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Prognostication for lung cancer, a leading cause of mortality, remains a
complex task, as it needs to quantify the associations of risk factors and health
events spanning a patient’s entire life. One challenge is that an individual’s
disease course involves non-terminal (e.g., disease progression) and terminal
(e.g., death) events, which form semi-competing relationships. Our motiva-
tion comes from the Boston Lung Cancer Study, a large lung cancer survival
cohort, which investigates how risk factors influence a patient’s disease tra-
jectory. Following developments in the prediction of time-to-event outcomes
with neural networks, deep learning has become a focal area for the develop-
ment of risk prediction methods in survival analysis. However, limited work
has been done to predict multi-state or semi-competing risk outcomes, where
a patient may experience adverse events such as disease progression prior
to death. We propose a neural expectation-maximization algorithm for semi-
competing risks to bridge the gap between classical semi-competing survival
models and deep learning. Our algorithm enables estimation of the nonpara-
metric baseline hazards of each state transition, risk functions of predictors,
and the degree of dependence among different transitions, via a multitask
deep neural network with transition-specific sub-architectures. We apply our
method to the Boston Lung Cancer Study and investigate the impact of clini-
cal and genetic predictors on disease progression and mortality.

1. Background. Lung cancer remains a leading cause of cancer mortality, with a 5-
year survival rate below 20% worldwide (Bade and Cruz, 2020). Prognosis is difficult to
predict, as it depends on a lifetime of risk factors and health events (Goel et al., 2021).
Moreover, key ‘non-terminal’ events such as disease recurrence and progression are often
used to guide care, including the availability of second-line treatment options, but form semi-
competing relationships with mortality, meaning that death can censor these events but not
vice versa (Fine, Jiang and Chappell, 2001). Similar semi-competing dynamics occur with
death in other chronic diseases, including treatment-limiting events such as radiation toxicity
in patients with HPV-related cancers and volume overload, vascular access failure, or graft
failure (post-transplantation) in patients with end-stage renal disease (Shu et al., 2018; Had-
dad et al., 2008). Ignoring this dependence is known to bias inference and prediction (Jazic¢
et al., 2016). Prognostic heterogeneity also arises from complex and interacting factors such
as smoking status, genetic mutations, demographics, and comorbid conditions, making indi-
vidualized risk prediction challenging (Ashworth et al., 2014; Gaspar et al., 2012).

Deep learning has sparked interest in the advancement of risk prediction methods within
the field of survival analysis (Faraggi and Simon, 1995; Katzman et al., 2016; Ranganath
et al., 2016; Jing and Smola, 2017; Kvamme, Borgan and Scheel, 2019; Hao et al., 2021).
Many of these approaches extend the Cox proportional hazards model (Cox, 1972) to nonlin-
ear predictions or use a patient’s survival status directly as a binary training label, predicting
a patient’s survival probability. More recently, competing risk and multi-state models extend
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these methods to settings where multiple event types mutually censor one another (Lee et al.,
2018; Lee, Yoon and Van Der Schaar, 2019; Aastha and Liu, 2020; Tjandra, He and Wiens,
2021). Such methods characterize the risk of one or more competing events by estimating
either the cause-specific or subdistribution hazards of each event type. However, these do not
accommodate the joint prediction of correlated events or the study of outcome trajectories
between events, important considerations for semi-competing risks.

Several recent works have developed methods for risk prediction with semi-competing
outcomes. Xu, Kalbfleisch and Tai (2010) proposed an approach based on the illness-death
model, which was defined by the hazards of transitioning between disease states. The authors
used a shared gamma frailty conditional Markov model, parameterized by three Cox-based
hazard functions, and a semiparametric maximum likelihood estimation (MLE) approach.
The gamma frailty, a type of subject-specific random effect, captures the strength of unob-
served, individual-level heterogeneity that drives dependence between the illness and death
transitions (Li et al., 2020). Estimating its variance allows us to quantify latent risk sub-
groups, assess how much of the observed transition dynamics are driven by shared frailties
versus measured covariates, and thus directly informs prognostic stratification and person-
alized treatment planning. Lee et al. (2015) also adopted the gamma frailty formulation
of the illness-death model with Cox-type hazards, but instead proposed a semiparametric
Bayesian approach for estimation. Lee, Rondeau and Haneuse (2017) formulated Bayesian
(semi)parametric approaches with an illness-death accelerated failure time (AFT) model,
adopting an additive normal frailty, rather than a multiplicative gamma frailty. Lee, Gilsanz
and Haneuse (2021) further proposed a spline-based approach, for additional flexibility.

More recently, Gorfine et al. (2021) developed a Cox-based marginalized gamma frailty
illness-death model and estimated it using a semiparametric pseudo-likelihood, and Kats and
Gorfine (2022) proposed an AFT-based gamma frailty model via semiparametric MLE. In
addition, approaches such as the one proposed by Jiang and Haneuse (2017) consider trans-
formation illness-death models with parametric error distributions, but nonparametric frailty
distributions. In high dimensions, Reeder, Lu and Haneuse (2022) proposed a regularized es-
timation approach which combines a non-convex and structured fusion penalization. Salerno
and Li (2022) developed a deep learning framework for predicting semi-competing risk out-
comes based on the model of Xu, Kalbfleisch and Tai (2010), with parametric baseline haz-
ards estimated via gradient methods. However, it remains challenging to estimate nonpara-
metric baseline hazards, which confer greater robustness, within a deep learning framework.

To address this, we propose a neural expectation-maximization algorithm for semi-
competing risks (NEM-SCR), which bridges the gap between classical semi-competing sur-
vival models and deep learning. Our proposal is to replace the traditional parametric M-step
for frailty-based illness-death models with two non-parametric updates. In our M-step, we ex-
ploit closed-form non-parametric maximum likelihood estimates to recover the baseline haz-
ards of transitioning between model states. In our N-step, we fit a multi-head neural network
via stochastic gradient descent to learn flexible covariate-dependent risk functions. Because
the semi-competing illness-death model’s likelihood decomposes additively across state tran-
sitions, each network head optimizes a transition-specific loss function. The NEM-SCR al-
gorithm enables estimation of nonparametric baseline hazards, nonparametric risk functions
of our predictors, and the degree of dependence between events. Supplemental Table F.1
provides a comparison of key modeling assumptions and methodological characteristics, in-
cluding model structure, flexibility, computational features, and data requirements, between
our model and classical semi-competing models. Section 2 motivates this work, Section 3
reviews the illness-death model, and Section 4 details our proposed algorithm. Section 5
introduces new frameworks for evaluating predictive performance in this setting by extend-
ing the widely-used Brier score and concordance index to the bivariate survival function. In
Section 6, we assess the performance of our method in simulation before applying it to the
Boston Lung Cancer Study in Section 7. We conclude with a discussion and future directions.
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Fig 1: Graphical representations of semi-competing risks data. Left: Illness-death model with three
state transition rates characterized by Aq(t1), Aa(t2), and A3(t2 | t1). Right: Observable space for
semi-competing data with example observations: (1) both events observed, (2) terminal event ob-
served, (3) non-terminal event observed, and (4) neither event observed. Arrows represent the direction
of censoring, and D = (Y7, 01, Ya, d2) represents the data under each example observation.

2. The Boston Lung Cancer Study. We are motivated by the Boston Lung Cancer
Study (BLCS), one of the largest global lung cancer survival cohorts (Christiani, 2017). A
key objective of the BLCS is to understand how clinical and lifestyle risk factors, as well
as adverse events such as disease progression, affect survival. Accurate prediction of both
non-terminal (progression) and terminal (death) events enables dynamic clinical decisions
regarding surveillance, restaging scans, and adjuvant or salvage therapy (Orstad et al., 2023).
Since disease progression often precedes death (Inamura and Ishikawa, 2010), quantifying
their dependence is crucial for personalized risk stratification and patient counseling.

The BLCS cohort comprises patients from Massachusetts General Hospital and Dana-
Farber Cancer Institute, with detailed data on demographics, pathology, treatments, and onco-
genic mutations (Lynch et al., 2004; Paez et al., 2004). Patients are enrolled at diagnosis and
followed until death, with disease recurrence or progression recorded as key non-terminal
events. For early-stage (I-1Ila) patients, the non-terminal event is time to recurrence; for late-
stage patients, it is time to progression. These are determined radiographically using RECIST
guidelines (Eisenhauer et al., 2009). Mortality data are obtained from the BLCS registry and
the National Death Index. In our analysis, the semi-competing events of interest are cancer
progression and death, subject to censoring at the end of follow-up.

3. Notation. Let 7} and 75 denote the times from an initial event-free state (e.g., diag-
nosis) to a non-terminal event (recurrence or progression) and terminal event (death), respec-
tively, where the non-terminal event is subject to censoring by death. Under the illness-death
framework (Andersen et al., 2012), we model transitions among three states: event-free, non-
terminal, and terminal. As shown in the left panel of Figure 1, A1 (¢1) denotes the hazard from
event-free to non-terminal at ¢; > 0, A2(¢2) the hazard from event-free to terminal at to > 0
(without prior non-terminal event), and A3 (2 | ¢1) the hazard from non-terminal to terminal
at to > t;. These transition hazards are specified as

3.1 )\1(t1) = iimOPT[Tl S [tl,tl + A) | T >t1,T5 > tl]/A,
%

(3.2) Aa(t2) = iimOPF[Tz € [ta,ta + A) | Ty > 12, Ty > 1o] /A,
%

limA*)OPr[TZ S {tg,tz +A) ‘ T =t1,15 > tg]/A, to >1t1 > 0;

, otherwise.

(33)  As(ta|t1) = {

Similar formulations have been proposed by Xu, Kalbfleisch and Tai (2010); Gorfine et al.
(2021); Kats and Gorfine (2022), and others. Both the non-terminal and terminal events can
be subject to independent censoring; we focus only on the case of right censoring, whereby a
subject may be lost to follow-up or the study ends before the event has occurred. For the ith
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individual in a sample of n subjects, we denote the censoring time by C; and add a subscript
i to T, T5 for this individual. The observed data are denoted as

D ={(Ya, 0i1, Yi2, di2); i=1,...,n},

where Yjo = min(Tjo, C;), dio = I(Ti2 < Cy), Yir = min(Tj1, Yie), 6i1 = I(Ti1 < Yiz), and
I(-) denotes the indicator function. Note that our observable data take on probability mass
only in the upper wedge on which Y;; <Y, and arise from four potential cases: (1) a subject
experiences both event types, (2) a subject experiences only the terminal event, (3) a subject
experiences only the non-terminal event, or (4) a subject experiences neither event prior to
the end of follow up (Figure 1, Right Panel). Following the original work of Xu, Kalbfleisch
and Tai (2010), we model (3.1) - (3.3) by extending a Cox-type hazard function for each state
transition to include a baseline hazard, a frailty term, and a patient’s covariates as

(3.4) A (t1 | vi, i) = viro1(t1) exp{hi(z:)},
(3.5 X2 (t2 | vi, i) = viro2(t2) exp{ha(z;)},
iAog(t hs(x;)}, t t )
(3.6) Nalts | b1, i, 1) = Yido3(t2) expl{hs(zi)}, t2 >t '>0
0, otherwise,

where ~; is a subject-specific random effect, termed frailty, that induces dependence among
the three transition processes, Ao1 (1), Aoz (t2), and Ap3(t2) are the baseline hazard func-
tions for the three state transitions, respectively, x; is a p-vector of clinically relevant, time-
independent predictors such as patient socio-demographic status, medical history data, and
comorbid conditions collected at baseline, and hy(x;),g € {1,2,3}, are log-risk functions
which relate a patient’s covariates to the hazard rates for each potential transition. Unlike ex-
isting approaches, we do not parameterize hy(;), but estimate these functions nonparamet-
rically through neural network architectures. For identifiability, we fix output-layer biases to
zero and assume individual frailties v; ~ Gamma(1/6, 1/0) with E(y;) = 1 and Var(~y;) = 6.
The Gamma frailty is widely used (Xu, Kalbfleisch and Tai, 2010; Haneuse and Lee, 2016;
Kats and Gorfine, 2022), though unverifiable within the bivariate distribution’s lower wedge
(Figure 1), a general limitation of semi-competing risk models. Alternative specifications
such as finite mixtures have been proposed (Gasperoni et al., 2020; Chee et al., 2021). We
adopt the frailty formulation given its clinical relevance to the BLCS study, however if the de-
pendence parameter, 6, were considered a nuisance, the marginalized model of Gorfine et al.
(2021) could be used instead. Let v = (v1,...,7n), Aog(t) = f(f Aog(u) du for g =1,2,3,
and ¥ = {Ao1, Ao2, Ao3, hi, ho, hs,0}. The complete-data likelihood is

“oh i o
L(lb;D,’Y):me%e X €0 X At {/\01 (Y1) el 1)}
i=1" \0

(1—=641)di2

< [Aoa (v 42 < [Aaa (¥ig) eo=0] ™

3.7
X exp {_’Yi {Am (Vi) " (®) 4 Mgy (Vi) eh=(®)

+ 6;1[Ao3(Yi) — A03(Yi1)]6h3(wi)} } :

See Supplement A for the derivation of (3.7). One could integrate out ; in (3.7) and maxi-
mize the resulting likelihood, but two challenges arise: (1) the integral lacks a closed form,
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and (2) the likelihood has no maximizer over the space of absolutely continuous baseline haz-
ards (Johansen, 1983). To address these, we develop an EM-type algorithm treating ~; as la-
tent variables and iteratively updating parameters. We further restrict the cumulative baseline
hazards Ag1, Age, and Ags to piecewise constant, right-continuous (CADLAG) functions with
jumps at observed event times. The resulting maximizers are the nonparametric maximum
likelihood estimates (NPMLEs), which remain agnostic to the true baseline hazard form. We
then modify (3.7) by replacing \4(t) with the jump size AAgg(t) = Aog(t) — Aog(t—) (Li
and Lin, 2000; Kim et al., 2012), yielding

n —

¢Dv:H

z:l

1
6 Yi 61 1

X %,,1 X e7 0 x T x [AAm (Vi) e (=)

%\»—*

1—8:1)di2 8i10i2

X {AA02 (Yi2) ehz(wi)} ( X {AAOS (Yio) ehg'(wi)}

(3.8)
X exp {—%‘ [Am (Vi) €™ (=) 4 gy (Vi) eh(®0)

+ 0i1[Ao3(Yie) — A03(Yi1)]6h3(w"')] } :

This ‘complete’ likelihood (3.8), defined on a step-wise constant space for Ag,, will serve as
the basis of our proposed algorithm, as detailed below.

4. A Neural Expectation-Maximization Algorithm for Semi-Competing Risks. One
challenge stands out when we design our algorithm, as the risk functions, hg4, are completely
nonparametric. Therefore, we propose to incorporate a deep learning step into the M-step,
which maximizes the expected log conditional likelihood given the data and the current pa-
rameter estimates. We term this version of a “neural expectation-maximization algorithm”
as a neural EM algorithm for semi-competing risks (NEM-SCR). Specifically, by viewing
the frailty term as a missing variable, the algorithm iterates between an expectation (E), a
maximization (M) and a neural (N; i.e., deep learning) step. In the E-step, we compute the
conditional expectation of the log-likelihood (3.8) given the observed data, D, and the cur-
rent estimates of v, denoted by 1/, wherein the conditional expectation is with respect to the
distribution of +; | D, ... In the M-step, we calculate the NPMLEs of A4, while assuming
known values of h,. Subsequently, we substitute these estimates into the conditional expec-
tation of the log-likelihood (3.8). This process yields the conditional expectation of the log
‘profile’ likelihood, serving as the objective function for utilizing deep neural networks to
derive estimates for the log risk functions and frailty variance. By ‘profile likelihood,” we
are referring to a technique of maximum likelihood estimation in the presence of nuisance
parameters. That is, for a joint likelihood L(6,7), the ‘profile likelihood” of @ is defined as
Lp(0) = max,, L(6,n), where taking the maximum over 7 is termed ‘profiling out’ 7. We use
a profile likelihood because the deep neural network loss functions in our N-step depend on
the nonparametric maximum likelihood estimates of the baseline hazards from the M-step.

4.1. Conditional Frailty Distribution. It follows that the conditional distribution of ~;,
given D and 1, is Gamma(a, b), where

1
d:5+5i1+5i27

~ 1
b= 5 + Aoz (Yzl) 6h1(wi) + Ago (Yzl) €h2(mi) + 01 {Aog(Yig) — Aog(Y;‘l)} eha(w
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Then, E[;|D, 9] = a/b, and E[log(y:)|D, %] = F (a) —log(b), where f (@) = dlog[T['(a)]/da
and I'(+) is the gamma function. Both quantities, with v replaced by ., are needed for the
E-Step. See Supplement B for the full derivation of the conditional frailty distribution.

4.2. E-Step. The E-step calculates the expected log-conditional likelihood of the ‘com-
plete’ data given the observed data and the current estimate of parameters, i.e., D, 4.

@D QW) =E [logL($;Dy) | D] = Qi+ Qo+ Qs+ Qu,

where we recall ¢ = (Agg, hy,0);9 = 1,2, 3 represents the unknown parameters to be esti-
mated, or updated, and @1, Q2, @3, and ()4 are the additive pieces of the ‘Q)’ function, each
involving non-overlapping unknown parameters:

Q1= SuE[log(v)[D, %] + 51 {log [AAo1 (Yir)] + ha(ai)}

i=1

— E[vi|D, 4 JAo1 (Yir) (@)

Q2 = z dioEllog(v:)|D,4p.] + (1 — 6;1) 6i2 {log [AAg2 (Yie)] + ha(x;) }

=1

- E[71|D7 wc]AUZ (Yttl) eh2 (ml)a

Q3= 61dia {log[ANoz (Yi)] + ha ()}
=1
_ E[’YAD, 1#6]51'1[/\03()/;2) — A03I(m1)]eh3($i)7

n

Qu=3_—106(0) + (3 — 1) gD - gD —1ogT (5 ).

i=1

4.3. M-Step. In the M-step, we maximize (4.1) with respect to @) to obtain its updated
values. The separability of ()1,...,Q4 allows us to estimate Ay, hy, by maximizing the
Qg¢;9 = 1,2, 3, respectively, and estimate ¢ by maximizing ()4. As Ay, h, are nonparametric,
we adopt a profiling approach to facilitate maximization. For each g = 1,2, 3, we maximize
()4 with respect to the jump sizes of Agg, fixing h,. This yields Breslow-type estimates:

> iy 0l [Yi =]

Allort) = i Elil Db ]I [Yir = t]exp {hu ()}
AN (1) — D iey (1= 0i1) 0inl [Yip = 1]
Bhorlt) = S El| D JIYi > t)exp {ho(xi)}
Alos(t) > iy 0i10ial [Yio =]

i BNl D, 0 [1(Yie > 8) — I(Yir > t)] exp { g (i)}
See the detailed derivation in Appendix B.

4.4. N-Step. From the M-step, we have estimates K/\Tg(t) and Ko\g(t) => < m(s)
for g = 1,2, 3. Plugging these estimates into ()1, ()2, and ()3 yields the expected log-profile
likelihood for h1, hs, hs, respectively (up to additive constants; see Appendix B). That is,
with an added subscript P (for profile), we have that
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Compute Expected Frailties using Current Parameters

M-Step (Maximization) Convergence Check Output
Update Baseline Hazards using E-Step Expectations Converged? Estimated Parameters

N-Step (Neural Optimization)
Train Log-Risk Subnetworks, Update Frailty Variance

Fig 2: Overview of the neural expectation-maximization algorithm for semi-competing risks.

n

Qup=Y 0 hi(mi) —log | > Bl | D,ap )T (Yj1 > Vi) e )| 4
i=1 j=1

n

Q2,p = Z(l — 0i1)di2 { ha(x;) — log ZE 7 | Dyap ) I (Yia > Yig) eh=@) | 4
i=1 =1

Qs,p =) 0udiz  ha(@s) —log | Y E[y; | D,9pc] djul [Yja > max(Vip, Yji)] €=
i=1 j=1

The functions above resemble the Cox partial likelihood. In the N-step, we treat each
profile objective Q4 p (¢ = 1,2,3) as a distinct ‘head’ in a multitask neural network. Each
subject’s covariates, x;, are passed through three subnetworks that output log-risk estimates,
ﬁg (z;). Each subnetwork is a fully connected feedforward network with L layers and k;
neurons per layer, applying nonlinear activations in hidden layers (e.g., ReLU) and a linear
activation in the output layer (Yegnanarayana, 2009). For identifiability, we impose h4(0) =0
by setting output layer biases to zero. Each subnetwork maximizes its corresponding profile
likelihood using mini-batch stochastic gradient descent or Adam (Kingma and Ba, 2014). At
each iteration, subjects are randomly permuted and divided into batches of size B. A forward
pass computes h,, and automatic differentiation (Paszke et al., 2017) yields updates:

Wl<—Wl—77VWl, bl<—bl—nvbl,

where 7 is the learning rate. Dropout and ¢ regularization are applied to mitigate overfitting.
Hyperparameters (e.g., the number of layers, nodes per layer, dropout rate, regularization,
and learning rate) are tuned by grid search. Training continues until the change in expected
log-profile likelihood is below a pre-specified tolerance.

The frailty variance, 6, enters only through ()4, which we optimize separately via an inner
Adam loop with early stopping. This decoupling simplifies computation and stabilizes esti-
mation. After convergence, h, and 0 are updated, and together with the estimated baseline
hazards from the M-step, are fed back into the E-step. The NEM-SCR procedure iterates
until overall convergence. Initialization uses Nelson-Aalen estimates for Ao, and Weibull-
Cox estimates (via SemiCompRisks; see Alvares et al., 2019) for h, and 0. Figure 2
above and Algorithm 1 in Supplement B summarize the full NEM-SCR algorithm. The im-
plementation, developed in PyTorch (Stevens, Antiga and Viehmann, 2020), is available at
https://github.com/salernos/SemiCompDNN.

4.5. Relation to Prior Neural EM Frameworks. There is a growing body of literature
that proposes hybrid EM algorithms with deep architectures for latent variable modeling,
including variational deep embedding (Jiang et al., 2016), unsupervised deep embedding
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(Xie, Girshick and Farhadi, 2016), and the neural expectation maximization algorithm of
Greff, Van Steenkiste and Schmidhuber (2017). Subsequent extensions have explored re-
lational reasoning (Van Steenkiste et al., 2018), noisy multi-label text classification (Chen
et al., 2022), and bridging inference gaps in neural processes (Wang, Federici and van Hoof,
2025). Earlier iterative methods such as those proposed by Carreira-Perpinan and Hinton
(2005) and Ba and Caruana (2014) similarly adopt EM-style parameter refinement within
deep architectures. These types of models typically introduce latent variables that represent
low-dimensional feature embeddings or mixtures assignments, and they are optimized with
respect to a variational or amortized evidence lower bound (ELBO). In contrast, we note
that our latent variable is a subject-specific frailty that induces dependence across the semi-
competing event transitions. The proposed algorithm retains an explicit E-step and a closed-
form M-step update for the nonparametric baseline hazards, but replaces the M-step update
to the risk functions with deep architectures. This preserves the statistical interpretability of
the semi-competing survival model, while incorporating the flexibility of deep learning.

5. Measures of Predictive Performance.

5.1. Bivariate Brier Score. To assess predictive performance in semi-competing risk set-
tings, we propose a bivariate extension to the inverse probability of censoring weighting
(IPCW)-approximated Brier Score (Brier et al., 1950). Let S;(t) = Pr(T;1 > t, Tja > t) de-
note the disease-free survival function for individual 7 at a fixed time point, ¢. Further, denote
an estimate of .S;(¢) by m;(t), e.g., based on (3.4)-(3.6). If S;(¢) were known, a bivariate Brier
score would simply be the mean squared error, MSE(¢) = L ™" | [S;(¢) — i (t))*. With un-
known S;(t), we estimate it with our observed data, and in the presence of censoring. Let
G;(t) = Pr(C; > t) > 0 be the survival function of the censoring distribution for the ith
individual. We propose a bivariate Brier score for assessing 7;(¢) as follows:

_ ()2 I(Yin <t, 6 =1, Y < Yo}

BBS(¢
S() (V)
($)2 . < o < R o — L <Y:
5.1) . mi(t)? -1 (Yin <t, Yio <t, 0,1 =0, din=1, Y5 <Y}
Gi(Yi2)
[1 — TI'Z'(t)]Q ~I(Y;'1 >t, Yio > t}

Gi(t)

If G;(t) is known, the expectation of the IPCW-approximated bivariate Brier score is equal to
MSE(t) plus a constant that is free of 7;(¢), which represents the irreducible error incurred
by approximating .S;(¢) in a data-driven fashion (Supplement C). As G;(t) is unknown in
practice, we replace it by Gi (t), its Kaplan-Meier estimate.

5.2. Bivariate Concordance Index. We further propose a bivariate extension to Harrell’s
concordance (C) index to evaluate the discriminative ability of the predicted hazards in a
semi-competing risks setting (Harrell Jr, Lee and Mark, 1996). For each individual, we trans-
form the predicted hazards for each transition into standardized scores by computing their
empirical cumulative distribution function ranks and then applying the inverse normal trans-
formation. The resulting quantile scores are averaged to obtain a risk score for each subject.
We then consider all pairs of individuals (7, j) such that at least one of them experienced a
non-censoring event (i.e., D1; = 1 or Dy; = 1, and similarly for subject 7). A pair is compa-
rable if the event time of subject ¢ is earlier than that of subject j in either the non-terminal
or terminal event (Y7; < Y7; or Ya; < Y3;). A comparable pair is considered concordant if the
subject with the earlier event time has a higher predicted risk score. The bivariate C-index is
then computed as the proportion of concordant pairs among all comparable pairs.
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6. Simulation Studies. We conducted a series of numerical experiments to study the
utility of our method compared to existing approaches under a range of settings.

6.1. Simulation Setup. We simulated data from Equation (3.7), varying the sample size
(n) and log-risk functions (h,) across six settings. Specifically, we generated independent
datasets with n = 1,000 or 5,000. We then simulated individual frailties, ~;, from a Gamma
distribution with mean 1 and variance 6 = 2, corresponding to a strong dependence between
event times, as in our real data. To generate the risk functions, hy(X;);g € {1,2,3}, we
considered three classes of covariate functions. In all cases, we generated twelve covariates,
as in our motivating data, from a multivariate Normal distribution with a zero mean vector
and a compound symmetric covariance matrix with diagonal elements (variances) equal to
one and off-diagonal elements (covariances) equal to 0.2. That is,

0 1.00.2---0.2

0 0.21.0---0.2
X~ N2 o

0 0.20.2...1.0
Linear Log-Risk Functions. We first considered linear hy(X;),g € {1,2,3} so the require-
ments for the classical models were satisfied, facilitating a fair comparison. We let
he(Xi) = Xi1Big+ -+ Xi12B12,9,

with (81,4,...,B12,4) = (—0.5,-0.5,-0.5,—-0.5,0.5,0.5,0.5,0.5,0.5,0,0,0), s0 X1, ..., X9
had true signals. We further generated the censoring times, C}, to be covariate-dependent,
coming from an exponential distribution with hazard

Ae(X) = po x exp{ X101 + - + Xj 10012},

where (aq,...,a12) =(0,0,0,0,0,0,0,—0.5,0.5,—0.5,0.5,—0.5), so Xg, ..., X12 were re-
lated to the censoring time, with Xg and Xg related to both the survival and censoring times.
We selected p¢ to achieve an approximate censoring rate of 25%. We chose the exponential
family as existing methods are based on the Weibull-Cox or AFT models, allowing those
methods to be correctly specified, providing a fair basis for evaluating our method.

Moderate Nonlinear Log-Risk Functions. We then simulated h, with moderate nonlinearity
by introducing first-order interaction and polynomial terms. Specifically, we let

hi(X)=—-0.5X; —0.5X2 — 0.5X35 — 0.5X4 + 0.5X5 + 0.5Xs + 0.5X7 + 0.5X5
+0.5X9 4+ 0.03X1 X5 — 0.02X3X, 4 0.02X5X¢ + 0.005X7 + 0.005X2
+0.005X2 +0.005X7 — 0.005X2 — 0.005XZ — 0.005X2 — 0.005XZ — 0.005X4
ho(X) =—0.5X; — 0.5X5 — 0.5X35 — 0.5X, + 0.5X5 + 0.5Xs + 0.5X7 + 0.5Xg
+0.5Xg +0.0225X7 X5 — 0.015X3 X4 + 0.015X5X¢ + 0.005X7 + 0.005X3
4 0.005X7% 4 0.005X7 — 0.005X2 — 0.005X2 — 0.005X% — 0.005X7 — 0.005X3
h3(X) = —0.5X; — 0.5X5 — 0.5X3 — 0.5X,4 + 0.5X5 + 0.5X¢ + 0.5X7 + 0.5Xg
+0.5X9 + 0.03X1 X5 — 0.02X3X4 + 0.02X5X¢ 4 0.0025X3 4 0.0025X3 4 0.0025X
+0.0025X2 — 0.0025X2 — 0.0025X2 — 0.0025X2 — 0.0025X2 — 0.0025 X3,

with all other simulation settings unchanged. This setting reflects the degree of smooth, low-
order nonlinearity that can still typically be captured by existing methods.
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Nonlinear Log-Risk Functions. In a third scenario, we specified nonlinear h,, with
hg(X i) = B1,gexp(Xin — Xi2) — Boglog{(Xi3 + X;a)*}
+ Bagsin(Xi5Xie) — Bag(Xi7 — Xig + Xip)?,
By = (Brg;---:Ba9) = (=-0.5,-0.5,0.5,0.5)

to highlight the utility of our method. Across all simulation settings, we generated baseline
hazard functions, Ag1, Ag2, and Ags3, from exponential distributions so that A\g; = Ag3 = 2, and
Ao2 = 3. For each parameter configuration, we generated 500 independent datasets.

6.2. Methods. We compared our method to six existing approaches for semi-competing
risks and one for competing risks. Among the semi-competing methods, five specify (semi-)
parametric models with linear log-risk functions: Xu, Kalbfleisch and Tai (2010), Lee et al.
(2015), Lee, Rondeau and Haneuse (2017), Gorfine et al. (2021), and Kats and Gorfine
(2022), and the sixth is a spline-based shared-frailty illness-death model with cubic B-spline
bases (Lee, Gilsanz and Haneuse, 2021). To our knowledge, there are no tree-based methods
that fit our setup, so we could not draw comparisons in terms of estimated risk functions,
baseline hazards, or measures of dependence. However, our measures of predictive accuracy
facilitate a fair comparison to competing risks methods, so we further compared to a random
survival forest for multi-state outcomes (Ishwaran, Kogalur and Kogalur, 2022).

Each method was implemented following the authors’ original specifications, with default
or recommended settings. For the two Bayesian methods, we adopted relatively flat priors for
the six Weibull baseline hazard parameters and tuned the prior mean and standard deviation
of the frailty variance over a 10 x 10 grid (0.1-1.0) to maximize predictive performance. This
ensured a fair comparison by allowing each method to operate under optimized configura-
tions. For our approach, we set the number of layers to 3 and the dropout rate to 0.3, and we
tuned the number of hidden nodes per layer (16-1024) and the learning rate (0.0001-0.05)
using a grid search, selecting the configuration with the best predictive accuracy. We eval-
uated each method’s performance in terms of estimating the mean (SD) frailty variance ()
and baseline hazards (\og), the mean integrated squared error (MISE) of the estimated h,:

1« . 2
MISE, =~ Z; [hg(Xi) —hy(X3)] ) g=1,23,
1=
and our two proposed measures of predictive accuracy, the integrated bivariate Brier score
(iBBS; up to t = 1 year) and the bivariate concordance index.

6.3. Results. Tables 1 and 2 summarize the results of this simulation study. Table 1 com-
pares results for estimating the various semi-competing risk model components, namely the
frailty variance (), baseline hazards (\o4), and log-risk functions (h,), averaged over 500
independent replicates in each simulation setting. In terms of estimating 6, our proposed
method had the lowest bias in three of the six settings, specifically in the two settings where
the true risk functions were nonlinear and in one of the moderate nonlinear settings. Among
the three settings where our proposed method did not have the lowest bias, the results were
comparable to Gorfine et al. (2021), which had the best performance. Similiarly, in estimat-
ing the Ao4, our proposed method had the lowest bias the nonlinear cases and comparable
bias to Xu, Kalbfleisch and Tai (2010) in the remaining cases, despite being a nonparametric
approximation. Lastly, our proposed method also performed comparably to the better per-
forming methods in terms of the MISE for the predicted h, across all state transitions, when
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the true underlying function of the predictors was linear or moderately nonlinear. In the non-
linear settings, our approach has the lowest MISEs, suggesting that our method outperforms
(semi-)parametric approaches when the functional form of the predictors is truly nonlinear.
Table 2 summarizes the predictive accuracy of the methods. We calculated the integrated
bivariate Brier score at one year over a sequence of 100 evenly spaced time points and com-
pared the results of our method with the existing methods. As shown, the proposed method
has the lowest integrated bivariate Brier score (lower = better) across all but one setting
and the highest bivariate C-index (higher = better) across all settings, when compared to
the other methods for semi-competing risks. We do note that the tree-based competing risks
approach had better performance than our proposed approach in most settings, with both
non-parametric approaches having better performance than the (semi-) parametric methods.

TABLE 1
Average (SD) estimated frailty variance (0) and baseline hazards (Ag), and average (SD) mean integrated
squared errors for each log-risk function (hq(X;); g = 1,2,3) across six settings and 500 replicates per setting,
varying the sample size (n) and log-risk functions (hg). All results are based on 6 = 2 and a 25% censoring rate.

Simulation Settings Methods

n hg Xu (2010) Lee (2015) Lee (2017) Gorfine (2020) Kats (2022) Lee (2021) Proposed

Frailty Variance: 6

1,000 Linear 1.45 (0.18) 0.79 (0.06) 0.57 (0.26) 2.04 (0.57) 1.40 (0.19) 0.42 (0.12) 2.06 (0.03)
5,000 Linear 1.44 (0.08) 0.78 (0.06) 0.57 (0.25) 1.97 0.21) 1.48 (0.08) 041 (0.12) 2.08 (0.01)
1,000 Moderate 1.47 (0.18) 0.76 (0.24) 0.57 (0.25) 224 (0.48) 1.71 (0.09) 0.49 (0.13) 2.18 (0.03)
5000  Moderate 1.43 (0.08) 0.72 (0.22) 0.56 (0.25) 1.96 (0.20) 173 (0.02) 0.47 (0.12) 2.13 (0.01)
1,000  Nonlinear 0.83 (0.26) 0.73 (0.28) 0.55 (0.27) 3.12(0.62) 4.93 (5.79) 0.66 (0.22) 2.14 (0.11)
5000  Nonlinear 0.81 (0.11) 0.73 (0.26) 0.56 (0.26) 2.83 (0.26) 4.52 (3.96) 0.59 (0.19) 2.11 (0.01)

Baseline Hazards: Aq (t)

1,000 Linear 0.36 (0.53) 1.62 (1.59) 7.37 (3.50) 2.37(0.10) 4.20 (2.45) 3.52(2.03) 0.57 (0.58)
5,000 Linear 0.32 (0.44) 1.62 (1.59) 7.39 (3.49) 2.62 (2.09) 4.24 (3.17) 357 (2.02) 0.47 (0.39)
1000 Moderate 0.35 (0.51) 1.54 (1.54) 7.36 (3.48) 2.68 (2.05) 4.26 (2.32) 332(5.43) 0.62 (0.23)
5000  Moderate 0.32 (0.43) 155 (1.55) 7.38 (3.52) 2.62 (2.09) 422 (2.35) 3.46 (1.98) 0.47 (0.19)
1000 Nonlinear 1.72 (1.31) 1.94 (1.41) 8.79 (4.07) 237 (0.09) 421 (2.46) 351 (2.09) 0.22 (0.46)
5000  Nonlinear 1.70 (1.20) 1.91 (1.36) 3.82 (4.03) 330 (1.50) 425 (2.44) 3.68 (2.10) 0.12 (0.08)

First Transition: h1 (X ;)

1,000 Linear 0.10 (0.04) 0.58 (0.10) 0.26 (0.09) 0.56 (0.09) 5.70 (0.65) 0.49 (0.13) 0.33 (0.11)
5,000 Linear 0.04 (0.02) 0.47 (0.06) 0.16 (0.03) 0.54 (0.04) 5.38 (0.49) 0.49 (0.11) 0.22 (0.04)
1000 Moderate 539 (0.55) 335(0.38) 0.26 (0.09) 3.03(0.24) 0.22 (0.10) 3.73 (0.66) 2.07 (0.17)
5000  Moderate 526 (0.23) 3.45(0.25) 0.16 (0.04) 2.98 (0.11) 0.06 (0.02) 3.53(0.39) 122 (0.04)
1000 Nonlinear 431 (0.41) 4.54 (0.41) 4.43 (0.40) 4.56 (0.41) 7.99 (1.14) 4.46 (0.41) 3.82 (0.59)
5000  Nonlinear 431 (0.18) 4.49 (0.18) 4.33(0.17) 4.58 (0.18) 8.06 (0.66) 4.49 (0.21) 2.88 (0.20)

Second Transition: ho (X ;)

1,000 Linear 0.08 (0.03) 0.45 (0.08) 0.13 (0.05) 0.54 (0.08) 5.59 (0.50) 0.35 (0.10) 0.29 (0.11)
5,000 Linear 0.03 (0.01) 0.36 (0.05) 0.05 (0.02) 0.54 (0.03) 5.36 (0.46) 0.35 (0.09) 0.17 (0.04)
1,000 Moderate 552(0.52) 3.63(0.38) 0.13 (0.05) 3.01(0.22) 0.13 (0.05) 3.09 (0.78) 224 (0.20)
5000  Moderate 5.40 (0.21) 3.71(0.24) 0.05 (0.02) 2.97 (0.10) 0.05 (0.02) 3.84 (0.38) 1.42 (0.06)
1,000  Nonlinear 4.28 (0.40) 4.47 (0.40) 425 (0.37) 4.55 (0.40) 7.75 (0.98) 439 (0.38) 3.77 (0.57)
5000  Nonlinear 429 (0.17) 4.45(0.18) 4.20 (0.16) 4.58(0.18) 7.78 (0.45) 4.42(0.19) 2,95 (0.23)

Third Transition: h3 (X ;)

1,000 Linear 0.10 (0.04) 0.58 (0.10) 0.29 (0.12) 0.56 (0.09) 5.70 (0.65) 0.49 (0.13) 0.40 (0.14)
5,000 Linear 0.04 (0.02) 0.47 (0.06) 0.13 (0.04) 0.54 (0.04) 5.38 (0.50) 0.49 (0.11) 0.25 (0.06)
1,000 Moderate 5.40 (0.55) 335(0.38) 0.26 (0.09) 3.03 (0.25) 0.22 (0.09) 3.73 (0.66) 1.96 (0.15)
5000  Moderate 526 (0.23) 3.45(0.25) 0.16 (0.04) 2.98(0.11) 0.06 (0.02) 3.53(0.39) 1.25 (0.06)
1,000 Nonlinear 431 (0.41) 4.54(0.41) 4,64 (0.45) 4.56 (0.41) 7.99 (1.14) 4.46 (0.41) 4.05 (0.56)
5000  Nonlinear 431 (0.18) 4.49 (0.18) 445 (0.19) 4.58 (0.18) 8.06 (0.66) 4.49 (0.21) 3.16 (0.25)

6.4. Sensitivity Analyses. We further evaluated our proposed method and bivariate Brier
score in a series of sensitivity analyses. We briefly summarize these here. (1) We examined
the performance of our proposed bivariate Brier score and compared the results from the
model fit to a calculation that utilized the true model parameters across four settings. The
results from the model fit were on par with those calculated using the true model parameters,
giving an approximate lower bound for the bivariate Brier score. (2) We studied the robust-
ness of our method to the assumed gamma distribution of the latent frailties. Our approach
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TABLE 2
Integrated bivariate Brier score and bivariate concordance index over six settings and 500 replicates per setting,
varying the sample size (n) and log-risk functions (hg). All results are based on 0 = 2 and 25% censoring.

Simulation Settings Methods

n hg Xu (2010) Lee (2015) Lee (2017) Gorfine Kats (2022) Lee (2021) Ishwaran Proposed
(2020) (2022)

Integrated Bivariate Brier Score (iBBS)

1,000 Linear 0.23 (0.009) 0.21 (0.010) 0.23 (0.010) 0.21 (0.05) 0.51 (0.02) 0.32 (0.04) 0.13 (0.005) 0.16 (0.006)
5,000 Linear 0.16 (0.003) 0.22 (0.007) 0.20 (0.006) 0.26 (0.01) 0.51 (0.02) 0.34 (0.04) 0.13 (0.002) 0.16 (0.003)
1,000 Moderate 0.16 (0.01) 0.16 (0.01) 0.58 (0.05) 0.27 (0.03) 0.53 (0.02) 0.24 (0.03) 0.13 (0.004) 0.17 (0.005)
5,000 Moderate 0.16 (0.003) 0.16 (0.003) 0.54 (0.03) 0.26 (0.01) 0.53 (0.02) 0.32(0.04) 0.13 (0.002) 0.12 (0.004)

1,000  Nonlinear ~ 0.24 (0.010)  0.18(0.007)  0.21 (0.008) 0.33 (0.03) 055 (0.11) 0.35 (0.05) 0.14 (0.004)  0.16 (0.006)
5000  Nonlinear  0.18(0.003)  0.18(0.003)  0.19 (0.003) 0.32 (0.02) 0.52 (0.09) 0.38 (0.05) 0.13(0.002)  0.10 (0.005)

Bivariate Concordance (C) Index

1,000 Linear 0.63 (0.01) 0.63 (0.02) 051 (0.02) 0.61 (0.06) 0.41 (0.02) 0.61 (0.02) 0.77 (0.01) 0.64 (0.01)
5,000 Linear 0.63 (0.01) 0.62 (0.01) 051 (0.02) 0.54 (0.01) 042 (0.02) 0.61 (0.01) 0.77 (0.01) 0.64 (0.01)
1,000  Moderate 059 (0.02) 0.63 (0.01) 0.62 (0.01) 0.54 (0.02) 0.58 (0.02) 0.54 (0.02) 0.78 (0.01) 0.63 (0.01)
5000  Moderate 0.59 (0.01) 0.63 (0.01) 0.63 (0.01) 0.54 (0.01) 0.58 (0.01) 0.59 (0.01) 0.77 (0.01) 0.66 (0.01)
1,000  Nonlinear  0.59 (0.02) 0.59 (0.02) 053 (0.02) 0.51 (0.02) 0.46 (0.03) 0.55 (0.02) 0.79 (0.01) 0.69 (0.01)
5000  Nonlinear  0.63 (0.01) 0.60 (0.01) 0.53 (0.01) 0.51 (0.01) 0.46 (0.02) 0.55 (0.01) 0.80 (0.01) 0.68 (0.01)

remained robust in terms of prediction accuracy and baseline hazard estimation, with bias
appearing primarily in the log-risk functions when the frailty variance was large or the true
risk function was highly nonlinear. (3) We performed a benchmarking study to determine
the computational cost of our method and the existing methods. All runtime comparisons
reported here were conducted using CPU-based implementations. Under these settings, the
wall time for our proposed approach scaled approximately linearly with n and sub-linearly
with p, with training averaging 20 seconds on a standard MacBook Pro for the largest setting.
This was comparable to the standard existing methods and faster than the more contemporary
methods. Further, while GPU acceleration could further reduce runtime in larger-scale appli-
cations, it was not required for the analyses presented here. (4) We compared our approach to
the existing (semi-) parametric methods across additional settings, where we further varied
the population frailty variance (6 = 0.5 or 2) and p¢ to achieve approximate censoring rates
of 25% or 50%. In general, our proposed approach performed comparably to the existing
approaches on all metrics in the linear settings and outperformed in the nonlinear settings.
Full details and results can be found in Supplement D.

7. Analysis of Boston Lung Cancer Study (BLCS). Among the 19,497 participants in
the BLCS, 7,755 met the initial eligibility criterion of a confirmed lung cancer diagnosis.
Participants were excluded if enrolled with other primary cancers (e.g., esophageal), lacked a
cancer diagnosis, or were negative controls (e.g., spouses or friends). Of these, 7,697 (99.3%)
had complete temporal information required for defining semi-competing outcomes, includ-
ing dates of diagnosis, progression or recurrence, death, and last follow-up. We excluded
58 patients (0.7%) missing diagnosis dates, 56 (0.7%) with inadequate follow-up (diagnosis
within six months of study end), 207 (2.7%) with small-cell lung cancer, six (0.08%) with
carcinoma in situ, and 25 (0.3%) with identical diagnosis and event dates. The final analytic
cohort included n = 7,403 (95.5%) patients with NSCLC diagnosed between June 1983 and
February 2023. Among them, 2,443 (33.0%) experienced progression, 1,570 (21.2%) had
progression followed by death, and 3,636 (49.1%) died prior to progression (Table 3).

Detailed information on patient demographics, smoking history, and physiologic measure-
ments were collected through questionnaire when the patient was recruited to the Boston
Lung Cancer Study, at their time of diagnosis. Genetic mutations were also collected. We
considered eleven demographic, clinical, and genetic risk factors for this analysis. Potential
demographic predictors included patient age at diagnosis (years), sex assigned at birth, self-
identified race, and ethnicity. Smoking status and pack-years of smoking were also included.
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TABLE 3
Semi-competing event rates among n = 7,403 patients in our analytic sample.

Progression Observed / Death Observed Yes No
Yes 1,570 (21.21%) 873 (11.79%)
No 3,636 (49.12%) 1,324 (17.88%)

Relevant clinical predictors included cancer stage at diagnosis, initial treatment, indications
of chronic obstructive pulmonary disease (COPD) or asthma, and oncogenic (somatic driver)
mutation status (EGFR or KRAS). Table 4 reports summary statistics for these risk factors
in our study sample. As shown, median (interquartile range; IQR) age at diagnosis was 67
(59, 74) years, with 3,966 (54%) patients being female, 6,834 (92%) being White, and 6,410
(87%) being non-Hispanic. Clinically relevant features are as follows. The majority of pa-
tients had a history of smoking (6,259; 85%), with a median (IQR) of 36 (11, 57) pack-years
of smoking. Further, 1,553 patients (21%) were tested using the SNaPshot assay for the pres-
ence of genetic variants. The results of this testing revealed that 405 (5.5%) patients were
positive for at least one KRAS variant and 298 (4.0%) patients were positive for at least
one EGFR variant. COPD was present in 2,284 (55%) patients and 410 (7.7%) patients had
asthma. Lastly, 4,444 (60%) patients initially underwent surgery, while 1,851 (25%) patients
initially received chemotherapy, 366 (4.9%) received radiation, and 742 (10%) received an-
other form of treatment (Table 4). The distributions of these characteristics are similar to a
recent study utilizing patient data from Massachusetts General Hospital, which draws com-
parisons to the BLCS cohort (Yuan et al., 2021).

7.1. Predictive Modeling. After one-hot encoding, our design matrix consisted of 25 fea-
tures used in predictive modeling. We applied our proposed method together with those of
Xu, Kalbfleisch and Tai (2010), Lee et al. (2015), Lee, Rondeau and Haneuse (2017), Lee,
Gilsanz and Haneuse (2021), and Ishwaran, Kogalur and Kogalur (2022) to estimate hazards
of progression, death, and death following progression using the predictors in Table 4. The
methods of Gorfine et al. (2021) and Kats and Gorfine (2022) failed to converge and were ex-
cluded. We evaluated performance via five-fold cross-validation, training on 80% of samples
and validating on 20%. We optimized our hyperparameters, including the number of nodes
per layer, learning rate, dropout, and regularization, by grid search. Our optimal subnetworks
contained three hidden layers with 1024, 64, and 32 nodes, respectively, a dropout rate of
0.1, and a learning rate of 0.0001. We assessed model accuracy using the integrated bivariate
Brier score at 100 time points up to five years post-diagnosis and bivariate C-index, averaged
across folds. Table 5 shows that the tree-based approach had the best predictive accuracy
on both metrics, with the approach of Xu, Kalbfleisch and Tai (2010) having similar perfor-
mance in terms of the bivariate Brier score and our approach having lower, but comparable
performance. This is expected, as deep learning may not always be optimal for purely tabu-
lar data, and tree-based learners may be preferable in smaller samples (Grinsztajn, Oyallon
and Varoquaux, 2022). However, for higher-dimensional or more heterogeneous covariate
structures, neural networks can serve as a potential scalable, data-adaptive choice.

We then applied the proposed NEM-SCR algorithm to estimate the frailty variance, 6,
obtaining a value of 2.09. For context, this is approximately equal to a Kendall’s 7 value
of 0.511 (Austin, 2017). To quantify the associated uncertainty, we computed a bootstrap
standard error of 0.04 based on 50 resamplings of the data with replacement. This nonzero
estimate of frailty suggests the presence of moderate subject-level dependence across the
three transitions. Figure 3 displays the average estimated cumulative baseline hazard func-
tions along with 95% bootstrap confidence intervals constructed from these 50 replicates. As
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TABLE 4
Characteristics of the n = 7,403 patients with non-small cell lung cancer diagnosed between June 1983 and
February 2023 in our analytic sample derived from the Boston Lung Cancer Study cohort. Summary statistics
are reported as n(%) for categorical predictors and median (interquartile range) for continuous covariates.

Total Cancer Stage: Early  Cancer Stage: Late  Cancer Stage: Unknown
Characteristic N =7,403! N =4,700 N =2,342 N =361
Age at Diagnosis (yrs.) 67 (59, 74) 68 (61, 75) 64 (56, 72) 66 (58, 73)

Unknown 220 212 7 1
Sex

Female 3,966 (54%) 2,603 (55%) 1,188 (51%) 175 (48%)

Male 3,431 (46%) 2,093 (45%) 1,152 (49%) 186 (52%)

Unknown 6 4 2 0
Race

White/Caucasian 6,834 (92%) 4,349 (93%) 2,149 (92%) 336 (93%)

Black/African American 126 (1.7%) 83 (1.7%) 40 (1.7%) 3 (0.8%)

Asian 140 (1.9%) 69 (1.5%) 67 (2.9%) 4 (1.1%)

Other 98 (1.3%) 60 (1.3%) 35 (1.5%) 3(0.8%)

Unknown 205 (2.7%) 139 (3.0%) 51 (2.2%) 15 (4.1%)
Ethnicity

Non-Hispanic 6,410 (87%) 3,990 (85%) 2,112 (90%) 308 (85%)

Hispanic 87 (1.2%) 57 (1.2%) 28 (1.2%) 2 (0.6%)

Unknown 906 (13%) 653 (14%) 202 (8.6%) 51 (14%)
Smoking Status

Smoker 6,259 (85%) 4,007 (85%) 1,917 (82%) 335 (93%)

Non-Smoker 1,009 (14%) 592 (13%) 402 (17%) 15 (4.2%)

Unknown 135 (1.8%) 101 (2.1%) 23 (1.0%) 11 (3.0%)
Pack-Years of Smoking 36 (11, 57) 37 (12, 58) 32 (8,52) 49 (30, 76)

Unknown 958 818 99 41
Initial Treatment

Surgery 4,444 (60%) 3,994 (85%) 378 (16%) 72 (20%)

Chemotherapy 1,851 (25%) 365 (7.8%) 1,473 (62%) 13 (3.6%)

Radiation 366 (4.9%) 194 (4.1%) 163 (6.9%) 9 (2.4%)

Other/Unknown 742 (10%) 147 (3.1%) 328 (14%) 267 (74%)
EGFR Status

Variant Negative 1,255 (17%) 737 (16%) 498 (21%) 20 (5.5%)

Variant Positive 298 (4.0%) 158 (3.4%) 140 (6.0%) 0 (0%)

Not Tested 5,850 (79%) 3,805 (81%) 1,704 (73%) 341 (94%)
KRAS Status

Variant Negative 1,148 (16%) 630 (13%) 500 (21%) 18 (5.0%)

Variant Positive 405 (5.5%) 265 (5.6%) 138 (5.9%) 2 (0.6%)

Not Tested 5,850 (79%) 3,805 (81%) 1,704 (73%) 341 (94%)
COPD? 2,284 (55%) 1,662 (61%) 505 (40%) 117 (54%)
Asthma 410 (7.7%) 254 (7.6%) 136 (7.9%) 20 (7.1%)

IMedian (IQR); n (%) 2COPD: Chronic Obstructive Pulmonary Disease;
TABLE 5
Integrated bivariate Brier score and bivariate C-index for each method.
Method Integrated Bivariate Brier Score (iBBS) Bivariate C-Index
Xu (2010) 0.18 (0.17-0.18) 0.64 (0.61-0.67)
Lee (2015) 0.53 (0.52-0.53) 0.58 (0.54-0.61)
Lee (2017) 0.53 (0.52-0.54) 0.57 (0.53-0.60)

Spline-Based Method
Tree-Based Method
Proposed Method

0.25 (0.22-0.28)
0.18 (0.17-0.19)
0.30 (0.29-0.31)

0.63 (0.60-0.66)
0.69 (0.66-0.72)
0.64 (0.60-0.68)

shown, the baseline hazards are highest for death, with high variability in these estimates,

comparable to our simulations with similar frailty variance values and censoring rates.
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Fig 3: Average estimated cumulative baseline hazards (solid dark lines) and 95% bootstrap
confidence intervals (gray bands) based on 50 bootstrap samples (light gray lines).

We compare existing approaches in modeling risk factor effects across the three state tran-
sitions (progression, death, and death following progression) in Table E.1 in the Supplemen-
tary Material. The estimated log hazard ratios (log-HR) often differ in both sign and magni-
tude, revealing inconsistencies among methods that assume linear risk functions. For exam-
ple, age at diagnosis is a significant risk factor for all transitions under Xu, Kalbfleisch and
Tai (2010) and Lee et al. (2015), but not under Lee, Rondeau and Haneuse (2017). Moreover,
while Xu, Kalbfleisch and Tai (2010) report a small positive effect on progression (log-HR
= 0.01; SE = 0.002), Lee et al. (2015) find a small negative effect (log-HR = —0.04; SE =
0.002). For sex, Xu, Kalbfleisch and Tai (2010) estimate lower risks for females across all
transitions (e.g., log-HR = —0.19 for progression), while Lee et al. (2015) detect significance
only for death after progression (log-HR = —0.37), and Lee, Rondeau and Haneuse (2017)
instead report a higher death risk for females (log-HR = 0.79). For smoking, all three meth-
ods agree on increased risk of death after progression among current versus never smokers,
but diverge on other transitions: Xu, Kalbfleisch and Tai (2010) find increased risks for pro-
gression and death from diagnosis, Lee et al. (2015) report a protective effect for progression,
and Lee, Rondeau and Haneuse (2017) a protective effect for death from diagnosis. Similar
discrepancies appear for other predictors, underscoring the instability of linear specifications.

Figure 4 depicts the log-risk (hy) functions for the predicted effect of patient age at di-
agnosis on each state transition, take over a sequence of potential ages (40 to 75 years) and
stratified by sex (male versus female) and smoking status (smoker versus non-smoker). All
other covariates were fixed to be at their sample means or modes for illustration. As shown,
there is a slight, increasing relationship between age and all three state transitions, but partic-
ularly in the transition from progression to death. Further, these relationships differ by sex,
with males having a higher risk of death and death following progression. Smoking status
appears to have a stronger effect on the risk of death from diagnosis, with the separation in
risk between male smokers versus non-smokers and male versus female patients suggesting
potential interaction effects for this state transition.

8. Discussion. We developed a neural expectation-maximization algorithm for predict-
ing semi-competing risks, where a non-terminal event (e.g., disease progression) modifies
the risk of death. Unlike existing machine learning models that treat events as independent,
our framework jointly captures the dependence between progression and mortality, yielding
accurate estimates of transition-specific hazards, baseline hazards, covariate effects, and the
degree of dependence between events, even under complex risk structures. As a first deep
learning approach for semi-competing risks, our goal in this work was to present an honest
account of its advantages and limitations. In simulation, our proposed method outperformed
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Fig 4: Nonparametric log-risk functions for age at diagnosis on each state transition, stratified
by sex and smoking status (line types), and 95% bootstrap confidence intervals (gray bands).

the current semi-competing methods in terms of predictive accuracy and in estimating key
model components, including the frailty variance, risk functions, and baseline hazards when
the underlying covariate effects were nonlinear. This likely reflects improved recovery of
complex data-generating mechanisms via the nonparametric estimation of these quantities.

However, we acknowledge that deep learning may not always be optimal for purely tab-
ular data, especially with modest sample sizes (Grinsztajn, Oyallon and Varoquaux, 2022).
This is evident in our simulations, where random survival forests achieved better predictive
accuracy, and in our real data example, where existing semi-competing risk methods also
performed competitively. Our contribution complements predictive benchmarking alone. Our
framework accounts for joint estimation of nonparametric baseline hazards and nonlinear risk
functions within an EM structure, providing interpretable quantities, such as baseline haz-
ards and frailty variance, not typically available from tree-based models. While tree-based
learners such as boosting and random forests can flexibly capture nonlinear covariate effects,
they do not directly model dependence between transitions in semi-competing risks settings.
The proposed approach instead targets joint estimation of transition-specific risks and their
dependence through a shared frailty illness-death framework, while retaining flexibility in
modeling covariate effects. Further, while our preliminary analysis focused on a small set of
structured covariates, the approach naturally extends to multi-modal data (e.g., radiomic or
genomic features), where deep architectures are most effective and where our future moti-
vation lies. Deep neural networks circumvent the curse of dimensionality in nonparametric
settings (Bauer and Kohler, 2019; Poggio et al., 2017) by projecting the data into a much
lower relevant representational space (Abrol et al., 2021; Goodfellow, Bengio and Courville,
2016). As our EM framework remains correct for any flexible estimator of h,, neural net-
works can serve as a potential scalable, data-adaptive choice.

Applied to the Boston Lung Cancer Study, NEM-SCR uncovered interactions among age,
sex, and smoking status, showing that male smokers had a higher associated mortality risk,
consistent with prior reports (Guo, Tosun and Horn, 2009; Tseng et al., 2022), but obtained
through explicit joint modeling of progression and death. The method had comparable pre-
dictive accuracy relative to standard regression models, while avoiding the information loss
inherent in composite endpoints such as progression-free survival. Finally, we note that the
estimated h, functions represent risk scores on the log-hazard scale, interpretable only up to
additive constants, and should be viewed as associational rather than causal effects. Meaning-
ful interpretation further requires calibration assessment, proper variable scaling, and caution
when outside a formal causal framework (Dumas and Stensrud, 2025).

In summary, as a first deep learning approach for semi-competing risks, the goal of this
work was to to provide a transparent, side-by-side assessment showing that different meth-
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ods have different strengths, as supported by both simulations and real data. Our proposed
approach offers a flexible framework that can potentially improve the estimation of complex
latent and structural components in semi-competing risks models while maintaining compet-
itive or comparable predictive performance.

There are several open directions for future work. First, we assume a parametric frailty,
which we saw was robust to misspecification in terms of overall predictive accuracy and in
estimating the baseline hazards, but sensitive in terms of estimating the log-risk functions.
An alternative may be a fully nonparametric approach by specifying a frailty with a finite,
but unknown, number of mixture components (Gasperoni et al., 2020; Chee et al., 2021).
Second, while we focus on time-independent covariates, future work may consider time-
varying predictors, which would increase the utility of the method. We also consider a subset
of structured features from the BLCS study. Future work will also consider multi-modal and
high-dimensional predictors such as imaging and genetic data. Third, while our use of the
bootstrap provides a practical means to quantify uncertainty in our estimates, we acknowl-
edge that it remains an ad hoc solution without formal guarantees in deep learning settings.
Developing rigorous inferential theory for neural network-based estimators, particularly in
semiparametric or nonparametric models, remains an open and promising area for future re-
search. Further, to our knowledge, there are no random forest methods for semi-competing
risks that can estimate all model components targeted by our joint framework. As our pro-
posed algorithm separates estimation of the baseline hazards and frailty variance from the
log-risk functions, the N-step can, in principle, accommodate alternative nonlinear learners
such as gradient boosting or random forests, while retaining the interpretable illness-death
model structure. Such extensions require redesigning the optimization procedure and are
therefore beyond the scope of the present work but represent a promising direction for fu-
ture research. Lastly, while we focus on the joint distribution of the observed survival times
for both event processes simultaneously, sometimes it can be of interest to study the marginal
distribution of the non-terminal event (e.g., disease progression) while addressing the depen-
dent censoring incurred by death. We will address these problems elsewhere.

Significance Statement. We propose a neural expectation-maximization framework for
semi-competing risks that integrates classical survival modeling with deep learning to jointly
predict disease progression and mortality. Motivated by the Boston Lung Cancer Study, the
method captures complex dependencies among clinical and genetic factors, quantifies event
dependence, and enables accurate, interpretable dynamic risk stratification for personalized
treatment planning that is applicable to diverse diseases.
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18
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C. Bivariate Brier Score
Additional technical details in support of our proposed bivariate Brier score.
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Additional sensitivity results in support of our main numerical experiments.
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