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Appendix A: The Asymptotical Properties of η̂(v)

Recalling that β̂ is a solution from the estimating equation

n−1

n∑
i=1

wi

Ĝ(Ti ∧ t0)
Xi{I(Ti 6 t0, ε = 1)− g(β′Xi)} = 0,

it follows from the similar arguments used in Tian et al.(2007) that β̂ converges to a

deterministic limit β0 and

β̂ − β0 = n−1ξi + op(n
−1)

where β0 is the solution of r(β) = 0,

ξi = [E{ġ(β′0Xi)X
⊗2
i }]−1

(
Xi{I(T̃i 6 t0, ε = 1)− g(β′Xi)}

−
∫ t0

0

K(Xi{I(T̃i 6 t0, ε = 1)− g(β′Xi)}, u)
dMC

i (u)

G(Ti ∧ t0)

)
,

K(W,u) = W −E{WI(T̃ ∧ t0 > u)}/pr(T̃ ∧ t0 > u) for any random vector W and MC
i (u) is

the martingale process associated with the censoring time Ci. Let Vi = β′0Xi and V̂i = β̂′Xi.

With slightly abuse of notation, we let {â(v)′, b̂(v)′}′ be the maximizer of
n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)

(
K−1∑
k=1

Yik{ak + bk(V̂i − v)} − log

[
1 +

K−1∑
k=1

exp{ak + bk(V̂i − v)}

])
,

and then it is the solution to the estimating equation

Ŝ(a, b; v) = {Ŝ ′1(a, b; v), · · · , Ŝ ′K−1(a, b; v)}′ = 0

where

Ŝk(a, b; v) = n−1

n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)

 1

V̂i − v

{Yik − exp{ak + bk(V̂i − v)}
1 +

∑K−1
k=1 exp{ak + bk(V̂i − v)}

}
.

To study the asymptotical properties of â(v), we let ∆̂a(v) = {â1(v)−m1(v), · · · , âK−1(v)−

mK−1(v)}′ and ∆̂b(v) = h{b̂1(v)−ṁ1(v), · · · , b̂K−1(v)−ṁK−1(v)}, wheremj(v) = log{ηj(v)/ηK(v)}

and ṁj(v) = dmj(v)/dv, j = 1, · · · , K− 1. Therefore, {∆̂a(v)′, ∆̂b(v)′}′ is the solution to the

estimating equation

Q̂(∆a,∆b; v) = {Q̂′1(∆a,∆b; v), · · · , Q̂′K−1(∆a,∆b; v)}′ = 0
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where Q̂k(∆a,∆b; v) is

n−1

n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)

 1

(V̂i − v)/h

{Yik − e∆ak
+∆bk

(V̂i−v)/h+m̄k(V̂i,v)

1 +
∑K−1

k=1 e
∆ak

+∆bk
(V̂i−v)/h+m̄k(V̂i,v)

}

∆a = (∆a1 , · · · ,∆aK−1
)′, ∆b = (∆b1 , · · · ,∆bK−1

)′ and m̄k(u, v) = mk(v) + ṁk(v)(u − v).

Following the similar arguments used in Cai et al. (2008), one may show that the changes

in Q̂k(∆a,∆b; v) by replacing Ĝ(·) and V̂i by G(·) and Vi, respectively, are asymptotically

negligible. Let Qk(∆a,∆b;h, v) be

n−1

n∑
i=1

wiKh(Vi − v)

G(Ti ∧ t0)

 1

(Vi − v)/h

{Yik − e∆ak
+∆bk

(Vi−v)/h+m̄k(Vi,v)

1 +
∑K−1

k=1 e
∆ak

+∆bk
(Vi−v)/h+m̄k(Vi,v)

}
,

and write difference Q̂k(∆a,∆b; v)−Qk(∆a,∆b; v) as

− n−1
n∑
i=1

{Ĝ(Ti ∧ t0)−G(Ti ∧ t0)} wiKh(V̂i − v)

Ĝ(Ti ∧ t0)G(Ti ∧ t0)

 1

(V̂i − v)/h


{
Yik −

exp{∆ak + ∆bk (V̂i − v)/h+ m̄k(V̂i, v)}
1 +

∑K−1
k=1 exp{∆ak + ∆bk (V̂i − v)/h+ m̄k(V̂i, v)}

}
+

∫ v+h

v−h
Kh(s− v)

dPn

[
I(s < β̂′X)

 1

(β̂′X − v)/h

{Yk − e∆ak+∆bk
(β̂′X−v)/h+m̄k(β̂′X,v)

1 +
∑K−1
k=1 e∆ak+∆bk

(β̂′X−v)/h+m̄k(β̂′X,v)

}

−I(s < β′0X)

 1

(β′0X − v)/h

{Yk − e∆ak+∆bk
(β′0X−v)/h+m̄k(β′0X,v)

1 +
∑K−1
k=1 e∆ak+∆bk

(β′0X−v)/h+m̄k(β′0X,v)

} ]

× w

G(T ∧ t0)
,

which is bounded by

sup
t
|Ĝ(t)−G(t)| × n−1

n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)G(Ti ∧ t0)

 1

(V̂i − v)/h

 { Yik

− exp{∆ak + ∆bk (V̂i − v)/h+ m̄k(V̂i, v)}
1 +

∑K−1
k=1 exp{∆ak + ∆bk (V̂i − v)/h+ m̄k(V̂i, v)}

}
+Op(h

−1n−1/2)×

(
Gn

[
I(s < β̂′X)

 1

(β̂′X − v)/h

{Yk − e∆ak+∆bk
(β̂′X−v)/h+m̄k(β̂′X,v)

1 +
∑K−1
k=1 e∆ak+∆bk

(β̂′X−v)/h+m̄k(β̂′X,v)

}

−I(s < β′0X)

 1

(β′0X − v)/h

{Yk − e∆ak+∆bk
(β′0X−v)/h+m̄k(β′0X,v)

1 +
∑K−1
k=1 e∆ak+∆bk

(β′0X−v)/h+m̄k(β′0X,v)

} ]
×

w

G(T ∧ t0)
+Op(h

2 + n−1/2)

)
= Op{n−1/2 + (nh2)−3/4+δ0 + (nh)−1},

for some small δ0 > 0, where Pn and P are the expectation operator with respect to the
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empirical distribution of {(Ti,∆i, εi, Ui), i = 1, · · · , n} and the distribution of (T,∆, ε, U),

respectively, and Gn = n1/2(Pn −P). Furthermore, since

Q(∆a,∆b; v) = {Q1(∆a,∆b; v), · · · , QK−1(∆a,∆b; v)}′ can be written as sum of n identically

distributed independent random functions, it follows from the standard arguments that it

uniformly converges to q(∆a,∆b; v) = {q1(∆a,∆b; v), · · · , qK−1(∆a,∆b; v)}′, where

qk(∆a,∆b; v) =

 g0(v)
∫
K(x)

[
ηk(v)− exp{∆ak

+∆bk
x+mk(v)}

1+
∑K−1
k=1 exp{∆ak

+∆bk
x+mk(v)}

]
dx

g0(v)
∫
xK(x)

[
ηk(v)− exp{∆ak

+∆bk
x+mk(v)}

1+
∑K−1
k=1 exp{∆ak

+∆bk
x+mk(v)}

]
dx

 ,

and g0(·) is the density function of the random variable β′0X. Since (∆′a,∆
′
b)
′ = (0′, 0′)′ is

the unique solution of q(∆a,∆b; v) = 0. ∆̂a(v) and ∆̂b(v) converge to zero uniformly in v,

assuming that the “slope” matrix of q(∆a,∆b; v) is nonsingular. Coupled with the consistency

of ∆̂a and ∆̂b, the Taylor series expansion can be used to show that

∆̂a(v) = A(u)−1n−1

n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)


Yi1 − exp{m̄1(V̂i,v)}

1+
∑K−1
k=1 exp{m̄k(V̂i,v)}

· · ·

Yi(K−1) − exp{m̄K−1(V̂i,v)}
1+
∑K−1
k=1 exp{m̄k(V̂i,v)}

+ op{(nh)−1/2},

where

A(u) = g0(v)



η1(u){1− η1(u)} −η1(u)η2(u) · · · −η1(u)ηK−1(u)

−η2(u)η1(u) η2(u){1− η2(u)} · · · −η2(u)ηK−1(u)

· · · · · · · · · · · ·

−ηK−1(u)η1(u) −ηK−1(u)η2(u) · · · ηK−1(u){1− ηK−1(u)}


.

Again, following the similar arguments for estimating the asymptotical order of (B.2) in

Appendix B of Cai et al. (2008), one may show that

n−1

n∑
i=1

wiKh(V̂i − v)

Ĝ(Ti ∧ t0)

{
Yik −

exp{m̄k(V̂i, v)}
1 +

∑K−1
k=1 exp{m̄k(V̂i, v)}

}
can be approximated by

n−1

n∑
i=1

wiKh(Vi − v)

G(Ti ∧ t0)

{
Yik −

exp{m̄k(Vi, v)}
1 +

∑K−1
k=1 exp{m̄k(Vi, v)}

}
uniformly in v up to an order of op{(nh)−1/2} for h = n−ν , ν ∈ (1/5, 1/2). Noting that the
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consistent estimator for ηk(v) is

η̂k(v) =
exp{âk(v)}

1 +
∑K−1

j=1 exp{âj(v)}
,

by δ−method we have

f{η∗(v)} − f{η(v)}

=D(v)A(u)∆̂a(v)/g0(v) + op{(nh)−1/2}

=D(v)n−1

n∑
i=1

wiKh(Vi − v)

g0(v)G(Ti ∧ t0)
ςi(v) + op{(nh)−1/2}

where D(v) = diag[ḟ{η1(v)}, · · · , ḟ{ηK−1(v)}], ḟ(·) is the derivative of f(·), and

ςi(v) =


Yi1 − exp{m̄1(Vi,v)}

1+
∑K−1
k=1 exp{m̄k(Vi,v)}

· · ·

Yi(K−1) − exp{m̄K−1(Vi,v)}
1+
∑K−1
k=1 exp{m̄k(Vi,v)}

 .

Therefore by the central limit theorem

(nh)1/2[f{η̂(v)} − f{η(v)}]→ N{0,Σ(v)},

in distribution as n→∞.

To justify the consistency of the variance-covariance matrix estimator Σ̂(v) based on the

resampling method, we first note that following the same arguments above, we have

f{η∗(v)} − f{η(v)} = D(v)n−1

n∑
i=1

wiKh(Vi − v)

g0(v)G(Ti ∧ t0)
ςi(v)Bi + oP ∗{(nh)−1/2},

where the probability measure P ∗ is on the joint product spaces of the random data and

{Bi}. Therefore (nh)1/2[f{η∗(v)} − f{η(v)}] is asymptotically equivalent to

D(v)n−1

n∑
i=1

wiKh(Vi − v)

g0(v)G(Ti ∧ t0)
ςi(v)(Bi − 1)

whose conditional variance is

D(v)n−1

n∑
i=1

h

{
wiKh(Vi − v)

g0(v)G(Ti ∧ t0)

}2

ςi(v)⊗2D(v)

which converges to Σ(v) in probability as n→∞. Therefore, we have shown that P (|Σ̂(v)−

Σ(v)| > ε | data ) converges to 0 for any ε > 0.
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Appendix B: The Justification of the Resampling Methods

To justify the resampling-based variance estimator, note that the variance estimator σ̃2
k(v)

can be approximated by

ḟ 2{η̂k(v)}
ĝ2

0(v)
n−1

n∑
i=1

EBi

[
wiKh(V

∗
i − v)

G∗(Ti ∧ t0)
{Yik −

eâk(v)+b̂k(V ∗i −v)

1 +
∑K−1

k=1 e
âk(v)+b̂k(V ∗i −v)

}Bi

]2

=
ḟ 2{η̂k(v)}
ĝ2

0(v)
n−1

n∑
i=1

[
wiKh(V̂i − v)

Ĝ(Ti ∧ t0)
{Yik −

eâk(v)+b̂k(V̂i−v)

1 +
∑K−1

k=1 e
âk(v)+b̂k(V̂i−v)

}

]2

+ op(1),

which uniformly converges to σ2
k, the asymptotical variance of n1/2[f{η̂k(v)} − f{ηk(v)}], in

probability as n → ∞, where EBi is the expectation with respect to the random weights

{B1, · · · , Bn}, which are independent of the observed data. The first approximation follows

from the fact that |β̂∗ − β̂| + supt |G∗(t) − Ĝ(t)| is in the order of Op(n
−1/2) and similar

arguments used to bound the difference between Q̂k(∆a,∆b; v) and Qk(∆a,∆b; v).

To justify the proposed procedure for constructing the simultaneous confidence band of

ηk(v), v ∈ I, first note that we have already established that uniformly in v,

(nh)1/2[f{η̂k(v)} − f{ηk(v)}]

=(nh)1/2 ḟ{ηk(v)}
g0(v)

n−1

n∑
i=1

wiKh(Vi − v)

G(Ti ∧ t0)

{
Yi1 −

em̄k(Vi,v)

1 +
∑K−1

k=1 e
m̄k(Vi,v)

}
+ op(n

−δ0)

=(nh)−1/2

n∑
i=1

K

(
Vi − v
h

)
ξki + op(n

−δ0)

=h−1/2

∫
K

(
x− v
h

)
ydZnk(x, y) + op(n

−δ0)

for some δ0 > 0, where

ξki =
ḟ{ηk(Vi)}wi

g0(Vi)G(Ti ∧ t0)
{Yik − ηk(Vi)},

Zkn(x, y) = n1/2{n−1
∑n

i=1 I(Vi, ξki)−Fk(x, y)}, and Fk(x, y) is the CDF of (V, ξk). From the

strong approximation theorem (Tusnady, 1977), one may construct a sequence of standard

bivariate Brownian bridge processes Bn(x, y) such that

sup
x,y
|Bn{M(x, y)} − Znk(x, y)| = Op(n

−1/2{log(n)}2),

where M(x, y) is the Rosenblatt transformation such that M(Vi, ξi) is uniformly distributed
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on the unit square. Note that the similar strong approximation result for empirical process

with more than 2 dimensions is not established yet. Therefore, by integration by part,

(nh)1/2[f{η̂k(v)} − f{ηk(v)}]/σ̃k(v) can be further approximately uniformly by

Y1,n(v) =
1

h1/2σk(v)

∫
K

(
x− v
h

)
ydBn{M(x, y)}.

Let

Y2,n(v) =
1

h1/2σk(v)

∫
K

(
x− v
h

)
ydWn{M(x, y)},

Y3,n(v) =
1

h1/2σk(v)

∫
σk(x)K(

x− v
h

)dW (x) and Y4,n(v) =
1

h1/2

∫
K(

x− v
h

)dW (x),

where Wn(·, ·) be a sequence of bivariate Wiener processes satisfying that

Bn(x, y) = Wn(x, y)− xyWn(1, 1)

and W (·) is the one-dimensional Wiener process. Following the similar arguments in Bickel

and Rosenblatt (1973), we have the approximation supI |Y1,n(v) − Y2,n(v)| = Op(h
1/2) and

supI |Y3,n(v)− Y4,n(v)| = Op(h
1/2). This, coupled with the fact that Y2,n(v) and Y3,n(v) are

mean zero Gaussian processes with the identical variance-covariance function, implies that

S = sup
I

(nh)1/2 |f{η̂k(v)} − f{ηk(v)}|
σ̃k(v)

= sup
I

1

h1/2

∫
K(

x− v
h

)dW (x) + op(n
−δ0),

for some δ0 > 0. Therefore, it follows from Bickel and Rosenblatt (1973) that

pr({−2 log(h)}1/2(S − dh) 6 s) = exp(−2e−x) + o(1),

as n→∞, where

dh = {−2 log(h)}1/2 +
1

{−2 log(h)}1/2
log

{ ∫
K̇(t)2dt

4π
∫
K(t)2dt

}
.

Unlike the supremum value of tight processes, S itself does not converge in distribution, since

dh →∞ as n→∞. In parallel arguments S∗, the resampling counterpart of S, is equivalent

to

sup
I

∣∣∣∣ 1

(nh)1/2σk(v)

n∑
i=1

K

(
Vi − v
h

)
ξ̂kiBi

∣∣∣∣ +op(n
−δ0)

= sup
I

∣∣∣∣ 1

(nh)1/2σk(v)

∫
K

(
x− v
h

)
ydW ∗

n{M∗(x, y)}
∣∣∣∣ +op(n

−δ0)
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for some δ0 > 0 where

ξ̂ki =
ḟ{η̂k(V̂i)}wi

ĝ0(V̂i)Ĝ(Ti ∧ t0)
{Yik − η̂k(V̂i)}

and W ∗
n{M∗(x, y)} is a sequence of mean zero Gaussian processes, whose covariance function

is identical to that ofWn{M(x, y)} conditional on the observed data. Let T ∗ = {−2 log(h)}1/2(S∗−

dh) and T = {−2 log(h)}1/2(S − dh). It follows that

|prB(T ∗ 6 s)− pr(T 6 s)| = op(n
−δ0),

which implies that we can use the conditional distribution of S∗ to approximate that of S,

where prB is conditional on the observed data.


