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For completeness of presentation, we first provide some useful technical lemmas and

their proofs, and then give the proofs of the main theorems in this supplementary material.

Since corollaries are direct results of corresponding theorems, their proofs are straightfor-

ward thus omitted.

1 Technical Lemmas

We first introduce some additional notation in counting processes. For the ith subject in the

kth stratum, define the counting process Nki(t) = 1(Yki ≤ t, δki = 1). The corresponding

intensity process Aki(t; β) =
∫ t
0

1(Yki ≥ s) exp(XT
kiβ)dΛ0k(s), where Λ0k(t) =

∫ t
0
λ0k(s)ds is

the baseline cumulative hazard function for the kth stratum, k = 1, · · · , K, i = 1, · · · , nk.
Let Mki(t; β) = Nki(t) − Aki(t; β), then Mki(t; β

0) is a martingale with respect to the

filtration Fki(t) = σ{Nki(s), 1(Yki ≥ s), Xki : s ∈ (0, t]}.
Recall that the stratum-specific weighted covariate process η̂k(t; β) = µ̂1k(t; β)/µ̂0k(t; β),

where µ̂rk(t; β) = (1/nk)
∑nk

i=1 1(Yki ≥ t)X⊗rki exp{XT
kiβ}. Their population-level coun-

terparts are µrk(t; β) = E[1(Yk1 ≥ t)X⊗rk1 exp{XT
k1β}] and ηk0(t; β) = µ1k(t; β)/µ0k(t; β),

r = 0, 1, 2, k = 1, · · · , K. It is easily seen that the process {Xki − η̂k(t; β0)} is predictable

with respect to the filtration F(t) = σ{Nki(s), 1(Yki ≥ s), Xki : s ∈ (0, t], k = 1, · · · , K, i =

1, · · · , nk}.
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Lemma S.1. Under Assumptions B.1–B.3, for k = 1, · · · , K, we have

sup
t∈[0,τ ]

|µ̂0k(t; β
0)− µ0k(t; β

0)| = OP (
√

log(p)/nk),

sup
t∈[0,τ ]

‖µ̂1k(t; β
0)− µ1k(t; β

0)‖∞ = OP (
√

log(p)/nk),

sup
t∈[0,τ ]

‖η̂k(t; β0)− ηk0(t; β0)‖∞ = OP (
√

log(p)/nk).

Lemma S.1 is simply the result of Lemma A1 in Xia et al. (2021) applied to each of the

K strata. We omit its proof here.

Lemma S.2. Assume p2 log(p)/nmin → 0. Under Assumptions B.1–B.5, for any c ∈ Rp

such that ‖c‖2 = 1 and ‖c‖1 ≤ a∗ with some absolute constant a∗ <∞, we have

√
NcTΘβ0 ˙̀(β0)√

cTΘβ0c

D→ N(0, 1).

Proof of Lemma S.2. We rewrite

−
√
NcTΘβ0 ˙̀(β0)√
cTΘβ0c

=
1√
N

K∑
k=1

nk∑
i=1

cTΘβ0√
cTΘβ0c

{
Xki −

µ̂1k(Yki; β
0)

µ̂0k(Yki; β0)

}
δki

=
1√
N

K∑
k=1

nk∑
i=1

∫ τ

0

cTΘβ0√
cTΘβ0c

{
Xki −

µ̂1k(t; β
0)

µ̂0k(t; β0)

}
dNki(t)

=
1√
N

K∑
k=1

nk∑
i=1

∫ τ

0

cTΘβ0√
cTΘβ0c

{
Xki −

µ̂1k(t; β
0)

µ̂0k(t; β0)

}
dMki(t). (S.1)

Denote U(t) =
1√
N

K∑
k=1

nk∑
i=1

∫ t

0

cTΘβ0√
cTΘβ0c

{
Xki −

µ̂1k(s; β
0)

µ̂0k(s; β0)

}
dMki(s). Then the variation

process for U(t) is

〈U〉(t) =
K∑
k=1

nk∑
i=1

1

N

∫ t

0

cTΘβ0

cTΘβ0c

{
Xki − η̂k(u; β0)

}⊗2
1(Yki ≥ u)eX

T
kiβ

0

dΛ0k(u)Θβ0c

=
cTΘβ0

cTΘβ0c

[
K∑
k=1

nk
N

∫ t

0

{
µ̂2k(u; β0)− µ̂1k(u; β0)µ̂T1k(u; β0)

µ̂0k(u; β0)

}
dΛ0k(u)

]
Θβ0c. (S.2)

By Assumption B.4, following the same lines in the proof of Lemma A2 in Xia et al. (2021),
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we have

cTΘβ0

cTΘβ0c

[∫ t

0

{
µ̂2k(u; β0)− µ̂1k(u; β0)µ̂T1k(u; β0)

µ̂0k(u; β0)

}
dΛ0k(u)

]
Θβ0c

=
cTΘβ0

cTΘβ0c

[∫ t

0

{
µ2k(u; β0)− µ1k(u; β0)µT1k(u; β0)

µ0k(u; β0)

}
dΛ0k(u)

]
Θβ0c+ oP (1)

→vk(t; c).

Since nk/N → rk, then 〈U〉(t)→P

∑K
k=1 rkvk(t; c).

For any ε > 0, define Gki(u) =
1√
N

cTΘβ0√
cTΘβ0c

{
Xki −

µ̂1k(u; β0)

µ̂0k(u; β0)

}
and the truncated

process Uε(t) =
K∑
k=1

nk∑
i=1

∫ t

0

Gki(u)1(|Gki(u)| > ε)dMki(u). The variation process of Uε(t) is

〈Uε〉(t) =
K∑
k=1

nk∑
i=1

∫ t

0

G2
ki(u)1(|Gki(u)| > ε)dAki(u),

where dAki(u) = 1(Yki ≥ u)eX
T
kiβ

0
dΛ0k(u). Since

|
√
NGki(u)| ≤ a∗‖Θβ0‖1,12Mλ

−1/2
min (Θβ0) = O(

√
p),

then 1(|Gki(u)| > ε) = 0 almost surely as p/N → 0. So 〈Uε〉(t) →P 0. By the martingale

central limit theorem, we obtain the desirable result.

�

Lemma S.3. Under Assumptions B.1–B.5, for λ �
√

log(p)/nmin, the lasso estimator β̂

satisfies

‖β̂ − β0‖1 = OP (s0λ),
1

N

K∑
k=1

nk∑
i=1

|XT
ki(β̂ − β0)|2 = OP (s0λ

2).

Proof of Lemma S.3. This result is from the proof in Kong and Nan (2014), with minor

modifications as follows. An intermediate replacement for the negative log-likelihood in the

kth stratum

`(k)(β) = − 1

nk

nk∑
i=1

[
βTXki − log

{
1

nk

nk∑
j=1

1(Ykj ≥ Yki) exp(βTXkj)

}]
δki
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can be defined as

˜̀(k)(β) = − 1

nk

nk∑
i=1

{
βTXki − log µ0k(Yki; β)

}
δki,

which is a sum of nk independent and identically distributed terms. The target parameter

is

β̄ = arg min
β
E

{
K∑
k=1

nk
N
˜̀(k)(β)

}
.

Then the excess risk for any given β is

E(β) = E

{
K∑
k=1

nk
N
˜̀(k)(β)

}
− E

{
K∑
k=1

nk
N
˜̀(k)(β̄)

}
.

We refer remaining details to Kong and Nan (2014). �

Lemma S.4. Under Assumptions B.1–B.5, assume λ �
√

log(p)/nmin, then it holds with

probability going to one that ‖Θβ0Σ̂ − Ip‖∞ ≤ γ, with γ � ‖Θβ0‖1,1{max1≤k≤K |nk/N −
rk|+ s0λ}.

Lemma S.4 shows that when γ � ‖Θβ0‖1,1{max1≤k≤K |nk/N − rk|+ s0λ}, the jth row,

j = 1, · · · , p, of Θβ0 will be feasible in the constraint of the corresponding quadratic

programming problem with probability going to one.

Proof of Lemma S.4. We first derive the rate for ‖Σ̂− Σβ0‖∞. Note that

‖Σ̂− Σβ0‖∞

≤

∥∥∥∥∥ 1

N

K∑
k=1

nk∑
i=1

∫ τ

0

[
{Xki − η̂k(t; β̂)}⊗2 − {Xki − ηk0(t; β0)}⊗2

]
dNki(t)

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

N

K∑
k=1

nk∑
i=1

∫ τ

0

{Xki − ηk0(t; β0)}⊗2dNki(t)− Σβ0

∥∥∥∥∥
∞

≡ aN1 + aN2.
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Due to the boundness Assumption B.1,

aN1 ≤

∥∥∥∥∥ 1

N

K∑
k=1

nk∑
i=1

∫ τ

0

{Xki − η̂k(t; β̂)}{ηk0(t; β0)− η̂k(t; β̂)}TdNki(t)

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

N

K∑
k=1

nk∑
i=1

∫ τ

0

{ηk0(t; β0)− η̂k(t; β̂)}{Xki − ηk0(t; β0)}TdNki(t)

∥∥∥∥∥
∞

≤4M

N

K∑
k=1

nk∑
i=1

∫ τ

0

‖ηk0(t; β0)− η̂k(t; β̂)‖∞dNki(t)

≤4M

N

K∑
k=1

nk∑
i=1

∫ τ

0

‖ηk0(t; β0)− η̂k(t; β0)‖∞dNki(t)

+
4M

N

K∑
k=1

nk∑
i=1

∫ τ

0

‖η̂k(t; β0)− η̂k(t; β̂)‖∞dNki(t)

≤4MOP (
√

log(p)/nmin) + 4MOP (s0λ) = OP (s0λ),

where the last inequality is a result of Lemma S.1 and the fact that supt∈[0,τ ] ‖η̂k(t; β0) −
η̂k(t; β̂)‖∞ = OP (‖β̂ − β0‖1) = OP (s0λ) (see the proof of Lemma A4 in Xia et al. (2021)).

Since Σβ0 =
∑K

k=1 rkΣβ0,k,

aN2 ≤

∥∥∥∥∥
K∑
k=1

nk
N

[
1

nk

nk∑
i=1

∫ τ

0

{Xki − ηk0(t; β0)}⊗2dNki(t)− Σβ0,k

]∥∥∥∥∥
∞

+

∥∥∥∥∥
K∑
k=1

(nk
N
− rk

)
Σβ0,k

∥∥∥∥∥
∞

≤
K∑
k=1

nk
N

∥∥∥∥∥ 1

nk

nk∑
i=1

∫ τ

0

{Xki − ηk0(t; β0)}⊗2dNki(t)− Σβ0,k

∥∥∥∥∥
∞

+

∥∥∥∥∥
K∑
k=1

(nk
N
− rk

)
Σβ0,k

∥∥∥∥∥
∞

.

The proof of Lemma A4 in Xia et al. (2021) shows that, for k = 1, · · · , K,∥∥∥∥∥ 1

nk

nk∑
i=1

∫ τ

0

{Xki − ηk0(t; β0)}⊗2dNki(t)− Σβ0,k

∥∥∥∥∥
∞

= OP (
√

log(p)/nk)

by Hoeffding’s concentration inequality. So aN2 = OP (
√

log(p)/nmin) + O(maxk |nk/N −
rk|). Then, combining the bounds on aN1 and aN2, ‖Σ̂−Σβ0‖∞ = OP (s0λ+ maxk |nk/N −
rk|).
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Finally, it is easy to see that

‖Θβ0Σ̂− Ip‖∞ = ‖Θβ0(Σ̂− Σβ0)‖∞ ≤ ‖Θβ0‖1,1‖Σ̂− Σβ0‖∞,

and ‖Θβ0Σ̂− Ip‖∞ = OP (‖Θβ0‖1,1{s0λ+ maxk |nk/N − rk|}). �

Lemma S.5. Under the assumptions in Lemma S.4, if we further assume for some constant

ε′ ∈ (0, 1), lim supnmin→∞ pγ ≤ 1− ε′, then we have ‖Θ̂−Θβ0‖∞ = OP (γ‖Θβ0‖1,1).

The proof of Lemma S.5 follows that of Lemma A5 in Xia et al. (2021), thus is omitted.

Lemma S.6. Under Assumptions B.1–B.3 and B.5, for each t > 0,

P (‖ ˙̀(β0)‖∞ > t) ≤ 2Kpe−nmint
2/(8M2).

Proof of Lemma S.6. Since ˙̀(β0) =
∑K

k=1
nk

N
˙̀(k)(β0), we have

P
(
‖ ˙̀(β0)‖∞ > t

)
≤ P

(
K∑
k=1

nk
N
‖ ˙̀(k)(β0)‖∞ > t

)

≤
K∑
k=1

P
(
‖ ˙̀(k)(β0)‖∞ > t

)
≤

K∑
k=1

2pe−nkt
2/(8M2).

Note that ‖Xki− η̂k(t; β0)‖∞ ≤ 2M holds uniformly for all k and i. Then the last inequality

is a direct result of Lemma 3.3(ii) in Huang et al. (2013) when applied to each of the K

strata. �

2 Proofs of Main Theorems

Proof of Theorem 3.1. Let ˙̀
j(β) be the jth element of the derivative ˙̀(β). By the mean

value theorem, there exists β̃(j) between β̂ and β0 such that ˙̀
j(β̂)− ˙̀

j(β
0) =

∂ ˙̀
j(β)

∂βT

∣∣∣
β=β̃(j)

(β̂−

β0). Denote the p× p matrix D =

(
∂ ˙̀

1(β)
∂β

∣∣∣
β=β̃(1)

, · · · , ∂ ˙̀
p(β)

∂β

∣∣∣
β=β̃(p)

)T
. By the definition of
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the de-biased estimator b̂, we may decompose cT (̂b− β0) as

cT (̂b− β0) = −cTΘβ0 ˙̀(β0)− cT (Θ̂−Θβ0) ˙̀(β0)

− cT (Θ̂Σ̂− Ip)(β̂ − β0) + cT Θ̂(Σ̂−D)(β̂ − β0)

= −cTΘβ0 ˙̀(β0) + (i) + (ii) + (iii),

where (i) = −cT (Θ̂−Θβ0) ˙̀(β0), (ii) = −cT (Θ̂Σ̂−Ip)(β̂−β0) and (iii) = cT Θ̂(Σ̂−D)(β̂−β0).

We first show
√
N(i) = oP (1) and

√
N(ii) = oP (1). By Lemma S.5 and Lemma S.6,

|
√
N(i)| ≤

√
N‖c‖1 · ‖Θ̂−Θβ0‖∞,∞ · ‖ ˙̀(β0)‖∞

≤
√
Na∗OP (pγ‖Θβ0‖1,1)OP (

√
log(p)/nmin)

= OP (‖Θβ0‖1,1pγ
√

log(p))

= oP (1),

where the last equality is a direct result of the assumption that ‖Θβ0‖21,1{maxk |nk/N −
rk|+ s0λ}p

√
log(p)→ 0 when λ �

√
log(p)/nmin. By Lemma S.3,

|
√
N(ii)| ≤

√
N‖c‖1‖(Θ̂Σ̂− Ip)(β̂ − β0)‖∞

≤
√
Na∗‖Θ̂Σ̂− Ip‖∞‖β̂ − β0‖1

≤
√
Na∗γ‖β̂ − β0‖1

= OP (
√
Nγs0λ)

= oP (1).

We then show that
√
N(iii) = oP (1). Note that Σ̂ − D = (Σ̂ − Σβ0) + (Σβ0 −

῭(β0)) + (῭(β0) − D). By the proof of Lemma S.4, we see that with λ �
√

log(p)/nmin,

‖Σ̂ − Σβ0‖∞ = OP (s0λ + maxk |nk/N − rk|). Based on the proof of Theorem 1 in Xia

et al. (2021), for each stratum, ‖῭(k)(β0) − D(k)‖∞ = OP (
√

log(p)/nk), where D(k) =(
∂ ˙̀(k)

1 (β)

∂β

∣∣∣∣
β=β̃(1)

, · · · , ∂
˙̀(k)
p (β)

∂β

∣∣∣
β=β̃(p)

)T

. Since the overall negative log partial likelihood `(β) =

K∑
k=1

nk
N
`(k)(β), and D =

K∑
k=1

nk
N
D(k), then ‖῭(β0) − D‖∞ = OP (

√
log(p)/nmin). Also,

‖Σβ0,k − ῭(k)(β0)‖∞ = OP (
√

log(p)/nk) by the proof of Theorem 1 in Xia et al. (2021).
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Then

‖Σβ0 − ῭(β0)‖∞ ≤

∥∥∥∥∥
K∑
k=1

rkΣβ0,k −
K∑
k=1

nk
N

Σβ0,k

∥∥∥∥∥
∞

+

∥∥∥∥∥
K∑
k=1

nk
N

Σβ0,k −
K∑
k=1

nk
N

῭(k)(β0)

∥∥∥∥∥
∞

≤ K max
k

(|nk/N − rk|‖Σβ0,k‖∞) +KOP (
√

log(p)/nmin)

= OP (max
k
|nk/N − rk|+

√
log(p)/nmin).

Therefore, for λ �
√

log(p)/nmin, ‖Θ̂−D‖∞ = OP (s0λ+ maxk |nk/N − rk|), and

|
√
N(iii)| ≤

√
N‖c‖1‖Θ̂‖∞,∞‖Σ̂−D‖∞‖β̂ − β0‖1

≤ OP
(√

N‖Θβ0‖1,1(s0λ+ max
k
|nk/N − rk|)

)
s0λ

≤ OP
(√

N/nmin‖Θβ0‖1,1(s0λ+ max
k
|nk/N − rk|)p

√
log(p)

)
= oP (1).

Finally, for the variance,

|cT (Θ̂−Θβ0)c| ≤ ‖c‖21‖Θ̂−Θβ0‖∞
≤ a2∗OP (γ‖Θβ0‖1,1) = oP (1).

By Slutsky’s theorem and Lemma S.2,
√
ncT (̂b− β0)/(cT Θ̂c)1/2

D→ N(0, 1). �

Sketch proof of Theorem 3.4. Theorem 3.4 can be easily proved using Cramér-Wold

device. For any ω ∈ Rp, since the dimension of ω is a fixed integer, we can invoke Theorem

3.1 by taking c = JTω. Note that ‖JTω‖1 ≤ ‖JT‖1,1‖ω‖1 = ‖J‖∞,∞‖ω‖1 = O(1). �
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