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Nematic ordering in anisotropic elastomers:
Effect of frozen anisotropy
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Abstract. Nematic ordering in anisotropic non-Gaussian elastomers is considered theoretically using mean
field approximation. We focus on the effect of anisotropy during network cross-linking on the system
elasticity and, in particular, on the so-called soft deformation mode. As the main result, we calculate
the dependence of the elastomer free energy on the angle between the axis of “frozen” anisotropy and the
nematic director. The dependence of the isotropic-nematic transition point on the orientational field acting
on the monomers during the cross-linking process is also calculated.

PACS. 61.25.Hq Macromolecular and polymer solutions; polymer melts; swelling – 61.30.-v Liquid crystals

1 Introduction

Nematic polymer networks show remarkable elastic prop-
erties which have been extensively studied recently both
theoretically [1–14] and experimentally [15–18]. One of the
most striking features of these systems is the existence of
soft deformation modes, i.e. certain shear deformations
coupled with rotation of the nematic director that cost
very low (or zero) energy [9–11]. As follows from sim-
ple symmetry arguments [19], these modes are absolutely
soft (i.e. zero energy) for those elastomers that have been
cross-linked entirely in the isotropic state. On the other
hand, the softness is lost to semi-softness if crosslinking
is performed in anisotropic state: in this case the initial
anisotropy direction is frozen in the elastomer [11,12,17].
The free energy of the system increases when the director
rotates on angle ω with respect to the axis of quenched
anisotropy [11]:

F = Fi + Fa sin2 ω (1)

where F is the free energy density, and Fa characterizes
the effect of the intrinsic network anisotropy.

The soft modes are closely related to the stripe domain
pattern that has been observed in nematic elastomers un-
der extension deformations perpendicular to the director
[16,17]. The deformation is also semi-soft, and is charac-
terized by a small threshold strain ε1 ∼ 0.02÷0.15 [13,16,
17]. Theoretically [11] the threshold is nearly proportional
to the anisotropic modulus Fa.
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Theoretical studies of soft modes [11,13,14] show that
Fa ≡ 0 for ideal elastic networks with identical Gaus-
sian homopolymer strands (i.e. no quenched orientational
memory): in this case all network strands are deformed in
the same way and the elastomer can return to isotropic
state after appropriate macroscopic deformation. Two
models were proposed in order to explain the observed
non-zero values of Fa and ε1. One model [11,13] takes
into account that polymer sub-chains are sometimes ran-
dom copolymers [18], rather than homopolymers. The
anisotropic modulus is proportional to the degree of com-
positional disorder in this case. The other model [14] as-
sumes bulky rod-like cross-linkers which also show orien-
tational order in anisotropic state.

It is important however that a finite thresh-
old/modulus for soft deformations has been observed
for all systems studied (provided these were cross-linked
in anisotropic state). This suggests a possibly universal
mechanism for this effect. The aim of the present paper
is to analyze the simplest model of nematic elastomer
with point-like cross-links and compositionally homoge-
neous strands. However we take into account that the
chain statistics are not exactly Gaussian as the chains
are mesogenic and hence are semiflexible (note that truly
Gaussian chains must be infinitely flexible, i.e. unable to
form nematic order). We consider the simplest case of
freely-jointed rod model for semiflexible sub-chains. We
show that the hardening of the soft deformations can be
explained by non-linear elasticity of individual sub-chains
which is due to the fact that the chains are semi-rigid.

The theoretical problem and the model are set up in
the next section. Three subsequent sections are devoted
to the details of calculation of the anisotropic part of the
free energy, Fa. We consider both the angular dependence
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of the anisotropic free energy and its dependence on both
effective orientational fields during cross-linking and in the
final state. The results are discussed and compared with
predictions of other theories in Section 8.

2 The model

Let us consider a melt (or a concentrated solution) of
mesogenic polymer chains. Each chain is modeled by a
freely-jointed sequence of rods (segments) of fixed length
b. This is the simplest model for semiflexible chains which
is adequate for e.g. side-chain mesogenic polymers [20].
The segment orientations are not correlated a priori.

An isotropic Gaussian network can be easily obtained
by cross-linking the polymer system (polymer statistics
are nearly Gaussian due to Flory theorem) into the elas-
tomer sample. Detailed theoretical investigation of ne-
matic ordering and elastic effects in these isotropically
formed polymer networks consisting of mesogenic units
has been independently conducted at the end of the 1980s
by two groups [3,4] and [5,6].

In order to obtain an anisotropic network one has to
conduct a more complicated procedure: a system of pre-
cursor polymer chains must be orientationally ordered
during cross-linking. An orientational order may be in-
duced e.g. by (1) application of external magnetic or elec-
tric field if the monomers are characterized by anisotropic
polarizability; (2) application of external mechanical stress
to the system; (3) decreasing the temperature below the
clearing point of the precursor system, i.e. cross-linking in
nematic state (in the latter case the order is due to ne-
matic molecular field). The first way is inefficient as very
high fields are normally required. The third way is the
most efficient one. The last two ways has been actually
realized experimentally [16,17].

In all cases the ordering field can be described by a
quadrupole molecular potential

Uext(n) = −U0(nu)2 (2)

acting on each polymer segment, where U0 is the field am-
plitude, n is unit vector along the segment, and u is unit
vector defining the field orientation; U0 > 0 corresponds to
orientational ordering along the u axis. Note that in case
(3) Uext is actually the Maier-Saupe nematic molecular
field [21–23]. The probability distribution of the subchain
end-to-end vector,

R =
N∑
i=1

bni

where N is the number of segments per sub-chain, must
depend on the orientational field U0. We will assume
that the probability distribution functions of precursor
polymer chains (prior cross-linking) and those of network
strands are the same1.

1 Recently Rubinstein and Panyukov [24] showed that cross-
linking process could affect the probability distribution of R.

We assume that the orientational field is switched off
after cross-linking, and the system relaxes to an equilib-
rium state under null orientational field. It is convenient
to consider this state as a reference (i.e. formally unde-
formed) state2, although it is not necessary to realize it in
practice (in particular, the system might be nematically
ordered both during cross-linking and afterwards, see be-
low). Thus, we distinguish the formation state, where the
network is prepared (cross-linked) in presence of nematic
field, from the reference state, which is attained after (1)
crosslinking, (2) turning off nematic interactions and (3)
relaxation with no fields.

It is important that the subchain statistics (both with
and without the field) are not exactly Gaussian: the Gaus-
sian statistics are recovered in the limit N →∞, which is
not assumed here (i.e. N is finite)3. Therefore, the sub-
chain conformation does not have to be exactly isotropic
even in the reference state: the network ‘remembers’ the
direction of the initial orientational field Uext. The corre-
sponding memory effects are considered below.

Now let us allow for mesogenic interactions between
polymer segments after cross-linking, and assume a ne-
matic order of network strands. We employ the Maier-
Saupe mean-field model [21–23] for nematic interactions,
which are described in terms of molecular field Unem(n)
acting on each segment:

Unem(n) = −U ′0ηP2(nd) = −Tβ(nd)2 +
1

3
Tβ (3)

where β = 3
2
U ′0
T η, U ′0 is the Maier-Saupe nematic inter-

action constant, U ′0 > 0, and d, the director. The order
parameter η is the mean over all segments of the second
Legendre polynomial P2(nd):

η =

〈
3

2
(nd)

2 −
1

2

〉
· (4)

As we show below, the network anisotropy in the ref-
erence state is weak (of the order of 1/N). Therefore the
nematic director d can be oriented arbitrarily with respect
to the elastomer anisotropy axis u. Then the free energy
of the system depends on the angle ω between the direc-
tor d and the u-axis. This dependence is calculated in the
next sections.

A (possibly formal) transition of the elastomer from
the reference state to the nematic state is always supple-
mented by its macroscopic mechanical deformation (elon-
gation along d), as any subchain tends to adopt a prolate
shape with its ends constrained by junctions. Therefore,
when the angle ω between u and d changes, the shape

This effect is neglected here: it is small if the network func-
tionality is high, and even in general case it does not affect
qualitatively the results of the present study.

2 Note that the total orientational field including molecular
field must be null in the reference state, i.e. mesogenic inter-
actions are switched off in this state.

3 Below we show that within our model the terms of the
order of 1/N and higher are important for the main effects
considered here, and thus, must be taken into account.
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of the elastomer must also change, yielding semi-soft de-
formation modes discussed in the introduction.

In general case both the deformation and the molec-
ular orientational field in the final state are slightly non-
uniaxial. It is possible to show however that all effects
of biaxiality are negligible with respect to the anisotropic
free energy considered in the present paper.

We also employ the so-called affine model of network
deformation, i.e. assume that end-to-end vectors of all
subchains change during deformation according to the
same law: R → R′ = λ̂R, where λ̂ is the macroscopic
strain tensor. The physics of this assumption is that we
neglect fluctuations of junction points, so that they are de-
formed in the same way as the whole sample, which is the
case if the network functionality is high. However, even in
general case the affine deformation assumption does not
affect the main qualitative results of the present paper, as
discussed in Section 8.

We also assume that the system is incompressible:
λxλyλz = 1, where λx,y,z are the principal values of the

strain tensor λ̂.

3 Probability distributions under orientational
field

The probability distribution of the end-to-end vector R of
a Gaussian strand under external orientational field Uext,
equation (2), is

PG0 (R) =

(
C0

π

)3/2
1

K
1/2
‖ K⊥

exp

(
−
C0R

2
‖

K‖
−
C0R

2
⊥

K⊥

)
·

(5)

where C0 = 3/(2Nb2), R‖ is the component of R paral-
lel to u, R⊥ is the perpendicular component, K‖(α) ≡

3〈cos2 θ〉, K⊥(α) ≡ 3
2 〈sin

2 θ〉, θ is the angle between n
and u, α ≡ U0/T is the reduced field magnitude (the
Boltzmann constant is set to be 1 here, kB = 1), and the
following averaging procedure is used here and below:

〈f (cos θ)〉 (α) =

∫ 1

0 e
αt2f (t) dt∫ 1

0
eαt2 dt

· (6)

Note that Kx = K
1/2
⊥ , Ky = K

1/2
⊥ and Kz = K

1/2
‖

are the diagonal components of the shape deformation
tensor for the subchains in the formation state with re-
spect to their unperturbed isotropic Gaussian conforma-
tion (note that the deformation tensor is diagonal). Then

K3/2 ≡ KxKyKz = K
1/2
‖ K⊥ defines the change of sub-

chain volume, i.e. K3/2(α) is the swelling factor. The
distribution, equation (5), has been used in all previous
studies [3–6].

The distribution of end-to-end vector of a freely-
jointed chain is close to Gaussian, equation (5), however,

up to corrections of order 1/N [25]. Let us calculate these
corrections.

The a priori orientational distribution of a subchain
segment n in the external field is proportional to the Boltz-
mann factor exp (−Uext(n)/T ). Therefore the probability
distribution for the end-to-end vector is [25]:

P0(R) =
1

cNext

∫
δ
(
R−

N∑
j=1

bnj

)

× exp

(
−

N∑
j=1

Uext(nj)

T

)
N∏
j=1

d2nj (7)

with

cext =

∫
exp

(
−
Uext(n)

T

)
d2n. (8)

For the quadrupole field Uext(n) (Eq. (2)) this expression
can not be evaluated analytically in the general case. Let
us expand the distribution function P0 as a series in 1/N
assuming that N � 1. The second-order result is:

P0(R;α,u) =

(
C0

π

)3/2
1

K
1/2
‖ K⊥

× exp

(
−
C0R

2
‖

K‖
−
C0R

2
⊥

K⊥

)
{

1−
1

5N

[
L
−1/2
2

(
C0R

2
‖

K‖

)
(5− 3C4)

+ L0
2

(
C0R

2
⊥

K⊥

)
(5− 3S4)

+ L
−1/2
1

(
C0R

2
‖

K‖

)
L0

1

(
C0R

2
⊥

K⊥

)
(5− 3G22)

]

−
1

35N2

[
L
−1/2
3

(
C0R

2
‖

K‖

)
(9C6 − 63C4 + 70)

+ L0
3

(
C0R

2
⊥

K⊥

)
(9S6 − 63S4 + 70)

+ L
−1/2
2

(
C0R

2
‖

K‖

)
L0

1

(
C0R

2
⊥

K⊥

)
(9G42−21C4−42G22+70)

+ L
−1/2
1

(
C0R

2
‖

K‖

)
L0

2

(
C0R

2
⊥

K⊥

)
(9G24−21S4−42G22+70)

]

+
1

25N2

[
L
−1/2
4

(
C0R

2
‖

K‖

)
3 (5− 3C4)

2

+ L0
4

(
C0R

2
⊥

K⊥

)
3 (5− 3S4)

2

+ L
−1/2
2

(
C0R

2
‖

K‖

)
L0

2

(
C0R

2
⊥

K⊥

)(
2 (5− 3G22)

2
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+ (5− 3C4) (5− 3S4))

+ L
−1/2
3

(
C0R

2
‖

K‖

)
L0

1

(
C0R

2
⊥

K⊥

)
3 (5− 3C4) (5− 3G22)

+L
−1/2
1

(
C0R

2
‖

K‖

)
L0

3

(
C0R

2
⊥

K⊥

)
3 (5− 3S4) (5− 3G22)

]

+O

(
1

N3

)}
(9)

where

C4(α) ≡
5

9

〈cos4 θ〉

〈cos2 θ〉2

S4(α) ≡
5

6

〈sin4 θ〉

〈sin2 θ〉2

G22(α) ≡
5

3

〈cos2 θ sin2 θ〉

〈cos2 θ〉〈sin2 θ〉

C6(α) ≡
7

27

〈cos6 θ〉

〈cos2 θ〉3

G42(α) ≡
35

27

〈cos4 θ sin2 θ〉

〈cos2 θ〉2〈sin2 θ〉

S6(α) ≡
35

54

〈sin6 θ〉

〈sin2 θ〉3

G24(α) ≡
35

18

〈cos2 θ sin4 θ〉

〈cos2 θ〉〈sin2 θ〉2

(the averaging procedure is the same, Eq. (6)) and Lmn (x)
are the generalized Laguerre polynomials4. The numerical
coefficients in K‖, K⊥, Ci, Sj , Gij are chosen so that these
functions are equal to 1 for α = 0.

As we discussed earlier, we assume that the probabil-
ity distribution does not change during cross-linking, so
in the formation state it is given by the same expression
(9). However the distribution does change after the ori-
entational field is switched off: the system relaxes to the
reference state. This relaxation process is supplemented
by a macroscopic uniaxial deformation of the sample λ̂−1

0 ,

4 We use the standard definition of Lmn (x):

Lmn (x) =
1

n!
x−mex

dn

dxn
[
xm+ne−x

]
which leads to the following first few cases:

L0
0(x) = L

−1/2
0 (x) = 1 L0

1(x) = −x+ 1 L
−1/2
1 (x) = −x+

1

2

L0
2(x) =

1

2

[
x2 − 4x+ 2

]
L
−1/2
2 (x) =

1

2

[
x2 − 3x+

3

4

]

L0
3(x) =

1

6

[
−x3 + 9x2 − 18x+ 6

]
etc.

where

λ̂0 =

 1√
λ0

0 0

0 1√
λ0

0

0 0 λ0


and 1/λ0 is the strain value along the direction u.
Minimization of the free energy per unit volume F =
−Tns

∫
lnP0(R; 0,u)P0(λ̂0R;α,u) d3R (where ns is the

number density of subchains) with respect to λ0 leads to
the following strain:

λ0(α) =

(
K‖(α)

K⊥(α)

)1/3 {
1−

K(α)

25N2
[4S4(α) − 3C4(α)

−G22(α)] +O

(
1

N3

)}
(10)

where

K(α) ≡ K1/3
‖ (α)K

2/3
⊥ (α) =

(
3〈cos2 θ〉

)1/3(3

2
〈sin2 θ〉

)2/3

.

(11)

Thus, the probability distribution function in the reference
state is P (R) = P0(λ̂0R), i.e.

P (R;α,u) =

(
C0

πK(α)

)3/2

exp

(
−
C0R

2

K(α)

)
×

{
1−

1

5N

[
P
]
−

1

35N2

[
P
]

+
1

25N2

[
P
]
+

1

25N2

×
[
C0

(
2R2
‖ −R

2
⊥

)
(4S4 − 3C4 −G22)

]
+O

(
1

N3

)}
.

(12)

with P = the same terms as in P0 but where K(α) sub-
stitutes for K‖(α) and K⊥(α).

Note that in the main approximation the chain statis-
tics in the reference state are both Gaussian and isotropic
(see the main exponential factor in Eq. (12)). Considera-
tion of Gaussian chains yields no dependence of P (R) on
the field direction u. However the O(1/N) corrections are
indeed anisotropic. It is these corrections that determine
the ‘memory’ of the elastomer about its orientation during
cross-linking.

Note also that the chains in the reference state are
shrunk with respect to their unperturbed Gaussian con-
formation. The dependence K(α) of the swelling factor on
the orientational field is shown in Figure 1 (although the
genuine swelling factor is K3/2(α), it is more convenient
for our purposes to plot K(α) instead since it enters all
final results).

4 Free energy

Now let us switch on the orientational (nematic) inter-
actions between segments. The interactions are assumed
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Fig. 1. The swelling factor K(α) as a function of the external
field α (see Eq. (11)).

to be strong enough to induce nematic order in the sys-
tem. Then each segment is influenced by mean orienta-
tional field Unem(n), equation (3), created by all the other
segments. Partition function of a strand with a given end-
to-end vector R in this field is:

Z(R) =

∫
δ
(
R−

N∑
j=1

bnj
)

exp

(
−

N∑
j=1

Unem(nj)

T

)

×
N∏
j=1

d2nj
4π

=
(cnem

4π

)N
P0(R;β,d) (13)

where the function P0 (R;β,d) is formally defined in equa-
tion (9),

cnem =

∫
exp

(
−
Unem(n)

T

)
d2n (14)

and β = 3
2
U ′0
T η. Note that equation (13) is similar to equa-

tion (7) where Uext(n) is substituted by Unem(n).
As we discussed in the second section, nematic order-

ing (at equilibrium under null external stress) is supple-
mented by a macroscopic deformation of the sample with
(yet unknown) strain λ̂,

λ̂ =

 1√
λ

0 0

0 1√
λ

0

0 0 λ


and λ is the strain value along the director d (i.e. we
assume here that z axis is parallel to d) measured from

the reference state. The value λ⊥ = 1/
√
λ is given by

the incompressibility condition λ2
⊥λ‖ = 1, where λ‖ = λ.

Therefore the distribution of the end-to-end vectors in the
nematic state is

Pnem(R) = P (λ̂−1R). (15)

Following the usual mean field recipe, we obtain the free
energy per unit volume of elastomer averaging the free

energy of a subchain over all R (distributed according
to Eq. (15)), and multiplying the result by the number
density of strands ns:

F = ns

−T lnZ(R)−
1

2

N∑
i=1

〈Unem(ni)〉

 (16)

where averaging over R is defined as

f(R) =

∫
f(λ̂R)P (R;α,u) d3R (17)

and
∑N
i=1 〈Unem(ni)〉 = − ∂

∂(1/T ) lnZ(R)|U ′0 is the average

potential energy of a subchain with a given end-to-end
vector R in the field Unem which is formally treated as
an external field (note that the formerly used averaging
procedure, equation (6), is not relevant here).

Let us explain again why we subtract a half of the
average potential energy of a subchain (in the field Unem,

Eq. (3)) from −T lnZ(R) (although this procedure is quite
standard [26]). The idea is simple: Assuming that units do
not interact directly, one can write the free energy of the
system of subchains in the field Unem (formally treated as

an external field) as −T lnZ(R), where the partition func-
tion, equation (13), takes into account both the entropic
part and the potential energy of the segments in the field.
Recalling that the potential Unem(n) is actually a molec-
ular field created by all the other units, we note that the
interaction energy of any two segments i and j is counted
twice in −T lnZ(R): for the first time as the energy of
segment i in the potential created by segment j, and for
the second time as the energy of the particle j in the po-
tential created by segment i. So, in order to avoid double
counting of the interaction energy, one should subtract a
half of the formal potential energy from −T lnZ(R).

There is no need to conduct any special calculation in
order to obtain the second term in the free energy, equa-
tion (16). Indeed,

N∑
i=1

〈Unem(ni)〉 = −NU ′0η〈P2(nd)〉 = −NU ′0η
2

where we take into account that η = 〈P2(nd)〉. The last
equation can be rewritten as∑N

i=1 〈Unem(ni)〉

T
= −N

4

9

β2

γ
(18)

where γ = U ′0/T and β = 3
2ηγ.

Thus, making use of equations (13, 16–18), the free
energy of the elastomer can be written as

F

Tns
= −N ln

cnem

4π
−

∫
lnP0(λ̂R;β,d)P (R;α,u) d3R

−
1

2

(
−N

4

9

β2

γ

)
= N

{
2

9

β2

γ
+

1

3
β − ln

∫ 1

0

eβt
2

dt

}
+ I(α, β, λ, ω)

(19)
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where I(α, β, λ, ω) ≡ −
∫

lnP0(λ̂R;β,d)P (R;α,u) d3R
and ω is the angle between the director d and the frozen
anisotropy direction u.

The free energy of the system is calculated using equa-
tions (19, 9, 13) in the Appendix. The result is

F

Tns
= NA(β, γ) +B(α, β, λ)

+
1

N

(
terms not depending on ω

)
+

1

N2
C(α, β, λ, ω) +

1

N2

(
terms not depending on ω

)
+O

(
1

N3

)
(20)

where

A(β, γ) =
2

9

β2

γ
+

1

3
β − ln

∫ 1

0

eβt
2

dt,

B(α, β, λ) = const .+
3

2
lnK(β) +K(α)

×

(
λ2

2

1

K‖(β)
+

1

λ

1

K⊥(β)

)
,

C(α, β, λ, ω) =
1

25
P2(cosω)f

(2)
ext(α)

×

(
λ2 1

K‖(β)
−

1

λ

1

K⊥(β)

)
−

1

350
P2(cosω)f

(2)
ext(α)

×

(
3λ4XC(β) −

4

λ2
XS(β) + λXG(β)

)
−

9

875
P4(cosω)f

(4)
ext(α)

×

(
λ4XC(β) +

1

λ2
XS(β)− 2λXG(β)

)
and the following functions are used in C(α, β, λ, ω):

f
(2)
ext(α) = K2(α) (4S4(α)− 3C4(α)−G22(α))

f
(4)
ext(α) = K2(α) (2G22(α)− C4(α)− S4(α))

XC(β) =
5− 3C4(β)

K2
‖(β)

XS(β) =
5− 3S4(β)

K2
⊥(β)

XG(β) =
5− 3G22(β)

K‖(β)K⊥(β)

Pm(x) , the Legendre polynomials.
The main term in the r.h.s. of equation (20), NA(β, γ),

corresponds to the usual Maier-Saupe free energy of
uncross-linked system of freely-jointed chains (per one
chain, hence the factor N).

Combination of the first two terms NA (β, γ) +
B ((α = 0), β, λ) represents the result of Abramchuk and

Khokhlov [3,4]. The second term corresponds to the elas-
tic response of a whole subchain and hence it does not
depend on N . Both terms do not depend on the orienta-
tions u and d (on the angle ω). The next term, represent-
ing an O(1/N) correction due to non-Gaussian elasticity
of individual sub-chains, also does not depend on ω. The
angular (ω-) dependence of the free energy shows only in
the O(1/N2) order. The corresponding (fourth) term is a
combination of the second and the fourth Legendre poly-
nomials (F depends on even powers of cosω only since the
directions u and −u, d and −d are equivalent, so that the
physical quantities must be invariant with respect to the
transformation ω ↔ (π − ω), i.e. cosω ↔ − cosω).

Thus, we have obtained the free energy as a function of
α, β, λ, and ω. The parameters β (the reduced amplitude
of the molecular orientation field) and λ (equilibrium elon-
gation of the elastomer in the d direction) are not fixed,
but rather should be obtained self-consistently. The cor-
responding procedure is considered in the next section.

5 Minimization of the free energy

Obviously the free energy should be minimized with re-
spect to the deformation λ. The situation with respect
to the molecular field parameter β is more subtle, as β
is a formal parameter, rather than a function of the sys-
tem macroscopic state. The corresponding self-consistency
equation is

β =
3

2
γη,

where η = η(β) is the orientational order parameter in-
duced by the field β. Using equations (13, 16, 18) it is

easy to show that this condition is equivalent to
∂F

∂β
= 0,

where F is defined in equation (20).
Thus the two unknown parameters are defined by

equations

∂F

∂β
= 0 (21)

∂F

∂λ
= 0. (22)

These equations might seem to mean that the equilibrium
state corresponds to the minimum of the free energy, equa-
tion (20), with respect to both parameters, λ and β. This
is not the case, however: the physical state of the system
corresponds to a saddle point (a minimum along λ coor-
dinate, and a maximum along β coordinate).

Equations (20–22) define the free energy as a function
of external parameters α, ω (and also γ which is not shown
explicitly):

F (α, ω) = Fi(α) + Fa(α, ω)

where Fi(α) is the ‘isotropic’ part of the free energy which
does not depend on ω. Obviously the anisotropic term,
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Fa(α, ω), originates from the fourth term in the r.h.s. of
equation (20). Treating 1/N as a small parameter, and
employing the theorem on small increments [28], we get
in the main approximation

Fa(α, ω)

Tns
=

1

N2
C(α, β0, λ1, ω) (23)

where β0 and λ1 are independent of ω as they are deter-
mined by the saddle point of the main ‘isotropic’ part of
free energy, equation (20), i.e. without the fourth term
in the r.h.s. In fact, it is enough to get β0 and λ1 in the
main (zero’s) order in 1/N , i.e. in the limit N →∞. Thus
equations (21, 22) could be simplified as

∂

∂β
A(β0, γ) = 0 (24)

∂

∂λ
B(α, β0, λ1) = 0. (25)

The first equation is the same as in the standard Maier-
Saupe theory [21–23]: in the limit N → ∞ the network
structure does not affect nematic ordering at all. This
equation is known to be analytically unsolvable, so it was
solved numerically. Generally, equation (24) has two so-
lutions: the first is trivial β0 = 0 (it corresponds to the
isotropic phase) and the second β0 = β0(γ) describes the
nematic phase we are interested in.

The second equation (25) yields λ1:

λ1(γ) =

(
K‖ (β0(γ))

K⊥ (β0(γ))

)1/3

(26)

(compare with λ0(α), Eq. (10)). Note that λ1 depends
neither on α nor on ω. Equation (26) defines the temper-
ature dependence of the spontaneous deformation of the
sample. This dependence numerically coincides with the
expression obtained in the reference [4] (for the case of not
stressed networks) although the latter was calculated by
somewhat different method and has a distinct final form.

Thus the anisotropic part of the free energy, Fa, is
defined by equation (23) with β0(γ) and λ1(γ) defined by
equations (24, 26). After some algebra we obtain Fa as a
function of the angle ω, the external field α = U0/T and
the interaction parameter γ = U ′0/T :

Fa

Tns
= −

3

1750N2

{
5P2(cosω)f

(2)
ext(α)f (2)

nem(γ)

+ 18P4(cosω)f
(4)
ext(α)f (4)

nem(γ)

}

+O

(
1

N3

)
(27)

where

f
(2)
ext(α) = K2(α) (4S4(α) − 3C4(α)−G22(α))

f
(4)
ext(α) = K2(α) (2G22(α)− C4(α)− S4(α))

f (2)
nem(γ) = K−2(β0) (4S4(β0)− 3C4(β0)−G22(β0))

f (4)
nem(γ) = K−2(β0) (2G22(β0)− C4(β0)− S4(β0))

Fig. 2. Dependence of the nematic-isotropic transition point
on the external field γtr(α) for the subchain length N = 100.

Fig. 3. The factor f
(2)
ext(α) versus α (Eq. (27)).

Fig. 4. The factor f
(4)
ext(α) versus α (Eq. (27)).

β0 = β0(γ), and the function K(β) is defined in equa-

tion (11): K(β) = K
1/3
‖ (β)K

2/3
⊥ (β).

Dependencies f
(2)
ext(α), f

(4)
ext(α), f

(2)
nem(γ), f

(4)
nem(γ)

have been calculated numerically and are presented in

Figures 3–6. The maximum of the function f
(2)
ext(α)
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Fig. 5. The factor f
(2)
nem(γ) versus Maier-Saupe interaction

parameter γ (Eq. (27)).

Fig. 6. The factor f
(4)
nem(γ) versus γ (Eq. (27)).

Fig. 7. Typical dependencies Fa(ω) (in units of Tns/N
2).

The plots are presented for α = αmax(2) = 3.451, γ =
γtr (N = 100, α = 3.451) = 4.538 (Eq. (28)) and α =
αmax(4) = 8.225, γ = γtr (N = 100, α = 8.225) = 4.529
(Eq. (29)).

is attained at αmax(2) = 3.451 and that of f
(4)
ext(α) —

at αmax(4) = 8.225. If the external field is weak, |α| � 1,

then f
(2)
ext(α) = 4

5α + O(α2), f
(4)
ext(α) = O(α2). If α =

αmax(2) = 3.451 and γ = γtr (N = 100, α = 3.451) =

4.538, then f
(2)
ext(3.451) = 1.675, f

(4)
ext(3.451) = 0.045,

f
(2)
nem(4.538) = 3.156, f

(4)
nem(4.538) = 0.063 and

Fa

Tns
= −

1

N2

{
0.04531P2(cosω) + 0.00009P4(cosω)

}
.

(28)

If α = αmax(4) = 8.225 and γ = γtr(N = 100, α = 8.225)

= 4.529, then f
(2)
ext(8.225) = 0.818, f

(4)
ext(8.225) = 0.118,

f
(2)
nem(4.529) = 3.044, f

(4)
nem(4.529) = 0.058 and

Fa

Tns
= −

1

N2

{
0.02134P2(cosω) + 0.00021P4(cosω)

}
.

(29)

The dependencies Fa(ω) (Eqs. (28, 29)) are shown in Fig-
ure 7 (in units of Tns/N

2).
It is obvious that the term containing P2(cosω) dom-

inates in both cases: the ratio of the coefficients at
P2(cosω) and P4(cosω) in equations (28, 29) is more
than 500 and 100 respectively. It means that if one in-
tends to reveal and measure experimentally the depen-
dence Fa(ω) near the transition point γtr, the external
field while cross-linking should be chosen close to the value

αmax(2) = 3.451, maximizing f
(2)
ext(α). In case of cross-

linking in a nematic melt, the optimum molecular field
parameter is γopt = 4.640 (the optimum order parameter
is ηopt(γopt) = 0.496, so that α = 3

2γoptηopt = αmax(2)).
Furthermore, it is clear that the deeper in the nematic
phase the network is (that is the larger γ and η are), the
stronger the dependence Fa(ω) is (see Figs. 5, 6).

6 Anisotropy of the nematic network
elasticity

Expressions (20, 27) enable us to describe elastic prop-
erties of anisotropic networks. As it is clear from equa-
tion (27) and Figure 7, the elastomer attains the equi-
librium state (corresponding to the minimum of the free
energy) when the director d is parallel to the network
anisotropy u, i.e. when ω = 0 or ω = π. Since the depen-
dence F (ω) is very weak (see Eqs. (28, 29)), a rotation of
the director by some angle ω from its equilibrium orien-
tation costs very little energy. On the other hand, defor-
mation implied by the rotation of d can be represented
as basically a compression 1/λ1 (see Eq. (26)) along one
axis (initial d) followed by an elongation λ1 along another
axis (final d), i.e. this is a shear deformation which is
also semi-soft. [10–12] Equivalently, a weak dependence
F (ω) implies that shear modulus µ(xz) (axis z is parallel
to u, axis x is in the plane u-d) is much lower than e.g.
shear modulus µ(xy) or extensional modulus µ(zz). Let us
demonstrate that quantitatively.
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At equilibrium the director d is parallel to u. Defor-
mation induced by a small rotation of the director by the
angle ω is equivalent to a shear Γ in the xz plane,

Γ = ω
(
λ

3/2
1 − λ−3/2

1

)
where λ1 = λ1(γ) is given by equation (26)5.

Hence the elastic modulus corresponding to the xz
shear deformation is

µ(xz) =
∂2F

∂Γ 2

∣∣∣∣
Γ=0

=
(
λ

3/2
1 − λ−3/2

1

)−2 ∂2F

∂ω2

∣∣∣∣
ω=0

(30)

which upon substitution of Fa, equation (27), leads to

µ(xz) =
9

350

Tns

N2

(
λ

3/2
1 (γ)− λ−3/2

1 (γ)
)−2

×

{
f

(2)
ext(α)f (2)

nem(γ) + 12f
(4)
ext(α)f (4)

nem(γ)

}
. (31)

For typical values of parameters (e.g. for those used in
Eqs. (28, 29)) this gives an estimate

µ(xz) ' (0.03÷ 0.2)
Tns

N2
·

Meanwhile, the extensional modulus

µ(zz) =

[
λ
∂

∂λ

(
λ
∂F

∂λ

)]
λ=λ1(γ)

(32)

(λ1(γ) is the equilibrium deformation) in the main or-
der in 1/N (i.e. generated by the term B(α, β0(γ), λ) in
Eq. (20)) is6

µ(zz) = 3Tns
K(α)

K (β0(γ))
(33)

with typical values

µ(zz) ' (1.5÷ 3)Tns.

So, characteristic values of the xz-shear modulus are much
smaller than those of the extensional one:

µ(xz) ∼
µ(zz)

N2
·

The same conclusion holds true for µ(xy) since µ(xy) ∼
µ(zz) ∼ Tns. Hence the xz-shear can be considered as a
semi-soft deformation mode.

5 Note that ω is the angle between d and u in the reference
state while in the nematic state the angle ω′ between these
vectors is different: tanω′ = tanω

λ
3/2
1

·

6 For isotropic networks (α = β0 = 0) equation (33) for µ(zz)

reduces to the well known classical result µ
(zz)
0 = 3Tns [25].

7 The isotropic-nematic transition

So far we considered the case of free elastomers, i.e. with
no external stress: σ = 0. In order to characterize non-
linear thermoelastic behavior of the system, i.e. to find
the stress-strain relationship for e.g. uniaxial deforma-
tion (when the stress σ is applied along the director d),
one should minimize the expression F − σ lnλ instead
of just F (Eq. (20)). The resultant thermoelastic dia-
grams are similar to those obtained in references [4,6]
for elastomers cross-linked in isotropic state. In fact, the
effect of anisotropy during cross-linking could be taken
into account by a simple modification: thermoelastic di-
agrams calculated for isotropic networks remain valid for
anisotropic elastomers (at least, in the main order in 1/N)
if one substitutes the reduced stress σ/K(α) for the stress
σ calculated in references [4,6] (the function K(α) is de-
fined in Eq. (11) and is shown in Fig. 1).

Now, having calculated the free energy of the sys-
tem (Eq. (23) one can locate the isotropic-nematic transi-
tion. Using equation (20) we obtain the difference of free
energies in nematic (β ' β0(γ)) and isotropic (β = 0)
states:

∆F (α, γ)

Tns
= N

{
2

9

β2
0

γ
+

1

3
β0 − ln

∫ 1

0

eβ0t
2

dt

}
+

3

2

{
lnK(β0) +K(α)

(
1

K(β0)
− 1

)}
+ O

(
1

N

)
(34)

where β0 = β0(γ). It is clear, that the value of γ at the
point of nematic-isotropic transition, γtr, which is deter-
mined by the condition ∆F = 0, depends on the external
field α and on the number of segments in a strand N .
The N -dependence of the transition point has been con-
sidered in reference [4]; it is very weak if N is large. The
dependence of the transition point on the external field
α calculated using equation (34) is also weak; it is shown
in Figure 2 (for N = 100). Obviously the orientational
field applied to the system during cross-linking favors ne-
matic ordering: the Maier-Saupe parameter at the tran-
sition, γtr, decreases as α increases. This effect has been
already qualitatively discussed in reference [5].

Thus, our consideration of anisotropic networks with
mesogenic units enables us to describe their elastic behav-
ior and to locate the isotropic-nematic transition point for
arbitrary values of the external field constant α.

8 Discussion

In this paper we considered nematic elastomers cross-
linked in anisotropic state. We show that the system ‘re-
members’ the direction of its initial anisotropy, so that
the free energy of the elastomer depends on the director
orientation according to equation (27) which is our main
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result. This dependence is weak, however, yielding semi-
soft deformation modes [10–12]: the shape of the sample
changes considerably as the director rotates. In fact, de-
formation associated with director rotation on angle ω can
be reduced to compression of the sample by a factor λ1

along one axis (u) and subsequent elongation by the same
factor along another axis (d); ω is the angle between u
and d.

The quenched anisotropy of the network is related to
non-Gaussian elasticity of network strands. In fact, we
show that the anisotropic part of the free energy is propor-
tional to the square of deviation of the strand end-to-end
vector distribution from Gaussian law, i.e. to square of
1/N , where N is the number of segments per strand.

The angular dependence of the free energy is given by
two terms, one is proportional to P2(cosω) and the other
to P4(cosω) (see Eq. (27)). However the P4 term is prac-
tically negligible as it is ∼ 100 times smaller than the P2

term. Therefore the angular dependence essentially takes
the form of equation (1), first predicted in reference [11],
i.e. F (ω) = const.+ Fa sin2 ω. The anisotropic energy Fa
depends on both the order parameter during cross-linking
(related to the orientational field α = U0/T , see Eq. (2))
and that in the final state (related to the Maier-Saupe
parameter γ = U ′0/T , see Eq. (3)):

Fa =
9

700

nsT

N2
f

(2)
ext(α)f (2)

nem(γ) (35)

where ns is the number concentration of strands. The
dependence of Fa on the initial order parameter is non-
monotonic: it shows a maximum corresponding to the or-
der parameter ' 0.5 at the crosslinking stage. This value
of 0.5 is close to the order parameter at the isotropic-
nematic transition point (η ' 0.44) as predicted by the
Maier-Saupe theory [26]. Thus we predict that the most
anisotropic network is formed when cross-linked in the ne-
matic state slightly below the clearing temperature.

The anisotropic free energy (Fa) also determines the
threshold ε1 for formation of stripe domains in elastomers
under extension (1+ ε1) perpendicular to the director [11,
12]. Using theoretical results of references [11,12] it is easy
to show that the threshold is ε1 '

2
3Fa/(nsT ), i.e.

ε1 '
3

350N2
f

(2)
ext(α)f (2)

nem(γ). (36)

Assuming the optimal order parameter η ' 0.5 during
cross-linking and the same η in the final state, we thus
obtain ε1 '

0.03
N2 . For a typical N ∼ 10 this amounts to

ε1 values which are much smaller than the experimentally
observed values of 0.02÷ 0.15.

Thus, the network anisotropy due to non-Gaussian
statistics of strands considered in this paper results in a
small effect, which is however universal as real subchains
are always slightly non-Gaussian. The same problem of
quenched network anisotropy was also considered theoret-
ically in references [11,13,14]. Very roughly their result for
the threshold is ε1 ∼ 1/N , i.e. much larger values, in qual-
itative agreement with observations. However the mod-
els considered in references [13,14] (rod-like cross-linkers

and compositionally heterogeneous strands) are not ex-
actly universal.

At this point it is reasonable to consider the ques-
tion: are there any universal effects that could give rise
to stronger network anisotropy and higher thresholds that
those predicted in this paper?

Let us consider the simplifying assumptions adopted
in our model.

(1) Strands considered as freely-jointed chains of rod-
like segments. In reality main-chain mesogenic polymers
are better described by worm-like persistent chain mod-
els. Qualitatively we expect our main results to be valid
also for persistent strands, however with different numer-
ical prefactors. It is known that persistent chains become
effectively more rigid in the nematic state. This implies
smaller effective number N of rigidity (Kuhn) segments,
i.e. higher threshold ε1 ∝ 1/N2 (see Eq. (36)). However
the above comment does not apply to side-chain mesogenic
polymers which are well described by the freely-jointed
model.

(2) Monodisperse system of precursor polymers. The
effect of polydispersity could be easily taken into account
in the model: in the final equations (like Eqs. (35, 36))
the factor 1/N2 should be replaced by the number av-
eraged value

〈
1/N2

〉
n
. If the degree of polydispersity is

high enough (which is the case in practice), then
〈
1/N2

〉
n

might be much larger than 1/N2
n, where Nn = 〈N〉n. In

particular, for Nw/Nn = 2 (Flory molecular weight distri-
bution) even the exponent is different:

〈
1/N2

〉
n
' 1/Nn.

In this case we predict ε1 ∼ 0.03/Nn, i.e. the threshold is
still small due to numerical prefactor.

(3) Affine deformations. In general case network junc-
tion points do not exactly follow the macroscopic defor-
mation of the sample as they do fluctuate and also the net-
work structure is irregular. However we expect little effect
of these complications on the network ‘orientation mem-
ory’. The reason is that even in this general case the mem-
ory is solely due non-Gaussian corrections to the statistics
of sub-chains. In fact, it is possible to show that irregular
and non-affine network formed by strictly Gaussian chains
do not remember its orientational state imposed during
cross-linking. The reason is that (nematic) orientational
field affects conformation of all chains in the same way. In
particular the ratio R‖/R⊥ is the same for all chains, even
if their molecular weights are different. Therefore the net-
work anisotropy induced during cross-linking can be ex-
actly canceled by its appropriate deformation afterwards.

(4) Topological effects. So far we assumed that the
chains are fantom, i.e. could possibly intersect each other.
Real polymer chains can form knots which might be
trapped between junction points. It is well-known [27] that
the effect of these knots (entanglements) could strongly af-
fect elastic properties of ordinary networks. In particular
entanglements act like effective junction points thus renor-
malizing the effective sub-chain length: 1/N → 1/N +
1/Ne, where Ne is the number of monomers per entangle-
ment. A similar renormalization of the anisotropic energy
is also expected, i.e. the threshold ε1 should be propor-
tional to (1/N + 1/Ne)

2 instead of 1/N2.
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Further measurements of the sub-chain molecular
weight (N -) dependence of the anisotropic energy (and/or
of the threshold ε1) would be very desirable in order to
clarify the underlying molecular mechanisms.

9 Conclusions

(1) An elastomer cross-linked in the nematic state re-
tains memory about its anisotropy during cross-linking
yielding a dependence of the elastomer free energy on the
director orientation.

(2) The effect is due to non-Gaussian elasticity of net-
work strands.

(3) For monodisperse network formed by freely-jointed
chains the anisotropic free energy is inversely proportional
to the square of subchain molecular weight.

(4) The strongest memory effect is predicted for a mod-
erate orientational order during cross-linking: the opti-
mal order parameter for freely-jointed chains of rods with
Maier-Saupe nematic interaction is close to η = 0.5.
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Physics, Moscow State University) for his invaluable help and
support during the work on the problem. A.N.S. acknowledges
stimulating discussions with M. Warner and E. Terentjev. The
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Appendix

Our aim here is to find the angular dependence of the
integral

I(α, β, λ, ω) = −

∫
lnP0(λ̂R;β,d)P (R;α,u) d3R

with functions P0, equation (9), and P , equation (12). Let
us consider the integrand structure:

lnP0 = [(1)]−
1

N
[(2)] +

1

N2
[(3)]

P =

(
C0

πK

)3/2

exp

(
−
C0R

2

K

)
×

{
1−

1

N
[(4)] +

1

N2
[(5)] +

1

N2
[(6)]

}
where we have combined the first two terms of the order of
1/N2 in the r.h.s. of equation (12), defining the function
P (R;α,u), into the term [(5)]; the last (third) term is
[(6)]. Obviously there are 7 terms of the order not higher
than 1/N2 in the integral I:

1. The term
∫

exp
(
−C0R

2

K

)
· [(1)] · 1 d3R is the main one

as it depends neither on N nor on ω. It yields

const .+
3

2
lnK(β) +K(α)

(
λ2

2

1

K‖(β)
+

1

λ

1

K⊥(β)

)

i.e. the function B(α, β, λ) in the free energy (see
Eq. (20)).

2. The terms
∫

exp
(
−C0R

2

K

)
· [(2)] · 1 d3R and∫

exp
(
−C0R

2

K

)
· [(3)] · 1 d3R do not depend on

ω and are proportional to 1/N and 1/N2 respectively.
Thus both terms are not important7.

3. The terms
∫

exp
(
−C0R

2

K

)
· [(1)] · [(4)] d3R and∫

exp
(
−C0R

2

K

)
· [(1)] · [(5)] d3R are identically equal

to zero. Indeed, the term [(1)] is a linear combina-
tion of R2

‖ and R2
⊥ only, i.e. it is the sum of terms

like L
−1/2
i (R2

x) L
−1/2
j (R2

y) L
−1/2
k (R2

z) where i + j +

k ≤ 1. On the other hand, terms [(4)] and [(5)]
contain combinations of Laguerre polynomials like

L
−1/2
l (R2

x) L
−1/2
m (R2

y) L
−1/2
n (R2

z) with l + m + n ≥ 2.
Therefore the corresponding integrals are always equal
to 0 due to orthonormality of the system of Laguerre
polynomials.

4. Thus, the only terms to be calculated are:

−

(
C0

πK

)3/2 ∫
exp

(
−
C0R

2

K

)
· [(1)] ·

1

N2
[(6)] d3R

and

−

(
C0

πK

)3/2 ∫
exp

(
−
C0R

2

K

)
·

1

N
[(2)] ·

1

N
[(4)] d3R.

The result is:

The first =
1

25N2
P2(cosω)

× f (2)
ext(α)

(
λ2 1

K‖(β)
−

1

λ

1

K⊥(β)

)
The second = −

1

1750N2

[
5P2(cosω)f

(2)
ext(α)

×

(
3λ4XC(β) −

4

λ2
XS(β) + λXG(β)

)
+ 18P4(cosω)f

(4)
ext(α)

×

(
λ4XC(β) +

1

λ2
XS(β)− 2λXG(β)

)]
+

[
terms not depending on ω

]
.

(A.1)

7 The first one is:

1

40

[
3

(
1−

K(α)

K‖(β)
λ2

)2

(5− 3C4(β))

+ 8

(
1−

K(α)

K⊥(β)

1

λ

)2

× (5− 3S4(β))

+ 4

(
1−

K(α)

K‖(β)
λ2

)(
1−

K(α)

K⊥(β)

1

λ

)
(5− 3G22(β))

]
.
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The functions XC , XS , etc. are defined in the main
text after equation (20).

Adding these 7 terms to NA(β, γ) leads to equa-
tion (20).
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