose the following lemma, which addresses the challenges arising from the dependency
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of €; on the covariates x;. This approach is different from previous work, such as Schmidt-

Hieber (2020) and Fan & Gu (2024), which assumed independence between ¢; and x;.

Lemma D.2. Suppose that Assumption 3.1 holds. Define ¢; = y; — ¢¥'(fo(x;)). For any

estimator fe F, there exists constant C' > 0 such that

< \/ 201, T{ o loeNn 56 (lognN” +y/ lognN”S) +25C.

The main difficulty in Lemma D.2 is the dependence of ¢; and x; under the GNRM

E% 2": 5if~(xi)

framework. Unlike traditional concentration inequalities, here we apply covering number
analysis and truncation techniques to address the heteroskedasticity in GNRMs. Details
can be refered to Section D.2. With Lemma D.2, we establish the following two lemmas,

which provides the upper and lower bound of ﬁn(fn, fo)-

Lemma D.3. Suppose that Assumption 5.1 holds. For any fixed f € F, it holds that

Ru(fns fo) < inf EA(X; f, f0)+\/203n(f,fo) log Ny, +@<logNn . /10g/\/n5>
feF n n "

+206C + A (f).

Here, X is an independent copy of x; and C' > 0 is a constant.

Lemma D.4. Suppose that Assumption 5.1 holds. It holds that

“14p n n

for any p > 0. Here, C > 0 is a constant.

D.1 Proof of Lemma D.1

Given a minimum g—covering of F, let the center of the balls by f;. Recall D, =

{(xi,5:),i € [n]}. By construction there exists a j* such that |f — fillo < 5. More-

over, by the assumptions we have || f;||cc < F. Suppose that X (i € [n]) are i.i.d random
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variables with the same distribution of X and independent of the sample (x;);cf (Dr) and

recall

U%; Fus fo) = =0 (fo(x)) Falx) + D(Fa(x)) + ' (fo(x)) fo(x) — ©(fo(x)).

It is clear to see that ((x; Fo, fo) > 0 by Lemma C.4, and

|Rou(fas fo) = R fos o)

:’E{l

Rewriting the equation above by fn = fn — fj+ + fj+, we have the inequality for any

X7 J?m fo) — €(xi; J?m fo)} }‘

1 = fi+lloe < 0.
|(; fus fo) = €; £, fo)| < 20Cs,
and hence
|[Bo(fas f0) = Bu(Fs fo)| < E{\ Zgj (X, %) } + 46Ciip, (D.1)
where
95-( X1, x:) = U(X: [, fo) = (x5 fyvs fo)- (D-2)

We define g; the same way with f;- replaced with f;. By letting U = EY2{{(X; o, 10)|Dn}s

it is clear that

| = |0 9 (X )| | o
X;) "~ max{\/log N, /n, EV2[(X; [+, fo)|Dal} max{+\/log \,,/n, EV2[((X; f;-, fo)|Dul}

| > gi( X %) ( ~ )
A Slog N+ U +5Chs ).
[ Iog N, EV2[0(X Ffold 0g Nn/n+U =+ 0Cus

where the second inequality comes from the fact || f; —fulloo < 8, and hence EV2[¢(X; fies f0)|Dnl} <

U+ 2gCLip. Define the random variable

- | 05X
J max{\/logNn/n,El/Q[é(X§fjafo)]}’
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and it follows from (D.1) and the inequality above that

Ro(Fus fo) = Rl Fos fo)| < E— (VIog Nu/n+ U +23C1s, ) +43C1s, (D.3)

Hence, it remains for us to consider the bound of (D.3). By the definition of ¢;( X7, x;), it

is clear that Eg,;(X/,x;) =0,
0 <Ux; f5,fo) <R
and hence |g;(X/,x;)| <2R. Moreover, we have that

Var(gj(Xg, Xz)) = 2V&r<£(X7 fj7 fo))

< QEEQ(X§ fj?fO) < QREK(X§ fj’ fO)

As ¢;(X!,x;) is independent with different ¢, then for any i.i.d bounded and centered

random variables & with [§;| < M, the Bernstein inequality shows that

IP(| ;§z| > tg) < 2exp ( T 9Miy/3 + 25" Var(&))‘

Combining the Bernstein inequality with the expression of T', we can apply the union bound

and get that

t2
B(T/R > 1) < 2N, - exp ( " Trmax 1 {ylog N, m, EVE(UX 5, fo)l} + 4n/R)‘

Here, we take & = g;(X},x;)/R, and let ty = t max{\/log N, /n, EV?[((X; f;, fo)]}. Ac-
cording to (D.4), we can bound the value of ET and ET?, which will further be applied
n (D.3). With the assumption above, we have R > 1, and the equation above can be

simplified as

t2
e [ . (D4
P(T/R > t) < 2N, - exp ( 4t max—1{\/log N, /n, EV2[U(X; f;, fo)l} + 4n> (>
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For the bound of ET'/R, it holds that

ET/R =ET/R-1{T/R < 6y/nlogN,,} + ET/R-1{T/R > 6y/nlog/N,}

+o00
= 6y/nlog N, +/ P(T > t)dt
6v/nlog Ny
e t\/Tog N,
< 64/nlogN, +/ 2N, exp ( o8 )
6y Tog Ny 2y/n
n
— 6v/nlog N, + 4 . D5
nlog N, + gV, (D.5)
Here, the inequality comes from (D.4) that when t > 6y/nlog N, P(T/R > t) < 2N, exp (—

t—vé(\’% :;">, and the last inequality is by some algebra.

For the bound of ET?/R?, it holds that

ET?/R* = ET?/R* - 1{T*/R* < 6*nlog N, } + ET?/R* - 1{T?/R* > 6°nlog \,,}

+oo
= 62nlog N, + / P(T > /t)dt
62nlog Ny,
+oo /1 NT
< 6°nlog N, —i—/ 2N, exp ( Viviog )
62nlog Ny, 2\/_
1+ 3log N,

= 36nlog NV, + 16 - (D.6)

log \V,,

Here, the inequality comes from (D.4) that when ¢ > 6y/nlog N,,, P(T/R > t) < 2N, exp (—

(4/3J:4V/1(°2gR:+;"2))ﬁ>, and the last equality is by fb;roo e Viedt = 2(ab+ 1)e™ /a2,

Combining (D.5), (D.6) with (D.3), and noting that EU? = Rn(]?n,fo) where U is

defined below (D.2), we have

|Rn(}‘1\17f0) (ﬁlaf() | < ET - <\/ 10g /n+ U+ 50L1p> +450L1p

< E1/2T2 E1/2U2—|—E— ( /log /n+5CL1p> —|—45C’L1p

1+ 3log N,
log NV,

—|——<3\/n10g +21/ g V. ) (V1ogN, /n+25C’Llp +4§C’Llp

1+ 3logN,, 2R(3logN,, +2)
: +
log NV, n

2R
< =RV (f, fo)\/ 9n log ], + 4n

2 -
RR” 2(fa fo)\/ 9Inlog N, + 4n + 56CLip-
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Here, the first inequality is by the Cauchy-Schwarz inequality, the second inequality is by

(D.5) and (D.6) and the last inequality holds when n is large enough.

D.2 Proof of Lemma D.2

For any estimator f taking values in F, let j' be such that ||f— firlloo < 5. We have

’E% > eif(x;)
i=1

Zsz = 1) + ()

S—EZ|&|+ ' Zezf] X;)

< 5y — 1y .
_250+n‘EZszfj (x;)

(D.7)

Here, C' is some large constant. the first inequality is by the triangle inequality, and the
second inequality is by Ele;| = E{E{|y; — ¢'(fo(x:))||x:}} < L+ E|Y| < C for some large
constant C. It is remained for us to bound the last term above. To obtain the bound, we

first introduce r; = \/% VS (Fi(xi) — fo(x;))?2/n. Then the term can be written

as

_ %‘Eg&(fj/(xi) - i)

(e \ > () — o2 ) = e fO(Xi))’]

=1

IN
S

< ou[(ym \ S i)~ ) in-+7). D A f“’"”‘}
<1 <\/@ e (2;;1 i 7, fo)) N 5> el i) - fol)|

— _<\/108§7N RY2(F fo)/\/_+5> IEW’Z? 1€i(fj’(>;i) — Jo(xi))

n
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Here, the first equality is by Ee;fo(x;) = E(Ee; fo(x;)|x;) = 0, the first inequality is by

r; < logNn 4 Voo, (Fi(xi) = fo(x))?/n, the second inequality is by triangle inequality

- n

la+ bl < |la]| + ||b]| and ||f; — fllee < 8, and the last inequality is by Lemma C.4 that

0(x; ﬁ fo) > c(f(x) — fo(x))? for some constant ¢ > 0.
n el ) —folx))|
2

T
]l

It remains for us to bound E!/2 = . The heteroskedasticity in GNRMs
also makes the bound of this term complicated, mainly due to the dependence among ¢;

and x;. For simplicity in notation, define

XL ) = o))

3 s (D.9)

We investigate the noise behavior f? under different regimes to bound the term with het-
eroskedasticity. Specifically, we consider max;en,] §J2 < CnlogN, and maxjep,) & >
Cnlog N, conditional on x;. When max;epy,] 532 < CnlogN,, conditional on x;, the results
will obviously hold. We mainly focus the regime when max;cps, 5? > Cnlog N, condi-
tional on x;. Conditional on x,...,X, [or (x;); compactly|, we have that ¢;’s (i € [n]) are

centered and independent sub-exponential random variables. Hence, we have

Var(&;](x:)i) = 2zt Var(gi(fj(xig) — fO(XZ))KXz)z)

Ty

< D E(EI6a):) - B 000) = folx) | (x2):) 7}
< 2nk?,

where the first inequality is by Var(U]X) < E(U?/X) for all random variables X and U,

and the second inequality is by the definition of 7; = 4/ % V> (Fi(xi) = fo(xi))?/n,

and E(e7((x;);) < 2x%. Also, letting a;; = [f;(x;) — fo(x;)]/rj, we have

n
lai;| < 2F/r;, Za?j <n.
i=n
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Therefore by the Bernstein inequality, it holds that

. 2 trs

for some absolute constant ¢ > 0.

Let {max = maxjen,) ;. By applying the union bound, it holds that
2 e 2
BlJmnl?100) = [ (sl 2 i)
0
+oo
ST [ Pnd 2 VA
T

+oo t Atr:
<T+N, - 2 —dmin{ —, ~—2 b vdt
<T+N, /T exp{ crmn{m€2 QFR}}

+oo t  tlogN,
ST—I—Nn-/ 2exp{—c’min{ 08 }}dt.

T

nk2 2Fk\/n

Here, the last inequality is by r; > %. By letting T' = CnlogN,, for some constant
C > 4F?%k?/c?, it is clear that when t > T, -4 > V;;Og\f:;", the inequality above can be
written as

E(|€max’2‘(xi)i) S Cn log/\/n +Nn . c QFK;\/H

Again by utilizing the equality fbjoo e Viedt = 2(ab+ 1)e=®/a® we conclude that as long

oo Vitlog N,
2exp{ - ’i}dt.

Cnlog Ny

as C' > 4F?k%/?,

+oo 1 -
E(|§max|2|(Xi)i) < CnlogN,, +N,, - 26Xp{ IV og N }dt

‘ 2Fk\/n
log AV, + 1) e~ T low i

Cnlog N,
dvC F?k*n

c?log N,

= Cnlog N, +4/\/(
< 2CnlogN,,.

By the definition of §; in (D.9) and with {yax = max;eng &, we have for any j’,

Z?;l ei( fir(xi) — fo(xi))
E!/2 D) < \/E (|€max|?](x:)s))

T
< v/2CnlogN,,.

2

J
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Combining the inequality above with (D.8), we have

< l(F%%-ﬁ}/Q(ﬁ fo)/\/Eng) ' \/m'

n

for some constant C' > 0. Combining (D.10) with (D.7) we conclude that for any ferF,

‘El D eif(x)| < \/2CR”(f’ fo) log N + @(bg/v” +4/ IOgN"S) +25C
n i1 n n n

for some large constant C' > 0, which completes the proof of Lemma D.2.

1 n
i=1

D.3 Proof of Lemma D.3

Recall the definition of An(fn)

BaFo) =B > —iul) + 0lFabe)) = _inf 3" —pf) + 0Af(x,).

fEF(LpsF) M=
1=

The first inequality we can obtain is, for any fixed f € F,
1 n N N 1 n ~
z D —yifa() + U (fulxi) < E- D =y f )+ (f () + Al ). (D.11)
i=1 i=1

Note that f and fy are both fixed. For any X Z x;, the inequality above further implies

that

o Fos ) < By 300 o 0) + By S et + ()

i=1

=BUX; f, fo) + ]E% > eifulx) + An(fa)
=1

2C§n(ﬁw fO) lOgNn

n

+m<log/\/’n+ 10gnNn§)+250+An(ﬁ)'

n

SEW@%M+¢

Here, ¢; = y; — ¥'(fo(x:)). The first inequality is from (D.11), the first equality is by
EU(X; f, fo) = El(x;; f, fo) for any fixed f € F, and the last inequality is by Lemma D.2.
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D.4 Proof of Lemma D.4

Let f = argming. x> " =y f(x;) + ¥(f(x;)) be the global empirical risk estimator. We

have the following decomposition, by letting ¢; = y; — ¥'(fo(x;)). That is,
~ o~ ~ e =~ I ~
Ro(fo fo) = Bulf. fo) = Bu(fa) + B D eifalxi) =B Y eif (xi). (D.12)
i=1 i=1
From Lemma D.2, we have

‘El > eif(xi)| < \/QCR"(f’ fo)log N, @(bg]v” +1/ 10gN”5> +26C
n —1 n n n

for any f € F with some constant C' > 0. Therefore (D.12) yields

2C R (fo, fo) log N, B 2C R, (f, fo)log N,

n n

_ 2\/2C<1OgN" n IOgN"E) _43C.

n n

En(ﬁw fO) - RSn(ff‘va fO) Z An(ﬁl) - \/

(D.13)

For any a,b > 0, it holds that 2ab < pa? + b%/p for any p > 0. By letting a = R,(fn, fo),

b= Rul(f, fo), ¢ = /922 and d = A, (f,) — 2«20(105% + 10%%5) — 456C, (D.13)

can be written as

a—b>d—2vac—2vbe

2
zd—pa———b—c2
P

for any p > 0. We directly conclude that

d c?
a>——
1+p 1+p

9

which is
~ 1 ~ — (log N\, [log N, ~ ~ . ClogN,

This completes the proof of Lemma D.4.
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D.5 Proof of Proposition C.1

We first prove the upper bound. From Lemma D.1, we can let a; = ]?Zn(ﬁl,fo), by =

Rn(ﬁl, fo), 1 = %\/ Inlog NV, + 4n—1ﬁ2é‘}§fy" and d; = 2R(3log Nut2) loiN"+2) —|—5gC'Lip. The inequality

in Lemma D.1 can be written as
’CLl — b1| S 2@01 + dl. (D14>

Furthermore, from Lemma D.3, we can let ay = a7 = f%n(fn,fo), Cy = \/Clo—g/\[n and

2n

dy = infrer EU(X f, fo) + V 20(10%\/” + 10g7i\/"g) +20C + An(ﬁl) The inequality in

Lemma D.3 can be written as
(05} S 2\/CL_262 + dg. (D15>

From (D.14), we have, for any 0 < p; < 1,
i
by — a1 < pray + — +dy,
P1
while (D.15) implies that, for any ps > 0,
¢
ay < paag + — + ds.
P2
Setting a; = ay and combining the two inequalities above, we have

2

C
s e (i =)

2
a

P1

+dy.

By the definition of ay, by, ¢; di, as, co and dy and by letting p; = 1 and p, = 0.5, we

conclude that there exists a constant C’ depending only on F', function 1 and s such that

We complete the upper bound in Proposition C.1.
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We then prove the lower bound in Proposition C.1. From Lemma D.4, we can let

as = ]/%\n(fn, fo), and have

m=ay> <An(ﬁ) - 2@(1%/\/" + 10gN"5> — 450 - —ClogN”>. (D.16)
1+p n n 2n

Hence, from (D.14) we have for any 0 < p3 < 1,
2
€1
a; — by < psay + — +dj,
P3
or

o
b1 > (1 — pg)al - — — dl.
P3

We can let p = 0.2 in (D.16) and p3 = 0.4, and it is easy to conclude that there exists a

constant ¢ depending only on F, function ¢ and « such that

Rn(ﬁ fO) > %An(ﬁz) _ C/<lognf\fn 4 ( /logn/\/n i 1)’5)
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