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Fan et al. are to be congratulated for this important contribution to the analysis of multivari-
ate failure time data. They have provided three regression parameter estimators for multiple
covariates in the marginal hazard model. Using the weighted estimating equation approach,
they proposed sets of weights to:

1) Minimize the componentwise variance of each parameter estimate,

2) Minimize the sum of the variances of each parameter estimate, or

3) Minimize each element of the covariance matrix.

They showed that each of their proposed estimators can consistently outperform estimates
derived using the working independence model.

In this short note, we show that in the presence of high-dimensional covariates Fan et al.’s
ideas can be combined with those of [1] to achieve these optimal estimates along with simulta-
neous variable selection. That is, our interest lies in controlling the variances of the estimates of
B = (B1,...,8,)T associated with high dimensional covariates, while simultaneously selecting
the “important” covariates in order to construct a parsimonious model. Here, we consider p
as a large but fixed constant, as opposed to [1] which considered the situation where p may
increase with the sample size n.

The key idea is to add a penalty function py,(|3;|) to Fan et al.’s weighted partial likelihood
function (10), which leads to the following penalized likelihood function

J P
Hy(8) =Y wils(8) —=n Y px, (185))- (1)
j=1 j=1

Denote by By = (Bo1,-- -, B0p)T the true value of B and suppose, without loss of generality,
that Bor # 0, k < s and B = 0, k > s for some s < p. Let By, = (Bo1,- .., B0s)". Finally,
let 8 = (Bl,BQ)T be the solution that maximizes (1) such that Bl = (31, e ,BS)T and ,@2 =
(Bt Bp)"

With an appropriate penalty function, our estimator ,(Ai' may enjoy the oracle property. That
is, the procedure should select the true model with probability tending to 1 and, given the true
model, the coefficient estimates should asymptotically behave like maximum (partial) likelihood
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estimators. More specifically, consider

an = max {|p}, (1Gol)]  jo # 0},

X

by = max {|p}, (I8j0])| : Bjo # 0}.

N

Here, since \; depends on n, we write it as Aj,. Along the lines of Theorem 2 of [1], we can show
that if the penalty function is such that a, = O(n’é) and b, — 0, and in addition \;,, — 0
and A\jpv/n — 0,

Bz = 0 with probability approaching 1, and

n? (A1 + S1){By — Boy + (Awr + B11) " 'bn} —a N(0, Virnn), (2)
where
e Ay is the first s X s submatrix of Ay (8) = Z;]:l w; %5(8),
e Xy is the first s x s submatrix of diag{py, (|Bo1l)sgn(Bo1), .., PX,, (|Bop|)sgn(Bop)},

e V11 is the first s x s submatrix of 3y (3), which was defined in Fan et al.’s (11), and

o b, = (P4, (1Bor])s -, ph,, (|Bos])) " ~
Therefore, by (2) we have that the asymptotic covariance of \/n3; is

S = (Awn +20) 'V (Aw + 1), (3)

where 237 is the penalized version of V&I‘(BW) defined in section 2.3 of Fan et al. One example
of an appropriate py; (f) is the smoothly clipped absolute deviation penalty of [2], where

(aX —0)

+
a1 I(60 > \).

PA(0) = AI(0 <) +

More examples can be found in [3].

We can now follow Fan et al. and define optimality criteria that will allow us to simultaneously
estimate the optimal weights w = (w1, ..., wy). Minimizing the component-wise variance may
not be ideal because minimizing the variance of the Bj» J > s is irrelevant if the true By; = 0.
Minimizing the variance of any arbitrary linear function of the parameter estimates is also not
always feasible, as was explained in Subsection 3.3 of Fan et al. Hence, we focus on minimizing
the total variance:

m“i/n tr(Z5),
analogous to (14). Following the derivation in Subsection 3.2, we assume that 3;(3) ~ b;T" for

. . J oe .
some I'. Thus, if we constrain ) ;_, w;b; = 1, we are to minimize

J J
tl"(Zw?[Fu + 3] 7 S M+ Za] 7+ ) wewi [T+ ] D [T + 211]1>
j=1 ey

over w, where T';; and Dyqq are the first s X s submatrices of T' and Dy, (), respectively.
If H” is a symmetric matrix with diagonal elements tr([C11 + X117 1811 [T + E1q)7Y) and
off-diagonal elements tr([T'11 + X11] ' D11 [T11 + S11]71), the solution is given by

w = (H”)'b/b" (H") b, (4)
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where b = (by,...,b;)T. T'y; can be estimated by I';; = }ijl f]u, and suggestions for
possible choices for b were given in Subsection 3.2.
Finally, we can choose the parameters )\; by iteratively minimizing the generalized cross-

validation statistic of Cai et al. and solving for the optimal weights w;. Let

SA(B) = diag(ph, (1B1]/151]), .- ,p;,,<|3p|>/|3p|>>7
e(M,.. A {[ijz” EA] {ijl” H
If A= (Mi,...,\p)"T, we choose

=S w;li ()
n[l—e(X)/n]?

We can first assume the working independence model to choose the initial A; with (5), then use

A = argminy GCV(A) = (5)

those \; to solve for the w; with (4). We can then iterate between (5) and (4) until A\; and w;
converge.

To conclude, we have suggested a way in which the work of Fan et al. can be extended
to perform variable selection on models for multivariate survival times with high dimensional
covariates, while simultaneously providing optimally efficient parameter estimates for the se-
lected covariates. Our future direction lies in utilizing empirical date and simulations to evaluate
the accuracy and stability of the variable selection process, as well as the performance of the

estimates derived using these optimal weights.
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