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Abstract:

The Ibragimov Hasminskii model postulates observing X, ..., X,, inde-
pendent, identically distributed according to an unknown distribution GG and
Y1, ..., Y, independent and identically distributed according to [ k(-,y)dG(y)
where k is known, for example, Y is obtained from X by convolution with
a Gaussian density. We exhibit sieve type estimates of G which are efficient
under minimal conditions which include those of Vardi and Zhang (1992) for
the special case, G on [0, 00|, k(z,y) = %1(m <uy).
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1 Introduction

Let (U,Y) be U x ) valued random elements on a probability space (2, .4, P)
with U ~ G unknown and Y ~ @ where @) has density (with respect to some
known measure g on the induced o field on )) given by

ay) = [ alylw)dGlu), (1)

and the kernel ¢(-|-) is known. Let A be a third variable independent of U
and Y such that A € {0,1}, and P(A =1) = X € (0,1). Suppose we observe
a random sample of size n from (X, A), X = AU + (1 — A)Y. Let m be the
number of observations such that A; = 1 and let A, = m/n. Our task is the
efficient estimation of G.

These models appear to have first formally been introduced and stud-
ied by Ibragimov and Hasminskii (1983), and we shall refer to them as (IH)
models. These authors, in fact, considered q(y|v) = q(y|u,0) where ¢ is
smoothly parametrized by the Euclidean parameter . They obtained infor-
mation bounds for estimating 6 in the presence of completely unknown G
and exhibited an efficient estimate of 6.

A convenient way of thinking about these models is that we have n in-
dependent pairs (U;,Y;) where U; ~ G and Y; given U; = u has density
q(-lu) and X; = AU; + (1 — A))Y;. U; is sufficient for G in (U;,Y;) but
A; = 0 creates a missing U; so that we must use Y;. If there are no direct
observations on G (A = 0) these models have been investigated under the
name of mixture models by many authors including Jewell (1982), Lindsay
(1983a,b,c), and Pfanzagl (1990). Typically, identifiable pieces of 6 are es-
timable at rate n~"/2 but G can only be estimated poorly. A prototypical
example is the components of variance model considered by Neyman and
Scott (1948) where Y; = (Yj1, Yi2), Y;; = U;+0¢€;; and the ¢;; are independent
N(0,1). 02 is efficiently estimated by 5 7, (Y;; — Yi2)? but the problem of
estimating G is equivalent to the normal deconvolution problem which per-
mits best rates of (logn)~1/2 — see Fan (1991) for example. In the IH models
both G and 6 can be estimated at rate n=/2,

Recently, Vardi and Zhang (1992) focused on the special IH model (with
6 known) where U > 0 and ¢(ylu) = v '1(y < u), that is, Y = VU where
V' is nonnegative and U is a U(0,1) random variable independent of V.
They showed, without further conditions that the nonparametric maximum

2



likelihood estimate (NPMLE) of G is efficient. In Bickel, Klaassen, Ritov,
Wellner (1993) (BKRW) we show how to construct information bounds for
estimation of “smooth” functions of G and exhibit readily calculable effi-
cient estimates for (U,Y) € R?, under very strong conditions on the kernel
¢(-|) and the smoothness and support of G. Our estimate G maximizes
A [log g(u)pi, (u) + (1 = An) [log q(y)p3, (y)dy where pi,, pj, are estimates
of the densities g, ¢ based on the “good” and “bad” observations respectively.

Recently, van der Vaart (1992) showed that the NPMLE of G is efficient
in ITH models under conditions similar but weaker than those of BKRW.
However, it is not hard to give examples of such models where the NPMLE
does not exist or is inconsistent. For instance, suppose U = (U’,U”") € RxR*
and the conditional distribution of Y given U is N(U’,U”). In that case the
NPMLE will be the empirical distribution of the U sample plus the empirical
distribution of the (Y;,0). (The “maximum” of the likelihood will be achieved
if we assume that all of the Y’s came from U’ =Y and U"” =0.)

As a second example, consider the case where given U, Y = U with
probability « and, with probability 1 — «, Y follows some distribution with
Lebesgue density ¢(-|U). In that case we get that the NPMLE is the joint em-
pirical distribution of the Y’s and the U’s, which, of course, isn’t consistent.
(Again, the likelihood will be maximized if we assume that all the Y sample
came from its empirical distribution, and nothing came from [ ¢(-|u)dG(u).)

Our goal in this paper is to construct computable efficient estimates of G
under minimal assumptions. We do so by,

(i) Limiting ourselves to distributions concentrating on the observed “good”
sample (U’s). This is not true of the NPMLE.

(ii) Binning the “bad” sample (Y’s),

and then applying maximum likelihood or a variant thereof. Specifically, let
Vat, ..., Vs, be partitions of the range of ), where ) is the range of Y and
Jp is o(n'/?) and

lim,, mjin Jn@Q(Vnj) > 0. (1.2)

Let Gpo(A) = m™ 1 3,(1 4 b;)1(u; € A) for any set A € supp(G) and vector
b € R™. Our estimator will be written in that form and hence our object
of estimation is the vector b. Let Q(A) = (n —m)~ 'S, 1(A; = 0,Y; € A),
Qnj () = QVnjl"), Q" (Vng) = m™" 5, Quj(u;). More generally, for b € R™

3



let Q*(Vnilb) = Q*(Vnj) + m™ 13 b:Qn;(u;), where the u;’s are the set of
“good” observations.

Convention Without loss of generality we take {i : A; = 1} = {1,...,m},
{i:A; =0} ={m+1,...,n}. Unless specified otherwise >, = >,

If we maximize the likelihood of {Uy, ..., Uy, 1(Y; € V) 1 <i<n—m,
1 <j < J,} over Gy, as above we obtain the self consistency equation.

- DiQnj(ui)
(1 + Z n ynj)zkkanj(ui)) : (1.3)

where p; = m~1(1 + l;,) In section 2 we will show that this equation has a
unique solution. Rewrite (1.3) as

P = 1L = A0) 3 G(Vy) L)

; >k PkQnj(wi) (14

or

Q(ynj)

0= Ay — Aump; + mp;(1 — \) Z [
J
Substitute p; = m~(1 + b;) in (1.5) and divide by 1+ b; to obtain that b is
the solution of the IL (b) = 0 where

bi
1+ b

Lo =gt = 1M Y | 2 1] Q) (16)

Q(Vnjlb

Since asymptotically the values of the b;’s would be small we can ignore
terms of smaller order and obtain the estimating equation W,,(b) = 0 where
W, : R™ — R™ is defined by

Q(Vnj)

W, (b); = A\pbi — (1 = )\,) Z [onnj‘b) - 1] Qnj(u;). (1.7)

It will be more convenient to analyze first the solution b of W, (b) = 0. We
will show that it is efficient. The efficiency of the solution of IL,,(b) will be
shown to follow from that.



In fact neither b nor b are proper estimates since condition (1.2) makes
the choice of the partition depend on the unknown G. To avoid this we
have to make the partition data determined. For instance, if Y € R we can
take Vij = [U(kn)> YG+10kn))> L < J < I =2, Yo = (=00, Ykn))s Vido—1 =
[y((t]nfl)kn), OO) where

Yy < Y@ - - < Yn-—m)

are the order statistics of Y;, and k,J,(n — m)™' > § > 0. We sketch a
more general version of this construction and the appropriate theorem for
the resulting estimates l;*, b* in section 2.

This paper is organized as follows. In section 2 we review necessary and
sufficient conditions for efficiency in these models as discussed in BKRW and
state our main results. In section 4 we state and prove the lemmas needed
to prove theorem 1 of section 2 and complete the proof of the theorem.
We also discuss models in which the conditional distributions of Y'|U are not
dominated and observation are missing at random (MAR) in the terminology
of Little and Rubin (1987), as well as the situation considered by Ibragimov
and Hasminskii.

2 Main Results

We will need the following assumptions in addition to (1.2).
RO: A\, > € > 0 for all n.

R1: (1.2) holds and J, = o(n'/?)

R2: max;{Q(Yn;) : V»; not an atom } — 0

FExistence and computation of b

We begin by establishing the existence of b and exhibiting an algorithm for
its computation which converges for data in a set whose probability converges
to 1. The same arguments serve for existence and computation of b and the

estimates b, b defined later in this in section.
Define on R™ the inner product

(x,2) = nl%z:vlzz (2.1)



Then the matrix derivative Wn(b) of W, is defined by
(z, W, (b)z)

:T}l)\nzl:xlzz
Q(Vnj)
10 X 25 (1 S @t

1
— nj \Wi)Zi | - 2.2
(1 Qust)s ) 22)
It follows that, for all z,
(, Wa(b)a) > Al (2.3)

From (2.3) we deduce that W, is the gradient of a strictly convex function
which tends to oo as ||b|| — co. We deduce,

Proposition 1. b exists and is unique.
It also follows from (2.3) that W), is invertible and, in fact, for all b.

Wl < A, (2.4)
where || - || is the operator norm induced by (-,-). Let b®) = 0 and solve
iteratively for

pHD = o™ — W W, (b*)), k=0,1,... (2.5)

where W0 = W,,(0).

Remark. The Newton-Raphson iteration is the modification of the RHS of
(2.5) given by b*) — W,;an(b(k)). The algorithm (2.5) is easier to analyse.

Proposition 2. Under R1, R2,
P[b(k) N b(OO)] — 1,

where b(>) = b,

The proof is given in section 4.



Asymptotic theory of estimates of linear functionals of G

For h € Ly(G), it is natural to consider [ hdGj, and [ hdGj, as estimates
of 0, = [ hdG.

If h € Ly(G) we shall find that the influence function of these estimates
is given by W, defined as follows. For functions a € Ly(Q) and b € Ly(G),
let By, Ey be the conditional expectation operators given U, Y respectively.
That is,

Eo(@)(U) = [ a@)alt)du(y),
J b(u)q(Y[u)dG ()
Ja(Y[0)dG ()

almost surely.

Note that the operator EyFEy : Lo(G) — La(G) is self adjoint and Her-
mitian. That is, for any two functions a,b € Ls(G), (a, EyEyb) = (a, Eyb)
= (Eya, Eyb) = (Eya,b) = (EyFEya,b), where the inner product is that
of Ly(P). Hence A\, I + (1 — A\)EyFEy is selfadjoint, with all eigenvalues not
smaller than A, and hence boundedly invertible, (Kantorovich and Akilov
(1982)). Let fr, = (A\d + (1 — X)) EyEy) 'h € Ly(G) and

(X) = Afu(U) + (1= A)Ey (f)(Y). (2.6)

It may be shown, see BKRW section 6.5 for example, that U, — 6}, is the ef-
ficient influence function for estimation of 6. Thus, the asymptotic variance
of any regular estimator of 6} is no smaller than

Var(Vy,) = No(fn, fn) + (1= XN )(Ey fn, Ey fn) (2.7)
= Aalfhs fn) + (1= X)) {fn; EuBy fr)
= <fh7 ()‘nI + (1 - )‘n)EUEY>fh>
= (fuh)
= E{/n(U)hU)}. (2.8)

Define further, ES'h = E{h|1(Y € Vi), 1
M) Ey EYY) M and Wi = AF 4 (1= M) EP(f7)(Y).
Define



and V, correspondingly for b. We also want to study weak convergence of
Vn, V,, viewed as processes on sets H C Lo(G). We say that H is regular
if the following conditions hold. Let AH = {hy —hy : h; € H,1 < j <
2}. Let D,(x,0) be the largest k such that there exist hy,..., hy € AH,
2? < L3 h3(u;) < 62 and define Dy, () similarly with H replacing AH and
6% = &, = supy, = > h?(u;). We require that,

/O " Jlog Dy (x)dz = Op(1) (2.9)
lim P[sup{:n S () < h € A bl < 6} > 28] = 0

and

5
(lsintl)limsupnP[/ V1og D,,(x,0)dx > €] =0 (2.10)
- 0
for every € > 0.

Note that any finite subset of Lo(G) is regular.

Theorem 1: Suppose RO and R1 hold.

(i) Then,

/ hdGs, =~ W (X,) + 0p(n1?) (2.11)
and

/ hdGy, = n~t S W (X)) + 0, (n~Y/?) (2.12)

(ii) Suppose that R2 holds also. Then
E(W,(X) - 9 (X))? = 0, (2.13)

so that \Ifgn) may be replaced by Uy, in (2.11), (2.12).

(ii) If H is reqular (2.11) and (2.12) hold uniformly for h C H and W,
Wi, converge weakly (in the sense of Dudley-Pollard) to a mean 0 Gaussian
process on H with covariance given by

c(h, ha) = cov(Wp, (X1), ¥, (X1)).



Loosely, weak convergence holds for W, W, if it holds for the empirical
processes based on uyq, ..., Upy,.
We, then, immediately obtain from Theorem 1 (iii),

Corollary 1: If U € R, Gj,,, G refer to distribution functions and R0O-R2
hold then V,(t) = n'/?(G; (t) — G(t)) converges weakly on D[—o0, c0].

The same claim holds for G;, . In particular, G, has the same behaviour
as the NPMLE in the Vardi-Zhang model.

The proof of theorem 1 is involved and depends on a number of lemmas
stated and proved in section 4. Here is its structure.
1. We establish Lemma 4.1 permitting us to replace @7, Q. by Q when
needed.
2. We show that W,(0) is of order .J,n~"/? (Lemma 4.2) and that W, (b) ~
W,(0) in J,n~/? neighbourhoods of 0 (Lemma 4.3). From this,
3. We deduce that b") = —TW,;'W,,(0) is of order J,n~/2 and

b=0bY + 0,(n"1?) (2.14)

in | -||. (Lemma 4.4). )
4. We approximate W, (0) by W, (0), an average of independent random
vectors. (Lemma 4.5), so that,

b= —W W, (0) + 0,(n/?). (2.15)

5. We approximate Wno by a deterministic operator Tano where Wno
maps a lifting of Ly(G) onto itself and 7, is the evaluation map 7h =
(h(u1),...,h(um)). This approximation is made uniformly in H. (Lemmas
4.6 and 4.7).

Then (2.15) becomes

b= —1, W W, (0) + 0,(n/?). (2.16)

Finally, we show that (2.16) implies (2.11) (uniformly on H).

6. We show that [|b]|oc = max; |bj| = 0,(1) (Lemma 4.8) and hence deduce
that [|b]lee = 0p(1) (Lemma 4.9). An analysis of b analogous to 1. to 5.
above now yields (2.12) See BKRW section 7.6 for a general presentation of
the structure of such proofs.



7. Finally we show that V,,, V, are tight for regular H (Lemmas 3.10, 3.11).
Since uniformity in (2.11) and (2.12) has already been shown, part (iii) of
Theorem 1 follows.

The estimates b and b are unsatisfactory insofar as, through condition
R1, the partition defining them depends on knowledge of (). It is natural to
define, if k =1, “5% is an integer 7 and y(o) < ... < Y(n-m-1) are the ordered
y'’s,

Ynj = [YeG-1) Yei)

n—m

for j=1,...,J,. (We make the natural minor changes in definition if m s
not an integer or () is not continuous.) If £ > 1 we can proceed lexicograph-
ically. First, if j* = J,, r = %= divide according to the rj, j = 1,.... 7,
order statistics of the first coordinate of y. Then subdivide each k dimen-
sional strip according to the r order statistics of the second coordinate and
then continue in this fashion until j* boxes each containing approximately

# observations are obtained as the V,;. It is not hard to show that if

Wn_olh is bounded, where Wn() is the operator which depends on the random
partition {),;}, then theorem 1 carries over. For a clean general result, we
resort to sample splitting although this is clearly just a technical device. Use
the construction given above to determine {),;} but base it on the order
statistics of the first £, y’s where ¢, = o(n). Then, base b, b on the m
observed u’s and the last n —m — ¢, observed y’s. We state,

Theorem 2: IfY = RF is Fuclidean and I;, b are determined by data deter-
mined partitions as given above conclusions (i) - (iii) of theorem 1 apply to
b and b.

The same type of argument as that given for theorem 1 applies save that
everything is done conditionally on the {),;}.

3 Extensions, open problems

Estimation of the variance of 05
To set confidence bounds on 6, or to do more general inference we need
an estimate of the asymptotic variance of \/nf,, viz Var(¥,(X)). Here is a
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simple estimate which can be shown to work. Define

~

U, = Ah+ (1= AEMf,

where
Eg(U) = SUY € D) [ atwaluluw)dCy, (w)/Q"Vlh)  (3.1)
fo= O + (1= A\)EGES)h (3.2)
and
5 = i;(\@h(Xi) Y (3.3)

Then it is easy to see that under our conditions 67 % Var(¥,(X))

Inference in semiparametric IH models
If q(y|lu) = q(ylu,0), 6 € R, say, it is natural to consider estimating
equations for 6 of the form
1 " .
Y (Yi,0,Gg) =0 (3.4)

1=m+1

n—m
where Gy is the estimate G;,, for ¢ = q(-|-,0) and

[ 00,0, G)a(ylu, 0)dG (w)du(y) = 0.

For efficiency one needs to use
0
¢(y7 97 G) = E(G,G){% IOg Q(Y|Ua 9)‘}/}7

Simpler estimating equations can be constructed by replacing, in (4.1), Go
by Gy,, the empirical of the u; but ¢ needs to be chosen properly to obtain
efficiency. We would need to take i to be the efficient score function for
6 rather than merely the score function for G known as in (3.2). This is
essentially the approach of Ibragimov and Has'minskii (1983). See BKRW
Section 7.7 for a discussion of these issues and the kind of conditions which
need to be checked for these appraoches to work.
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The undominated case

Nothing in our discussion actually uses the fact that the family {Q(-|u)}
is dominated by u since our estimates are based on Gy, Q, Q* which are
still well defined. Examples of such models are those for which Y =Y (U). A
subclass of these models for which G is identifiable are those in which observa-
tions are missing at random (MAR) in the sense of Little and Rubin (1986),
that is, P[A = 1|U] = p(Y(u)). Let Gy, be the empirical of wuy,..., u,,
NV = 37 1(Y; € Vo), Nj = X7, 1(Y; € Vuy), and j(u) be defined by
uw € Ynjw)- Then an explicit efficient estimate of G' which concentrates on
{uy, ..., uy} is given by

. N.
dG(u) = %dGOn(U)M

(3.5)
This is the maximum likelihood estimate if U is discrete. It is not hard to
show that this estimate is efficient.

What happens if A, — 0 with n?

This situation is of some interest since the fraction of good observations
may be very small. We give a heuristic discussion of this situation. Rigorous
treatment remains an open problem. If A\, = 0 we know by BKRW section
6.5 that typically only 6}, such that

h(u) = E(v(Y)|U) (3.6)

can be estimated at rate n~1/2 by the obvious efficient estimate 6, = n=! 37, v(Y;).
In general the following heuristics suggest that the n(1 — \,) “bad” ob-
servations may still be of some use in estimation of 6, for h not obeying
(3.6). Let Wy be the efficient influence function for 6, given by (2.6) with

An — A € (0,1]. Note that Ey Ey is a Hermitian operator on Lo(G). By the
spectral theorem,

EvEy = /0 o I(0)dv(o)

where I(0)dv (o) is the spectral measure (e.g. Kantorovich and Akilov (1982))
and I (o) is a projection on some subspace. Then, by (2.11)

Var(¥,) = ((M + (1= X)EyEy) *(h),h)G

11(o) ||
mdu(a) (3.7)
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where || - ||g, (+,)¢ are the norm and inner product in Ly(G). Then
AVar(WU,,) — [|[1(0)h|*dv(0) as A — 0. (3.8)

This suggests that if ||1(0)A]|¢ > 0 then estimation of 6}, can only be achieved
at rate m~/2. On the other hand, if I(0)h = 0, we may be able to obtain a
better rate than m~1/2!

However, in general, the y/n rate cannot be saved. By (3.7), limy_ Var(¥;) <
oo iff

I(0)hdv(0) =0 (3.9)
and
/ . HI(UJ)hHédI/(U) < 00. (3.10)

It may be shown using Proposition A.1.6, part B, of BKRW that (3.9) and
(3.10) hold iff there exists v(Y) € Lo(P) such that h = Eyv(Y). But this
of course means that 6, is estimable at rate n~'/? using the Y’s only, by

(n—m) Zo(Yj)(1 - 4;).

The choice of {Vn;}, {Jn}

The choice of partition is a matter of convenience. However, selecting
J, can, to some extent, be made data dependent, for instance, by cross
validation. Choose J,, which minimizes Z(é_i 7 — 07)% where 0_;; is the
estimate of 6}, based on the partition {V,; : 1 < j < J} and Xy, k # i
0; = %22:1 é_i 7. Whether such a choice can be made which is consistent
with (1.2) and works well is an open problem. Jin (1990) successfully carried
through such a program for estimation of location and regression.

4 Lemmas for and proofs of theorems of sec-
tion 2

The first lemma establishes the control which using coarse partition gives us.

Lemma 4.1. For any partitions satisfying (1.2),

T 127121, ‘
oo~ 1= 0pn 081 (@)

max |
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Q*(ynj)

T 127121, .
On) 1| = Op(n= /% J,/" log(Jy)) (4.2)

max |

Proof. Both Q. and Q; are averages of i.i.d. variables bounded by 1 and
Var(Q,) =n"'Q(1 — Q) > Var(Q}). A standard argument with Hoeffding’s
(1962) inequality completes the proof. O

Lemma 4.2. Under R1,

IWa(0)]] = Op(J,/*n~172). (4.3)

Proof. We compute,

m

0 = 355 BTl e g

It is enough to show that,

=1 i {:1 (Q(ynéé)(;m@)wm)) Qus ()}
= Op(n™"J,) (4.5)
7= ; i é’; (@*(ygzij(ym» Ous ()}
= Op(n~"Jy) (4.6)
and
117 = ;é {g:l { (Qny) — %((J;:]))é?(* 3()32;)» — QVw) } Qs ()12
= Op(n~'J,). (4.7)
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Now, after some algebra,

BU) = BQ(n—m) Y, eSOl g 2

» JIn Q%y(ul)
= (n—m) E(Jz:;(l(yl € Vnj) — Q(Vnj)) Q(Vn;)

Jj=1

)2

Since EQ;;(u1) < Q(Vnj), (4.5) follows. Similarly,

B = By o5 e Aot )

- ;[E@(Qij (1)~ Q) G5 Y
- (s Gl 2 80u)o 0y
= (A+ B) (say) (4.9)
Now
4= E{Z L
= O(mij *(Vnj) +1)
= O(J?), (4.10)
by (1.2). On the other hand,
- o )y
: —w{z;%cé?if;(“”} e
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.- {E(Qnj (1) Qi (ur) }?
: JE:U; Q(Vnj)Q(Vnk)
2 BQnj(u1) E(Qnj(u1) Qo (u1))
— (m— I Ean(ul)
N ( 1) k=1 Q(ynk)
< (m-1)J (4.11)

and (4.6) follows. Finally, by lemma 4.1,

IT1 = Op((max| %;&’j)) —1)? max | %&’3) —1*) = Op(n~27%log* J,)
= Op(n~'J,) (4.12)

and (4.7) follows. The lemma follows from (4.5)-(4.7). O

Lemma 4.3. For all M < oo,

Q(Vnj1b)

P(inf{ Q)

1
bl < MJY2n 1?2 < 5) = o(1) (4.13)

and

sup{HWn(b) - WnOH 2 ||b]] < MJ,}/Qn’l/z} = Op(J,l/Qn’l/z) (4.14)

Proof. First note that if ||b|| < JY2Mn~'/2 then

(1oL Sz,

MJnn71/2Q*1/2(ynj)
Q(Vnj)Op(J/*n~?) (4.15)

IN

1
% 2@: an (uz)bz

A

and (4.13) follows.
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For any vector x € R™:

(&, (W (b) — W(0))z) (4.16)

- 00w (@~ @mam) (St )

5 m-1 2
= 2" (L5 Quy )
J

Q3 (Vny[b¥)
where b* = tb for some t € [0, 1]. Then, from (2.2) and lemma 4.1,

[, (W (b) — W (0))z)]

1 1/2
SOSCEIITEECS X U) ReTo)

( O ;czm ) ) (1401

= OP(J2/2||5||||$||2)~ (4.17)
by R1. Therefore, we conclude that
sup{| W, (b) = Wo(O)]| : [lb] < MJY2n~"/2}
= OP(Jgn_1/2)

under R1, and the lemma follows. O

Let
T(b) = b — W W, (b). (4.18)

n

Lemma 4.4. Under R0, R1, for all M < oo, P[T is a contraction on
{b:||b]| < MJY?n=Y/2Y] — 1. Further,

sup [ = Op (/2™ 12) (4.19)
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sup 6% — V]| = o,(n~17%) (4.20)

k>2

Note that, since b*+1) = T(b(®)) by definition, (2.6) and the claim that T
is a contraction with probability tending to 1 establish proposition 2.

Proof. Write

T(b) = I—W Wb
= Wiy (Who — Wa(D)). (4.21)

It follows from (2.4) and lemma 4.3 that for all M,
G = sup{|TD)|| : ||b]] < MJY?*n= Y2 = Op(J*n~12). (4.22)
Further, by definition,

B < [Wag W (0)]]
= O,(J}*n71/?) (4.23)

by lemma 4.2. By the usual induction argument
™ < (1= &)~ Hpt]|

and
[p*FD — bW < kb)),

Then, the lemma follows from (4.22) and (4.23). O

Define,

Wa(0); = —(1=A) X QY ”g (;}5) 84 ”j))an(ui) (4.24)

and the evaluation map 7, : Lo(G) — R™ by,
Toh = (h(u),. .., h(uy))

(where we suppose that a representative h has been chosen in each equiva-
lence class belonging to Lo(G), a “lifting”).
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Lemma 4.5. Under R0, R1

W (0) = Wa ()| = 0p(n~"72). (4.25)

Proof. By definition B
W2 (0) — W, (0)]* =

- B Sy 1 oy ) @Y ng) — @ (V)

Qnj(ua) }*.

(4.26)
By lemma 4.1, (4.26) is Op(n=2J2log" J,) = 0,(n"1). O

Define the operator W, : Ly(G) — Ly(G) by

(hay Wioht) = A / i (1) ha () dG (1)

1= [ Quilw)ha(w)dG(w) [ Qui(w)hi(w)dG(u) — (4.27)

1

where (-, )¢ is the inner product on Ly(G). Note that W, is invertible and,
IWidlle < At Let b, = Wiith. For v € Ly(G) let v, = v — Ev.

Lemma 4.6. Under RO, R1, RS,

SUPZ Z (Quihn)e(ui))? = Op(Jy log(J,)n ™). (4.28)
Proof. Let v,1,...,v,5, be an orthonormal basis for V, = span{Q,;(-),
J=1...,Jn}. FOY any h € Ly(G) let h = hy+ hy where hy € V,, and hy LV,.

Accordlngly let My = Wi hy and hne = W, ths. )
Now, ||hnillag < A;1||h1||g < ¢ = suppey ||h]lg, and hy,y € V,,. Then

ESUPZ ZQm iy )e(ui)* <

19



SN

< Esup{Z(zg: d@; Z(anvng)c(ui))2 : zg:d < d2}

%

1 m
SAE Y3 (— 3 (Qujvne)e(ui))”
j YA =1
2
< TS S B2 (u)
m =TT
d2 d*J,
< o 2 Bu(w) = . (4:29)

On the other hand, by the spectral theorem since EUE§/”) is a compact Her-
mitian operator h,, = [ %dE(v) (h) where A\, < <1 and Ev is a projection
on a finite dimensional subspace of the range of E((Jn) Ey (which is contained
in V,). Therefore, h,y, = A, hy. If H satisfies R3 so does each of the sets

H; = {\,'Qn;h(-): h € H}. Therefore we can apply theorem (3.5) in Pollard
(1990) to obtain,

< K, J;/\(M)

where A(M) — oo as M — oo. Hence

Plinasup |nll S Qupn)e(w)] = M2 = o(1).  (4.30)

i

Combining (4.29) and (4.30) the lemma follows.

Lemma 4.7. If (1.2), R0, R1 hold and H is regular,
sup ||W7:()17nh — Tntoth = Op(J?log(J,)n"?). (4.31)
H

Proof. For any v € R™,

(v, (W&)lTn - ann_ol)h>
= <U, W;OI(TTLWHO — WnoTn)W;01h>

= <W_01U, (TanO - WnoTn)ngh>. (432)

n
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Since further |[Wi'|| < A, it is enough to show,

sup H(Tn 0 — anTn)Wgoth = OP<J7QL log Jnn’1/2). (4.33)

For any v € R™, . . .
<U, (TanO - WnOTn)hn>

By lemma 4.1,

1 Q(Vny)
Q(ynj) Q*Q(ym)

Further, by Cauchy-Schwartz,

| = Op(Q ' (Vuj)n 2 I log( ). (4.35)

max |

‘;Z@nﬂui)wiéﬂv\l o 2 Qs ) QA ) (4.36)

Thus, by (1.2)

| A1 (v)

ool

= Op(Jun Y log(J /h2 )dG (u))V2). (4.37)
On the other hand

2001 (5 1 25 Q10 (e S (@)
(4.38)
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The first term in (4.38) is Op(J,||v||) by lemma 4.1 and (4.35), while the
second is Op(JY%log J,n~'/?) by lemma 4.5.
Therefore,

p 122 _ Op(J3/*1og Jun™'7?). (4.39)

o

Combining (4.37) and (4.39) we obtain the lemma. O

Proof of (2.11): We prove (2.11) as extended in Theorem 1 (iii). Note that
by lemma 4.4,

(Tnh, l;) = (r,h, bW + Op(n_l/Q)
—(Tnh, W;OIW,Z(O» + op(n_l/Q). (4.40)

uniformly on H since sup ||7,,n|| = Op(1) by regularity of H. Further, lemma
4.5 and ||W 1| < At imply

—(Tph, W W (0)) = — (W, b, W,(0)) + 0,(n~1/?) (4.41)

n

uniformly in H. Apply lemmas 4.2, 4.5 and 4.7 to get from (4.40) and (4.41).

(Tph, by = —(Tphn, Wy (0)) + Op(J2log J,n™Y)

_ (1 i /\n) Z <Q(yng(;2;(ynj));ZQTLJ(U@)}NL”(U’Z) + Op(nfl/Z) (4.42>

uniformly in H. Further, by lemma 4.6

(Q(ynj) B Q (ynj T
)

yn] Q ynj
; e / Qu (1) ()G ()

+op(§: [ >”2<Z<;Z(@m<u>ﬁn>c<uz>>2>”2)
- -y (R [, b )i
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+0p(n~tI3 % log(J,)), (4.43)

uniformly on H, by lemmas 4.1 and 4.6.
Note that .
Wio = Al + (1 = \) Ey B\

so that 3 )
h— Aphn = (1= \)Eg ES R, (4.44)

Therefore, by definition,

=22 G5 [ @y e

1l () () £ (u)dG (u
= Q) g [ i (idG)

m

_ <1;f> S Eu B () ()

= —> (h(u;) — )\nffsn)(ui))v by (4.44)

= S b)), (4.45)

Combine (4.42), (4.43), (4.44), (4.45) to conclude that
1 n _
[ hwdGy, () = — ST (XG) + 0y (n72)
uniformly on H. O

Lemma 4.8: Under R0, R1
Hl;HOO = Op(Jnn_l/z) = 0,(1), (4.46)
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where ||x]| = max; |z,].

Proof. By definition (1.7),

(1= ) QVny)
o gy~ UQm(w) (447
Now,
Q(Pnjlb) = Q* (V)|
=1
< IIbII[EZQQO%'IW)]”2
< IBIIQ™ (V). (4.48)
Thus, B
Qnjlb) -\ _ 172
m]aX| 0 ) 1| = Op(Jyn™7%) (4.49)
by lemmas 4.4 and 4.1. Hence,
Bl < T2 g Sm)_y,
Ao T Q*(Vuyld)
= Op(Jnn 1/2) O
Lemma 4.9: Under R0, R1
[1b]|ce = Op(J2/2n=112). (4.50)

Proof. We show first that [|b]|. = 0,(1) or equivalently, for all ¢ > 0,
Plb—be L] —1 (4.51)

where L. = {A : ||Allo < ¢}. Since L, is the gradient of a convex function,
to establish (4.51) it is enough to show that, for ¢ > 0 sufficiently small,

Plinf{(L,(b+ A),A) : || Al = ¢}
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> 0] — 1. (4.52)

Now,
(A, Ly(b4+A)) = (A, W, (b+A) =W, (D)) +(A, Ly (b+A) =W, (b+A)). (4.53)

Since W, (b) is well defined for ||b||sc < 1 and has minimal eigenvalue > X,
we deduce, from (4.53), that

(A, L, (b+ A)) > M (A, A)

=1

Now, if [|All = ¢ < # say,

A2~ Ay(bi 4+ A1+ b + A
, (1—1b) D2A,
T4 bi A L4b+ A
alA? — 2602 |A|
—a~ 5% (4.55)

vV 1V

for some «, 3 > 0 independent of A, b. Since ||Al|o = ¢ we deduce that,

(A, mL,(b+ A)) > M\fac? — 28b2c — a~ 152 > biy. (4.56)

By lemmas 4.4 and 4.8, under R1, ||b||sc = 0,(1) and 3; b = 0,(1). Then,
(4.52) and (4.51) follow. Next we note that by (1.6),

bi - n ynj
o g e (4.57)
But if [|b]|os = 0,(1)
max Ll =|lb ol 4+ o0(1)).
: |1+bi| [1b]] o0 (1 4 0(1))

The argument of lemma 4.8 now yields (4.50). O
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Proof of (2.12): Again, we prove the uniform extension given in (iii). Since,

Ln(O) = Wn(o)

we can evidently prove (2.13) by the same argument as (2.11) once we have
established the analogue of (4.14):

sup{[| Ln(0) = L (0)]| = [0l < MJun ™2, [[blloc < MJyn™""2} = Op(Jin~"/?).
(4.58)
But,

10(0) = Ea(O)] < W) = WO + mae | s = 1

< (W (b) = Wa (0)]] +2(1 + o(1))[bll - (4.59)
Thus, (4.55) follows from (4.14), (4.56) and lemma 4.7. The proof of theo-
rem 1 (i) (uniformly on H) is complete. O

Let EU, E;" ) be the conditional expectation operators with respect to U
and o(Vin, ... Vy,n) respectively, when U ~ Gy, the empirical distribution

of the u; and, given U = u, Y ~ Q(-|u). Let Wiy = Md + (1 - /\n)EAUEX(f).
It is easy to see that W, can be viewed as an m x m matrix and

Jn z inl: €T (.
(@, Wioz) = Az, 2) + (1= Ay) Z:l < ’Q]nc(g")())()j;)QM( )>

where Q]n() = (an(u1)> R an(um))

Lemma 4.9: If H is reqular and A(H) = {hy — he : hj € H, j = 1,2} then

(4.60)

lim lim sup,, Plsup{n"/*[{[W,3o] "7, Wa(0))] - h € A(H), [|h]] < 6} = €] = 0.

n

Proof. If a € R™,
Jn

n'2{a, Wa(0)) =n'2 3~ ¢;(a)(Qn(Vnj) — QVns) (4.61)

=1
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where

1 Qj(ui)
ci(a) = —) alu; :
ila) = — Z ( )Q(ynj)
If we condition on uq,...,u,, we can write
- nl/2
n*2(a, W,(0)) = > h(Yy,a) (4.62)
n—m

where h(y,a) = > ,(c; — ¢)(a)1(y € Vnj), ¢ = 3, ¢;Q(Vn;). Now, uniformly
in a,

Y WP (Yi,a) = (¢ — 6)*Q(Vny)

< {2 6QMVW)H1 +0,(1))

= {Z(; > (i) Quj(:))*/Q(Vus) (1 + 05(1))

<A 3 @)@y (1))Q" (V) / Q) } (1 + 0(1)

= [lal*(1+ 0p(1)). (4.63)
We use the notation of Pollard (1990). If A C R™ §(A) = sup, ||a| and

5(A)
< .
/0 Vg D(x, A)dx < M (4.64)

then from lemma 3.4 of Pollard (1990)

\/ﬁsip(a,cﬂ < 9M (4.65)

where 0 = (01,...,0,) and the o; are independent +1 with probability %
By (4.63), if

B={(hY:,a),....h(Yy,a)):a€ A} C R"™

27



then with probability tending to 1,

3(B) 26(A)
< < . 4.
/0 V1og D(x, B)dz < /0 V9og D(x, A)dx < 2M (4.66)

Finally, since ||[[W;,] 7| < A%, if (4.64) holds and
L ={[W]"a:ac A} (4.67)

then
5(T)
log D(z,T)dx < \-'M. 4.68
| Vios D, D)o < (4.68)

Since H is regular (4.64) and (4.68) imply (by standard arguments from
(4.65)) that if A = {7,h: h € AH, ||r,h|| < 6} and I' is defined by (4.67)
then

lim sup,, Psup{n'/?|(y, W,(0))| : v € T} > €] < C(J,¢) (4.69)

where C(0,¢) — 0 as § — 0.
Again by regularity,

lim P[||7,hl| > 26, ||hll¢ <6, he AH]=0. (4.70)

By combining (4.69) and (4.70) we obtain the lemma. O

Proof of theorem 1(iii). It is easy to argue as for lemma 4.7 that

s%p H[W;O]’lmh — W@lrnhH = Op(?”Fl/2JTl/2 log(J,,))- (4.71)

In view of (4.40), to prove theorem 1 (iii) it is enough to show that

lim lim sup, Pfsup{[n'/(W 7, Wa(0))] : h € ACH), [[h] <6} > ] =0
(4.72)

for all € > 0. By (4.71) we can replace W g'm,h by [W,] "7,k in (4.72) and
the theorem is now a consequence of lemma 4.9. O
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