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1. TECHNICAL PROOFS 15

Proof of Theorem 1. The proof is summarized in the following three steps. First, we
proveQn(ω

∗, µ∗,Ω∗) ≥ Qn(ω, µ
∗,Ω∗) for ‖ω(1) − ω∗

(1)‖22 = Op(n
−1). In Step 2, we show that

Qn(ω, µ
∗,Ω∗) ≥ Qn(ω, µ

∗,Ω) for ‖Ω− Ω∗‖2F = Op{(pn + an) log pn/n}. In Step 3, we prove
thatQn(ω, µ

∗,Ω) ≥ Qn(ω, µ,Ω) for ‖µ − µ∗‖22 = Op(pn log pn/n). The following are the de-
tails. 20

Step 1. Let ∆ω(1)
= ω(1) − ω∗

(1), and h(ω(1)) =
∑n

i=1

∑K
k=1 τik logωk, whereωK = 1−

∑K−1
k=1 ωk. We denote byJω = (δ1, . . . , δK)T the Jacobian matrix, whereδk(1 ≤ k < K) is

a (K − 1)-dimensional unit vector with thekth component being 1, andδK is a (K − 1)-
dimensional vector of ones. An application of Taylor expansion yields

Qn(ω, µ
∗,Ω∗)−Qn(ω

∗, µ∗,Ω∗)

=
1

n
JT
ω

∂h(ω∗
(1))

∂ω
∆ω(1)

− 1

2
∆T

ω(1)
JT
ω

{

− 1

n

∂2h(ω∗
(1))

∂ω∂ωT

}

Jω∆ω(1)

+op

{

∆T
ω(1)

JT
ω

(

− 1

n

∂2h(ω∗
(1))

∂ω∂ωT

)

Jω∆ω(1)

}

. (1)

Note thatn−1
∑n

i=1{τikω∗−1
k − τiKω∗−1

K } = op(1) because Eτik = ω∗
k for k = 1, . . . ,K. Con- 25

sequently, we have

1

n
JT
ω

∂h(ω∗
(1))

∂ω
∆ω(1)

≤ n−1/2Op(1)‖∆ω(1)
‖1 ≤ (K − 1)1/2Op(n

−1/2)‖∆ω(1)
‖2.
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Further, sincen−1
∑n

i=1 τikω
∗−2
k

P−→ ω∗−1
k for k = 1, . . . ,K, we have

JT
ω

{

− 1

n

∂2h(ω∗
(1))

∂ω∂ωT

}

Jω
P−→ JT

ω HJω > 0,

whereH is aK ×K diagonal matrix with thekth elementω∗−1
k . Hence,

1

2
∆T

ω(1)
JT
ω

{

− 1

n

∂2h(ω∗
(1))

∂ω∂ωT

}

Jω∆ω(1)
≥ 1

2
Op(1)‖∆ω(1)

‖22,

implying that it dominates both the first and third terms in (1) uniformly in ‖ω(1) − ω∗
(1)‖22 =

Op(n
−1). Therefore,Qn(ω

∗, µ∗,Ω∗) ≥ Qn(ω, µ
∗,Ω∗) for ‖ω(1) − ω∗

(1)‖22 = Op(n
−1).30

Step 2. Let∆Ω = Ω− Ω∗ andS = S(µ∗). Consider the difference

Qn(ω, µ
∗,Ω)−Qn(ω, µ

∗,Ω∗) = B1 −B2 −B3,

where

B1 = 2−1 (log |Ω| − log |Ω∗|)− 2−1tr(S∆Ω),

B2 = λ2n

∑

(j,l)∈Ac,j 6=l

(|Ωjl| − |Ω∗
jl|),

B3 = λ2n

∑

(j,l)∈A

(|Ωjl| − |Ω∗
jl|).

An application of Taylor expansion with the integral remainder yields that

log |Ω| − log |Ω∗| = tr(Σ∗∆Ω)− ~∆T
Ω

{
∫ 1

0
(1− v)Ω−1

v ⊗ Ω−1
v dv

}

~∆Ω,

whereΩv = Ω∗ + v∆Ω with 0 ≤ v ≤ 1, ~∆Ω is the vectorization of∆Ω, and⊗ is the Kronecker
product. Therefore,B1 can be written asB1 = −2−1(I1 + I2), where35

I1 = tr {(S − Σ∗)∆Ω} ,

I2 = ~∆T
Ω

{
∫ 1

0
(1− v)Ω−1

v ⊗ Ω−1
v dv

}

~∆Ω.

First considerI1. Let sjl, σ∗
jl, and∆Ωjl be respectively the(j, l)th element ofS, Σ∗ and∆Ω.

Denote byC = {(j, j) : j = 1, . . . , pn}. Then, it is clear that|I1| ≤ I11 + I12, where

I11 = |
∑

(j,l)∈A∪C

(sjl − σ∗
jl)∆Ωjl|,

I12 = |
∑

(j,l)∈Ac,j 6=l

(sjl − σ∗
jl)∆Ωjl|.

Let zi =
∑K

k=1 τik(xi − µ∗
k) for i = 1, . . . , n. By the assumption,zi = (zi1, . . . , zip)

T ’s are
i.i.d. p-variate normal random variables with mean 0 and covariancematrix Σ∗. Note that
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sjl = n−1
∑n

i=1 zijzil. Using Lemma 3 in Bickel & Levina (2008), we have 40

I11 ≤ (pn + an)
1/2 max

(j,l)∈A∪C
|sjl − σ∗

jl| · ‖∆Ω‖F

≤ Op[{(pn + an) log pn/n}1/2] · ‖∆Ω‖F
= Op{(pn + an) log pn/n}.

ConsiderB2 − I12 for penalties. Note that∆Ωjl = Ωjl for all (j, l) ∈ Ac, j 6= l. Invoking
Lemma 3 in Bickel & Levina (2008) again, we have

B2 − I12 ≥ λ2n

∑

(j,l)∈Ac,j 6=l

|Ωjl| −max
(j,l)

|sjl − σ∗
jl|

∑

(j,l)∈Ac,j 6=l

|∆Ωjl|

≥
∑

(j,l)∈Ac,j 6=l

[λ2n −Op{(log pn/n)1/2}]|Ωjl|

≥ 0

for λ2
2n = O(log pn/n). For the termB3, we have

B3 = λ2n

∑

(j,l)∈A

(|Ωjl| − |Ω∗
jl|)

≤ λ2n

∑

(j,l)∈A

|∆Ωjl|

≤ λ2na
1/2
n ‖∆Ω‖F

= Op{(pn + an) log pn/n}.

Finally, we boundI2. Recall thatλmin(M) = min‖x‖=1 x
TMx for any symmetric matrixM .

Then, under condition (A), we have 45

I2 ≥
∫ 1

0
(1− v) min

0≤v≤1
λmin(Ω

−1
v ⊗ Ω−1

v )dv · ‖~∆Ω‖22

=
1

2
‖~∆Ω‖22 min

0≤v≤1
λ−2
max(Ωv)

≥ 1

2
‖~∆Ω‖22{κ1 + o(1)}−2

= C1(pn + an) log pn/n,

for a large constantC1. To derive the above inequality, we have used‖∆Ω‖ ≤ ‖∆Ω‖F =
O{(log pn)(1−m)/2} = o(1) by our assumption. Therefore,I2 dominates bothI11 andB3 with a
large constantC1. With B2 − I12 ≥ 0, this completes the proof of the Step 2.

Step 3. Let ∆µk
= (∆µk1

, . . . ,∆µkpn
)T = µk − µ∗

k, for k = 1, . . . ,K, and∆µ = µ− µ∗.
Then, for each1 ≤ k ≤ K, ∆µk

= (Ipn ⊗ eTk )∆µ, where Ipn is a pn × pn identity matrix 50

and ek is a K-dimensional unit vector withkth component 1. For the sake of simplicity, let
zi =

∑K
k=1 τik(xi − µ∗

k) andEi =
∑K

k=1 τik(Ipn ⊗ eTk ), for i = 1, . . . , n. Consider the differ-
ence

Qn(ω, µ,Ω)−Qn(ω, µ
∗,Ω) = I ′1 − I ′2 + I ′3
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where

I ′1 =
1

n

n
∑

i=1

zTi ΩEi∆µ,

I ′2 =
1

2n

n
∑

i=1

∆T
µE

T
i ΩEi∆

T
µ ,

I ′3 = −λ1n

pn
∑

j=1

∑

1≤k<k′≤K

{

|µkj − µk′j | − |µ∗
kj − µ∗

k′j |
}

.

Let ∆(s)
µ be thesth component of∆µ, and δ′s be a(Kpn)-dimensional unit vector withsth55

component 1, fors = 1, . . . ,Kpn. Then, it can be seen that|I ′1| =
∑Kpn

s=1 ηs∆
(s)
µ , where

ηs =
1

n

n
∑

i=1

zTi ΩEiδ
′
s,

for s = 1, . . . ,Kpn. Now, consider the eventF =
⋂Kpn

s=1 {|ηs| ≤ λ1n}. Since ‖Ω − Ω∗‖ =
op(1), we have ‖ΩΣ∗ − Ipn‖ = op(1) by condition (A). Thus,‖ΩΣ∗Ω− Ω∗‖ = ‖(ΩΣ−
Ipn)(Ω − Ω∗)‖ = op(1). Consequently,

1

n

n
∑

i=1

δ′Ts ET
i ΩΣ

∗ΩEiδ
′
s =

1

n

n
∑

i=1

δ′Ts ET
i Ω

∗Eiδ
′
s + op(1)

, Ms + op(1).

Therefore, using the probability bound on the tail of the standard Gaussian distribution, we know60

that

Pr(Fc) ≤
Kpn
∑

s=1

Pr(n1/2|ηs| > n1/2λ1n)

≤ Op(1) ·
Kpn
∑

s=1

exp

(

−nλ2
1n

2Ms

)

≤ Op(Kpn) exp

[

− nλ2
1n

2maxs{Ms}

]

which tends to 0 whenλ1n = [2maxs{Ms} log pn/n]1/2. Consequently, by considering the
eventF , we have

|I ′1| ≤
Kpn
∑

s=1

|ηs||∆(s)
µ | ≤ λ1n‖∆µ‖1

with a probability tending to one. Note that|I ′3| ≤ λ1n
∑pn

j=1

∑

1≤k<k′≤K |∆µkj
−∆µk′j

| ≤
(K − 1)λ1n‖∆µ‖1. Thus, with a probability tending to one, we have65

|I ′1|+ |I ′3| ≤ Kλ1n‖∆µ‖1
≤ K3/2p1/2n λ1n‖∆µ‖2
= Op(pn log pn/n).
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The proof can be concluded from proving thatI ′2 ≥ C2pn log pn/n for some constantC2.
Since‖Ω − Ω∗‖ = op(1), we have

I ′2 =
1

2n

n
∑

i=1

∆T
µE

T
i Ω

∗Ei∆
T
µ + op(1)

≥ 1

2κ2

{

1

n

K
∑

k=1

nk‖∆µk
‖22

}

≥ 1

2κ2
min

1≤k≤K

nk

n
· ‖∆µ‖22

= C2pn log pn/n

with a probability tending to one. This finishes the proof. �

Before proving Theorem 2, we first prove the following lemma.

LEMMA 1. Let ‖ · ‖FP : RK → R be the fused penalty ‖x‖FP =
∑

1≤k<k′≤K |xk − xk′ |. 70

Then, ‖ · ‖FP is convex and, for any x ∈ RK , the subdifferential ∂‖x‖FP is the set of all vectors
s ∈ RK such that

si =
∑

j 6=i

sgn(xi − xj),

for i = 1, . . . ,K .

Proof. For eachj = 1, . . . ,K − 1, let H(j) be a (K − j)×K matrix with H
(j)
ii = −1,

H
(j)
i,i+j = 1 for i = 1, . . . ,K − j and 0 otherwise. Denote byH theK(K − 1)/2 ×K matrix 75

with jth row block matrixH(j). Then, for anyx ∈ RK , ‖x‖FP = ‖Hx‖1. Note that thel1 norm
‖ · ‖1 is convex and‖ · ‖FP is the composition of a linear functional by thel1 norm. Hence,
‖ · ‖FP is convex. Further, by the definition of the subdifferentialof thel1 norm, for anyy ∈ RK ,

‖Hy‖1 ≤ ‖Hx‖1+ < H(y − x), υ > (2)

holds if and only ifυ ∈ Wυ ⊂ RK(K−1)/2, whereWυ is the set of all vectorsυ = sgn(Hx).
Note that 80

< H(y − x), sgn(Hx) > =
∑

1≤k<k′≤K

{(yk′ − xk′)− (yk − xk)}sgn(xk′ − xk)

= 2−1
∑

k′ 6=k

{(yk′ − xk′)− (yk − xk)}sgn(xk′ − xk)

=

K
∑

k=1

(yk − xk)







∑

k′ 6=k

sgn(xk − xk′)







.

Thus, equation (2) is equivalent to

‖y‖FP ≤ ‖x‖FP+ < y − x, s >,

wheres is aK-dimensional vector withith componentsi =
∑

j 6=i sgn(xi − xj). The set of all
such vectorss is, therefore,∂‖x‖FP . �
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Proof of Theorem 2. First, we prove the sparsistency of the precision matrix estimator Ω̂. The
derivative ofQn(ω, µ,Ω) w.r.t.Ωjl for (j, l) ∈ Ac, j 6= l at (ω̂, µ̂, Ω̂) is85

∂Qn(ω̂, µ̂, Ω̂)

∂Ωjl
= σ̂jl − sjl − 2λ2nsgn(Ω̂jl),

wheresjl is the(j, l)th element ofS = S(µ̂) and sgn(a) denotes the sign ofa. Note that

S = S(µ∗)− 1

n

n
∑

i=1

K
∑

k=1

τik∆µk
(xi − µ∗

k)
T

− 1

n

n
∑

i=1

K
∑

k=1

τik(xi − µ∗
k)∆

T
µk

+
1

n

n
∑

i=1

K
∑

k=1

τik∆µk
∆T

µk

, I1 − I2 − I3 + I4.

Then, we decomposêσjl − sjl = A1 +A2 +A3, where

A1 = σ̂jl − σ∗
jl, A2 = σ∗

jl − I1jl, A3 = I2jl + I3jl − I4jl,

whereBjl denotes the(j, l)th element of matrixB. Now, consider the order ofA1. Under con-
dition (A), we have‖Σ∗‖ = O(1) and‖Σ̂‖ ≤ {λmin(Ω̂− Ω∗) + λmin(Ω

∗)}−1 = Op(1). Thus,

|A1| ≤ ‖Σ̂− Σ∗‖
≤ ‖Σ̂‖ · ‖Ω̂− Ω∗‖ · ‖Σ∗‖
= Op(ρ

1/2
n2 ).

By Lemma 3 in Bickel & Levina (2008), we have|A2| = Op{(log pn/n)1/2}. Now, we estimate90

the order ofA3. Sincemax1≤j≤pn ‖µ̂(j) − µ∗
(j)‖22 = Op(ρn1) for a sequenceρn1 → 0, we have

|I2jl| =
∣

∣

∣

∣

∣

1

n

n
∑

i=1

zil

(

K
∑

k=1

τik∆µkj

)∣

∣

∣

∣

∣

≤ Op(1) ·
(

1

n

K
∑

k=1

nk∆
2
µkj

)1/2

≤ Op(1) ·
(

K
∑

k=1

∆2
µkj

)1/2

= Op(ρ
1/2
n1 ).

Similarly, we have|I3jl| ≤ Op(ρ
1/2
n1 ) and|I4jl| ≤ Op(ρn1). Thus,|A3| ≤ Op(ρ

1/2
n1 ). Combining

above results yields that

max
j,l

|σ̂jl − sjl| = Op{(log pn/n)1/2 + ρ
1/2
n1 + ρ

1/2
n2 }.

Hence, we need to havelog pn/n + ρn1 + ρn2 = O(λ2
2n) in order to have the sign of

∂Qn(ω̂, µ̂, Ω̂)/∂Ωjl that depends on sgn(Ω̂jl) with a probability tending to one. This completes95

the proof of Theorem 2(i).
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Next, we prove the second result of Theorem 2. The main idea ofthe proof is inspired by
Rinaldo (2009). Let̄τk = n−1

∑n
i=1 τik, k = 1, . . . ,K. Then, by Lemma 1, we know that

µ̂k =
1

nk

n
∑

i=1

τikxi − λ1nτ̄
−1
k Σ̂ŝk

whereŝk = (ŝk1, . . . , ŝkpn)
T with jth element̂skj =

∑

t6=k sgn(µ̂kj − µ̂tj). Hence, fork, k′ =
1, . . . ,K andk < k′, 100

µ̂k′j − µ̂kj =
n
∑

i=1

(

τik′

nk′
− τik

nk

)

xij − λ1ne
T
j Σ̂(τ̄

−1
k′ ŝk′ − τ̄−1

k ŝk)

whereek is a pn-dimensional unit vector with thekth component 1. Sinceλmax(Σ̂) = ‖Σ̂‖ ≤
{λmin(Ω̂− Ω∗) + λmin(Ω

∗)}−1 ≤ κ2 and |τ̄−1
k′ ŝk′l − τ̄−1

k ŝkl| ≤ 2(K − 1) for l = 1, . . . , pn,
we have

‖eTj Σ̂(τ̄−1
k′ ŝk′ − τ̄−1

k ŝk)‖2 ≤ λmax(Σ̂)‖τ̄−1
k′ ŝk′ − τ̄−1

k ŝk‖2
≤ 2p1/2n κ2(K − 1). (3)

As a result, the event{B̂ = B} occurs in probability if both

max
B

∣

∣

∣

∣

∣

n
∑

i=1

(

τik′

nk′
− τik

nk

)

xij

∣

∣

∣

∣

∣

< 2λ1np
1/2
n κ2(K − 1) (4)

and 105

min
Bc

∣

∣

∣

∣

∣

n
∑

i=1

(

τik′

nk′
− τik

nk

)

xij − λ1ne
T
j Σ̂(τ̄

−1
k′ ŝk′ − τ̄−1

k ŝk)

∣

∣

∣

∣

∣

> 0 (5)

hold with a probability tending to 1 andn → ∞.
We first consider (4). For the sake of simplicity, letM = 2κ2(K − 1) andakk′i = τik′/nk′ −

τik/nk, i = 1, . . . , n. Then, by condition (C)(i), we know that

max
B

∣

∣

∣

∣

∣

n
∑

i=1

(

τik′

nk′
− τik

nk

)

xij

∣

∣

∣

∣

∣

≤ max
B

∣

∣

∣

∣

∣

n
∑

i=1

akk′iǫij

∣

∣

∣

∣

∣

+ op(λ1np
1/2
n ),

whereǫij = xij −
∑K

k=1 τikµ
∗
kj, which follows normal distribution with mean 0 and variance

σ∗
jj. Let ξkk

′

j =
∑n

i=1 akk′iǫij , k, k
′ = 1, . . . ,K, k < k′ and j = 1, . . . , pn. It is easy to show 110

that Eξkk
′

j = 0, var(ξkk
′

j ) =
∑n

i=1 a
2
kk′iσ

∗
jj ≤ 2σ∗

jj , and cov(ξkk
′

j , ξll
′

t ) =
∑n

i=1 akk′iall′tσ
∗
jt for

each(k, k′, j) 6= (l, l′, t). For(k, k′, j) ∈ B, let ζkk
′

j ∼ N(0,
∑n

i=1 a
2
kk′iσ

∗
jj) such that

E(ζkk
′

j )2 = E(ξkk
′

j )2, for all (k, k′, j) ∈ B,
E(ζkk

′

j ζ ll
′

t ) ≥ E(ξkk
′

j ξll
′

t ), for all (k, k′, j), (l, l′, t) ∈ B andj 6= t.
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Then, by Slepian’s inequality (Ledoux & Talagrand, 1991) and Chernoff’s bound for standard
Gaussian variables, we have

Pr(max
B

|ξkk′j | ≥ λ1np
1/2
n M) ≤ Pr(max

B
|ζkk′j | ≥ λ1np

1/2
n M)

≤
∑

B

Pr(|ζkk′j | ≥ λ1np
1/2
n M)

≤
∑

B

2 exp

{

−λ2
1npnM

2

4b∗max

}

= 2exp

{

−λ2
1npnM

2

4b∗max

+ log |B|
}

,

which vanishes under condition (C)(i).115

In order to verify (5), it is sufficient to show that

max
Bc

∣

∣

∣

∣

∣

n
∑

i=1

akk′iǫij − λ1ne
T
j Σ̂(τ̄

−1
k′ ŝk′ − τ̄−1

k ŝk)

∣

∣

∣

∣

∣

≤ αmin
n ,

with probability tending to one asn → ∞. Using the triangle inequality, we only need to show
that

max
Bc

∣

∣

∣
λ1ne

T
j Σ̂(τ̄

−1
k′ ŝk′ − τ̄−1

k ŝk)
∣

∣

∣
≤ αmin

n /2 (6)

and

max
Bc

∣

∣

∣

∣

∣

n
∑

i=1

akk′iǫij

∣

∣

∣

∣

∣

≤ αmin
n /2. (7)

Because of (3), it is easy to see that the inequality (6) holdsunder condition (C)(ii). Then, we120

turn to (7). For(k, k′, j) ∈ Bc, let ζkk
′

j ∼ N(0, 2b∗max) so that

E(ζkk
′

j )2 = E(ξkk
′

j )2, for all (k, k′, j) ∈ Bc,

E(ζkk
′

j ζ ll
′

t ) ≥ E(ξkk
′

j ξll
′

t ), for all (k, k′, j), (l, l′, t) ∈ Bc andj 6= t.

Then, again, by Slepian’s inequality and Chernoff’s bound for standard Gaussian variables, we
have

Pr(max
Bc

|ξkk′j | ≥ αmin
n /2) ≤ Pr(max

Bc
|ζkk′j | ≥ αmin

n /2)

≤
∑

Bc

2 exp

{

−(αmin
n )2

16b∗max

}

= 2exp

{

−(αmin
n )2

16b∗max

+ log |Bc|
}

,

which vanishes under condition (C)(ii). Hence, the proof ofTheorem 2(ii) is completed. �

Proof of Theorem 3. Given the estimateŝω, µ̂ andΩ̂, a new observationx∗ is assigned to the125

kth class if

x∗T Ω̂(µ̂k − µ̂l) > log(ω̂l/ω̂k) + {(µ̃k + µ̃l)/2}T Ω̂(µ̂k − µ̂l) (8)

for l = 1, . . . ,K andl 6= k, whereµ̃s =
∑n

i=1 I(yi = s)xi/
∑n

i=1 I(yi = s), s = 1, . . . ,K.
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Given data(yi, xi) for i = 1, . . . , n, the conditional misclassification rate of the proposed
method is given by

Rn =
1

2

2
∑

k=1

Φ

{

(−1)k δ̂T Ω̂(µ∗
k − µ̃k)− δ̂T Ω̂δ̃/2

√

δ̂T Ω̂Σ∗Ω̂δ̂

}

,

whereδ̂ = µ̂1 − µ̂2 andδ̃ = µ̃1 − µ̃2. 130

(i) Since‖Ω̂− Ω∗‖2 = Op(ρn2) for a sequenceρn2 → 0, we have

‖Σ̂− Σ∗‖ = ‖Σ̂(Ω̂− Ω∗)Σ∗‖
≤ ‖Σ̂‖ · ‖Ω̂ −Ω∗‖ · ‖Σ∗‖
≤ ‖Σ̂‖ ·Op(κ2ρ

1/2
n2 ).

Note that‖Σ̂‖ ≤ {λmin(Ω̂− Ω∗) + λmin(Ω
∗)}−1 = Op(1). Hence,

‖Σ̂− Σ∗‖2 = Op(ρn2).

Consequently,

δ̂T Ω̂Σ∗Ω̂δ̂ = δ̂T Ω̂δ̂{1 +Op(ρ
1/2
n2 )} = δ̂TΩ∗δ̂{1 +Op(ρ

1/2
n2 )}.

Without loss of generality, we assume thatδ̂ = (δ̂T1 , 0
T )T , whereδ̂1 is the b̂n-dimensional vec-

tor containing nonzero components ofδ̂. Let δ∗µ = (δ∗T1 , 0T )T , whereδ∗1 is thebn-dimensional 135

vector containing nonzero components ofδ∗µ. Then, from Theorem 2, we haveb̂n = bn and con-
sequently,

‖δ̂ − δ∗µ‖22 = ‖δ̂1 − δ∗1‖22 = Op(bnρn1)

with a probability tending to one. It together with condition (A) implies that(δ̂ − δ∗µ)
TΩ∗(δ̂ −

δ∗µ) = Op(bnρn1). Thus,(δ̂ − δ∗µ)
TΩ∗δ∗µ ≤ ∆pnOp(b

1/2
n ρ

1/2
n1 ) and

δ̂TΩ∗δ̂ = (δ̂ − δ∗µ)
TΩ∗(δ̂ − δ∗µ) + 2(δ̂ − δ∗µ)

TΩ∗δ∗µ +∆2
pn

= ∆2
pn{1 +Op(b

1/2
n ρ

1/2
n1 /∆pn)}.

Let µ̃1 − µ∗
1 = (γT1 , γ

T
2 )

T , whereγ1 is abn-dimensional vector. PartitionΩ∗ into 140

Ω∗ =

[

Ω∗
11 Ω∗

12

Ω∗T
12 Ω∗

22

]

,

whereΩ∗
11 is abn × bn matrix, and partitionΣ∗, Ω̂ andΣ̂ in the same way. Then,

δ̂T Ω̂(µ̃1 − µ∗
1) = δ̂T1 Ω̂11γ1 + δ̂T1 Ω̂12γ2,

with a probability tending to one. Further, by Cauchy-Schwarz inequality and the factΩ∗−1
11 ≤

Σ∗
11, we have(δ̂T1 Ω̂11γ1)

2 ≤ (δ̂T Ω̂δ̂)Op(bn/n) and (δ̂T1 Ω̂12γ2)
2 ≤ (δ̂T Ω̂δ̂)[γT2 Ω

∗T
12 Σ

∗
11Ω

∗
12γ2

{1 +Op(ρ
1/2
n2 )}]. Note that all eigenvalues of sub-matrices ofΩ∗ andΣ∗ are bounded under

condition (A). Then, we have that 145

E(γT2 Ω
∗T
12 Σ

∗
11Ω

∗
12γ2) ≤ κ2E(γT2 Ω

∗T
12 Ω

∗
12γ2)

≤ κ22
n

tr(Ω∗
12Ω

∗T
12 )

≤ κ22an/n.
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Therefore,

δ̂T Ω̂(µ̃1 − µ∗
1)

√

δ̂T Ω̂Σ∗Ω̂δ̂
=

Op(
√

bn/n) +Op(
√

an/n)
√

1 +Op(ρ
1/2
n2 )

,

which also holds wheñµ1 − µ∗
1 is replaced bỹµ2 − µ∗

2 or δ̃ − δ∗µ. Furthermore,̂δT Ω̂δ̃ = δ̂T Ω̂δ̂ +

δ̂T Ω̂(δ̃ − δ∗µ) + δ̂T Ω̂(δ∗µ − δ̂) and{δ̂T Ω̂(δ∗µ − δ̂)}2 ≤ (δ̂TΩ∗δ̂)Op(bnρn1). Therefore,

(−1)k δ̂T Ω̂(µ∗
k − µ̃k)− δ̂T Ω̂δ̃/2

√

δ̂T Ω̂Σ∗Ω̂δ̂
=

Op(
√

bn/n) +Op(
√

an/n) +OP (
√
bnρn1)

√

1 +Op(ρ
1/2
n2 )

−
∆pn

√

1 +Op(b
1/2
n ρ

1/2
n1 /∆pn)

2

√

1 +Op(ρ
1/2
n2 )

= −{1 +Op(cn)}∆pn/2,

which implies the result in (i).
(ii) Let φ be the density ofΦ. Then, by the result in (i),150

Rn −ROPT = φ(νn)Op(cn),

where νn is between−∆pn/2 and −{1 +Op(cn)}∆pn/2. Since∆pn is bounded,φ(νn) is
bounded by a constant andROPT is bounded away from 0. Hence, the proposed method is asymp-
totically optimal andRn/ROPT− 1 = Op(cn).

(iii) When∆pn → ∞, ROPT → 0 and by the result in (i),Rn
P−→ 0, we haveRn −ROPT

P−→
0.155

(iv) If ∆pn → ∞ and cn∆
2
pn → 0, then, by Lemma 1 in Shao et al. (2011), we have

Rn/ROPT
P−→ 1. �

2. FIGURES FOR THE KIDNEY TRANSPLANT REJECTION AND TISSUE INJURY

Figure 1 summarizes the classification accuracy using boxplots for the proposed covariance-
enhanced discriminant analysis, fusion-regularized linear discriminant analysis (Guo, 2010),160

doubly l1-penalized linear discriminant analysis, sparse discriminant analysis (Clemmensen
et al., 2011) andl1-penalized linear discriminant analysis (Witten & Tibshirani, 2011). Figure 2
presents the heatmap of the estimated centroids for the 19 most informative genes selected in the
kidney transplant rejection and tissue injury data set.
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Fig. 1. Classification accuracies of the five methods on the kidney transplant re-
jection and tissue injury data set. The procedures from A to Eare the proposed
covariance-enhanced discriminant analysis, fusion-regularized linear discriminant
analysis (Guo, 2010), doublyl1-penalized linear discriminant analysis, the sparse
discriminant (Clemmensen et al., 2011) andl1-penalized linear discriminant analy-

sis (Witten & Tibshirani, 2011).
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Fig. 2. The heatmap of the estimated centroids for the 19 mostinformative genes se-
lected in the kidney transplant rejection and tissue injurydata set. Rows correspond

to genes and columns to classes. The right is the color key.
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