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The Appendix provides notation details, formula details for section of methodology and theorec-
tical property section. It gives computational details and discusses the convergence properties of
the block-wise alternating directions method of multipliers algorithm. It also includes additional
simulation studies, additional real data analysis and technical proofs for the theorem presented in

Section 4.

Al. Methodology

Two-group partition recovery and group membership prediction

Let Hy is the reproducing kernel Hilbert space (RKHS) associate with kernel function K : U x
U — R, which is the completion of the linear span of all functions {K(:,u),u € U}. The norm
in Hyc, denoted by || - [lx, is induced by the inner product, (f, &) = 21, Zj"il a;ibjK(u;,u;) for
FO) = S0 aiKCam) g () = S K (oup) and || £ (U)1% = <f;<U,-), JRUN)

After obtaining f;(U), define Cgp = # {i e{l,---,n}:apg= f(Ul-) < O} ,m=1,2. After
obtaining ]/‘;,(U), define Cg, = # {i e{l,---,n}rap= Hgm,fg(U) < },m = 1, 2. The partition
estimation ﬂgl ={U: fg(U) 0}, (ngz ={U: fg(U) > 0} for Cg1 > Cg2. Otherwise, (ngl ={U:
fg(U) > 0}, %Igz ={U: fg (U) < 0} for Cg1 < Cg2. When a new subject arrives, we can predict its
group membership by determining which partition block its U; falls into.

Multi-group partitions recovery and group membership prediction

If for some g € {1,..., p}, M ¢ > 2, then the g-th partition estimation could be a multicategory
classification problem. In following part, we will use the support vector machine method for
multiclass to obtain the partition estimates, which will facilitate subgroup membership prediction.

In the multi-classification problem, the task is to learn a classification rule 5 ¢ U—{1,..., M o)
Similarly, we assign artificial labels to Mg groups firstly, let ?;. = m when i-th subjects’ belongs to
G ¢m- Motivated by Lee et al. (2004), we extend artificial label % g*l. into the form of M ¢-dimensional
vector ?;i. For instance, if i-th subjects’ belong to égm, that is ?g*l. = m, define ?;i as a Mg—

dimensional vector with 1 in the mth coordinate and —1/ (Mg — 1) elsewhere. Accordingly, we
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define a M -tuple of separating functions f,(U) = (fz1(U),. .., fg i, (U))T with the sum-to-zero
constraint, Z ¢, Jem(U) = 0 for any U € R". Then the f,(U) = (fo1(U), ..., fgﬂg (U))T could be
obtained by solving following optimization problem:

1

n M,

v* v /l *

arg min_ =3 CW) - (fuU) - Ty) + 2 Z Vo@Dl - (AD)
fgenm 1((]_(}() Z 1fgm(U) 0 i=1 m=1

in which the notation details please refer to supplementary material. And the multi-classifier ag :
U - {1,... ,Mg} induced by f,(U) is naturally éﬁ\g(U) = arg max,, fgm(U). Based on ]/”;,(U),
the latent partition can be recovered. When a new subject come, we also can predict the group
membership by fitting it’s U; into the classifier (’ﬁ\g(U ).

These constraints reflect the implicit nature of the subject in classification problems takes one
and only one group from {1,---, M ¢}. Analogous to the two category case, we consider f(U) =
St ). fy, ONT € T, (Hoe + R, fon(U) = Fi(U:) = Vi with £3,(U) € Hyc and
Yem € R.In (A1), ( foU;) - Y;i)Jr means by taking the truncate function (-); componentwise, and
the ”-” operation in the data fit functional indicates the Euclidean inner product, C (?;l.) is a Mg
dimensional vector with O in the mth coordinate if i-th subjects’ belong to G ¢m- and 1 elsewhere.

In the multi-group case, partition blocks are often formed by the intersection of two or more
boundary curves (e.g., Scenarios III and IV in Figure 1), making it difficult to obtain a general
explicit expression for the estimated partitions. However, this does not affect group membership

predictions.

A2. Theoretical properties

A2.1 Notation and conditions

Fora = (a1, ,a@,) = ([a]1,- -+, [@],), take [a@], as an example to illustrate the symbols’. Let
Mé be the subspace of R”, Mé ={[a]; € R" : ajq = ajq, forany i, j € Ggm,l <m < Mg}. For

each [a], € Mg, it can be written as [@], = W,0,, where W, = (W4, -+, W, ,)!. By matrix

calculation, we have = = di1a, S, , where enotes the grou
lculati have D, = W[ W, = diag |G21| |G2MO| here |G},,| d he group
8
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size of GY,,. Define |G?, | = min GOl 1G x| = max |GY,,|. For any positive
1<g<p.1<m<MY 1<g<p, 1<m< M)

numbers a, and b,, let a, > b, denote a,'b, = o(1). For any vector { = ({1, ,{s)T € R, let
1o = 1rgla\x |¢;]. For any symmetric matrix Ay, denote its Ly norm by ||A|| = e Rrgﬁ?(":l |AZ]l,
and let Ayin(A) and Apyax (A) be the smallest and largest eigenvalues of A, respectively. For any ma-
trix A = (Az]), 1j=1’ denote ||A || = 52?33 Z]’.zl |Aijl. LetY = (Y1, -+, Y, X = (X1, , X)),
and Z¢ = diag(Zg1, -+ ,Zgn). Denote Z, = ZSW, and E = (X,Z'Wy,---,ZPW,). Finally,
denoted the scaled penalty function by p(t) = /l_lpy(t, A) and p(r) = p’(|t])sgn(t).

In addition, we assume the threshold covariates satisfy U; d p(u), with respect to the measure

space (U, B(U),v), where U represents covariate space, B(U) are Borel sigma algebra, induced

by the metric d¢s, and v be a measure on 8(U). Here, we introduce some regular conditions.

(C1) Assume Y7, Xl.2 =nforl < g < g,and ¥ Zl.zgl{i € Ggm} = |Ggm| forl < g < p,

mm(ETE) C1|GO

min

|, sup; || Z;|| < Ca+/p and sup; || X;|| < C3+/q for some constants 0 < Cy <
00,0 < Cy <ooand 0 < C3 < 0.

(C2) The function p, (¢, A) is a symmetric function of ¢, and it is non-decreasing and concave in t for

€ [0, ). p(t) is a constant for all # > a4 for some constant a > 0, and p(0) = 0, p’(¢) exists

and is continuous except for a finite number values of 7 and p’(0+) = 1.

(C3) The noise vector € = (e,---,€,)" has sub-Gaussian tails such that pr(|ATe| > ||A|lx) <
2 exp(—c1x?) for any vector A € R" and x > 0, where 0 < ¢; < .

(C4) The threshold covariates density p satisfies 0 < puin < p(u) < pumar for all u. where
Pmin> Pmax € R.

(C5) The base measure v in U satisfies ¢1,d" < v {Bs(U) N (ngm} < v{By(U)} < cp,d" for all
UeU’ am» § = L ,ppm=1,---, Mgo, 0 < d < dy. where ¢y, c2,, do are positive constants,
B;(U) ={U": U € Uwithdy(U,U’") < d}.

(C6) Let ¢,1 = maxlgqus{p/(lﬁjl’/lﬂ)} and ¢, = maXlgqus{P”(ijﬂsz)}. Assume ¢, =
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0(1/4/ng), liminf,, e lim infg_0. p'(6, A2) [As} > 0,2 — 0,881 — 00, ¢2 = 0, (1/4/9), and
there are constants ¢, c¢3 such that, when 61, 8, > c1ds, |p” (01, 452) —p” (02, A52)| < 3|01 —62].

(C7) Assume minj¢j<g, |18§),j|//152 — 00, aS 1 — 00.

It is commonly assumed that the smallest eigenvalue of the transpose of the design matrix multiplied
by the design matrix is bounded by C;n, which may not hold for ET E. By some calculation and
Zg =Z5W,,g =1,---p, we have Zng = ZieGngizg = |G2m|,m =1,--- ,Mg(,),g =1,---,p.By
assuming that ﬂmin(zgzg) > c|Ggm| for some constant 0 < ¢ < oo. If XTZg =0(g=1,---p)
and Amin (X7 X) > Cn, we have Anin(ETE) > min{Amin(X” X), Anin(ZTZ1), -+, Amin(Z1Z,,)} =
min(|G. |,Cn), and |G?. | < n/ (12«?2,) My). Therefore, we let the smallest eigenvalue in Con-
dition (C1) be bounded below by C; |Gglin|. Conditions (C2)—(C3) are common assumptions in
penalized regression in high-dimensional settings, with concave penalties such as minimax concave
penalty and smoothly clipped absolute deviation penalty satisfying Condition (C2). Conditions
(C4)—(C5) are similar to those in Madrid Padilla et al. (2020), ensuring that VG can effectively
capture the ”similarity”” among threshold variables Ui, and each vertex in V¢ is connected to some

vertex within the same group. Conditions (C6)—(C7) are conventional conditions used to ensure the

validity of variable selection (Fan and Peng, 2004)

min min

then ¢, p, MJ(g = 1..., p) must satisfy (1r<nga§p M) [(q + 21;:1 MY) = o{/n(logn)~'}.

RemMaARrk 1:  Since |GO | < n/(1r<na§ Mg), by the condition |G0 | > \/(q + Z;’:l Mgo)nlog n,
8P

A2.2 Error analysis of multi-partition recovery

We establish the Fisher consistency of the proposed partition recovery method based on the support
vector machine I-norm soft margin classifier within the regularization framework, as outlined
in (9). To do so, we begin with some notation for the classification rule. Define Py(- | u) to
be the conditional probability measure of Yg* given u, consider 17; e {1,... ,Mg}. Thus, the

misclassification error for a classifier f, : U — Y; is defined to be the probability of the event
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{f:(U) # ?g* }oie R(f(U)) = pr(fa(U) # Yg* ). The classifier minimizing the misclassification

error is called the Bayes rule fgb(U ).

0

gm>

Similarly, when Mg > 2, if ith subjects’ belong to G let 17;19 = m, 17;? is a Mg—dimensional
vector with 1 in the mth coordinate and —1/(M g — 1) elsewhere and C (7;?) isaM g—dimensional
vector with O in the mth coordinate and 1 elsewhere . Motivated by Lee et al. (2004), define the
loss function of classification V(?;O, fo(U)) = (Y;O) . ( fe(U) - ?;O)Jr, the generalization error
E(f,(U)) = EV(Y,, f,(U)) and the empirical error is &;(f,(U)) = 137, V(?;?, f.(U)). If
the underlying group memberships Ggp e ,GgMg for g = 1,---,p were konwn, let £ (U)

be the minimizer of &(f,(U)), similar to Lemma 4.1 of Lee et al. (2004), we have f;lf ) =

(L @)1+ Lfgy (U)] o) with

1, if m=argmax,, pen(U),
5 O] =

—Ml 1,0‘[herwise,

4
where [-],, represents the mth component of the vector, pg, (U) = Pg()iklo =m | U = u) for

g=1---,pm=1,--- ,Mg. The true oracle Bayes rule fg"br(U) = arg max 0[ gOb’(U)]m =

sm<Myg

arg max Opgm(U).

1<m< M

The following theorem establishes that the estimated classifier rule ag(U ) = argmax,, ]’i,m(U),
is Fisher consistent and asymptotically equivalent to the true oracle Bayes rule as the sample size

tends to infinity, provided the number of subgroups is greater than 2.

THEOREM A.Q:  Consider Mg > 2, under the conditions in Theorem 2, for every A, > 0 satisfy

A, — 0 and mlog (N (V2,)) — 0, where N (€) is the covering number. Besides, de-

fine the regularization error D(A,) = 1An4£ {S(fg(U)) - &( g”g(U)) + %/ln Znnfil ||f;m||;(},
fgenmfl ﬂ'K
0

where f;b’(U) is the minimizer of &(f,(U)), Zfi] ng§ (U) = 0. As Al,,iino D(A,) = 0, we have

pr{R(B,U) = RGN} > 1forg =1, .p.

We do not present the property pr((LIAgl = (ngl, XX ,(L7g i = (LI;)MO) — 1 in this theorem, as it is
8 g
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challenging to obtain a general explicit expression for the estimated partition blocks, as discussed in
Section 3.2. However, this property also holds for the estimated partition blocks of the underlying

potential groups.

A3. Computation
A3.1 Coordinate alternating directions method of multipliers algorithm

Firstly, the problem of minimizing the objective (8) can be reformulated as

argrréllnz Y, - X'B - ZT&;)2+ZZZP(| ijlgls Ag),

i=1 ]EN’ g=1

5.t.Vg [a]g = 6, (A.2)

where 6, = ([61),]1¢.- -, [Onj, ] J1 € NIZ()T, [0;j], = @ig — @, and Vg is an adjacency matrix of
the graph G. And graph G is constructed based on the second neighbor definition, NIQ ={j:Ujis
one of the K nearest to U; among all the individuals }. We define V¢ as follows: each row of the
matrix corresponds to one edge in G; for instance, if the /-th edge in G connects the U; and U;, then
1, ifl' =i,

(Vo =94 -1, ifl' = j,

0, otherwise.

Model (A.2) can be reformulated as

Lo(B, @, 8) =5 Z<Y X/ B - zTa,>2+ZZZp<| il Ag),

i= ljeN‘ g=1
st.Vg lalg—0,=0,g=1,---p.

where 6g = ([61j1]ga T, [61j1<]g, s, [611]'1]’ T, [6nj1<]g, Ji € N[l()/a [6ij]g = Ujg — Qjg. The

augmented Larangian is

p p
1%
L(B.@.8.v) = Lo(B.@.8) + ) (ve. Valaly ~85) +5 > 1| Vg [al, ~ &%
g:l 21
where the dual variables vy = {vg1,--+ ,vemk)},8& = 1, p are Lagrange multipliers and v is a

penalty parameter. For a given value of # and « at step ¢, we can update the estimator according
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following steps:

(B, @) = argmin L(B, @, 6", v"), (A.3)
B.a

st = argminL(,B(Hl),a(’“),(S,V(t)), (A4)

§l+l) — (t)+U(V [ ](Hl)_ég“))' (AS)

Minimizing L(B, @, §®,v") in (A.3) is equivalent to minimizing following function

n

f</3,a>=—Z<Y X[ B -2} @)’ +ZZ|| Ve [l -8 + v v P+ C,

i=1 g=1

where C is a constant independent of (B, @). It easy to see that we can write f (8, @) as
—1X ng szp (t) —1(t)2C A6
f(B.@) =3 ,3+; [a)e V)] +5; o IPrC (A6)

where X is a n X g dimension matrix, Z® = diag(Z,1,- -+ , Z,,). Thus for given v(® and § at the

[a]((gt+])

t-th step, we can update and B+ via following iteration steps

p
[a]}*) = () @:Z' +v VG vo) " [(Z) QY = ) Z8[aly) +v vg (81 — vV,

g=2
j-1
[]]*" = ((2)7 Q.27 +v v, v6) ' [27Qu(Y - ) Z8[e] (™ - Z z¢[a]y)
g=1 g=j+1
+v Vg (6;0 - v_lvj(t))],
p—1
[o]p ") = (2))' Q2" +v v Vo) (2P Qu(Y = Y ZE[a] (™) + v v, (8)) = vV,
g=1
P
U = (XTX)TIXT (¥ = Y ZF [l M), (A7)

=1
where Q, = I,,—X(X"X)~!'X”. Note that the dimension of the entire vector @ = ([]y, - - - , [@] p)T
is np, which increases linearly with the sample size n. Therefore, we implement a coordinate

(blockwise) alternating directions method of multipliers algorithm to manage the computational



8 Biometrics, 000 0000

burden efficiently. In (A.4), after discarding the terms independent of §, we need to minimize

Sy Yiens P61 ) + 41 v [l + v~y — 8112,

Sy Syens PULSH1L D) + 31 V6 [ + vy = 8e?, (A8)

Ly Syens PULB: 1L ) + 51 V6 [])) + vy = 6,117,

with respect to &,, where {(Z) = ([(1(;)1] o [él(;z(]g, RN [{,5;')1]57’ e [é“,i;-),{]g)T = Vc[a]g) +
v‘lvg,’) This is a groupwise thresholding operator corresponding to p,. For the lasso penalty, the

solution is

(61 = S([¢1e A/v), (A.9)

where S(z,1) = (1 —t/|z|)+z is the groupwise soft thresholding operator. Here (x); = x if x > 0

and = 0, otherwise. For the the minimax concave penalty with y > 1/v, the solution is

SUE e )
Talf“:{ ]gl < 7/19
[61)], = . [ Y g (A.10)
(€010t ([0 ]] > Y.
For the smoothly clipped absolute deviation penalty with y > 1/v + 1, the solution is
S g A/ 1[0 1] A+
(¢ /). 1[E0 1] < A+ /v,
(t+1)y _ ) SUE ey (=Dw) B
[61" ]g = f—lg/((y—l)u) ,if A +/1/U < |[§ij ]gl < ’)//l, (All)
(40163 1[4 1¢] > v

Finally, the update of v, is given in (A.5).

Instead of minimizing the objective function with respect to the entire vector @, the proposed
coordinate alternating directions method of multipliers minimizes it with respect to the subvector
[a], at a time. Compared to the standard alternating directions method of multipliers, the coordinate

alternating directions method of multipliers effectively reduces the computational burden.
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Similarly, the problem of minimizing the objective (11) can be reformulated as

argﬂmmz (Y- X/ B - zTa,>2+ZZZp<| n |A>+Zp(|ﬁg| ),

]EN‘ g=1
5.1. 96 [@]g = 6, (A.12)

where ¢ and adjacency matrix is same as above. The implementation can be conducted using the

proposed algorithm with the updates (8,a) at step ¢ + 1 replaced by the following procedure:

1 : .
B+ arg min = || (X8 + Z Zg[a]é,’) -Y)|* + Zp(lﬁgl,/lsz),
g2 g=1 =1

1 p p
) = argmin 7| (XA + > z¢[e] - V)| + % D16 [alg - 8¢ + v v |12
@ o=1 =
The update of § and v is same as (A.10) and (A.5).
A3.2 Convergence of the algorithm

In this section, we derive the convergence and accuracy properties of the proposed algorithm.

ProrosiTION 1: Let ré’) =Vgla ](t) 6(0 and s(m) VT (6(”1) 6£,t)),g =1---,pbethe
primal residual and the dual residual in the block-wise alternating directions method of multipliers
described above, respectively. It holds that lim,_ ||#7]|*> = 0 and lim,_ ||s@||*> = O for the

minimax concave penalty penalties. where r = (r1,--- ,rl),s = (s],--- ,sT).

This proposition demonstrates that both primal and dual feasibility are achieved by the alternating
directions method of multipliers algorithm. The proof can be readily proved by following the proof

of the corresponding results in Ma et al. (2020).

A3.3 Initial values choose

To use the alternating directions method of multipliers algorithm described above, it is important
to choose a reasonable initial value firstly. For this purpose, we consider the ridge fusion criterion

given by

1 A P
Lr(B.a) = 5|XB+Za ~ Y| + Z IV [
=1

9
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where A* is the tuning parameter having a small value and Z = diag(Z!,--- ,ZT), @ € R"?. Note

that Lz (B, @) can be written as
Le(B.@) = SIXB +Za ~ Y|*+ 5 |Aal?
where A is defined A = V ® I,,. The solutions are
ar() = (ag (1), g, () = (Z'Q.Z+1*ATA)'Z'Q,Y,
Br(1") = (XIX)IXT(Y - Zag(1Y)). (A.13)

where Q, = I, - X(X”X)"'X”. Next, we can rewrite ag(1*) as matrix (ag;(1%), -, aRp(17)).
For the g-th component, we assign the subjects to M, groups by ranking the medians values of
@Rg.i(47). Let My = [n'/2] to ensure that it is sufficiently large, where |a| denotes the largest
integer no greater than a.

After that, let M, medians as the initial values ([e]g)*, B* = Br(1"). And §, component Opif =

*

alg

a}‘g fori=1,---,n,j=1,--- ,Kwhichj € NIQ. The specific process of initial value selection

is shown in algorithm 1.

A3.4 Additional simulation study

We consider the following cases and provide the performance results for group identification and
coefficient estimation. Case 6 introduces a general threshold change plane model with varying
numbers of subgroups and partition boundaries for different covariates, where boundaries within the
same coordinate remain parallel. Case 7 is an extension of Case 1, where the number of coefficient
groups is 3. The corresponding partition estimates differ for the different components of Z; , while
the univariate outcome U; remains the same. Case 8 is an extension of Case 2, where the partition
estimates again differ for the components of Z;. Unlike Case 4, Case 9 assumes that the number
of subgroups is the same across all components of Z;. Case 10 considers the scenario where U;

includes an interaction term. The specific setting is given as follows.

[Figure 1 about here.]
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Algorithm 1 The initial value of the alternating directions method of multipliers

Input: Number of nearest neighbor: K; tuning parameter: 4*; Number of groups: M, = |n'/2] for
g =1,---,p. Size of every groups: d = (di,- -+ ,d|,12)) in which max;{d;} — min;{d;} <1
and ZL"I/ Ya, =

Data: X € R™1Z e R’ Y e R", U € R

Output: B* € R, [e], €eR", 6, €R", (g=1,---,p)

1. Compute incidence matrix Vg from U.

2. Based (A.13) calculation ag(1*) = (aITg’l(/l*), RN a';’n(/l*))T and Br(A1%),forg=1,---,p
(a) let @gg(A*) = { the g-th component of ag;(1*) fori = 1,---,n}, ranking the elements in
@Rg(4*) and divide them into M, groups with d.

(b) The median for each group was calculated separately, as the initial value for this group,

merge this medians and recorded as [@™“] g

3. Let [@*], = [@™¥], forg =1, -+, p and Bge(1*) = B*

In Cases 6-10, the random error values of ¢ are generated from N (O, 0.52), X, =
(1, X1;, X20) T, Zi = (Z1;, Z»;)T , the population parameters 8% = (1, 1, 1). The latent partition of U,
i.e., the subgroup structures, are depicted in Figure A.1 (Scenario V - Scenario VIII), corresponding
to Cases 6-9. Under Case 2, we consider Case 6 with shown in Figure A.1 Scenario V, a/?l. = 9?1

andoz —00 fori € U°, a —90

.—90 fori € U° @

.—00 fori € UL, a 130

fori € U° [ @

1> @

fori € UY,. Where (69,,6,,6),) = (-2,0,2),(69,,65,) = (—-1.5,0.5). The remaining settings

21°

X;,Z;,U; are same as Case 2. In Case 7, we assume Xj; generated from U(O0, 1), Xp; generated

from N (0, 1) and Uj; = Xy;, the group structure as shown in Figure A.1 Scenario V1. oz(l)l. = 9(1)1 for

i€ U, a) =6, fori e U), ol =6 fori € U, and @), = 6, fori € UJ,, @), = 69, for
i € Uy, ) =6, fori € UY,, where (69,,69,,6%,) = (-2,0,2), (63,,69,,65,) = (-1.5,0.5,2.5).

Two settings for the covariate (Z;, Zy;) are similar to Case 1. In Case 8, (Zy;, Z»;) are generated

from N((1,2)",X;) where | = {ojjr},05; = 1 and 05 = 0.3 for j # j’. The settings for

11
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the covariate (Xj;, Xp;) and (Uy;, Uy;) are similar to Case 2. The group structure as shown in

Figure A.1 Scenario VII, where (6" 3) = (-2,0,2),(8° 3) = (-1.5,0.5,2.5).

11° 12’ 21° 22’

Under Case 3 covariate setting, we consider Case 9 with shown in Figure A.1 Scenario VIII.
In Case 10, Xy;, Z;; independent generated from U(0, 1), Xp;, Z»; independent generated from
N(0, 1), the random error values of ¢ are generated from N (0, 0.5%). The heterogeneity parameters

90 fori € U°

b = 90 fori € U° 12

1i 11’

i € UY,. Where (9?1,902) = (-1,1),(69,.65,) = (-1.5,0.5), U, = Uy, = {U; < 0.2} and

and a/g 90 fori € (ngl,

0(2)2 for
(LI?I = (ngl = {U; > 0.2}. Simulation experiment are based on sample size n = 400 or n = 800 and
B =200 replicates.

To evaluate the performance of the proposed subgroup identification, Table A.1 reports the
median, bias and standard (s.d.) of the estimated number of groups, the average value of Rand
Index (RI) for measuring clustering accuracy, and the percentage (per) of M ¢ €qualing to the true
number of subgroups. From Table A.1, we observe that the medians of M, M, match the true
number of subgroups across all cases. As the sample size n increases, both the RI values and
the proportion of correctly selecting the number of subgroups approach 1, indicating enhanced
clustering performance.

[Table 1 about here.]

To evaluate the performance of partition recovery, Table A.1 presents the average accuracy
(ACC) of the partition recovery. The value of ACCg, g = 1,2 and ACC defined by ACC, =
LS Shegy, vk, = @) and ACC = L3 5% 50 0 30 1wl = @k, =
Wl.z,m,} , in which wf 1 fori e Ggm, lgm = 0 otherwise, and w wl.m =1forU; € (LlAgm and

v’&fm = (0 otherwise. As n increases, the accuracy gets close to 1. To evaluate the accuracy of the
group membership predictions, we tested the proposed method by predicting the group membership
of 100 test subjects using the recovered partitions. ACC?, ACC;' and ACC” shows the average
prediction accuracy for the 100 testing sample. From the Table A.1, it is clear that all ACC-related

indices are very close to 1, indicating that both the proposed partition recovery method and the
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membership prediction based on it perform exceptionally well. Additionally, Figure A.2 and A.3
visualizes the recovered partitions for cases 6-10 when n = 400 and n = 800, respectively. In
this figure, the dotted curves represent the true boundary curves, while the differently colored areas
depict the estimated partition blocks. The boundaries formed by adjacent estimated blocks represent
the estimated boundaries. From Figure A.2 and A.3, we can observe that the estimated partition
blocks closely align with the true partitions in most cases.

The existing methods cannot handle general cases like case 3-9. We compare our method with
Li et al. (2021) in the simpler situations of case 1 and case 2. We use the three metrics, per, ACC
and ACCP, to compare the performance of subgroup identification and prediction between the two
methods, as shown in Table A.3. The performance of both methods is good, as they are able to
correctly identify group structures and effectively predict group members with a probability of 1.
Figure 3 are representative to all parameter estimation error (estimator value - the true value) under
200 replications. Our method is as effective as the Li et al. (2021). To demonstrate the superiority
of our method, we use Li et al. (2021) method to handle the situation under case 4 (Any selection
from Case 3 - 9 is acceptable). Under 200 replications, the number of identified subgroups was as
follows: 94 times for 1 subgroup, 91 times for 2 subgroups, 14 times for 3 subgroups, and 1 time

for 4 subgroups. It is clear that their method does not work in remaining cases.

[Figure 2 about here.]

[Figure 3 about here.]

[Table 2 about here.]

[Figure 4 about here.]

[Table 3 about here.]

Our simulation study was conducted on a high-performance server equipped with 4 Intel Xeon

Gold 6238 CPUs (base frequency 2.10 GHz, max turbo frequency 3.70 GHz, 176 threads) and 1 TB
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of main memory (RAM). Code was executed in a Python 3.10 environment. The computation time
primarily depends on the sample size n and the number of variables. Figure A.5 shows the average
computation time of our algorithm across 50 Monte Carlo repetitions under different sample sizes
for Cases 1 to 5. The computational cost primarily stems from two aspects: the ADMM algorithm for
solving the penalized optimization problem to detect the underlying group structure, and the support
vector machine procedure for recovering the group partitions. The computation times for Cases 1-3
are similar across different sample sizes. Due to the use of nonlinear support vector machines for
recovering group partitions, the computation time for Case 4 is slightly longer than that of Cases
1-3. Case 5 represents a high-dimensional setting where the number of variables increases with the
sample size, resulting in significantly longer computation times compared to Cases 1-4. Although
our method is more computationally intensive than standard linear regression, it is important to
note that it requires less computation compared to many other algorithms handling heterogeneity,

such as pairwise fusion penalties (Ma and Huang, 2017).

[Figure 5 about here.]

A3.5 Analysis of Panitumumab trial data

The Panitumumab trial data is a right censored data set. To make our method applicable for
analyzing these data, we removed the subjects with missing covariates and the right-censored
subjects, then took the logarithm of progression-free survival of the uncensored subjects as Y, using
ordinary least squares for fitting, namely, log T; = XZ.T,B+Z,~al-(Ul-)+e,~,i =1,---,804, where T; is the
progression-free survival day for subject i. Hence, our analysis method is essentially an Accelerated
Failure Time (AFT) model applied to the specific case of complete (non-censored) failure time data.

In addition, for comparison, we also conducted an alternative analysis by directly treating the
censoring time of patients without an observed disease progression as the final PFS value. The
details presented as follows:

After removing 95 records with missing data, a total of 851 subjects were included in the
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analysis. Similarly, we first fit a homogeneous linear regression model using Y; as response, the
8 baseline covariates, and the intercept, along with the treatment variable Z; as predictors. The
estimated coefficient under the homogeneous model is 0.071 (p < 0.05), corresponding to a
hazard ratio of approximately 1.07. While the overall effect is modest in magnitude, suggesting
limited average clinical benefit at the population level, the statistically significant signal may
still reflect underlying biological heterogeneity and supports further investigation of subgroup-
specific treatment responses. This is consistent with the limited overall efficacy that initially led
the European Medicines Agency to decline panitumumab’s application for mCRC. We also fit the
proposed heterogeneous linear model Y; = Xl.T,b’ + Zia;(U;) + €,i = 1,--- ,n, where X;, Z; and
U; are defined consistently with the notations in the Section 6. All the predictors are centered and

standardized before applying the regularization methods.
[Figure 6 about here.]

Patients were assigned to three subgroups (5 1, Ga, 53) with sizes of 159, 334, and 358, respec-
tively. Performing post-grouping estimation on the identified subgroup structures, we obtain the
following treatment effect estimates: 6, = —0.494 (statistically significant, p = 0.000), 6> = 0.043
(not significant, p = 0.228), and 65 = 0.366 (statistically significant, p = 0.000). This suggests that
for patients in subgroup 3, panitumumab plus FOLFIRI demonstrates superior efficacy compared
to FOLFIRI alone. However, no significant difference was observed between the two treatment
regimens for patients in subgroup 2, whereas for those in subgroup 1, panitumumab was associated
with adverse effects. These results diverge from the established view that panitumumab provides
clinical benefit in wild-type KRAS patients. This conclusion is largely consistent with the analysis
that directly treats censored data as missing data. Additionally, we attempt to recover the partition
using a Gaussian kernel-based support vector machine, the prediction accuracy of the support vector
machine in recovering the partition membership is 92.48%, which demonstrates that the proposed

method works well. We further analyze the distribution of threshold variables across the different



16 Biometrics, 000 0000

subgroups. Figures A.6(a)—(d) display the counts for each category of the variables gender, KRAS
gene mutation status, ECOG performance status, and baseline metastatic site number within the
group structures G, G, and 63. The boxplots of the threshold variables age at baseline in different
subgroups are presented in Figure A.6(e). Based on Figures A.6(a)—(e), the distributions of the three
discrete threshold variables (gender, KRAS mutation status,ECOG performance status) in subgroup
G exhibit a distinct pattern compared to subgroups G,and G 3, while the latter two subgroups show
generally similar distributions for these variables. In contrast, the number of baseline metastatic
sites displays markedly different distribution patterns between G, and Gs. Figure A.6(e) reveals
that both the mean and median age in subgroup 2 are higher than those in the other two subgroups.

We fully acknowledge that the first approach—treating censored observations as missing and
fitting the model using only complete data, may lead to information loss and estimation bias
if the missingness is nonignorable. Similarly, directly imputing censored times as the observed
progression-free survival (PFS) values may underestimate the regression coefficients, since the
true survival time for censored subjects should exceed the recorded censoring time. Nevertheless,
a comparison of the results obtained from these two methods, directly excluding all censored
subjects and treating the censored time directly as the final PFS value, shows that the estimates and
conclusions are very similar. This suggests that, in this particular dataset, the handling of censored
observations (which constitute only 5.5% of the sample) may not substantially influence the overall
results.

Both approaches, however, have methodological limitations. Therefore, an important direction
for future research is to extend the proposed method to established time-to-event models, such as
the Cox proportional hazards model or accelerated failure time (AFT) models, while appropriately
accounting for right-censored outcomes. In particular, for AFT-type extensions, one could incor-
porate classical imputation-based strategies for censoring, such as the Buckley—James imputation

method, within our subgroup-identification and post-recovery estimation framework. We have



Supplementary Materials for “Subgroup identification and membership prediction” by Lu Chen, Xuerong Chen, Xinzhou, Guo and Yi Li 17

acknowledged this limitation in the revised manuscript and have highlighted formal time-to-event

analysis, including principled handling of censoring, as a key direction for future research.

A3.6 Proof of Theorem 1

Take the g-th component as an example, for every [a], € Mg, it can be written as [a], = W,0,.

Recall E = (X, ZyW1,--- ,Z)W,). We have

'Eor
afr 1 . 2 1 . 2
=ar min =||Y -XB - 78« =ar min =||Y - XB - 7:W,0,|”.

[T, min S -XB ; [algll? =arg _min 51V -Xp ; A

por
017

Then, we have

=(ETE)"'E"y,

and

= (E"E) 'E"e.

Hence

1 _
< ETE) '|IIE €. (A.14)
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By condition (C1), we get [|[(ETE)™"|| < C;'|Gin|™" and thus

)4
IETE) o < y[g+ D MOCT" Gruinl ™" (A.15)
g=1
Moreover

)4
P(||ET €|l > C+/nlogn) < P(|X" €|l > C/nlogn) + ZP(H(ZgWg)Telloo > C+/nlogn),
g=1

n 0
for some constant 0 < C < co. And ZSW, = [ZZ;,I{i € Ggm}]i:’[;lfnzl, we have ||(ZEW,) € =
sup | 21", Zig€il{i € Gy }| and by union bound, Condition (C1) that 3.7 , Zl.zgl{i €Ggon} = |Ggnl

&My
and Condition (C3),

P(|(ZEWg) €llo > Cnlogn)

My
<> P Y. Zigeil > Clnlogn),
m=1 i€Ggm
My
<D P( D) Zigeil > (|G gnICylogn).
k=1 i€Ggm

)
< 2M§ exp(—c1C*logn) = 2M§n ac”,
By union bound, Condition (C1) that ||X,,|| = v/ and (C3),

P(|IX"€|lo > C/nlogn)
q

< Z P(IXZe| > Cy/nlogn),
g=1

< 2gexp(—c1C?logn) = an_c‘cz.

By the above results, we have

)4
P(|E €l > Cnlogn) < 2(q + y MOn™1<".

g=1
Since |[ETe|| < [q + 25:1 MgllETelloo, then
P P ,
P(|ETe|| > C.|q+ Z M2\nlogn) < 2(q + Z MO, (A.16)
g=1 g=1
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Therefore, by (A.14), (A.15), (A.16), we have with probability at least 1 — 2(q + Z;’zl Mg)n—ﬁCz’

ﬂor _ ﬂO
07 - 6" 1 1
< €] |Gpin| " Cy/nlogn (A.17)
or 0
0," -0,
The result (1) in Theorem 1 is proved by letting C = ¢, 12 Moreover

2
[@] - [@°],
p Mg R .
=200 D, 10 =8, < Imax(G), NZZW’ -
g=1 m=1jeGY,, g=1 m=1
[&Or]p [a'o]p
2
0
07" -6
|maX(Gg )| <G 192,
0
69 — 69
where |G0 | = |max(G2 )| and
) 1/2
sup & = ofI| < | ) sup 167, = 6P| <1167 = 6°ll < ¢
i o=1

Note Eisan X (g + Z§=1 Mg) matrix, let E = (Ey,--- ,E,)T, and E, = ETE, for any vector

a, € RI"Ze1 ¢ with |la,|| = 1. Then

T // por ONT /por ONT nor ONT\T _ T

al (B - B (07 -0, (B - 60" = > al &, Ee;.
and

E{al (B” - BT, (8 — 607, (87 -9} =0,

var{al (B” - BT, (87 - 607, --- (87 - 697} = o*[al (ETE)'a,] = 0a] 5, 'a,.

19
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Moreover, for any € > 0,
n
To—1 2
Z E[(an:‘ Elel) ’ 1{|32571Ei6i|>€0-n(an)}]
i=1

n
< D UE@EEie)*} ?[P{lajE Eiei| > eoy(an)}]'.
i=1

By condition (C3) E (e;L ) < ¢ for some constant ¢ € (0, o0),then

n
D {E(aj g Eie)*}'* < ¢!/ al g a,.
i=1
By Markov’s inequality, we can get

maxpr{|a,TlE_1E,-6,-| > eop(a,)}
4

< maxE(aZE‘lEiei) [{e2oi(a,)}

< g+ ZM())aT” 2, (2B ),
g=
for some constant ¢’ € (0, o). Therefore,

n
o3 () D EL@E Eie)  jars be o an) ]

< {0_2 Tv— lan} 1 1/2 Tr— 1an{ce 2(q+ZMO)aTr— IE an/(aTv— lan)}l/Z
g=1

p
< PR e g+ ) MY P IGial T = 0(1).

g=1
From Linderberg Central Limit Theorem, the result Theorem 1 (2) proved. U
A3.7 Proof of Theorem 2
In this section, we show the results in Theorem 2. Note that U; iud p(U),i = 1,---,n. First, we

introduce the following lemma.

LeEmMmA 1:  Denote by Rk (U) the distance from U € U to its Kth nearest neighbor in the set

{Uy,---,U,}. Setting

RK max — lmax Rk (Ul)

<isn

RK min — 1m1n RK(U )

\\n
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we have that
K _K
pr{a(;)l/r < RK,min < RK,maX g a(;)l/r} 2 1 - nexp(_K/3) - nexp(—K/lZ).
under condition (4)-(5), where a = 1/(2¢2., pmax) /" and @ = 2" | (¢1. pmin) /"

proof. see the proof of Lemma S3. in (Madrid Padilla et al., 2020).

Next, we proceed to find a lower bound on the degree of the KNN graph. Defining the sets
Bi(U) = {j € [n]\{i} : Ugj € B,k myr (U) N UL (U)},
By = {j € [n]\{i} : Ugj € B, /nyur(Up) N UL (Up)},

fori € [n],and U € U, 'LIO (U) reprents the partition of U belongs in {U gm, =1,---, Mg} , and

where a is given as in Lemma 1. Then
|Bi(U)| ~ Binomial[n - 1,pr{Uy € B xnyur(U) N UL (U)}],

where pmincira’S < pr{U; € B,g/pir(U) N UL (U)} < pmaxcara”S by condition (C4).

According to the concentration inequality for binomial random variables, we can get

-1
pr {lBgi(U)l < pr{U; € B, gy (U) N Uy (U)}}

( (I’l - 1)pr{U1 € Ba(K/n)l/' (U) N (L{o (U)}
< exp
12

(n - 1)pmincl,rarK
Sexp|- 121 .

PminC1,r

S exp ( 48C2 r Pmax

), forn > 2.

Hence, forn > 2

n
pr {|Bgi| < pr{Us € By /nyr(U) N w;’.w)}}

2
-/ pr{|Bg,~(U)| <
U

Therefore, if d; is the degree associated with U;, then d; = [{j € {1,--- ,n}\{i} : dyy(U;,U;) <

4802,rpmax

Rg(Up}| and di; = [{j € {L,---,n}\{i} : dy(U,Uj) < Rg(Up),iand j € Ggp,Im €
{1"" ,Mg}}l Define a;t' = |{] € {1, n}\{l} dru(Ul,U) RKmm’l and] € Ggm’ m €

{1,--- ,Mg}}l. It is easy to know d;. > &’;i > |Bg|l = {j € {L,---,n}\{i} : dy(U;, ;) <

—1 minC1,-K
pr{U; € B, (k1 (U) N (Ug.(U)}} p(U)v(dU) < exp (_p—1) ,

21
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a(%)l/’,i and j € Ggp, IMm € {1,--- ,Mg}}l when {Rg min = a(%)l/’}. Then,

N n—1
pr (dgi < Tpr{Ul € Ba(K/n)l/r (U) N (LIQ(U)})

n-—1
2

n—1 K
< pr (lBgi| <5 pr{Ui € Byg/n1r(U) N ﬂ;’.(U)}) +pr (RK,min < a(;)l/r)
nc1,K K
< exp _ PrinC1r® +nexp|—-—=|. forn>2
4802,rpmax 3

The last inequality by the Lemma S3 of Madrid Padilla et al. (2020), pr (RK,min < a(%)l/ ’) <

nexp(—K/3). Then,

n-1 PminC1,-K K
d,, > U, €B AU NU (U} > 1- —_—— | - -—.
pr( gi > pr{U; a(K/m/ (U) 2 ( )}) exp( 4862,rpmax) nexp( 3)
By %pr{Ul € By /mr(U) N (ng_(U)} > %pmincl,ra’ = %lc’;f—;::j. Finally, we have
inK inK
pr (K/ > C1,7 Pmin ) — pr (d;:, > C1,7 Pmin ,Vi,g)
8C2,rpmax 8C2,rpmax
i K K
> 1—-npexp (—w) —nzpexp (——). (A.18)
4802,rpmax 3

0

The proof of Theorem 2: Define

P p nkK
L.(B,a) = %nY =XB - Y Zf[al )P Pa(@) =2 ) ) p(l[Velallil),
g=1

g=1 i=1

1 )4 P nkK
LY (B.0) =51V ~XB = Y ZEW 0,17 PE(0) =2 ) > p(I[Va Wby i),
g=1 g=1 i=1

and let
P P
0n(B,@) = Ly(B, @) + Y Pi(a), Q5 (B.0) = LI (B,6) + D P*(0).
g=1 g=1

Let Ty : Mé — RM: be the mapping that 7, () is the Mg X 1 vector (g = 1,---, p) and its
m-th vector component equals to the common value of @, for i € Gy Let T, : R" — RM: be
the mapping that T;([a]g) = {|Ggm|—1 ZiEGgm Qjg,m = 1,---, Mg} Clearly, when [(}']g € Mé,
Tg([a]g) = Tg([a'*]g)-

By calculation, for every [a], € Mé, we have P ([a],) = Pfg (Ty([a@]g)) and for every 0, €
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M0 g -1 _ pY
R™¢, we have P, (T, " (6,)) = P,*(6;). Hence

0.(B.@) = 07 (B, T()), 07 (B.6) = 0u(B. T (9)). (A.19)
where @ = ([@]1,-- -, [a],)T,T(@) = (Ti([a]1),--- , T,([@],))!. Consider the neighborhood of
B, [, [@%])):

®={BeR%, R Vg : B - Bl < busuplaig — apy| < pn}.
L,g

By the result in Theorem 1, there exists an event £ in which
1B = B°Il < ¢u.sup [@y — aly| < ¢
l
and P(E) < 2(q + Z’g’zl M)n~". Hence, (B°",@°) € ® in E;. For any [a], € R”, let [a*], =

T, ! (T; ([alg)). We show that ( E’” ,@’") is a strictly local minimizer of the objective function (10)

with probability approaching 1 through the following two steps.

(i). On the event E1, Q,(B, %) > Q,(B", @) for any (B,@) € © and (B,a*) # (B”,a"),
where ° = (85, .B)T.B = (Bi.--- BT B = (B, BT, Similarity, o =
(@)’ = (lal,-Llel).e = (@’ = ([&],-,[e*],).@" =
@, -, = (@ qy, - [@ ).

(ii). There is an event E; such that pr(ES) < 2n~' +np exp (—&“g;i;ﬁ) +n’pexp (-5). InE\ N Ey,

there is a neighborhood of ((8°)T, (@°")T)T, denoted by ©, such that 0,(B, @) > Q.(B, a*)

for any (87, a’)T € ®, N O for sufficiently large n.

Therefore, by the results in (i) and (ii), we have Q, (B, @) > Q, (ﬁ”, a’") forany (B,a@) € ©,NO
and (B, @) # (E‘”, a’") in E1NE>, so that (E‘”, ") is a strict local minimizer of Q, (B, @) over the
event E1 N E, withpr(E\NE>) > 1-2(q +Z§:1 MQ+1)n! —npexp (—%) —n’pexp (-%)
for sufficiently large n.

In the following we prove the result in (i). We first show Zif 1 Pfg (T; ([alg)) = Cyforany @ € O,

Where C,, is a constant which does notdepend on . Let T; ([a]g) = 0, = (61, - - -, HMS)T. It suffices

to show that |0g,, — 04/’| > aA for all g,m and m’. Then by condition (C2), p(|0gm — Ogn|) is a
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constant, and as a result Zg _ P,?g (T; ([@],)) is a constant. Since
|Ogim — Ogmr | = 169,, — 05| = 25Up [Og — 63,
m

and

0
sup |0om —0° | = sup |—Zi€Ggm e _ 6° | = sup| <Gy (s - a/ig)|
m & sm m |Ggm| s m |Ggm|
ZieGgm |(a'ig - a’,(')g)|
< sup
m |Ggm|

< Sup |(alg alg)l ¢I’l7
l
then for all m and m’

|Ogim = Ogmr | = 169,, — 0| = 25Up [Ogn = 0%, = by — 20, > ad,
m

where the last inequality follows from the assumption that b, > ad > ¢,.

we have 2521 P,?g(Tg*([a]g)) = C,, and hence Qg(ﬁ, T*(@))

(A.20)

Therefore,

LS (B, T*(a)) + C, for

all (BT, [a]{,-.- , [a]g)T € 0. Since ((ﬁ”’)T, (gor)T)T is the unique global minimizer of

LY (B,0), then LY (B, T*(@)) > LI(B”,8°) for all (BT, T*(@)") # ((B)7,(6°")")" and

thus Qg(ﬂ, T (@) > Qg(ﬁ‘”,@”) for all T*(a) # 6°r. By (A.19), we have Q,?(,Eor,éor) =

0n(B, @) and QF (B, T*(@)) = Qu(B,T7(T"(@))) = Qu(B, ). Therefore, 0,(B,a*) >

0, (,E"’, a’") for all @* # @, and the result in (i) is proved.

Next we prove the result in (ii). For a positive sequence 7, let ©, = {[a], : sup, ||[a];— [8]g’ | <

ta}. For (BT, [a]],--- ,[@]])T € ©, N ©, by Taylor’s expansion, we have

Qn(ﬁa a’) - Qn(ﬂ’ (I*) =T +17,

where

p p
My=-(Y - X - Z Zip [V () Zgy ([l - [a7])),
g=1 g=1

an (t))

=24 Z Z dary Yig = ).

g=1 i=1
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and [« ](’) slalg + (1 - ¢)[a*], for some ¢ € (0, 1). Morever,

P n p
r, = ﬂZZ >l - o) (i —afy) - AZZ > e - o) (aig - af,)
g=l i= ]EN’ g=1 j= leN]
AN N 0 _
t t *
=133 3 Blal) — e (i —afy) - aZZ 3 @ ~ o) (e, — )
g=1 i=1 jeNi =1 j=1 jeNi
P n
= /IZ Z p(am (’)){(a,g — (@jg —ajp)}.
g=1 i=1 jeNi
When i, j € Ggp, a;‘g = Jg and a(;) .(;) has the same sign as «;, — aj,. Hence

p My
D= Ay > > ey —aDlay - ay

8=l m=1i jeGgm.jeN

p
W) D, Plag - e (g - aj) =~ (e — ).

g=1 m;bm/ l'EGgm,jEGgm/

As shown in (A.20),
sup [(aj, — ap)| = sup [Ogm — Og,| < . (A21)

Since [a]g) =¢la], + (1 = ¢)[a*], for some constant ¢ € (0, 1), then for every component

(®) 0 |

sup o ~ af,| < ¢ sup o — afyl + (1~ ¢) sup af, ~ al] < b, (A.22)
1 l

and then form # m’,i € Ggm, j € G,

|oz@ - a/(t)| > min |a/ -a? 2max |a/(t) oz?g ,

18 8 i€G gm.j €G g /8

> by —2max o) — af| > by - 2¢, > ad,
l

and thus ﬁ(al.(;) - aj(;)) = 0. Therefore,

p Mg
L=y > ) ey — e Dl - al

g=1 m=1i j€G gn.jeN;

Furthermore, by the same reasoning as (A.21), we have

supl(a,g—a DI —sup|9gm Ogm| < sup [(aig — ).
l

25
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Then
sup |a(t) .(l)| < 25up |oz(l) @, | < 2suplaig — a;,
i
< 2(sup |z — @y | + sup |z, — @iy )
l
< 4(sup layg — G2T) < 41,
l
Hence, p (|a/([) (t)l) > p’(4t,) by concavity of p(+). As a result,
p Mg
r 2/122 Z p/(4tn)|a'ig_a'jg|-
g=lm=1 jeGypm.jEN;
Let

p
D=(D{.--.D))  =[(¥-XB- ) L[l (Zy. - Zip)]

=[(Y -XB-ZaNT(Z!,--.,Z")]".

(A.23)

(A.24)

Where Z = (Z',--- ,Z7),a" = ([a] Y), cee [a']l(,t)). Let Dy; represents the i-th component of D,

Then
p Mg
D . a. — a.
I RPN e
g=1m=11i,jeGgp gm
M
Sy Yy Dl ) ZZ " Diglois ~ )
g=l m=11,je€Ggm 2|Ggm| g=1 m=1i,jeGgy 2|G gnl
p Mg
= _Z Zg: Z (Dgj — Dgi)(ajg — ig)
g=1 m=1ij€Gyy, 2|G gl
M)
__ Z”: Yy Py Dao o)
g=1 m=1i,j€G g,i<j |Ggm|
Since
Dyi = (& +Xi(° = B) + Zi(a) - ")) Z,
then

max Dy~ Dyl < 2max Dl < 2max (e + X, (8~ B) + Zi(af - a1zl

< 2(lelle + sup IX;11118° ~ BIl + sup 1 Zi]| sup [|? -
l l l

(A.25)

o|]) sup ||Z].
l
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By the above equation sup; |a?g - CY,-({?| < sup; ||a/? - al.(t) | < ¢, and ||B° — B]| < ¢,, by Condition

(C1) that sup; ||Z;]| < C2+/p and sup; |[|X;[| < C3+/g, we have

H}Z}X |ng - Dgi| < 2C2\/I_7(”6”00 + C3\/a¢n + CZ\/ﬁ(ﬁn)-

By condition (C3)
n
pr(llelleo > yf2¢7"Vlogn) < ZP(|E| > 27 logn) < 207!
i=1

Thus, by equation (A.18) and Condition (C3), there is an event Er = {{]|€||cc < 4 /2c;1 vlogn}n

(K’ > Ld8minK 1Y qych that

= 8C2,dgmax

inC1.,K K
pr(E3) < 2n~ '+ npexp (—M) +n’pexp (——) ,
48C2,rpmax 3

and on the event E;, by (A.25),

M()

)4 g
(Dgj — Dgi)(ajg — aig)
=00, 2 G

m=11,j€G gm,i<j

p M Hl.la}xngj_Dgil
>0 ) = la = |
. . |Ggm|

p M 2max |Dg; — Dyl
== 2 o(Sed) |ajg — o
_ o 2K’ |G gm| /8T8

max |Dgj = Dgil < 2C2\/17(\/20f1\/10g’1 + C3vqdn + Conpon).

Therefore, by (A.24) and (A.25), we have

Qn(ﬂ’ a’) - Qn(ﬁ’ Q’*) = Fl +F2

4 Mg G 2H.la.xu)gj_Dgil
| gml

20,0, 2L et - 0 — el —

8=l m=1 jeGym.jeN;.

? max [Dg; — Dyl

D, () - 0(—=

=1 l.a./.EGgmv,/‘GN]i(

<

M=

=

o loie - ae

I}
3

8

S

27

P
> Z Z {/lp,(‘”n) - 2C20(K,_1)\/]_7(\[ 2CI1 Vlogn + C3\/E¢n + CZ\/I_7¢n)}|aig — Qjg|.

3

g=l m=1 jeGg.jeN}
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Let t, = o(1), then p’(4t,) — 1. Since |G pin| > \/(q + Z;):] Mg)nlogn, p = o(n) and K’ >

max{+/p logn, p¢,,logn’p,\/pgd,}, then 1 > 'plg?gn,/l > @, A > pK—,” and 1 > ¢,,. Thus,

O.(B,a) — 0,(B,a*) > 0 for sufficiently large n, the result in (ii) is proved. O

ReEMARK 2: From the oracle property in the Theorem 2, we have that pr(ﬂl =M 10, RN Mp =
MS) — 1. Moreover, since [a]y" = nggr and [@], = ngg forg = 1,---,p, then
pr(Wg = We,g = 1,---,p) — 1. Hence, the subgroup memberships can be recovered with a

high probability. Corollary 1 can be easily proof.

A3.8 Proof of Theorem 3

The proof of Theorem 3 follows analogously from Theorems 1-2 herein and Theorem 2 on Fan and

Peng (2004), and is thus omitted.

A3.9 Proof of Theorem 4

In this section, we show the results in Theorem 4 and corollary 2. Similiar to the Proposition 2 of

the Wu and Zhou (2006), we first give the following definitions are introduced

for(U) = arg min {&.(f,(0) + 4, £; (U)[1%}

fg €7’{’1(

where &.(f,(U)) =1 3" V(?gi*,fg(Ui)). Besides, let

¢ (U) = argfm%l {E(f(0)) + ll.£; (U)llge} -

where &(f,) is the generalization error. And 7;1.* represents that Pseudo-labeling are given based
on the real subgroup memberships. If we use M ¢ the estimator in the first stage replacing unknown

M. Then we can get

fo(U) = arg min {E.(f,(U) + Al Iz} -
fge?'{'K



Supplementary Materials for “Subgroup identification and membership prediction” by Lu Chen, Xuerong Chen, Xinzhou, Guo and Yi Li

where gz(fg (0U)) = ,% 1 V(f’;,*i, f2(U;)) and g(fg) = E(?;i, f:(0)). Y;l. represents that Pseudo-

labeling are given based on the subgroup memberships by the first step. In which

Joe(U) = arg min {E(f) + Al f; I3}
fe€Hg

In order to make f;, (U) consistent with the notation in the paper, our definition of f;,Z(U) violates
common conventions. Note for simplicity, we let f;’;(U), f;’c’ U), f¢"(U), f;z (0), ]};C(U), ]?;(U)
abbreviated as ]i,”zr , ;0[ , ’;,Or, f;,z, ];;c, f;. We first given the lemma 2 about the error analysis.
LemMma 2:  For every A, > 0, there holds
ROFE) = RO < S(n,4,) + D(Ay),
where
S(n, 4 = &) - E(Fn} + {e- (e - e}

and

D(dn) = inf (€0 - 8 + Al 15}

Proof. We can write
e -y = |8 - &N} +{(8 T + AT 1) = (801 + ull £ 15 )}
BN = UMY U = BT + Al 1 e = Al T2 1

By the definition of f;fzr, the second term is < 0. By the definition of f;” we see the fourth term is

just D(A,). A bridge between R(f) and E( f) was establish by Zhang (2004) that R(f) —R(f;) <

&E(f) — E(f,) for any f. Hence, the lemma is obvious satisfied. O
LemmA 3:  Forany A, > 0, n € N ,there hold ||]§Z0’||7< < \/%_n, 1ye'| < 1+\/%_" and&z(]/‘;f’z’) < L
Note k = sup \K(u, u).
uel

Proof. By the definition of f;";, and the choice f = 0+ 0, we have

ror * 1 < S0+
E(F) + Mallfillie < — D V(T 0 +0=1.
i=1

29
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Thus, &,( f;?zr < 1 and || A*"rllq( < —=. By the reproducing property, we have || :,*Zorlloo <

82 1
Kl e

5

. A* K
71 < min |fe (U] + 112 o < 1+ —=.

vV,

Therfore, we only need to prove 111112 | fe-(Ui)| < 1. Supppose 12112 | fe-(U;)| > 1, then for each

s

i, either Y7, fo (U;) > min |fe:(Up)| > Lor Yy fer(Up) < - min |fe(Up)| < =1.For € € {~1,1},

S Xt

set
L={ie{l,---,n}: Y;i =€, Y;ifgz(Ui) < - lrgiign |fgz(Ui)|}

Let 12113 |fez(U)| = r = f,:(Up) and #I. represent the number of elements in the set /. If
<ign
#I, = #1_ (possibly zero), then the function ng = fez —d withd = (r — 1)sgnfy:(Ujo) satisfies

|]§z(UiO)| =1 and |]§Z(U,-)| > 1 for each i. Hence,

Efe) = ). (1=YifeeU)+Vyd) = E(fee) + ) d = > d = E(feo).

ielul_y i€l iel_y

This means that ngZ = fy; and lrglg | fo-(Up)| < 1. O

LemmMma 4:  For every A, > 0 and € > 0,there holds

3ne? 32B A, 3ne>
Prob{S(n,1,) > €} < exp {—2;[663} + ( . + 1) N (E;/Z_) exp {—2’11463} ,

— — K
where B=B,, =1+ T

Proof. Recall the one-sided Bernstein inequality: Suppose a random variable ¢ has mean u and

variance o> and satisfies |£ — u| < M. Let (&)iL, be independent samples. We have

! i & > <e ne’
ripu—— P> €p Lexpy—— 3.
PK~ L P17 2002+ 1Me))
Then, we ask random variable ¢ satisfies 0 < & < M, u = E¢ > 0, and |€ — u| < M also satisfied.

By Bernstein inequality, we have

o ﬂ—%z?=1§i>a <oxpl- na*(u +€)?
U+ € = 2(0'2+%Ma(,u+6))
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where O< @ < 1 and € > 0. Here 02 < E(£?) < ME(¢) = My since 0 < & < M. Then we find

that
1 4 AM (u + €)?
o+ -Ma(u+e) < —-M(u+¢€) < M
3 3 3e
Therefore, we have
ﬂ“Z?lfz 3na’e
— = > < - . A.26

In addition, it suffices to show that
/1——2,'"1& ,U__Z,mlfz
Qe S35 5= 1m g, L S
H+e 2 e biteE
By (A.26) and above suffices inequality, we can have
_1lyn 2
i 3
pr % > ab < exp {— na 6} : (A.27)
Zlml Eite 32M

To bound the sample error S(n, 4,), we need to use the concentration inequalities concerning the

uniform convergence. To use the technique, we need the concept of covering numbers to measure

the capacity of the hypothesis space. we use the oridnary definition in machine learning.

DeriniTioN 1: For a compact set ¥ in a metric space and € > 0, the covering number N (¥, €)

is defined to be the minimal integer £ € N such that there exist ¢ balls with radius € covering ¥ .

Let # be a subset of A(U) such that [|f{" [l < M for every f;" € F, and {for}N C ¥ with
N = N(F, ae) such that ¥ is covered by balls centered at fg"j’ wirh radius ae. Note that for every
9" € ¥ the random variable & = V(Y;O, ¢ (U)) satisfies 0 < & < 1+ [|fg" [lo < 1+ M. Then for

each j, we can get following inequality by (A.27)

EUD &) | _ 3na’e
Pl eGm+e \CXP{‘m}-

By the Lipschitz property of the loss function V, we find that

1E:(f) =& (DI < M = glloor  1E(S) = E(@ < NIf = glleos

31
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where f and g € ¥. For each f;" € F, there is some j such that || /" f;/’lloo ae. Hence, we

have

B.(f7) - BN < e, 18U —E(f)] < e
E(127) - E-(£0)] E(f) - E(f7)]
& +e ™ T gmre

The former implies that &, ( f 0’) +€ < 2[E,(f;") + €]. Hence, we have

S -8, | if’m {8(@‘7) -8 a}

pr sup or or
e E(f") +€ = Sz(fgj)+€
na’e na’e
< e : ——c A2
Nexp{ 32(1+M)} N(F ae)exp{ 32(1+M)} (A.28)

Actually, 7 always lies in the set Fr g = {f{" 1 f¢" = f;” —ve € Br—[-B,B]} withR = 1/,

and B = lemma 3. Since

m
1" =ve ) = (he” =¥ oo NS = e Moo + 1y =¥

Then, N (Fr. 5, €) is bounded by (Z?B + )N (BR, €). An 5%-covering of B is the same as an 5-

covering of Bg. Therefore, we have

N (Frp, €) < (Z?B + 1) N (%) . (A.29)

Let the random variable ¢ = V(Y;O, Jg") satisfies 0 < € < 2B by the lemma 3. By the fact

& (fg ") < 1 we obtain

E(f") - &) e} - exp{ 3ne?

or or €
pr {Sz(fg )—S(fg ) > 5} < Prob{ UGE] > 1 %5

where the second inequality by (A.26) obtained. Then for J/‘; €frpand & 2 ( fg ") < 1, we have

<Pmb{8(f£;) &) 5}
E(f&) +1 4

} . (A30)

pr{&(f) - &) > 5}

8 ory __ 8 or
< Prob sup (fg ) _ Z(fg ) S E
ngTR,B Sz(fg ) + 1 4

(7:“’ 16) exP {_;’f—i}

32B € 3ne?
< [— . .
\( e +1)N(32R) P{ 2143} (830
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where the inequality by (A.26), (A.28) and (A.29) obtained. Then, by (A.30) and (A.31) we have

pr{S(n1,) > e < Prob {S(fg’) ~&.(f) > } + Prob {SZ(ng’) ~&(f) > g}
32B € 3ne? 3ne?
S (T+ I)N(szR)eXp{ 2143} P {_2563

32B eVA, 3ne? 3ne?
<|—+1 _ - . A.32
( e T ) ( 32 )eXp{ 214B}+GXP{ 256B} (A.32)

The proof of Theorem 4 :

33

R(sgn(f;(U))) - R(fr (V) = (R(sgn(; (1)) - R(sgn( £ (U)))) + (R(sen( £ (U))) - R(Fyr (U))).

By Corollary 1 (1), the subgroup memberships can be recpvered with a high probability. That is,
the first term pr {R(sgn(ﬁ,(U))) - R(sgn(]i?; 0))) > e} — 0.

By Lemma 2 and Lemma 4 we immediately obtaian that for 0 < € < 1,

2
34B \/_ xp{ 3ne } (A33)

pr {R(sen(77) - R(F)) > e+ DA} < ~Sig

By (A.33) and the conditions in Theorem 4, it is easy have the second term

pr{R(sgn(f r(U))) - R(f2 (U))>e}—>0 Therefore,

pr{R(sen(f;(U) = RO (U) > f < pr{R(sen(F(U)) - R(sen(FZ (V) > /2] +

pr {R(sgn( 2 (U) = R(FL (V) > e/2} > 0.

The proof of Theorem A.1:

Similar to binary classification, for any g, M g > 2,and M g is a fixed constant. If the underlying

group memberships Gg TREE GgMO forg =1,---, p were konwn, the oracle estimate classifier fg,
8
MO
/"(U) = arg min E(f; (1)) + A Z 1 f 5 (0115
8 M0 MY 8 gm LY

ngHn, 1(]’{’1( Zm lfgm—l
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where &(f,(U)) = EV(YY*, f,(U)). Besides, let

MO
ror . 1 g . 5
pU=arg omin 80D+ 5 ) I (Ul
fgenmfl (l_{?(’sz] fgm=1 m=1

where &;(f,(U)) = % 1 V(Ygl.*, f.(U;)). And Ygi* gi represents that Pseudo-labeling are given

based on the real subgroup memberships. If we use the estimator G gls s 5g i, replacing unknown
8

group membership at My > 2. Then we can get

Mg
O =are | omin, AEGRO)+3h D U Ol

Mg — M
.fgenm;gl HW,Zngl fgmzl

where gz(fg (U)) = % 1 V(Y;, f.(U;)) and g(fg) = E(Y* f:(U)). Yg*l. represents that Pseudo-

labeling are given based on the subgroup memberships by the first step. In which
1 u
fe(Uy=arg  min B0+ 5 ) LDl
far€TTnS, ArHg,Sm%, fom=1 m=1
In order to make f;, (U) consistent with the notation in the paper, our definition of ]?;,Z(U) violates
common conventions. Note for simplicity, we let f;’;(U), j?;c’ (U), jg(”(U), f;Z(U), f;c(U), 1 (U)
abbreviated as ]i,”zr , ;(’Cr g Jiz, ]”;C, f;. The classifier rule ¢,(U) = argmax,, fgm(U) and

ag’ (U) = arg max,, f;"; n(U).
R($(0)) = R(fot (V) = (R(&, (V) = R(F" ()] + (R (V) - R(FL (V). (A34)

By Corollary 1 (1), the subgroup memberships can be recpvered with a high probability. That
is, the first term pr {R((Zg (U)) - R((}b\g’(U)) > e} — 0. By the Example 3 of Tewari and Bartlett

(2007), we can easily get the second term pr {ﬂ(c}\gr (U)) = R( ]’”;Ocr (0U)) > 6} — 0. O
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Figure A.1: Simple examples of group structure when r = 2, p = 2: {(ngm,m =1,....,M%
is a partition and Ggm is the corresponding subgroup coefficient. the solid lines are the partition
boundaries. In (a) Scenario V: left: red line Uy + U, = 1.3, green line Uy + U, = 0.7, right: red
line Uy + 0.8U; = 1; In (b) Scenario VI: left: red line U; = 0.3, green line U; = 0.6, right: red
line U; = 0.45, green line Uy = 0.75; In (c) Scenario VII: left: red line U; + U, = 1.3, green line
Uy + U, = 0.7, right: red line U; + 0.8U; = 1.2, green line U; + 0.8U; = 0.8; In (d) Scenario VIII:
left: red line U12 + O.SU% = 0.5, blue and green line (U; — 1)% + U22 = 0.25, right: red and green line
U? + U2 = 0.5, blue line (U; - 1)*+ U3 = 1.
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Figure A.2: The partition recovery results based on n = 400 for Case 6-10. The first column are
graphs for [«@]; in case 6-10 while second row are for [a]5.
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Figure A.3: The partition recovery results based on n = 800 for Case 6-10. The first column are
graphs for [«@]; in case 6-10 while second row are for [a]5.
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Figure A.4: The partition recovery results based on n = 800 for Case 1-5. The first column are
graphs for [«@]; in case 1-5 while second row are for [a],.
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Figure A.5: The average computational time across 50 Monte Carlo repetitions under different
sample sizes for Cases 1 to 5.
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Figure A.6: The counts of discrete threshold variables across subgroups. (a) Gender, (b) KRAS
gene mutation status, (c) ECOG performance status and (d) Baseline metastatic site number. (e)
Box Plots of Baseline Age Across Subgroups, solid line: mean; dashed line: median.
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Table A.1: The sample median,biaf ang standard deviation (s.d.) of M 1 1\72, the Randex Index(RI)
value and the percentage (per) of M, M, equaling to the true number of subgroups in case 6-9;the
average accuracy (ACC) of the classifier’s based on test sample n” = 100 in Case 6-9.

n =400 n =800

Case median  bias s.d. RI per  ACCg ACC§ median  bias s.d. RI per  ACCg ACC§
6 ’T”j 3.000 0.000 0.000 0958 1.000 0.968  0.966 3.000 0.000 0.000 0970 1.000 0976  0.969
M, 2000 -0.005 0.071 0.969 0.995 0.989 0.98  3.000 0.000 0.000 0.987 1.000 0.993  0.981

7 @ 3.000 0.020 0.140 0973 0980 0989 0.976 3.000 0.000 0.000 0987 1.000 0992 0.986
M, 3.000 0.015 0.122 0981 0985 0981 0978 3.000 0.000 0.000 0.988 1.000 0.989  0.988

g El 3.000 -0.005 0.071 0952 0995 0964 0.961 3.000 0.000 0.000 0965 1.000 0976 0.975
M, 3.000 -0.005 0.0701 0972 0995 0972 0.968 3.000  0.000 0.000 0943 1.000 0987 0.985

9 I,VI’:I 3.000 -0.005 0.071 0958 0.995 0973 0.963 3.000 -0.005 0.071 0968 0995 0979 0977
M, 3.000 -0.040 0.184 0.973 0960 0.985 0.978 3.000 -0.035 0.184 0972 0965 0989 0.978

10 IZI 2.000 0.030 0.198 0.952 0.960 0983 0980  2.000 0.020 0.140 0.953 0.980 0.984  0.991

M, 2000 0.010 0.100 0.978 0.990 0.991 0.989 2.000  0.000 0.000 0979 1.000 0994  0.992
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Table A.2: The bias, empirical standard deviation (ESD), mean and squared error (MSE) of the

post-group-recovery estimator in case 6-10.

n =400 n =800
Case Bias ESD MSE bias ESD MSE
gLt -0.0054 0.0685 0.0047 0.0018 0.0468 0.0022
Ef"’"’ -0.0022 0.0319 0.0010 -0.0011 0.0204 0.0004
prost -0.0009 0.0340 0.0012 0.0020 0.0202 0.0004
onost 0.0123 0.0455 0.0022 0.0081 0.0319 0.0011
6 on°s! 0.0048 0.0409 0.0017 0.0009 0.0256 0.0007
onoe! -0.0188 0.0541 0.0033 -0.0110 0.0346 0.0013
05" -0.0043 0.0315 0.0010 -0.0027 0.0213 0.0005
o0 0.0094 0.0392 0.0016 0.0042 0.0240 0.0006
Eg"’s’ 9e-05 0.0507 0.0026 -0.0015 0.0352 0.0012
prost -0.0013 0.0261 0.0007 0.0009 0.0190 0.0004
55’”"' -0.0008 0.0300 0.0009 -0.0034 0.0201 0.0004
ohe! 0.0219 0.1016 0.0108 0.0161 0.0586 0.0037
7 el 0.0091 0.1010 0.0103 0.0027 0.0663 0.0044
on°s! -0.0155 0.0804 0.0067 0.0024 0.0547 0.0030
o5t 0.0036 0.0735 0.0054 0.0030 0.0500 0.0025
00" 0.0206 0.0925 0.0090 0.0025 0.0658 0.0043
ono! -0.0100 0.0944 0.0090 -0.0025 0.0603 0.0036
Eg"’s’ -0.0050 0.0659 0.0044 0.0018 0.0505 0.0026
prost -0.0035 0.0326 0.0011 -0.0012 0.0213 0.0005
55’”" 0.0011 0.0346 0.0012 0.0020 0.0206 0.0004
ohes! 0.0116 0.0483 0.0025 0.0111 0.0356 0.0014
8 el -0.0019 0.0445 0.0020 -0.0042 0.0267 0.0007
on°s! -0.0036 0.0576 0.0033 -0.0054 0.0436 0.0019
05! -0.0039 0.0361 0.0013 -0.0047 0.0252 0.0007
00" 0.0048 0.0347 0.0013 0.0048 0.0238 0.0006
ono! 0.0021 0.0472 0.0022 -0.0006 0.0297 0.0009
Eg"’s’ -0.0462 0.1310 0.0193 -0.0280 0.0968 0.0102
prost 0.0639 0.1638 0.0309 0.0522 0.1167 0.0163
55’”" 0.0277 0.1610 0.0267 0.0056 0.1226 0.0151
ohes! 0.0039 0.0419 0.0018 0.0034 0.0305 0.0009
9 el -0.0148 0.0546 0.0032 -0.0085 0.0423 0.0019
on°s! 0.0027 0.0710 0.0050 -0.0036 0.0435 0.0019
o5 0.0035 0.0396 0.0016 0.0021 0.0274 0.0008
o5 0.0076 0.0603 0.0037 0.0115 0.0409 0.0018
ono! -0.0055 0.0379 0.0015 -0.0051 0.0262 0.0007
Eg"’s’ -0.0169 0.0995 0.0102 -0.0205 0.0630 0.0044
prost 0.0231 0.1314 0.0178 0.0194 0.0871 0.0080
55’”" -0.0001 0.0263 0.0007 0.0010 0.0178 0.0003
10 ohes! 0.0204 0.1638 0.0272 0.0258 0.1077 0.0123
el -0.0013 0.0936 0.0088 0.0067 0.0600 0.0036
o5°! -0.0019 0.0380 0.0014 -0.0034 0.0259 0.0007
o0 0.0001 0.0371 0.0014 -0.0012 0.0241 0.0006
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Table A.3: The bias, empirical standard deviation (ESD), mean and squared error (MSE) of the
post-group-recovery estimator in case 5.

Case 1 Case 2
per ACC ACCP per ACC ACCP
Lietal. (2021) 0.9600 0.9983 0.9973 0.9050 0.9965 0.9934

Our method 0.9920 0.9871 0.9856 1.0000 0.9645 0.9653




