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SummaRy: In clinical trials, a treatment rarely benefits every patient, underscoring the need to identify subgroups that are more
likely to respond. Traditional subgroup analysis approaches, including finite mixture and threshold models, often rely on stringent
distributional assumptions and prespecified subgroup structures that may be unrealistic in practice. Moreover, the resulting subgroups
can be difficult to interpret and may not generalize well to new patients. To address these challenges, we propose a new least-
squares regression framework that accommodates flexible subgroup structure in heterogeneous data. Our model is distribution-free
and allows subgroup membership to depend on covariates, while permitting both the number and the organization of coefficient
groups to vary across covariates. Building on regularization, we develop a computationally efficient procedure to detect subgroup
structure in linear regression coefficients and then use a support vector machine to recover the corresponding partitions, enabling
subgroup membership prediction for future individuals. Relative to pairwise fused regularization, our approach substantially reduces
computational complexity. We also establish theoretical guarantees for estimation of group-specific parameters and recovery of the

underlying partitions. Simulation studies and a real-data application illustrate the practical effectiveness of the proposed method.
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1. Introduction

Subgroup analysis, often used to extract as much information as possible while minimizing effort
and cost, has attracted substantial attention because of its broad applications in clinical trials
(Assmann et al. 2000, Alosh et al. 2015), personalized medicine (Dahabreh et al., 2016), and person-
alized marketing (Guelman et al., 2015). Its value is well illustrated by the case of panitumumab
for metastatic colorectal cancer: the initial application was rejected by the European Medicines
Agency (EMA) due to insufficient overall efficacy, but subsequent re-analysis by Peeters et al.
(2010) and Peeters et al. (2015) established efficacy in the wild-type KRAS patients subgroup,
ultimately leading to EMA approval for this distinct population.

Subgroup identification involves two key tasks: determining the number of subgroups and as-
signing each subject to a subgroup. Early work largely focused on analyses with pre-specified
subgroups (Amado et al., 2008; Peeters et al., 2015) , whereas more recent research has emphasized
discovering latent subgroups in heterogeneous data. One line of work models the population as
a mixture of subgroups, each characterized by distinct parameter values, and proceeds via finite
mixture modeling (Everitt and Hand, 1981). For example, Shen and He (2015) proposed a structured
logistic-normal mixture model to test for subgroup existence under homogeneous subgroup vari-
ances, and Shen et al. (2017) extended this framework to allow heterogeneous subgroup variances
(for additional details, see Zhou et al. 2022). A second line of work targets subgroups induced by
structural breaks in covariate effects among observed subjects, using covariate threshold models,
single-index threshold models (Zhang et al., 2022), and multi-threshold change-plane models (L1
et al., 2021). A third line of work relies on regularization to detect subgroups. A common strategy
penalizes pairwise differences between individual-specific regression coeflicient vectors to control
model complexity and encourage fusion. For instance, Ma and Huang (2017) introduced a concave
penalty on intercept differences, and Tang et al. (2021) developed a heterogeneous modeling

framework using a cluster-centered lasso penalty to group covariate effects, see He et al. (2023) for
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details. In all these methods, the penalty function is central: it shrinks parameter differences toward
zero, promotes coeflicient fusion, and enables automatic subgroup clustering.

These existing methods have limitations. In particular, an erroneous pre-specification of the
subgroup number or structure can introduce substantial bias and lead to adverse conclusions. In
the panitumumab trials, defining subgroups solely by wild-type KRAS status, as in (Amado et al.,
2008; Peeters et al., 2015), would have missed the critical finding that female patients aged > 65
derived no benefit (Luo and Guo, 2023). This illustrates the risk of oversimplifying a pre-specified
subgroup structure. Finite mixture models require specification of the outcome distribution and a
parametric model for the latent subgroup indicator, and can be biased under model misspecification.
Covariate threshold and single-index threshold models effectively pre-determine the number of
groups, and threshold models typically constrain subgroup boundaries across covariates to share
the same linear form. Such linearity assumptions can be overly restrictive and are often violated in
practice; for example, as shown in our real-data analysis, subgroup boundaries in the panitumumab
trial are distinctly nonlinear. Regularization-based methods, while useful for discovery, generally
cannot predict subgroup membership for new individuals. In addition, the pairwise fused penalty
method of Ma and Huang (2017) can be computationally burdensome for large samples, with
complexity O (n?). Most existing approaches also impose a common subgroup structure across all
covariate effects. These limitations motivate the development of a more flexible, data-driven, and
computationally efficient strategy for detecting latent subgroups, guided by clinically meaningful
covariates.

In this paper, we propose a novel heterogeneous regression model for continuous outcomes
with an unknown group structure. For greater flexibility, we allow regression coefficients to vary
across blocks defined by partitioning the support of selected covariates, where the partitions are
determined by unknown boundary curves. As a result, the latent grouping of regression coeflicients

is governed by hidden partitions of the covariate support. While related to existing models, including
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the covariate multi-threshold model (Zhang et al., 2014), multi-threshold change-plane model (Li
et al., 2021), two-way truncated linear regression model (Teng and Zhang, 2024), and varying
coeflicient model (Hastie and Tibshirani, 1993), our framework differs in a key way: it does not
assume a particular outcome distribution, pre-specify the number of groups, or restrict group
boundaries to be linear functions of covariates. To fit the model, we develop a computationally
efficient three-stage procedure. In the first stage, we enforce clustering among individuals within
the same neighborhood (with respect to selected covariates) by penalizing pairwise differences
in their regression coefficients, thereby detecting latent group structure. In the second stage, we
assign labels to the estimated groups from the first stage, and recover subgroup partitions via a
support vector machine, enabling prediction of subgroup membership for future samples. Finally, to
improve coefficient estimation, we propose a post-group-recovery step that re-estimates regression
coeflicients given the recovered group structure.

In summary, our main contributions are: (a) We propose a novel and general framework that
encompasses several established models (e.g., the threshold model) as special cases. (b) Our method
addresses key limitations of existing approaches by avoiding strict distributional assumptions, a pre-
specified number of groups, and linear boundary constraints, while allowing subgroup structures
to vary across covariates. (¢) Our procedure is computationally more efficient than the pairwise
fused penalty method of Ma and Huang (2017) and, unlike existing regularization-based methods,
enables prediction of subgroup membership for new individuals based on the recovered partitions.
(d) A re-analysis of the panitumumab trial data identifies a novel subgroup that differentiates non-
responders due to lack of efficacy from those who experience adverse effects.

The paper is organized as: In Section 2, we introduce the proposed model. Section 3 presents the
methodology, including subgroup detection method, partitions estimation and Post-group-recovery
estimators. We then state the theoretical properties of the proposed approach in Section 4. Section

5 and Section 6 illustrates the proposed method through the numerical simulation studies and real
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data analysis. The paper is concluded with some discussions in Section 7. All technical details and

additional numerical results are given in the Supplementary Material.

2. Data and Model

Consider a random sample (Y;, X;, Z;,U;),i = 1,...,n, where Y; is the outcome variable, X; and
Z; are g- and p-dimensional vectors of covariates respectively. Here, X; represents covariates with
homogeneous effects on the response, such as baseline characteristics (e.g., age, gender), while
Z; captures covariates with potentially heterogeneous effects, like treatment status or dosage in
a medical study. Let U; be an r-dimensional vector, which may share common variables with

(X, ZT)T. For example, U; is subset of (X7, ZI')". Consider following heterogeneous linear model
Yi= X[ B+ Z{ e} (U) + i, (1)

where B is a g-dimensional vector of regression coefficients, @;(U;) is a p-dimensional vector of
subject-specific regression coefficients depending on U, €; is a random error term with mean 0 and
variance 0}2» and the superscript ‘0’ (also hereafter) denotes the true values. We further assume that

there exists a latent group structure in @;(U;) of the following form

M) Mj T
a;(U;) = (Z N, (Ui eU,),.... > 65,1(U; e wgm)) : )
m=1 m=1
where {(ngm,m =1,..., Mgo} is a latent partition of U, g = 1,...p, in which YU denote the

support for random variable U. For subjects whose U; falls into the partition block U, , the indicator

om>
function I(U; € Uy, equals 1, and the g-th component of @ (U) takes the value 6,,. Namely,
all individuals whose U; falls within (ngm share the same regression coefficient Ggm. Hence, the
subgroup structure is determined by the latent partitions {(ngm, m=1,... ,Mg }.

For more clarity, Figure 1 present some simple examples of the proposed group structure when
r =2, p = 2. In this figure, we have marked each partitioned block (ngm along with the regression

coefficient values Hgm on each block, for g = 1,2, m = 1,... ,Mg, as well as the boundary

curves that form these partitions. For example, under Scenario 7, the subgroup structure of the first
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07/{0

component of &) (U;) is determined by the partition {U} ,m = 1,2}. When U; falls into U}, U?,,

090

its regression coeflicents takes the values 01 12915

respectively.
[Figure 1 about here.]

While the proposed model (1) closely resembles the varying coefficient model (Hastie and Tib-
shirani, 1993), the group structure in (2) is assumed to depend on the partitions of the support
for the covariates U;. This model has three key advantages: first, it allows for predicting group
membership for new individuals; second, it facilitates analyzing and explaining the reasons behind
subgroup formation based on the estimated potential partitions; third, the group structure reflects
the “similarity” of the grouping, meaning that individuals with more similar features are more
likely to belong to the same group. This “similarity” property is essential for the effectiveness of
the subsequent regularization technique-based group identification approach.

Note that, if we change the order of any two items ngl {U; € (ngm} and 62 o IU; € (ngm,}

for m # m’, model (2) will remain unchanged. To ensure the identifiability of the ng, we

assume without loss of generality that 921 < e < QEMO forany g = 1,...,p. Let 80 =
4
0 0 0 0 T ; p 0_d; :
(911, R HIM?, e, Gpl, e, QPM,?) isa Zg=1 Mg dimensional vector.

The proposed model is associated with the following models.

Example 1. (Covariate multi-threshold model) Consider the following model

p MO
Yi = XlTﬂO + ZlTa'lO(U,) + € = XlTﬁO + Z Zgl'ggml(’yr;zo—l < Ul‘ < ’)/;10) + €. (3)
g=1 m=1

This model is a special case of the proposed model, corresponding to the case when U; is a scalar,
M) =M, U, =Uyforg=1,....p,m=1,.. MU ={U:U <y} U) ={U:y}° <
U < 750},...,7/11?40 ={U : 7;/1%—1 < U}, in which 730 = —oo,y;[% = +oo and y(’)‘o < y;‘o <...<
y;ﬁ). When M0 =2, 9;0 = 922 - 921, the model (3) can be rewritten as
P P
Yi= X[ B+ D Zt + > 20 1(Ui > v1°) + &, )

g=1 g=1
Model (4) is the linear regression covariate threshold model considered in Lee et al. (2011).
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Example 2.(Parallel threshold change plane model) Consider the following model

p M
Yi=X[ B+ Z[adU) + & =X B+ )" > Zub, I (v}l <U[y* <y +e.  (5)
g=1 m=1

It is a special case of the proposed model, corresponding to the case when Mg =M, (ngm =U

forg=1,...,p,m = 1,...M0.And7/{? ={U : Uy < yf‘o},(ug ={U : y’l"o < Uy <

O U = U ks < UTy™), in which 730 = —00, 20 = +eoand y3® < y}0 < ... <
Vo When MO =2, 6,0 = 63, — 67, the model (5) reduce to
p P
Y= XiTﬁO + Z Zgi@gl + Z ZgiH;OI(UinO > on) + €, (6)
g=1 g=1

Model (6) is single-threshold change plane model proposed by Li et al. (2021).

These existing models are implicitly or explicitly based on the assumptions: (i) the number of
groups Mg are same for all g = 1, ..., p; (ii) The group partitions ﬂgm forany g =1,...,p are
same; (iii) the group boundary of two adjacent partitions (ngm and ﬂgm, are linear function of U;
forg =1,...,p,m =1,..., Mé(,’; (iv) the partitions ng boundary curves are parallel straight
lines that are non-intersecting within the interior of U. These assumptions, while simplifying
model estimation, are too restrictive and may be violated. For example, scenarios III violates the
assumptions (ii) and (iv), while scenarios IV in Figure 1 breach all these assumptions. In contrast,
the model structure (2) proposed in this paper makes no such assumptions and can be applied to
any of the scenarios in Figure 1. Specifically, the proposed model structure (2) allows the number
of groups Mg and the group partitions (ngm, m=1,..., Mg to vary for different g € 1,...,p.
The group boundary between two adjacent partitions can be either linear or nonlinear, and the
boundary curves may intersect within the support U. The mixed-type threshold model in the

following example, more general than those in Examples 1-2 and previously unstudied, is also a

special case of the proposed model.
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Example 3.(Mixed type threshold model) Consider the following model when p = 2,
p Mg
Y, =X B0+ 2" + e = X B0 + Z Z Zi60,1(U; € US,) + &, (7)

gm
g=1 m=

U, = {Ui {77 W) > ¥y n U y19 > 30 U, = {U - {7 W) > ¥y 0 U] v <930},
13 ={U: 1*10(Ui) < 7’?0} ’q’{gl {U: {fzo(U) O}} 22 ={U: {fzo(U) > 7;0}}’

where M} =3, M) =2, f:)(U;), f;) (U;) are the nonlinear function of U;. Similar to Scenario IV
of Figure 1, this region is obtained from the intersection of linear and nonlinear boundaries.

It is worth noting that the proposed model is more general and flexible than finite mixture models
(Shen and He 2015, Zhou et al. 2022), threshold models (Li et al. 2021, Zhang et al. 2022) and
grouping models in Ma and Huang (2017) and He et al. (2023). However, its model structure is
also more complex than those of these models. In addition to the unknown regression coeflicient
°,8°, the latent partitions {(ngm, m=1,..., Mg} need to be estimated. In fact, the membership
prediction depends on the partition recovery step. Therefore, our goal is to estimate the unknown
regression parameters %, 0° | as well as the group memberships, and then attempt to recover the
latent partitions, making membership prediction possible.

To achieve this goal, we propose a three-step estimation procedure. In the first step, we identify
the subgroup structure by using neighborhood-based regularization technique. In the second step,
we employ a support vector machine to recover the latent partitions based on the estimated subgroup
structure from the first step, making the prediction of subgroup memberships possible. In the third
step, we enhance the performance of the estimators for # and @ through a post-group-recovery
estimation procedure. To clearly present the proposed method, we focus on the main ideas in the

body of the paper, while leaving many notation definitions and formula details in the Supplementary

Material. The implementation details of these three steps will be discussed in the following Sections.
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3. Methodology

3.1 Latent group structure detection

As mentioned earlier, the group structure defined in (2) satisfies the “similarity” assumption
for grouping. To capture and utilize this “’similarity” in group detection, we need to define the
neighborhood for each subject. For subject i/, a commonly used neighborhood is defined as N,’1 =
{7 :lU; =Uj|l2 < h} or NIQ = {Jj : U; is one of the K nearest to U; among all the subjects}, where
h is bandwidth, K is positive integer, and || - || is Euclidean norm. Unlike the traditional pairwise
fusion method in Ma and Huang (2017), which connects each subject to all other n — 1 subjects,
our approach only connects each subject to those within its neighborhood, thus potentially reducing
computational complexity. For convenience, we adopt the second definition of the neighborhood.

We explore the group structure by minimizing the loss function with a neighborhood-based fused

penalty:
n 1 n p
LuB.a) =) s (V= X[B~Z[a)* + ) )" > pllaig — ajel. Ay, (8)
i=1 i=1 jeNi g=1
where @; = (a;1,...,@;p)’, p(-, 1) is a penalty function with a tuning parameter A > 0.

The rationale behind the optimization given in (8) is to fuse similar a;¢’s into subgroups, where
each subgroup has a common value 6,, obtained from the fused penalty function p(-,1). With a
suitable choice of A, [a], are forced to form subgroups in the fused regularization estimator, where
[a], denote the g-th component of vector @ and @ = (ay, ..., o)’ = ([e],..., [@],). In this
paper, we choose the minimax concave penalty function (Zhang, 2010) due to its proven advantages
in terms of low bias and stable numerical performance (Ma and Huang, 2017). Additionally, the
neighborhood-based minimax concave penalty effectively eliminates spurious associations while
reinforcing genuine within-subgroup linkages. This process simultaneously resolves the ambiguities
induced by overlapping neighborhoods, thereby enabling the clear assignment of each sample to
its most relevant subgroup. The minimax concave penalty takes the form, p,(t,1) = A fot{l -

s/(yAd)}sds for y > 1, where (x); = x if x > 0 and (x); = 0. The computational complexity
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of the proposed method is O(nK), which is more computationally efficient than the pairwise
regularization method in (Ma and Huang, 2017), whose computational complexity is O (n?).

By minimizing the penalized loss function (8), we can obtain E, @, for g = 1,---,p. Let
{ggl, ey §g A;,g} be ]\7Ig distinct values of [@],, due to the previously assumed identification as-

sumption, let §g1 <...<8 #i.- Then we can obtain Mg groups based on these A//}g distinct values.
8Mg

3.2 Group membership prediction via partitions recovery
In subgroup analysis, predicting group membership is another important issue. Existing regulariza-
tion methods, such as those in Ma and Huang (2017),Tang et al. (2021) and He et al. (2023), cannot
predict the group membership of new subjects unless we include them in the original sample and
repeat the group identification step. In contrast, our proposed method enables us to predict group
membership based on the recovered group partitions, without redoing the group identification step.
To proceed, we first obtain the estimated group structure including the estimated number of
group Mg and the corresponding group memberships, g = 1,..., p, after detecting the latent

group structure. Define the true group memberships, Ggm = {i e{l,...,n}: a?g = Hgm} ,8 =

—~

..., pom=1,..., Mg. Based on the obtained §g1 <...< ngﬁg , the estimated membership set
isdeﬁnedaségm = {i e{l,....n}:a, :ggm},g =1,...,p,m= 1,...,Mg.WhenMg:2,the
g-th partition estimation could be a binary classification problem, otherwise could be a multi-class
classification problem. We propose an support vector machine based partition recovery method due
to its superior performance with moderate sample sizes, compared to other classification methods
such as random forests and neural networks (Koo et al., 2008; Zhang et al., 2022).To save space, we
do not distinguish between linear and nonlinear support vector machine. If the partition boundary
is unknown, we prefer linear support vector machine. If the classification accuracy is low, we then
consider using nonlinear support vector machine.

Two-group partition recovery and group membership prediction

We introduce the partition estimation method for the element with 2 groups, i.e M ¢ = 2 for any

g € {l,...,p}. We assign artificial labels to two groups firstly. Let Yg*l. = —1 when i-th subjects’
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belongs to égl and Z’f’. = 1, otherwise. Then the binary classifier f; : U — {-1,1} could be

obtained by solving following optimization problem (Vapnik, 1998), i.e:

min {% Z]] (1-Fasewn) + Annf;(Ul-)H%(} : ©)
where ”+” indicates positive part, 4, is a regularization parameter, Hy = Hy + R, foUy) =
fe(U) — vy with f;(U) € Hy and y; € R, in which Hy is the reproducing ker-
nel Hilbert space associate with kernel function K. After obtaining ng(U), define Cgp =
# {i e{l,---,n}:ay,= é\gm,f;(Ui) < O} ,m = 1,2. The partition estimation (LIAgl = {U

foU) < 0}, Uy = {U : f(U) > 0} for Ci > Cyo. Otherwise, Uy = (U : fo(U) > 0},
flgz = {U : E,(U) < 0} for Cg1 < Cg2. When a new subject arrives, we can predict its group

membership by determining which partition block its U; falls into. To save space, details of multi-

group recovery and membership prediction appear in Supplementary Materials Al.
3.3 Post-group-recovery estimation

We can obtain the estimators, ﬁ §gm, and Egm, forg=1,...,pandm = 1,..., Mg, from the
previous two steps. Belloni and Chernozhukov (2013) showed that the ordinary least squares post-
lasso estimators tend to have smaller bias than the original lasso estimator. Motivated by this, we
adopt a post-group recovery estimation procedure to obtain more accurate estimators for 8 and 6.

Let @ = (67,...,60)T, W, = (I(i € Gg]),...,l(i € Gg ). It is easy to obtain that a;, =

Mg)
W, .0,. Hence, we can get post-group recovery estimators based on the estimated group structure
relationship W ,g=1,...,p,
1 ¢ &
Y 0 . T o 2
(ﬂpost’ opost) = arg mlnA Z Z(Yl — Xi ﬂ — Z ZigWi,gag) X
BERY,HeRM ™7 =] g=1
where W, = (W, ..., W,,)7 is the estimator of W, = (Wy,..., W,,)", obtained by replacing

the GY

gm>

Mg with (Egm, Mg, and 25:1 Mg = M.

3.4 Extension to high-dimensional data

In high-dimensional settings, our method maintains its validity provided that the condition

(Zg _1 Mg + ¢g) = o(n) in Theorem 1 is satisfied. Although the dimension r of U may increase
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with that of X, it must not grow too rapidly-specifically, » = o(log n). To make the model estimable

and interpretable, we add a sparsity penalty of S to the objective (8),

n

1 n p q
Lin(Boa)= ) (V= X[B-Z[a)*+ ) ) ) pllaig — el A+ ) p(IBel. 42). (10)
g=1

i=1 i=1 jeN. g=1
where p(-,dy) is a sparsity-induced penalty function and we consider the minimax concave
penalty (Zhang, 2010). Similarly, the post-group-recovery estimator in the high dimensional data,
(EfOSt,gp”St) = argminA%Zl'le(Yi — ngﬂs - ;):1 ZigWi,gHg)z, where X;; represent the

Bs€RIs feRM
important covariates selected in previous step and B are corresponding coefficients.

4. Theoretical properties
In this Section, we establish theoretical properties of the proposed estimator under the proposed
heterogeneous model. Initial results focus on the oracle properties of B and @ estimators given
known group structure. Then, we prove that the group structure could be recovered with probability
approaching 1, and based on it, we show that the proposed estimators are asymptotically equivalent
to the oracle estimators. In addition, we establish the Fisher consistency of the proposed partition
recovery method based on the support vector machine 1-norm soft margin classifier within the
regularization framework. Before that, we introduce some useful notations firstly.

Fora = (a1,...,a,) = ([a]i,..., [@],), take [@], as an example to illustrate the symbols’. Let

Mé be the subspace of R”, Mé = {[a], € R" : @jg = ajg,forany i,j € Ggm,l <m < Mg}.

For each [@], € M, it can be written as [a], = W,0,, where W, = (Wi, ..., W, ).

By matrix calculation, D, = WiW, = diag(|G21|,...,|GgMg|), where |G9,| denotes the

group size of Ggm. Define |Gr?11n| = min |Ggm|, IGY .| = max |Ggm|. Let
1<g<p, 1<m< M} 1<g<p,1<m<My

Y=(,....Y)0L X = (X1,..., X", and Z8 = diag(Z,, ..., Zen). Denote Z, = Z8W, and
E=(X,Z'W,,..., ZPW,). To ensure the identifiability of §, we assume that 921 << GgMO
8

forany g = 1,..., p as discuss in Section 2. We study the theoretical properties of the proposed

estimator under the heterogeneous model, where there are at least two subgroups, i.e., max{Mg, g =

11
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0 0 0
1,...,p} = 2. If the underlying groups G“,.. G1M0"' Gpl,...,GpM0 were known, the
oracle estimator for (8, @) would be (ﬂ‘” a’’) = argmin 2||Y XB - Zp Z¢[a], ||?, where
PERY [a] €R"
a’ = ([a]y,...,[a"] p)T. Correspondingly, the oracle estimators for the common coefficient 8

and the group 6 coefficient are (,B"r 0"’) = argmin 2||Y Xp- Zp Z og||2 (ETE)'ETY.
BeRY,0, eRY; 8
where §°" = (67, cees 5”). The following theorem provides the asymptotic property of the oracle

estimators.

THEOREM 1:  Suppose |Gmm| > \/(q + Z§=1 Mg)nlogn and (Z;’:l Mg+q) = o(n). Then under
Conditions (C1) — (C3), we have with probability at least 1 — 2(210:1 Mg +q)n!,

() NB” = BT (87 = 09T < ¢, where ¢, = V2CT1 g + 37 M2 GO, [ JnTogn and

c is a constant. Besides, ||(@°" — a°)T|| < |Gglax|¢n, sup llae" — aoll ¢n. (2) For any vector

a, € R M yigh |la, || = 1, asn — oo, 0,,(a,)"'al ((/30’ = BT, (@ = 09T —>p N0, 1)

where o,(a,) = o[al (ETE)'a,]'/?.

RemARrk 1: By letting |G9m.n| on/( max MO) for some constant 0 < ¢ < 1, the bound

1<g
On 1S ¢, = c‘l/zCl_lé_l(anag Mg),/q+ Z§:1 Mgvlogn/n. Moreover, if q,Mg(g =1,...,p)
8P
and p are fixed quantities, then ¢, = C*y/logn/n for some 0 < C* < oo. Let b, =

. . O _ 0 _ . . 0 _ 0 o . . _
Min<g<p MMy jeGO  mem |ty = @ | = miny <oy Minyzp |6, — 6, be the minimal differ

ence of the common values between two groups. And K’ = min |[{j : a/jog = a/ ,j €N 1| are the
ig

number of K-nearest-neighbors of each individual that belong to the same group.

THEOREM 2: Suppose the conditions in Theorem 1 and Condition (C4)-(C5) hold. If b, > aA,

VP og

K > K’ > max{log(n’p), p¢,} and A > max{ , On}, for some constant a > 0, where ¢,, is

given in Theorem 1, then there exists a local minimizer ( E (1), @(A)) of the objective function given

(8) satisfying pr (ﬁ(ﬂ), a(d) = (E”,&”’)) — 1.

ReEmARK 2: Theorem 2 shows that the oracle estimator (,E‘”, ") is a local minimizer of the

objective function with high probability, and thus the true groups can be recovered. Specifically,
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the common value for group m at the g-th component is given by §gm = &;’gr fori € Ggm. This result
holds under the condition that K > K’ > max{log(n’p), p¢,}. When all M?, and p, ¢ are finite

and fixed, K can be of the order of log n, which is consistent with Madrid Padilla et al. (2020).

—~

Let = (511, e 9111711’ e §p1, el §pMP)T be the estimated treatment effects such that §gm =
Qg fori € égm, g=1...,pom=1,..., Mg, and @ is the local minimizer given in Theorem 2.
Based on the results in Theorems 1 and 2, we obtain the asymptotic distribution of ( E, 5) and the

consistency of post-recovery estimators giving in the following corollary.

14
e R Ze=t M yith ||yl = 1, as

CoroLLARY 1:  Under the conditions in Theorem 2, for any a,
n — oo, we have (1) pr(VT’g =Ws,¢g=1,...,p) = L o,(a,) 'al ((E—ﬁO)T, (5— GO)T) —D
N(0,1) where on(a,) = olal(ETE)'a,]''*. (2) Besides, for any vectors a, € RY,
a € REM with llan| = 1 llanll = 1, asn — oo, owi(an)'al,(B - B —p
N(O,1), ou(an)™'al,(0-6°) —p N(0,1) where@ = (07,...,0%), o (an) = o[al [XTX -
X"Z(Z"2)7'Z" X1 a]'? and op(aw) = ola,[Z"Z - Z'X(XTX)"' XTZ] a,n]'?, in

which Z = (Zl, - ’Zp)- (3) pr ((Epost’é\pOﬂ) = (EOr,ﬁor)) — 1.

Next, we consider the high-dimensional situation. Without loss of generality, let B =
(BN, (B° STL.)T , where the first ¢; components of 8, denote by B, are nonzero, the remaining
q — g5 coefficients, ,B?c are 0. The oracle estimator when true memberships is known, which is

defined as (B2, B%,0°") = argmin 3||Y - XB - Z;’:l Z,0,]% + Zzzl P(1Bgls A52).
BeR4.9,cRME

THEOREM 3:  Under the conditions of Theorem 2 and Conditions (C6)-(C7) hold, if A /n —
0, As2/ng — o0 and g3 /n — 0, then with probability tending to 1,

(1) A?C’ = ?C = 0. (2) For any vector a, € RO*Zen My with |la,|| = 1, as n — oo,
ou(an)al (B2 = BT, (7 = 6%)T) —p N(0,1). 7u(@n) = rlak(ETE)  a,]'V? and E, =

(X Z'Wr,o-- ZPW,). (3) pr ((BL.87°) = (B 67)) — 1.

In the following part, we establish the Fisher consistency of the proposed partition recovery
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method based on the support vector machine within the regularization framework. Define the
generalization error E(f;(U)) = E((1 - f/;fo fe(U))+) (Zhang, 2004), if the underlying group
memberships Ggl and ng were konwn, the ture oracle Bayes rule f;b’ is represented as fgf’b’ =
sgn (pg(?;o =1|U=u)- Pg(?g*o =-1|U-= u)), see Lee et al. (2004). The following theorem
provides the estimated classifier rule sgn( f;, (U)) is Fisher consistent and asymptotically equivalent

to the true oracle Bayes rule as the sample size tend to infinity.

THEOREM 4 When M = 2. Under the conditions in Theorem 2, for every A, >0 satisfy

A, — 0 and n\}/l_ log (N (VA,)) — 0, where N (€) is the covering number. Besides, define
the regularization error D(A,) = inf {S(fg 0)) - 8(fg0b’(U)) + /1n||f;||§<}, where f;l:(U) is
fgeW‘K

the minimizer of E( f3(U)). As /llimo D(A,) =0, we have

(1) pr {R(sgn(F(U)) = RASG WM} = 1. 2) pr(th = UL, T = UY) — 1.

Similarly, we prove that multiple groups classifier is Fisher consistent and, as the sample size
tends to infinity, asymptotically equivalent to the true oracle multi-class Bayes rule. For details, see
Supplementary Materials A2.2.

5. Simulation study

We evaluate the finite sample performance of the proposed method using five data generation cases.
Case 1 represents the ordinary covariate threshold model, while Case 2 corresponds to the parallel
threshold change plane model. Case 3 allows the boundary curves to intersect within the support of
U and different partition boundaries for different covariates. Case 4 is the most general, with both
linear and nonlinear boundary functions, intersecting curves, and varying numbers of subgroups and
partition boundaries for different covariates. The existing methods cannot address general cases like
case 3 and 4, so we compare our method with Li et al. (2021) under cases 1 and 2. In Case 5, we
also consider a high-dimensional homogeneous covariate setting. All data are generated from the
model: Y; = Xl.TﬂO + Zl.Ta/?(Ui) +¢€,1 =1,...,n. Simulation experiments are based on sample size

n =400 or 800 and B = 200 replicates. The specific setting is given as follows.
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In Cases 1-4, the random error values of ; are generated from N (0, 0.5%), X; = (1, Xy;, Xo))T, Z; =
(Z1i, Z>)T, the population parameters B° = (1,1, 1)7. Two settings for the covariate (Zy;, Zo;)
are considered: Case 1: a binary predictor (0/1) with a probability of 0.5 for Zj; each value,
with a probability of 0.6 for Z; each value; Case 2: a continuous predictor are generated from
N((1,2)T,%,) where | = {07;-},07; = 1 and gj;» = 0 for j # j’. All possible configurations of
U; and the probability distribution of X; were incorporated in our setting. In Case 1, we assume Xj;
generated from U(0, 1), Xp; generated from N(0, 1) and U; = Xj;. Similar to Figure 1 Scenario
I group structure, a(l)l. = H(l)m fori € (Ll?m, agi = H(Z)m for i € (L{gm, m = 1,2. Where
(9?1,9?2) = (-1,1), (921,932) = (-1.5,0.5). In Case 2, we assume (Xy;, X»;) generated from
N((0,0)7,%,),%, = {ojj:},07; = 1 and 0j;» = 0.3 for j # j’, Uy;, Us; independent generated
from U(0, 1). As shown in Figure 1 Scenario /1, a(l)l. = Q?m fori e (Ll?m, ozgl. = H(Z)m fori e ‘leom,

_ 0 g0 0y — 0 40
m = 1,2,3. Where (6],,07,,6,;) = (-2,0,2),(65,,6,,

023) = (-1.5,0.5,2.5). Under Case 2,
we consider Case 3 with shown in Figure 1 Scenario /71, the remaining settings are same as Case
2. In Case 4, we assume X;, Xp; independent generated from U(0, 1) and (Uy;, Uy) = (X1i, X2i),
the group structure as shown in Figure 1 Scenario /V. Two settings for the covariate (Z;, Zy;) are

similar to Case 2. a/(l). = 9(1) fori e (LI? ,m=1,2,3, a/g. = 0(2) Lfori e U° ,,m’ =1,2. Where
l m m l m

o’
(9(1)1, 9(1)2, 6?(1)3) = (-2,0,2), (9(2)1, 9(2)2) = (-1.5,0.5). In Case 5, we consider a high-dimensional
homogeneous covariate setting g = Lnl/ 3] + 3, the population parameters ﬁo =(1,1,1,0,---,0).
We assume Xj; generated from U(0, 1), X,; generated from N(0,1), g = 2,---, Ln1/3 + 3], and
U; = Xy;. Assuming the dimensionality of heterogeneous covariates equal to the |n!/3], we verify
that our method maintains numerical validity under moderate dimensionality regimes, provided
(Zgzl Mg +¢q) = o(n) is satisfied. Z,; independent generated from N(1,1), g = 2,---, |n73].
Similar to Figure 1 Scenario / group structure, oz(l)l. = H?M fori e (L[?m, ozgl. = Ggm fori e (L(gm,

m = 1,2, where (67,67, = (=1,1),(69,,67,) = (-2,0),g = 2,---, [n'/*].

We adopt the alternating directions method of multipliers algorithm (Boyd et al., 2011) to

15
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obtained the proposed estimate, details see Supplementary Materials A3.1. The tuning parameters

A=(14,... ,/lp)T and K is selected by minimizing a modified Bayes Information Criterion (BIC):
2
1< S SN logn [ & ~
BIC(A,K) = log |~ Zl Y~ X[ B(102. K) - Zl Zyitig (1. K) | |+Co— Z} My (2. K) + 45 |
i= &= 8=

where C,, = log(np + g4) is a positive number, B\(/lsz,K), @ig(A4,K) and Mg(/lg,K),g =
I,...,p,i =1,...,n are estimated regression parameters and estimated number of groups.

The performance of our method is evaluated in three aspects: subgroup identification accuracy,
parameter estimation, and partition recovery with group membership prediction. To assess subgroup
identification, Table 1 reports the median, bias, and standard deviation (s.d.) of the estimated number
of groups, the average Rand Index (RI) for clustering accuracy, and the percentage (per) of Mg
matching the true number of subgroups, where per = B! Zf; 1 (Mi = M"). The Rand Index (RI)
is computed by RI = (TP+TN)/(TP+FP+FN+TN), where TP, TN,FP and FN are the numbers of
true positives, true negatives, false positives, and false negatives, respectively. The Rand Index (RI),
which ranges between 0 and 1, reflects clustering accuracy, with higher values indicating better
performance in identifying the latent group structure. From Table 1, we observe that the medians
of Mg (g = 1,---, p) match the true number of subgroups across all cases. As the sample size n
increases, both the RI values and the proportion of correctly selecting the number of subgroups
approach 1, indicating enhanced clustering performance.

[Table 1 about here.]

To evaluate the performance of partition recovery, Table 1 also presents the average accu-
racy (ACC) of the partition recovery. The value of ACC,,g = 1,---,p defined by ACC, =
%Zfigl Ziecgm H{w? = w8}, in which w§ = 1fori e Ggm, wi = 0 otherwise, and w = 1
for U; € (L?gm and me = 0 otherwise. As n increases, the accuracy approaches 1. To assess the
accuracy of the group membership predictions, we tested the proposed method by predicting the
group membership of 200 test subjects using the recovered partitions. ACCg (g=1,---,p) show

the average prediction accuracy for the 200 testing samples. From Table 1, it is clear that ACC-
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related indices are very close to 1, indicating that both the proposed partition recovery method and
the membership prediction based on it perform exceptionally well. Additionally, Figure 2 visualizes
the recovered partitions for cases 1-5 when n = 400. Results for n = 800 are provided in the
Supplementary Materials A3.4. to conserve space. In this figure, the dotted curves represent the
true boundary curves, while the differently colored areas depict the estimated partition blocks. The
boundaries formed by adjacent estimated blocks represent the estimated boundaries. Figure 2 shows
the estimated partition blocks closely align with the true partitions in most cases. For Case 5, the
recovered partitions of [a@]3 through [@],13; exhibit patterns similar to those of [e];, [@],. For
conciseness, we present only the first two dimensions as representative cases in Figure 2.
[Figure 2 about here.]
[Table 2 about here.]

Finally, to assess the performance of the proposed estimator for the regression coefficients, Table
2 presents simulation results for the post-group-recovery estimator across cases 1-5. We report
the bias, empirical standard deviation (ESD), and mean squared error (MSE) of the post-group-
recovery estimator. It is evident that the biases are very small across all cases. As n increases, the
ESDs and MSEs decrease, demonstrating improved precision. To facilitate the comparison, Figure
3 presents the boxplots of the estimation errors (i.e., estimate minus true value) for all regression
parameters obtained using the method in Li et al. (2021) and our proposed method based on 200
replications. From this figure, it is evident that the median of our estimates is closer to O compared
to the estimates obtained using the method of Li et al. (2021), under both cases. Under Case 2, the
variability of our estimates is also slightly smaller. Overall, both methods perform similarly under
the classical covariate threshold model and the threshold change plane model (such as in Cases 1
and 2). However, for the remaining cases, our method continues to perform effectively, while their
method fails to identify the subgroup structure and exhibits significant estimation errors. For the
remaining comparison results, please refer to A3.4. in the supplementary materials.

[Figure 3 about here.]
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6. Panitumumab trial data analysis

In this Section, we evaluate the proposed methodology using data from the panitumumab trial.
Panitumumab is a fully human monoclonal antibody targeting the epidermal growth factor re-
ceptor (EGFR) that has been shown to improve progression-free survival (PFS) in patients with
chemotherapy-refractory metastatic colorectal cancer (mCRC). The trial evaluated the efficacy and
safety of panitumumab in combination with fluorouracil, leucovorin, and irinotecan (FOLFIRI)
versus FOLFIRI alone among patients with mCRC after failure of initial treatment (Peeters et al.,
2010). Patients were randomly assigned to one of two arms: panitumumab plus FOLFIRI (treatment
1) or FOLFIRI alone (treatment 0). The primary objective was to assess which regimen provides
superior efficacy.

After excluding 95 records with missing data and 47 right-censored records, a total of 804 subjects
were included in the analysis. Let the log-transformed progression-free survival day be Y;, and
let Z; € {0, 1} indicate whether subject i received treatment O or 1. Baseline covariates include
age (X1), gender (X»; female = 0, male = 1), prior bevacizumab exposure (X3; no = 0, yes = 1),
primary tumor site (X4; rectal = 0, colon = 1), Kirsten rat sarcoma virus (KRAS) mutation status
(Xs; mutant = 0, wild = 1), Eastern Cooperative Oncology Group (ECOG) performance status (Xg;
fully active = 0, symptoms but ambulatory/in bed less than 50% of the time = 1), number of baseline
metastatic sites (X7), and liver metastasis status (Xg; no = 0, yes = 1). We first fit a homogeneous
linear regression model with Y; as the response and the intercept, the eight baseline covariates,
and the treatment indicator Z; as predictors. The estimated coefficient under the homogeneous
model is 0.085 (p < 0.001), corresponding to a hazard ratio of approximately 1.09. While the
overall effect is modest in magnitude, suggesting limited average clinical benefit at the population
level, the statistically significant signal may still reflect underlying biological heterogeneity and

supports further investigation of subgroup-specific treatment responses. This is consistent with the
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limited overall efficacy that initially led the European Medicines Agency to decline panitumumab’s

application for mCRC.

[Figure 4 about here.]

Existing studies (e.g., (Amado et al., 2008; Peeters et al., 2015)) defined subgroups based solely
on wild-type KRAS status, thereby establishing the efficacy of panitumumab in wild-type KRAS
patients. However, this strategy would not capture the more nuanced finding reported by Luo and
Guo (2023): among female patients with wild-type KRAS, those aged 65 years or older derived
no clinical benefit. This motivates us to identify potential subgroups by incorporating additional
covariates, such as age, beyond wild-type KRAS status. Here, we fit the proposed heterogeneous
linear model ¥; = Xl.Tﬁ +Za;(U;) +€,i=1,--- ,n, where X; includes the intercept and the eight
baseline covariates described above, Z; is the treatment indicator, and U; denotes the threshold
variables. Motivated by Luo and Guo (2023), we set U; = (Uy;, Uy, U3y, Uy, Us)T, where U, is
age, U, is gender (female = 0, male = 1), U3 is KRAS mutation status (mutant = 0, wild = 1), Uy
is ECOG performance status (fully active = 0, symptoms but ambulatory/in bed less than 50% of
the time = 1), and Us is the number of baseline metastatic sites. All predictors are centered and
standardized before applying the regularization methods.

Patients were assigned to three subgroups (5 1, @2, 53) with sizes 134, 321, and 349, respectively.
Performing post-grouping estimation based on the identified subgroup structure, we obtain the
following treatment-effect estimates: 0, = —0.369 (statistically significant, p = 0.000), 6, = 0.027
(not significant, p = 0.327), and 03 = 0.352 (statistically significant, p = 0.000). These results
suggest that panitumumab plus FOLFIRI provides superior efficacy relative to FOLFIRI alone for
patients in subgroup G 3. In contrast, no significant difference is observed between the two regimens
for patients in subgroup G», whereas for those in subgroup G, panitumumab is associated with
adverse effects. These findings differ from the prevailing view that panitumumab provides clinical
benefit in wild-type KRAS patients.

In addition, we recover the subgroup partitions using a Gaussian-kernel support vector machine.
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The prediction accuracy for subgroup membership is 92.04%, indicating strong performance of the
proposed partition-recovery step. We further examine the distributions of the threshold variables
across subgroups. Figures 4(a)—(d) display the counts for gender, KRAS mutation status, ECOG
performance status, and number of baseline metastatic sites within 51, @2, and 53. The boxplots
of the threshold variable age at baseline across subgroups are presented in Figure 4(e). Based
on Figures 4(a)—(e), the distributions of the discrete threshold variables (gender, KRAS mutation
status, and ECOG performance status) in subgroup G 1 exhibit a distinct pattern relative to subgroups
G» and G3, whereas the latter two subgroups are broadly similar for these variables. By contrast,
the number of baseline metastatic sites shows markedly different patterns between G» and 63.
Figure 4(e) further shows that both the mean and median baseline age in subgroup G, are higher
than those in the other two subgroups, which is partially consistent with the pattern noted by Luo
and Guo (2023).

For younger male patients with wild-type KRAS, if their ECOG score is 1 (indicating mild
symptoms) and they have a high baseline number of metastatic sites, treatment 1 demonstrates clear
superiority over treatment 0. In contrast, for female patients with mutant KRAS who are fully active
(ECOG = 0) and have fewer than two baseline metastatic sites (suggesting a favorable prognosis),
treatment O is recommended. Partial results align with previous findings. Luo and Guo (2023)
showed, via formal statistical testing, that among patients with more severe disease (ECOG = 1,
number of metastatic sites > 2) and wild-type KRAS, panitumumab-FOLFIRI achieved greater
efficacy. This concordance further supports the validity and feasibility of our approach. Importantly,
existing assessments of treatment-effect heterogeneity for panitumumab—FOLFIRI (Peeters et al.,
2010, Peeters et al., 2015) typically presuppose a binary subgroup structure based solely on KRAS
status. In contrast, by incorporating a broader set of patient characteristics, including gender, overall
health status, and other clinically relevant covariates, the proposed framework provides a data-

driven basis for identifying more refined subgroups beyond conventional genetic markers. This
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perspective also prompts reconsideration of whether apparent non-responsiveness reflects true
treatment indifference or potential adverse effects, thereby enabling more nuanced clinical decision-
making. Even with a 5.5% censoring rate, excluding censored subjects may lead to biased results. As
a sensitivity analysis, we assigned Y; to be the censoring time for censored observations and repeated
the analysis. Results of this additional analysis are presented in the Supplementary Material and
show broadly similar patterns. Extending the proposed method to directly accommodate right-

censored outcomes remains an important direction for future research.

7. Discussion

It is important to note that our current focus is on linear regression with i.i.d. data. An important
direction for future research is to extend this method to a broader range of models and/or complex
data structures. Promising generalizations notably include survival (e.g., Cox) and spatial (e.g.,
autoregression) models, as well as applications to right-censored, longitudinal, panel, missing,
and spatiotemporal data. Moreover, in real applications, it is crucial to distinguish among the
covariate sets U, Z, and X before applying the proposed method. First, the threshold variables
U; can be chosen based on the scientific objective, domain knowledge, and preliminary analyses.
For example, in our real-data analysis, age and KRAS mutation status are selected as U; and Uj
based on findings in Peeters et al. (2010), Peeters et al. (2015), and Amado et al. (2008). Gender and
ECOG performance status are selected as U, and U4 based on Luo and Guo (2023). The number
of baseline metastatic sites is selected as Us, reflecting our interest in whether patients with a more
favorable prognosis (ECOG = 0, metastatic sites < 3) tend to exhibit different treatment effects
from those with a poorer prognosis.

Next, to distinguish covariates with homogeneous versus heterogeneous effects, one pragmatic
strategy is to initially treat all remaining covariates as candidates in Z; and apply the fused regular-
ization procedure to all of them. The proposed subgroup identification step can then estimate the

number of subgroups associated with each covariate effect. Covariates whose effects are estimated
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to be homogeneous (i.e., forming a single group) can be assigned to X, whereas covariates whose
effects split into two or more subgroups can be retained in Z.

In our approach, the statistical significance (p-values) associated with subgroup treatment effects
does not account for the uncertainty in subgroup detection. Addressing how to incorporate this type
of uncertainty is an important direction for future research. We also acknowledge that, in some
settings, the identified subgroups may overlap substantially in covariate distributions and therefore
lack clean, clinically interpretable boundaries. In our data analysis, for example, although age and
gender exhibit some distributional differences across subgroups, subgroup membership is not easily
characterized by simple rules. Consequently, assigning a new patient to a subgroup may still require
evaluating their covariates through the fitted SVM classifier rather than relying on bedside heuris-
tics, which limits immediate clinical interpretability. More broadly, as with many flexible, data-
driven subgroup discovery methods, the treatment-effect heterogeneity detected by our approach
may be statistically meaningful yet difficult to translate into clinically actionable guidance, and
increasingly fine partitions of the covariate space can yield subgroups with opposing average effects.
Future work will therefore focus on improving interpretability and clinical usability, for example
by developing parsimonious surrogate rules, post hoc explanations of the learned partitions, and

stability assessments to help distinguish robust heterogeneity from modeling artifacts.
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Figure 1: Simple examples of group structure when r = 2, p = 2: {Ug,,m = 1,...,M"} is
o, . 0 . . . . . o,
a partition and 6, is the corresponding subgroup coefficient. The solid lines are the partition

boundaries. In (a) Scenario I: red lines in both correspond to U; = 0.5; In (b) Scenario /1: red
lines in both U; + U, = 1.3, green lines in both U; + U, = 0.7; In (c) Scenario /11: left: red and
green line U1 +0.5U; = 0.25, blue line U — U, = 0, right: red and green line Uy +2U, = 1, blue line
U; — U, =0; In (d) Scenario IV: left: red and blue line U12 + O.5U§ = 0.5, green line Uy — U =0,
right: red line U% +U; =1.
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Figure 2: The partition recovery results based on n = 400 for Case 1-5. The first column are graphs
for [@]; in case 1-5 while second row are for [«],.
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Figure 3: Boxplots of parameter estimation errors in different methods. (a) Case 1 (b) Case 2.
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Figure 4: The counts of discrete threshold variables across subgroups. (a) Gender, (b) KRAS gene
mutation status, (c) ECOG performance status and (d) Baseline metastatic site number. (e) Box
Plots of Baseline Age Across Subgroups, solid line: mean; dashed line: median.
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Table 1: The sample median,bias alld slandard deviation (s.d.) of M 1 ]\22, the Randex Index(RI)
value and the percentage (per) of M, M, equaling to the true number of subgroups; the average
accuracy (ACC) of the classifier’s based on test sample n” = 100 in Case 1-5.

n =400 n = 800

Case median  bias s.d. RI per  ACCg ACC§ median  bias s.d. RI per  ACCg ACC§

M; 2000 0.035 0.184 0971 0979 0994  0.965 2.000  0.000 0.000 0.983 1.000 0.996  0.993
M, 2000 0.015 0.122 0989 0.985 0.989  0.987 2.000  0.000 0.000 0.984 1.000 0.993  0.991
M; 3.000 0.000 0.000 0972 1.000 0.972 0.970 3.000 0.000 0.000 0980 1.000 0980 0.984

2 M, 3.000 0000 0000 098 1.000 0982 0977 3.000  0.000 0.000 0.991 1.000 0.988  0.987
3 El 3.000 -0.005 0.071 0958 0995 0958 0.956 3.000 0.000 0.000 0961 1.000 0969 0.968

M, 3.000 -0.035 0.210 0.948 0970 0.969  0.963 3.000 -0.010 0.099 0956 099 0976 0.973
4 E‘ 3.000 0.000 0.000 0967 1.000 0975 0.966 3.000 0.000 0.000 0974 1.000 0979 0977

M, 2000 -0.025 0.157 0970 0975 0990 0.975 2.000  0.000 0.000 0.959 1.000 0.992  0.985

M; 2000 -0.005 0.071 0.969 0.995 0.986  0.985 2.000  0.000 0.000 0969 1.000 0.990  0.990
M, 2000 0.025 0.157 0975 0975 0.987  0.987 2.000 -0.005 0.071 0978 0.995 0990 0.990
Mz 2000 0.030 0.171 0974 0970 0.986 0.986 2.000 -0.005 0.071 0979 0.995 0991 0.991
M, 2000 0.000 0.000 0.975 1.000 0.988  0.986 2.000  0.000 0.000 0976 1.000 0.992  0.991
5 Ms 2,000 0.000 0.000 0.975 1.000 0.987  0.987 2.000  0.000 0.000 0973 1.000 0991  0.990
Mg 2.000 0.010 0.100 0.974 0.990 0.986 0.986 3.000 -0.010 0.100 0976 0.990 0.990 0.990
M; 2000 0.000 0.000 0974 1.000 0987 0.975 2.000  0.000 0.000 0.980 1.000 0.990 0.990
Msy 2.000 -0.005 0.071 0978 0.995 0.989 0.981
My 2.000  0.000 0.000 0979 1.000 0989 0.982




Table 2: The bias, empirical standard deviation (ESD) and mean squared error (MSE) of the post-
group-recovery estimator

Subgroup identification and membership prediction

n =400 n =800
Case bias ESD MSE bias ESD MSE
gL -0.0015 0.0952 0.0091 -0.0041 0.0598 0.0036

E{"’S‘ 0.0087 0.1480 0.0220 0.0137 0.0968 0.0096

Brest -0.0005 0.0259 0.0007 -4e-05 0.0178 0.0003

1 one! -0.0153 0.0767 0.0061 -0.0151 0.0505 0.0028
one! 0.0225 0.0722 0.0057 0.0055 0.0530 0.0028

one! -0.0294 0.0832 0.0078 -0.0118 0.0542 0.0031

o0 0.0167 0.0806 0.0068 0.0137 0.0576 0.0035

Brest -0.0038 0.0627 0.0040 0.0037 0.0462 0.0022

Ef"’s’ -0.0029 0.0297 0.0009 -0.0013 0.0201 0.0004

Brest 0.0006 0.0301 0.0009 0.0023 0.0204 0.0004

ones! 0.0042 0.0541 0.0029 0.0056 0.0385 0.0015

2 el 0.0048 0.0388 0.0015 -0.0008 0.0256 0.0007
ones! -0.0088 0.0572 0.0033 -0.0056 0.0387 0.0015

ono! -0.0018 0.0418 0.0017 -0.0059 0.0288 0.0009

lnadd -0.0005 0.0309 0.0010 -0.0003 0.0205 0.0004

oros 0.0096 0.0437 0.0020 0.0036 0.0266 0.0007

Brest 0.0067 0.0694 0.0049 -0.0010 0.0464 0.0022

Ef"’s’ 0.0019 0.0307 0.0009 -0.0021 0.0207 0.0004

Eg’"" -0.0038 0.0319 0.0010 -0.0011 0.0201 0.0004

ohes! 0.0077 0.0515 0.0027 0.0035 0.0354 0.0013

3 orest -0.0055 0.0570 0.0033 0.0013 0.0391 0.0015
onoe! 0.0099 0.0494 0.0025 0.0073 0.0300 0.0010

ohost -0.0095 0.0483 0.0024 -0.0027 0.0307 0.0010

o0 -0.0032 0.0398 0.0016 -0.0002 0.0254 0.0006

or°! -0.0059 0.0364 0.0014 -0.0033 0.0266 0.0007

Eg”*' -0.0683 0.1449 0.0276 -0.0521 0.1009 0.0129

prost 0.0835 0.1725 0.0367 0.0623 0.1164 0.0174

Eg"’s‘ 0.0421 0.1548 0.0257 0.0433 0.1013 0.0121

oot 0.0184 0.0476 0.0026 0.0137 0.0321 0.0012

4 on°! -0.0022 0.0561 0.0032 -0.0050 0.0369 0.0014
onoe! -0.0146 0.0423 0.0020 -0.0069 0.0300 0.0009

o5°! 0.0044 0.0333 0.0011 0.0015 0.0231 0.0005

o0 -0.0082 0.0411 0.0018 -0.0082 0.0294 0.0009

gLt -0.0055 0.1538 0.0237 -0.0042 0.1102 0.0122

Ef"’s’ 0.0025 0.2136 0.0456 0.0084 0.1422 0.0203

Brest -0.0006 0.0357 0.0013 0.0005 0.0249 0.0006

ones! -0.0216 0.0915 0.0088 -0.0283 0.0785 0.0070

ono! 0.0051 0.1038 0.0108 0.0164 0.0803 0.0067

o5 0.0505 0.1146 0.0157 0.0499 0.0954 0.0116

o0 -0.0456 0.1075 0.0136 -0.0488 0.0859 0.0098

grost 0.0433 0.1001 0.0119 0.0456 0.0930 0.0107

o0 -0.0566 0.1121 0.0164 -0.0447 0.0849 0.0092

o5t 0.0521 0.1219 0.0176 0.0461 0.0785 0.0083

5 o0 -0.0305 0.0961 0.0109 -0.0412 0.0807 0.0082
orost 0.0371 0.0901 0.0091 0.0603 0.1071 0.0151

or°! -0.0389 0.1118 0.0140 -0.0428 0.0840 0.0089

oro! 0.0455 0.1177 0.0168 0.0504 0.0922 0.0110

o0 -0.0588 0.1167 0.0172 -0.0542 0.0840 0.0100

o5t 0.0334 0.1077 0.0127 0.0446 0.0864 0.0095

oot -0.0252 0.0904 0.0088 -0.0436 0.0767 0.0078

o5 0.0584 0.1023 0.0139

o0 -0.0474 0.0907 0.0115

one! 0.0254 0.0789 0.0069

o0 -0.0254 0.0747 0.0062
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